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Preface

The theory of mean periodic functions is a subject which goes back to works of
Littlewood, Delsarte, John and that has undergone a vigorous development in recent
years. There has been much progress in a number of problems concerning local as-
pects of spectral analysis and spectral synthesis on homogeneous spaces. The study
of these problems turns out to be closely related to a variety of questions in harmonic
analysis, complex analysis, partial differential equations, integral geometry, approx-
imation theory, and other branches of contemporary mathematics. The present book
describes recent advances in this direction of research.

Symmetric spaces and the Heisenberg group are an active field of investigation at
the moment. The simplest examples of symmetric spaces, the classical 2-sphere S

2

and the hyperbolic plane H
2, play familiar roles in many areas in mathematics. The

Heisenberg group Hn is a principal model for nilpotent groups, and results obtained
for Hn may suggest results that hold more generally for this important class of Lie
groups. The purpose of this book is to develop harmonic analysis of mean periodic
functions on the above spaces.

The book consists of four parts. Part I is devoted to symmetric spaces and related
questions. After some general considerations in Chap. 1, rank one symmetric spaces
play here a privileged role. There is a number of books that are characteristic of
this subject from the abstract point of view. Our text differs at this point and is
based on realizations of rank one spaces as domains in Euclidean space. The aim
of such an approach is twofold: on the one hand, in this way we hope to contribute
towards a better visualization and a better handling of these spaces; on the other
hand, in addition to their intrinsic interest, these realizations will play an important
role in our study of transmutation operators on rank one compact symmetric spaces
in Part II. The exposition in Chaps. 2–5 of Part I has on occasion been used as a
textbook for first-year graduate students without background in Lie group theory.

Part II develops the transmutation operator theory. We define appropriate ana-
logues of the Abel–Radon transform and give a treatment of their basic properties.
The generalized homomorphism property is the crucial one; it relates the mean pe-
riodicity on the spaces in question to that on R

1 and allows many proofs in Parts III
and IV to be carried out by reduction to the one-dimensional case.



vi Preface

Parts III and IV deal with the theory of mean periodic functions on domains of
Euclidean spaces, Riemannian symmetric spaces, and the Heisenberg group. At-
tention was focused on Fourier-type decompositions and on the “hard analysis"
problems that could be attacked with them: structure of zero sets of mean peri-
odic functions and modern versions of John’s support theorem, local analogues of
the Schwartz fundamental principle, the problem of mean-periodic continuation,
Hörmander-type approximation theorems on domains without the convexity as-
sumption, explicit reconstruction formulae in the deconvolution problem, Zalcman-
type two-radii problems on domains of symmetric spaces of arbitrary rank, local
versions of the Brown–Schreiber–Taylor theorem on spectral analysis and their sym-
metric space analogues, and so on. The difficulty in studying the above varies with
spaces. Nevertheless, in all cases almost all results are the best possible, i.e., give
answers to all questions which naturally arise in the topic and present a complete
picture of the corresponding phenomenon. The proofs given are "minimal" in the
sense that they involve only such concepts and facts which are indispensable for
the essence of the subject. We shall have nothing to say in this book on the mean-
periodicity on domains of compact symmetric spaces of higher ranks (except the
case of the whole space) but hope that the methods that we develop will prove use-
ful in this connection.

Each part begins with a summary and ends with comments. The reader will find
here not only historical notes and further results but also many challenging conjec-
tures and open problems and the invitation to work in this exiting field. The authors
hope that the exposition in the book will be comprehensible to anyone who knows
the elements of functional analysis and possesses sufficient perseverance in over-
coming purely logical difficulties. All the necessary information is given in the text
with references to the sources.

Some of the material in this book has been the subject of lectures delivered by the
authors over a number of years. We have received helpful comments and suggestions
from many colleagues; of these we mention R. Trigub, V. Zastavnyǐ, D. Zaraisky,
A. Grishin, V. Ryazanov, V. Belyǐ, L. Ronkin, and B. Kotlyar. We thank them all.

The first author owes very much to L. Zalcman who invited him to come and
work at his Seminar in 1993, 1996, 2001, 2004, and the department of Mathematics
and Computer Science of Bar-Ilan University (Israel) for its hospitality and library
facilities during the stay. Thanks are also due to participants of Zalcman’s Seminar
for useful discussions related to the topics of the book.

We are very indebted to the National Fund for Scientific Research for supporting
our work. It is a pleasure to thank P. Masharov and O. Riznychenko for their expert
and conscientious TEX setting of the manuscript. We are very grateful to our home
institution, the Donetsk National University, for working conditions we enjoy.

Finally, our thanks go to Springer for the realization of this monograph.

Donetsk, Valery Volchkov
January 2009 Vitaly Volchkov
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Part I
Symmetric Spaces.

Harmonic Analysis on Spheres



The notion of symmetric space is among the most important notions in differential
geometry. They are defined as Riemannian manifolds M with the following prop-
erty: each p ∈ M is an isolated fixed point of an involutive isometry sp of M . There
is only one such sp. It is called the symmetry at the point p.

The theory of symmetric spaces was initiated by É. Cartan in 1926 and was
vigorously developed by him in the late 1920s. Symmetric spaces have a transi-
tive group of isometries and can be represented as coset spaces G/K , where G is
a connected Lie group with an involutive automorphism σ whose fixed-point set is
(essentially) K . This property was used by É. Cartan to classify them.

In Chap. 1 we review general notions and facts related to the theory of symmetric
spaces which will be used throughout the book. We restrict ourselves to only a min-
imum of auxiliary information. Standard definitions in Riemannian geometry and
Lie group theory are assumed; references for them are given, when necessary.

In Chaps. 2 and 3 symmetric spaces of rank one play a privileged role. Their
geometrical structure is so rich that one can characterize them in several other ways.
In particular, they, together with the Euclidean spaces R

n (n = 1, 2, . . . ), comprise
the two-point homogeneous spaces. These are the Riemannian manifolds M with the
property that for any two pairs points (p1, p2) and (q1, q2) satisfying d(p1, p2) =
d(q1, q2), where d is the distance on M , there exists an isometry mapping p1 to q1
and p2 to q2.

The rank one symmetric spaces of noncompact type are the real, complex, and
quaternionic hyperbolic spaces SO0(n, 1)/SO(n), SU(n, 1)/S(U(n) × U(1)), and
Sp(n, 1)/Sp(n) × Sp(1) and the Cayley hyperbolic plane F ∗

4 /Spin(9). In a dual
manner, the compact symmetric spaces of rank one are the various projective spaces
corresponding to R, C, Q, Ca and the Euclidean spheres. Hyperbolic spaces can
be identified with the unit ball in Euclidean space. We give this identification in
Chap. 2. Euclidean spaces can be regarded as parts of projective spaces. Chapter 3
contains a detailed discussion of this imbedding. We have attempted to render cal-
culations in the text as explicit as possible. This circumstance is the source of very
extensive information about symmetric spaces of rank one.

Roughly speaking, the group K acts transitively on the unit sphere S in the tan-
gent space p to a symmetric space G/K of rank one. The purpose of Chap. 4 is
an explicit description of the decomposition of L2(S) into irreducible components
under the action of K . Since K in its action on S is contained in the orthogonal
group, we see that Hk , the space of homogeneous kth-degree harmonic polynomi-
als on p, is invariant under the action of K . Identifying elements of Hk with their
restrictions to S, we have L2(S) = ∑∞

k=0 Hk . In this way the question reduces to
the problem of decomposing each Hk according to the action of K . To solve it we
use the realizations of G/K obtained in Chaps. 2 and 3.

In Chap. 5 we consider K-finite eigenfunctions of the Laplace–Beltrami operator
on rank one symmetric spaces G/K of noncompact type. Integral representations
for these functions give us non-Euclidean analogues of the plane waves eiλ〈x,η〉R ,
x ∈ R

n. They play an important role in harmonic analysis on G/K .
The results of Part I are used in the sequel to study mean periodic functions.



Chapter 1
General Considerations

We have put in Chap. 1 a good deal of generalities which is needed for the rest of
the work. The five sections (see Contents) are rather disconnected.

Section 1.1 contains preliminaries to alternative algebras and exceptional Lie
groups. Special attention is paid to the Cayley algebra Ca, the Albert algebra A1,
the exceptional compact Lie groups G2 and F4, and the group OCa(2) acting tran-
sitively on the sphere S

15. In particular, we mention the very important algebraic
characterization of F4 due to Chevalley and Schafer.

In Sect. 1.2 we put together some background material from elementary differ-
ential geometry. Besides several standard notions such as the curvature tensor, the
Riemannian connection, the Beltrami parameters, Hermitian and Kaehlerian struc-
tures, etc., the definition of ζ domain is introduced which will play an important
role in Part III later.

Section 1.3 provides a brief introduction to the theory of symmetric spaces. We
begin with the definition of homogeneous spaces and end with the complete classi-
fication of two-point homogeneous spaces.

In Sect. 1.4 the reader is acquainted with some basic tools of analysis on sym-
metric spaces G/K . The unifying object here is the convolution structure on G/K .
In particular, we discuss the commutativity of convolution for K-invariant distribu-
tions on G/K , the action of invariant differential operators on convolution, and the
mean value property for joint eigenfunctions on G/K .

Section 1.5 deals with harmonic analysis on compact homogeneous spaces
K/M . Results coming into the picture are: the orthogonality relations of Schur,
the Peter–Weyl theorem, and the Weyl decomposition of L2(K/M).

1.1 Numbers, Algebras and Groups. Some Illustrative Examples

The numbers dealt with in this book are representatives of one of the following four
structures:

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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R—the field of real numbers;

C—the field of complex numbers;

Q—the body of quaternions;

Ca—the algebra of octaves (or the Cayley algebra).

Also, we shall use the set of natural numbers N, the ring of integers Z, the set of
nonnegative integers Z+, and the set of rational numbers Q.

The construction of C, Q, and Ca is a special case of the so-called doubling
procedure. We recall its definition (see, for instance, Postnikov [167], Lecture 14).

Let A be an arbitrary finite-dimensional algebra over R in which a conjugation,
i.e., some involutory antiautomorphism a → a is given. Consider a vector space A2

which is a direct sum of two copies of a vector space A, i.e., which consists of pairs
of the form (α, β), where α, β ∈ A. We introduce into A2 multiplication as follows:

(α, β)(γ, δ) = (

αγ − δβ, βγ + δα
)

.

A simple check shows that relative to that multiplication the vector space A2 is an
algebra. The algebra A2 is called a doubling of A. We shall identify elements α

and (α, 0) and thus assume that the algebra A is a subalgebra of A2. If A is a unit
algebra, then the element 1 = (1, 0) will obviously be an identity element in A2

too. In addition, every element (α, β) ∈ A2 is uniquely written as α + βe, where
e = (0, 1).

For the procedure of a doubling to be iterated, it is necessary to define a conju-
gation in A2. We shall do this by the formula

(α, β) = (α,−β).

Then
C = R

2, Q = C
2, Ca = Q

2.

The basis of C consists of i0 = 1 and the imaginary unit i1 = (0, 1). In the
sequel, i1 will be also denoted by i. The basis of Q consists of i0 = 1 and three
elements

i1 = (i1, 0), i2 = (0, 1), i3 = i1i2.

Analogously, the basis of Ca consists of i0 = 1 and seven elements

i1 = (i1, 0), i2 = (i2, 0), i3 = (i3, 0), i4 = (0, 1),

i5 = i1i4, i6 = i2i4, i7 = i3i4.

As the construction of a doubling is iterated, the algebraic properties of the mul-
tiplication gradually deteriorate. In particular, the octave algebra Ca is noncommu-
tative and nonassociative. Nevertheless, in Ca there are the relations

|uv| = |vu| = |u||v|, (1.1)
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uv = v u, (1.2)

(uv)v = u(vv), u(uv) = (uu)v, (1.3)

(uv)v = v(vu) = u|v|2, (1.4)

(uv)v−1 = v−1(vu) = u, (1.5)

(uv)u = u(vu), (1.6)

t (uv)t = (tu)(vt), (1.7)

Re (uv) = Re (vu), Re
(

(tu)v
) = Re

(

t (uv)
)

, (1.8)

where

|u| = √
uu = √

uu, u−1 = u

|u|2 , Re u = u + u

2
.

Equality (1.1) means that the algebra Ca is normed. Relations (1.3) and (1.6)
are called the identities of alternativity and elasticity, respectively. Identity (1.7)
is known as the central Moufang identity. We pay attention to the following well-
known results (see Cantor and Solodovnikov [45], for example).

Theorem 1.1 (Hurwitz). Every normed unit finite-dimensional algebra over the
field R is isomorphic to one of the algebras R, C, Q, or Ca.

Theorem 1.2 (Frobenius). Every alternative division finite-dimensional algebra
over R is isomorphic to one of the algebras R, C, Q, or Ca.

Let Aut A be the group of automorphisms of an algebra A. Clearly, Aut R =
{Id}, where Id is the identity mapping. In addition, it is easy to make sure that Aut C

consists of Id and the automorphism of complex conjugation z → z. Next, any
automorphism Q → Q is an internal automorphism of the form q → pqp−1,
where p is a quaternion of norm 1 (see Postnikov [167], Lecture 14). In this case,
the mapping

(q1, q2) → (

pq1p
−1, pq2p

−1), q1, q2 ∈ Q, (1.9)

is an automorphism of the Cayley algebra. The group Aut Ca of all automorphisms
of the algebra Ca is an exceptional compact Lie group of dimension 14 and is de-
noted by G2 (see Postnikov [167], Lecture 14).

Besides the octaves themselves, one can consider matrices whose entries are oc-
taves. Since there is a conjugation in the algebra Ca, for any octave matrix A, the
Hermitian conjugate matrix A∗ is defined as that which results from the transposed
matrix AT by replacing all its entries by conjugate octaves. By analogy with the
complex case, the octave matrix A for which A∗ = A is called Hermitian.

On defining the product AB of octave matrices A and B by the usual formula, we
see that the collection A(n, Ca) of all Hermitian octave matrices of a given order n

is an algebra under the Jordan multiplication

A ◦ B = AB + BA

2
.
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Moreover, one can prove that (A(n, Ca), ◦) is a Jordan algebra for n � 3, i.e.,

A ◦ B = B ◦ A and
(

A2 ◦ B
) ◦ A = A2 ◦ (B ◦ A),

where A2 = A ◦ A = AA. The Jordan algebra

A1 = (

A(3, Ca), ◦)

is called Albert’s algebra (see Postnikov [167], Lecture 15).
For A ∈ A1, we denote by lA the linear map on A1 acting according to the rule

lAB = A ◦ B, B ∈ A1.

Put

E1 =
⎛

⎝

1 0 0
0 0 0
0 0 0

⎞

⎠ , E2 =
⎛

⎝

0 0 0
0 1 0
0 0 0

⎞

⎠ , E3 =
⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠ .

If Km is the kernel of lEm and

Km = {

A = {aij }3
i,j=1 ∈ Km : ajj = 0, 1 � j � 3

}

, m = 1, 2, 3,

we have
A1 = RE1 ⊕ RE2 ⊕ RE3 ⊕ K1 ⊕ K2 ⊕ K3

(see Johnson [130]).
Let D be the set of derivations of A1. We set

D0 = {D ∈ D : DEm = 0,m = 1, 2, 3},
D1 = {[lE2−E3, lA] : A ∈ K1

}

,

D2 = {[lE1−E3, lA] : A ∈ K2
}

,

D3 = {[lE1−E2, lA] : A ∈ K3
}

,

where [·, ·] stands for the bracket operation. Then

D = D0 + D1 + D2 + D3, (1.10)

and D is the Lie algebra of the compact group

F4 = Aut A1. (1.11)

In addition, D0 + D1 + i
(

D2 + D3
)

is the Lie algebra of the noncompact con-
nected group F ∗

4 (see Jonson [130]). The maximal compact subgroup of F ∗
4 with

Lie algebra D0 + D1 is isomorphic to the spinor group Spin(9).
Let K = R, C or Q. Define

K
n = {

a = (a1, . . . , an) : ak ∈ K, 1 � k � n
}

, n ∈ N.
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We shall regard K
n as a left K-module. This refers to the fact that the algebra of

quaternions is noncommutative. The product space K
n is endowed with its Her-

mitian product

〈a, b〉K =
n

∑

k=1

akbk, b = (b1, . . . , bn) ∈ K
n,

and its Euclidean norm

|a| =
√

√

√

√

n
∑

k=1

|ak|2.

For the Cayley algebra, we consider the vector space

Ca2 = {

a = (a1, a2) : ak ∈ Ca, k = 1, 2
}

.

If b = (b1, b2) ∈ Ca2, put

ΦCa(a, b) = |a1|2|b1|2 + |a2|2|b2|2 + 2 Re
(

(a1a2)
(

b1b2
))

.

Using (1.2)–(1.8), it is easy to verify that

ΦCa(a, b) = ∣

∣(a1b2)
(

b−1
2 b1

) + a2b2
∣

∣

2 (1.12)

for b2 �= 0. The form ΦCa(a, b) is an analogue of the form
∣

∣〈a, b〉K
∣

∣

2.
Identify C

n with R
2n according to the rule

a = (a1, . . . , an) → x = (x1, . . . , x2n), (1.13)

where ak = xk + ixn+k . Putting bk = yk + iyn+k , y = (y1, . . . , y2n), where
yk, yn+k ∈ R, we obtain

〈a, b〉C = 〈x, y〉C = 〈x, y〉R − i[x, y]R
with

[x, y]R =
n

∑

k=1

(xkyn+k − xn+kyk).

By analogy with (1.13) we may interpret elements of Q
n as points in C

2n using
the correspondence

a = (a1, . . . , an) → z = (z1, . . . , z2n), (1.14)

where ak = zk + zn+ki2. Set bk = wk + wn+ki2, w = (w1, . . . , w2n), where
wk,wn+k ∈ C. Then

〈a, b〉Q = 〈z,w〉Q = 〈z,w〉C − [z,w]Ci2
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with

[z,w]C =
n

∑

k=1

(zkwn+k − zn+kwk).

Finally, we identify Ca2 with R
16 by the map

a = (a1, a2) → x = (x1, . . . , x16), (1.15)

where

a1 = x1 + x9i1 + x5i2 + x13i3 + x3i4 + x11i5 + x7i6 + x15i7,

a2 = x2 + x10i1 + x6i2 + x14i3 + x4i4 + x12i5 + x8i6 + x16i7.

Setting y = (y1, . . . , y16), yk ∈ R,

b1 = y1 + y9i1 + y5i2 + y13i3 + y3i4 + y11i5 + y7i6 + y15i7,

b2 = y2 + y10i1 + y6i2 + y14i3 + y4i4 + y12i5 + y8i6 + y16i7,

we find that

ΦCa(a, b) = ΦCa(x, y) = 2
8

∑

k=1

pk(x)pk(y)+p9(x)p9(y)+p10(x)p10(y) (1.16)

with

p1(x) = x1x2 − x3x4 − x5x6 − x7x8 − x9x10 − x11x12 − x13x14 − x15x16,

p2(x) = x1x4 − x9x12 − x5x8 − x13x16 + x3x2 + x11x10 + x7x6 + x15x14,

p3(x) = x1x6 − x9x14 + x5x2 + x13x10 + x3x8 + x11x16 − x7x4 − x15x12,

p4(x) = x1x8 + x9x16 + x5x4 − x13x12 − x3x6 + x11x14 + x7x2 − x15x10,

p5(x) = x1x10 + x9x2 + x5x14 − x13x6 + x3x12 − x11x4 − x7x16 + x15x8,

p6(x) = x1x12 + x9x4 − x5x16 + x13x8 − x3x10 + x11x2 − x7x14 + x15x6,

p7(x) = x1x14 + x9x6 − x5x10 + x13x2 + x3x16 − x11x8 + x7x12 − x15x4,

p8(x) = x1x16 − x9x8 + x5x12 + x13x4 − x3x14 − x11x6 + x7x10 + x15x2,

p9(x) =
8

∑

k=1

x2
2k−1, p10(x) =

8
∑

k=1

x2
2k.

The polynomials p1, . . . , p10 satisfy the equalities

8
∑

k=1

x2kpk(x) = x1p10(x),

8
∑

k=1

x2k−1pk(x) = x2p9(x). (1.17)

In the future, unless otherwise stated, we shall use identifications (1.13)–(1.15).
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In the constructions below, an important role is played by the following groups:

GL(n; K)—the group of nondegenerate n × n matrices with entries

in K;

SL(n; C)
(

SL(n; R)
)

—the group of complex (real) n × n matrices

of determinant 1;

U(n, 1; K)—the group of matrices in GL(n + 1; K) which leave

invariant the Hermitian form

a1b1 + · · · + anbn − an+1bn+1, ak, bk ∈ K;

O(n, 1) = U(n, 1; R), U(n, 1) = U(n, 1; C), Sp(n, 1) = U(n, 1; Q);
SO(n, 1) = O(n, 1) ∩ SL(n + 1; R), SU(n, 1) = U(n, 1) ∩ SL(n + 1; C);
SO0(n, 1)—the identity component of SO(n, 1);

U(n; K)—the group of matrices in GL(n; K) which stabilize the form

〈a, b〉K;

O(n) = U(n; R)—the orthogonal group;

U(n) = U(n; C)—the unitary group;

Sp(n) = U(n; Q)—the symplectic group;

SO(n) = O(n) ∩ SL(n; R)—the rotation group;

SU(n) = U(n) ∩ SL(n; C);
U(n) × U(1) =

{(

A 0
0 eiθ

)

: A ∈ U(n), θ ∈ R

}

;
S
(

U(n) × U(1)
) = (U(n) × U(1)) ∩ SL(n + 1; C);

Sp(n) × Sp(1) =
{(

A 0
0 q

)

: A ∈ Sp(n), q ∈ Q, |q| = 1

}

;
OK(n)

(

OCa(2)
)

—the group of R-linear transformations of K
n

(R16, respectively) which preserve the form |〈a, b〉K|2
(ΦCa(x, y), respectively).

The mapping

A + iB =
(

A −B

B A

)

,

where A + iB ∈ GL(n; C), A and B real, is the imbedding of GL(n; C) into
GL(2n; R). Likewise, the imbedding of GL(n; Q) into GL(2n; C) is given by

A + Bi2 →
(

A B

−B A

)

for A + Bi2 ∈ GL(n; Q), (1.18)

where both A and B are complex n × n matrices.
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Next, obviously,

OR(n) = O(n), U(n) ⊂ OC(n), Sp(n) ⊂ OQ(n). (1.19)

To illustrate the definition of OCa(2), we consider some examples.

Example 1.1. For a = (a1, a2) ∈ Ca2, we set

τ(a) = (a2, a1),

τs(a) = (isa1, a2is), 1 � s � 7.

By means of (1.2), (1.3), (1.7), and (1.8) it is not difficult to see that τ, τs ∈ OCa(2).

Example 1.2. Let ϕ ∈ G2. Put

Aϕ(a) = (

ϕ(a1), ϕ(a2)
)

, a = (a1, a2) ∈ Ca2.

Then Aϕ ∈ OCa(2).

Proof. For α ∈ Ca, we have

|ϕ(α)| = |α|, Re ϕ(α) = Re α, ϕ(α) = ϕ(α) (1.20)

(see Postnikov [167], Lecture 14). By use of (1.20) one obtains

ΦCa

(

Aϕ(a),Aϕ(b)
) = |ϕ(a1)|2|ϕ(b1)|2 + |ϕ(a2)|2|ϕ(b2)|2

+ 2 Re
(

(ϕ(a1)ϕ(a2))
(

ϕ(b1)ϕ(b2)
))

= |a1|2|b1|2 + |a2|2|b2|2 + 2 Re
(

ϕ(a1a2)ϕ
(

b1b2
))

= |a1|2|b1|2 + |a2|2|b2|2 + 2 Re ϕ
(

(a1a2)
(

b1b2
))

= ΦCa(a, b),

whence Aϕ ∈ OCa(2). ��
Example 1.3. Let u = (t, α), where t ∈ R, α ∈ Ca, and t2 + |α|2 = 1. Define the
mapping

Ru(a) = (−ta1 + α a2, ta2 + a1α), a = (a1, a2) ∈ Ca2 (1.21)

(see Postnikov [167], Lecture 15). Then Ru ∈ OCa(2) and R−1
u = Ru.

Proof. Let b = (b1, b2) ∈ Ca2. In view of (1.2), (1.6), and (1.8),

Re
(

(a1a2)
(

α(b1b2)α
)) + |α|2Re

(

b2(a2a1)b1
)

= Re
(

(a1a2)
(

α(b1b2)α + |α|2(b2b1
)))

= Re
((

(a1a2)α
)(

(b1b2)α + α
(

b2b1
)))

= 2Re (a2αa1) Re (b2αb1). (1.22)

Taking (1.22) into account and using (1.2)–(1.8), we obtain that Ru ∈ OCa(2) by a
direct calculation. Relation Ru = R−1

u is an easy consequence of (1.21). ��
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The group OK(n) acts on the unit sphere

S
dn−1 = {

a ∈ K
n : |a| = 1

}

,

where d = dimR K. The action is transitive, i.e., for any a, b ∈ S
dn−1, there exists

τ ∈ OK(n) such that τ(a) = b (see (1.19)). The following is the analogue of this
result for the group OCa(2).

Proposition 1.1. The group OCa(2) acts transitively on the sphere S
15.

Proof. Let e1 = (1, 0, . . . , 0) ∈ R
16. Take x ∈ S

15 arbitrarily. We write x in the
form x = (α, β), where α, β ∈ Ca. Put

τx = Rux ◦ Rvx , (1.23)

where
ux = (

0,−|β|β−1), vx = (|β|,−|β|β−1α
)

if β �= 0,

and
ux = (0, α), vx = (0, 1) if β = 0.

It is easy to see that τxe1 = x. Since τx ∈ OCa(2) (see Example 1.3), we obtain the
desired assertion. ��
Corollary 1.1. For all x, y ∈ R

16, one has

ΦCa(x, y) � |x|2|y|2. (1.24)

Proof. Pick τ ∈ OCa(2) such that τ(|x|e1) = x. Then

ΦCa(x, y) = ΦCa

(|x|e1, τ
−1y

)

.

Using the definition of ΦCa , we get

ΦCa(x, y) � |x|2|τ−1y|2 = |x|2|y|2,
as required. ��

Let C[x], x = (x1, . . . , xm) ∈ R
m, be the polynomial ring in variables x1, . . . , xm

over the field C. Our further purpose is to describe elements P ∈ C[x] satisfying
the invariance condition

P ◦ τ = P, τ ∈ K, (1.25)

for some groups K ⊂ O(m), m � 2.

Proposition 1.2. Assume that for a polynomial P ∈ C[x], condition (1.25) is ful-
filled, where K is a subgroup of O(m) acting transitively on the sphere S

m−1. Then
P has the form

P(x) =
N

∑

k=0

ck|x|2k, N ∈ Z+, ck ∈ C.
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Proof. We can always write

P(x) =
j

∑

k=0

Pk(x), Pk ∈ Pk[x],

where Pk[x] is the set of all homogeneous polynomials of degree k in C[x]. In this
case,

Pk ◦ τ = Pk, τ ∈ K, k = 0, . . . , j.

Then |x|−kPk(x) is a homogeneous function of degree 0 that is invariant under the
group K . In view of the transitivity of K on S

m−1, this gives Pk(x) = dk|x|k ,
dk ∈ C, x ∈ R

m. Since Pk is a polynomial, k must be even when dk �= 0. Thus, the
statement is proved. ��

We now consider the case m = 2n, n � 2. A variable point in R
2n will be

denoted by (x, y), where x = (x1, . . . , xn) ∈ R
n, y = (y1, . . . , yn) ∈ R

n.

Theorem 1.3. Let K be a subgroup of O(n), n � 2. Suppose that K is pairwise
transitive on S

n−1, i.e., for any x, y, x ′, y ′ ∈ S
n−1 with 〈x, y〉R = 〈x ′, y ′〉R, there

exists τ ∈ K such that τ(x) = x ′, τ(y) = y ′. Then every polynomial P ∈ Pk[x, y]
satisfying the relation

P(τx, τy) = P(x, y), τ ∈ K, x, y ∈ R
n, (1.26)

has the form

P(x, y) =
{

∑k/2
μ=0

∑k−2μ
ν=0 cμ,ν |x|k−2μ−ν |y|ν〈x, y〉μ

R
if k is even,

0 if k is odd,
(1.27)

where cμ,ν are complex constants.

To prove Theorem 1.3 we need the following result.

Lemma 1.1. Let P ∈ C[x, y] and P = 0 on the set

E = {

(x, y) ∈ R
2n : 〈x, y〉R = 0

}

. (1.28)

Then
P(x, y) = 〈x, y〉RQ(x, y)

for some Q ∈ C[x, y].
Proof. Fix y ∈ R

n\{0}. Put Ry(x) = P(τ−1x, y), where τ is a rotation of R
n for

which τy = (|y|, 0, . . . , 0). Because P = 0 on E, we have Ry(0, x2, . . . , xn) = 0,
(x2, . . . , xn) ∈ R

n−1. Hence, Ry(x) = x1ry(x) with ry ∈ C[x]. Consequently,

P(x, y) = 〈x, y〉R py(x), (1.29)
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where py ∈ C[x] for each y ∈ R
n. We rewrite (1.29) as

P(x, y)

〈x, y〉R =
∑

|α|�N

cα(y)xα, (1.30)

where α denotes an n-tuple (α1, . . . , αn) of nonnegative integers, |α| = α1 + · · · +
αn, and xα = x

α1
1 . . . x

αn
n . Applying to (1.30) the operator

∂β =
(

∂

∂x

)β

=
(

∂

∂x1

)β1

. . .

(

∂

∂xn

)βn

, β = (β1, . . . , βn),

with |β| = N,N − 1, . . . , 0, we obtain

cα(y) = |y|−2N+1
dα(y),

where dα ∈ C[y]. Therefore, |y|2N+1
P(x, y) belongs to the ideal 〈x, y〉RC[x, y]. By

virtue of the irreducibility of 〈x, y〉R, the ideal 〈x, y〉RC[x, y] is prime (see Zariski
and Samuel [277], Chap. 3, Sect. 8). Since

|y|2N+1
/∈ 〈x, y〉RC[x, y],

this gives P(x, y) ∈ 〈x, y〉RC[x, y]. Thereby the lemma is established. ��
Proof of Theorem 1.3. The polynomial P can be represented in the form

P(x, y) =
k

∑

m=0

Pm(x, y)

with
Pm(x, y) =

∑

|α|=m

cα(x)yα, cα ∈ Pk−m[x].

Then, for each t > 0 and each τ ∈ K,

k
∑

m=0

tmPm(x, y) = P(x, ty) = P(τx, tτy) =
k

∑

m=0

tmPm(τx, τy).

Consequently, we must have

Pm(τx, τy) = Pm(x, y), τ ∈ K, x, y ∈ R
n. (1.31)

Let (x, y) ∈ E, x, y ∈ R
n\{0} (see (1.28)). Since K is pairwise transitive

on S
n−1, (1.31) implies that

Pm(x, y)

|x|k−m|y|m =
∑

|α|=m

cα

(

x

|x|
)(

y

|y|
)α

= Pm

(

x

|x| ,
y

|y|
)

= Pm(e1, e2),
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where e1 = (1, 0, . . . , 0) ∈ S
n−1, e2 = (0, 1, 0, . . . , 0) ∈ S

n−1. Hence,

P(x, y) =
k

∑

m=0

Pm(e1, e2)|x|k−m|y|m on E. (1.32)

Assume that k is even. Using (1.32), we obtain Pm(e1, e2) = 0 for odd m ∈
{0, . . . , k}. Analogously, Pm(e1, e2) = 0 for all m ∈ {0, . . . , k} when k is odd.
Now, by Lemma 1.1,

P(x, y) −
k

∑

m=0

Pm(e1, e2)|x|k−m|y|m = 〈x, y〉RQ(x, y), (x, y) ∈ R
2n, (1.33)

where Q = 0 if k � 1 and Q ∈ Pk−2[x, y] if k � 2. Moreover, owing to (1.26)
and (1.33),

Q(τx, τy) = Q(x, y), τ ∈ K, x, y ∈ R
n.

Invoking induction on k, we arrive at the desired assertion. ��
To close this section we present a consequence of Theorem 1.3.
In view of (1.20), we may assume that G2 ⊂ O(7). In this case, G2 is pair-

wise transitive on the sphere S
6 (see Busemann [44], Chap. 6, Sect. 55). Applying

Theorem 1.3 with n = 7 and K = G2, we obtain

Corollary 1.2. Let P be a homogeneous polynomial of degree k in variables x1, . . . ,

x7, y1, . . . , y7. Suppose that

P(τx, τy) = P(x, y) for all τ ∈ G2, x, y ∈ R
7.

Then P has the form (1.27).

1.2 Elements of Differential Geometry

We collect here some notation and facts from the theory of manifolds we need in
the sequel. For proofs, we refer to Helgason [115, 122] and also Kobayashi and
Nomizu [137].

Let M be a manifold. In the future, M will always be assumed to be real analytic.
We shall use the following spaces on M:

Ck(M) (k ∈ Z+ or k = ∞)—the space of all complex-valued Ck-functions on M;

C(M) = C0(M), E (M) = C∞(M);
RA(M)—the space of real analytic functions;

Ck
c (M)—the subspace of Ck(M) consisting of compactly supported functions;

D(M) = C∞
c (M);

D′(M)—the space of distributions;

E ′(M)—the space of compactly supported distributions.
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Let supp T be the support of a distribution T ∈ D′(M). A linear mapping D of
the space D(M) into itself is said to be a differential operator on M if

supp (Df ) ⊂ supp f, f ∈ D(M). (1.34)

For the definition of the order of a differential operator, see Hörmander [124],
Sect. 1.8. The set of all differential operators on M is denoted by E(M).

Relation (1.34) implies that D can be extended to a linear operator (also de-
noted D) from E (M) to E (M) by means of the formula

(Dg)(x) = (Df )(x).

Here x ∈ M , g ∈ E (M) are arbitrary, and f is any function in D(M) which coin-
cides with g in a neighborhood of x. The choice of f is clearly immaterial.

Suppose that ψ is a diffeomorphism of M onto itself. For g ∈ E (M), we put

Dψg = (

D(g ◦ ψ)
) ◦ ψ−1.

In view of (1.34), Dψ ∈ E(M). We shall say that D is invariant under ψ (or D com-
mutes with ψ) if Dψ = D, that is, if

D(g ◦ ψ) = (Dg) ◦ ψ for all g ∈ E (M).

Let μ be a measure on M which on each coordinate neighborhood is the multiple
of the Lebesgue measure by a nowhere vanishing C∞-function. Denote by Lp(M)

and Lp,loc(M), 1 � p < ∞, the classes of complex-valued functions on M that
are p-integrable and p-locally integrable with respect to μ, respectively. The space
L1,loc(M) is embedded in D′(M) by means of μ if to g ∈ L1,loc(M) we associate
the distribution

f →
∫

M

fg dμ, f ∈ D(M),

on M .
For every D ∈ E(M), there exists a unique differential operator D∗ ∈ E(M)

satisfying the relation
∫

M

(

D∗f
)

(x)g(x) dμ(x) =
∫

M

f (x)(Dg)(x) dμ(x), f, g ∈ D(M).

The operator D∗ is called the adjoint of D with respect to μ. The action of an
operator D ∈ E(M) on distributions is given by

〈DT, f 〉 = 〈

T ,D∗f
〉

, f ∈ D(M), T ∈ D′(M).

The inequality ord(DT ) � ord T + n holds, where n is the order of D, and the
symbol ord is used for the order of distributions.

For m ∈ Z+, we denote by L
p
m(M) the set of all f ∈ Lp(M) such that Df ∈

Lp(M) for every D ∈ E(M) of order at most m. The class L
p,loc
m (M) is defined

analogously.
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A connected manifold M becomes a Riemannian space (or a Riemannian man-
ifold) when provided with a metric tensor {gij }. Let g be the determinant of the
matrix {gij } and {gij } the inverse matrix of {gij }. We need the following objects on
M concerning {gij }:

ds =
(

∑

i,j

gij dxi dxj

)1/2

—the length element; (1.35)

dμ = √
g dx1 . . . dxn—the Riemannian measure; (1.36)

Γ k
ij = 1

2

∑

l

gkl

(

∂gil

∂xj

+ ∂gjl

∂xi

− ∂gij

∂xl

)

—the Riemannian connection; (1.37)

Rl
ijk = ∂Γ l

ki

∂xj

− ∂Γ l
ji

∂xk

+
∑

m

(

Γ m
ki Γ

l
mj − Γ m

ji Γ
l
mk

)

—the curvature tensor

of the Riemannian connection; (1.38)

Rijkl =
∑

m

gimRm
jkl—the Riemannian curvature tensor; (1.39)

d(·, ·)—the inner metric; I (M)—the isometry group;

∇1 =
∑

i,j

gij ∂

∂xi

∂

∂xj

—the first Beltrami parameter;

�2 = 1√
g

∑

i,j

∂

∂xi

(√
ggij ∂

∂xj

)

—the second Beltrami parameter. (1.40)

The analog of straight lines on M are geodesics. Equations of geodesics have the
form

d2xi

dt2
+

∑

j,k

Γ i
jk

dxj

dt

dxk

dt
= 0. (1.41)

A geodesic arc is, at least locally, the shortest arc between its end points. This is
proved in calculus of variations.

A Riemannian manifold M is a space of constant sectional curvature c if and
only if

Rijkl = c(gikgjl − gjkgli) (1.42)

(see [137], Vol. 1, Chap. 5, Sect. 2).
The distance d(p, q) between two points p, q ∈ M is given by

d(p, q) = inf
γ

∫

γ

ds,

where γ runs over all curve segments joining p and q. The pair (M, d) is a metric
space. A mapping f of M onto itself is in I (M) if and only if f preserves distances,
i.e.,

d
(

f (p), f (q)
) = d(p, q) for p, q ∈ M.
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We shall always consider I (M) with the compact open topology. This is defined
as the smallest topology on I (M) for which all the sets {ψ ∈ I (M) : ψC ⊂ U}
are open. Here C and U , respectively, are a compact and an open subset of M . The
identity component of I (M) will be denoted I0(M).

Let a ∈ R, R, b ∈ [0,+∞]. We shall often use the following sets in M:

SR(p) = {q ∈ M : d(p, q) = R}—the sphere;

BR(p) = {q ∈ M : d(p, q) < R}—the open ball;
•
BR(p) = BR(p) ∪ SR(p)—the closed ball;

Ba,b(p) = {q ∈ M : a < d(p, q) < b}—the open spherical annulus;
•
Ba,b(p) = {q ∈ M : a � d(p, q) � b}—the closed spherical annulus.

Definition 1.1. A nonempty open set O ⊂ M is said to be a ζ domain (ζ � 0) if
the following conditions are satisfied:

(a) each point in O can be covered by a closed ball of radius ζ contained in O;
(b) centers of two arbitrary closed balls with radius ζ contained in O can be joined

by a curve such that any closed ball with the radius ζ and the center on this curve
is contained in O.

Let ζ � 0 and assume that U is a subset of M . Denote by S(U , ζ ) the collection
of all open subsets O of M with the property that O ∈ S(U , ζ ) if and only if O is a
ζ domain and U ⊂ O. The motivation for the definition of the class S(U , ζ ) is the
theory of convolution equations developed in Volchkov [225], Part III.

A Riemannian manifold is said to be complete if each closed ball in M is com-
pact.

We shall need the following results.

Theorem 1.4 ([137], Chap. 4.4). Suppose that I (M) acts transitively on M . Then
M is a complete Riemannian manifold.

Theorem 1.5 ([137], Chap. 4.4). In a complete Riemannian manifold M with met-
ric d , each pair p, q ∈ M can be joined by a geodesic of length d(p, q).

Theorem 1.6 ([137], Chap. 6.7). Let M and N be two simply connected complete
Riemannian manifolds of constant sectional curvature c. Then M is isometric to the
space N .

The operator
L = �2 (1.43)

is a direct generalization of the Laplacian � on R
n and is frequently referred to as

the Laplace–Beltrami operator. For u ∈ D(M) and v ∈ E (M), one has
∫

M

u(x)(Lv)(x) dμ(x) =
∫

M

(Lu)(x)v(x) dμ(x), (1.44)
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i.e., L is symmetric. A diffeomorphism f of a Riemannian manifold M is an isom-
etry if and only if L commutes with f (see [122], Chap. 2, Sect. 2.4).

Let M0(M) be the set of all complex-valued compactly supported measures
on M , and let M1(M) be the set of all distributions f ∈ E ′(M) such that
Df ∈ M0(M) for each differential operator D on M of order at most one. We
define the class Mν(M) for each ν ∈ Z as follows.

If ν ∈ N and ν is even (respectively ν is odd), we denote by Mν(M) the set of
all distributions f ∈ E ′(M) such that L[ν/2]f ∈ M0(M) (respectively L[ν/2]f ∈
M1(M)), where [ν/2] is the integer part of ν/2.

If ν ∈ Z, ν < 0 and ν is even (respectively ν is odd) we write Mν(M) for the
set of all distributions f ∈ E ′(M) such that f = p(L)u for some u ∈ M0(M)

(respectively u ∈ M1(M)) and some polynomial p of degree at most [(1 − ν)/2].
The class Mν(M) plays an important role in Part III below.
Assume now that M is a Riemannian manifold of dimension � 2. Let O be a

nonempty subset of M, and let α > 0. Denote by QA(O) (respectively Gα(O)) the
set of all functions f ∈ C∞(O) such that for each compact set K ⊂ O,

∞
∑

ν=1

(

inf
q�ν

(∫

K
|Lqf (x)|dμ(x)

)1/2q
)−1

= +∞ (1.45)

(respectively
∫

K

∣

∣Lqf (x)
∣

∣dμ(x) � cq(1 + q)2αq, q = 1, 2, . . . , (1.46)

where the constant c > 0 is independent of q). Next, suppose that O is bounded
and let Cl O be the closure of O. We shall write f ∈ QA(Cl O) (respectively
f ∈ Gα(Cl O)) if f ∈ C∞(Cl O) and property (1.45) (respectively (1.46)) is satis-
fied for K = Cl O.

Let M be a connected complex manifold with a Hermitian metric H = {hij }ni,j=1,
and let {z1, . . . , zn} be local coordinates on M . We write

H = A + iB, zj = xj + ixn+j ,

where A = Re H , B = Im H , xj , xn+j ∈ R. The matrix

G =
(

A B

−B A

)

gives rise to a Riemannian structure on M . The Riemannian measure on M has the
form

dμ = h dx1 . . . dx2n, (1.47)

where h is the determinant of H . The Laplace–Beltrami operator L on M is calcu-
lated by

L = 2

h

n
∑

j=1

(

∂

∂zj

(

n
∑

i=1

hijh
∂

∂zi

)

+ ∂

∂zj

(

n
∑

i=1

hijh
∂

∂zi

))

, (1.48)
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where {hij } is the inverse matrix of {hij },

∂

∂zj

= 1

2

(

∂

∂xj

− i
∂

∂xn+j

)

,
∂

∂zj

= 1

2

(

∂

∂xj

+ i
∂

∂xn+j

)

.

Let F be a real-valued function in a coordinate neighborhood of a connected
complex manifold M . We set

gij = ∂2F

∂zi∂zj

. (1.49)

Since F is real, {gij } is always Hermitian. If it is positive definite, then

ds2 = 2
∑

i,j

gij dzi dzj (1.50)

is a Kaehler metric on M . Every Kaehler metric can be locally written in form (1.50)
with {gij } given by (1.49) (see [137], Vol. 2, Chap. 9, Sect. 5).

For a Kaehler metric {gij }, we put

Rijkl = ∂2gij

∂zk∂zl

−
∑

α,β

gαβ
∂giβ

∂zk

∂gαj

∂zl

, (1.51)

where {gij } is defined by the relation

∑

j

gij gkj = δi,k

with

δi,k =
{

1 if i = k,

0 if i �= k.

The metric {gij } has constant holomorphic sectional curvature c if and only if

Rijkl = − c

2
(gij gkl + gilgkj ). (1.52)

The proof of this statement can be found in [137], Vol. 2, Chap. 9, Sect. 7.
The following is a Kaehlerian analogue of Theorem 1.6.

Theorem 1.7 ([137], Chap. 9.7). Let M and N be two simply connected complete
Kaehlerian manifolds of constant holomorphic sectional curvature c. Then M is
holomorphically isometric to N .
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1.3 Homogeneous and Symmetric Spaces

Let M be a Hausdorff space and G a topological group such that to each g ∈ G

there is associated a homeomorphism p → gp of M onto itself with the following
properties:

(a) (g1g2)p = g1(g2p) for p ∈ M , g1, g2 ∈ G;
(b) the mapping (g, p) → gp is a continuous mapping of the product space G×M

onto M .

The group G is then called a topological transformation group of M . The
space M is said to be homogeneous with respect to G if the group G acts tran-
sitively on M .

To illustrate the definition we consider an example.
Suppose that G is a topological group and H a closed subgroup of G. Denote by

G/H the system of left cosets gH , g ∈ G. Let π be the natural mapping of G onto
G/H , i.e.,

πg = gH, g ∈ G.

The set G/H can be given a topology, the natural topology, which is uniquely
determined by the condition that π is a continuous and open mapping. This makes
G/H a Hausdorff space, and it is not difficult to see that if to each g ∈ G we assign
the mapping gH → ggH , g ∈ G, then G is a topological transformation group of
G/H . The coset space G/H is a homogeneous space with respect to G.

The example is universal as the following result shows.

Theorem 1.8 ([115], Chap. 2.3). Let G be a locally compact group with a count-
able base. Suppose that G is a transitive topological transformation group of a
locally compact Hausdorff space M . Let p be any point in M and H the subgroup
of G which leaves p fixed. Then H is closed, and the mapping gH → gp is a
homeomorphism of G/H onto M .

The group H is called the isotropy group at p (or the isotropy subgroup of G

at p).
Let G be a Lie group and M a manifold. Suppose that G is a topological trans-

formation group of M . The group G is said to be a Lie transformation group of M

if the mapping (g, p) → gp is an infinitely differentiable mapping of G × M onto
M . It follows that for each g ∈ G, the mapping p → gp is a diffeomorphism of M

onto itself.

Theorem 1.9 ([115], Chap. 2.4). Let G be a Lie group, H a closed subgroup of
G, and G/H the space of left cosets gH with the natural topology. Then G/H has
a unique analytic structure with the property that G is a Lie transformation group
of G/H .

In the sequel the coset space G/H (G a Lie group, H a closed subgroup) will
always be taken with the analytic structure described in Theorem 1.9.
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Among homogeneous manifolds of particular interest, there are the so-called
symmetric spaces.

Recall that a mapping is called involutive if its square, but not the mapping it-
self, is the identity. A Riemannian manifold M is said to be Riemannian globally
symmetric if each p ∈ M is an isolated fixed point of an involutive isometry sp
of M .

It can be proved that there is only one such sp (see [115], Chap. 4, Sect. 3). It is
called the symmetry at the point p.

Theorem 1.10 ([115], Chap. 4.3). Let M be a Riemannian globally symmetric
space. Then I (M) has an analytic structure compatible with the compact open
topology in which it is a transitive Lie transformation group of M .

We can look at the definition of symmetric spaces from a different angle.
Let G be a connected Lie group and H a closed subgroup. The pair (G,H) is

called a symmetric pair if there exists an involutive analytic automorphism σ of G

such that (Hσ )0 ⊂ H ⊂ Hσ , where Hσ is the set of fixed points of σ, and (Hσ )0
is the identity component of Hσ . If, in addition, the image of H under the adjoint
representation AdG of the group G is compact, (G,H) is said to be a Riemannian
symmetric pair (see [115], Chap. 2, Sect. 5, and Chap. 4, Sect. 3).

Theorem 1.11 ([115], Chap. 4.3). Let (G,K) be a Riemannian symmetric pair.
Then in each G-invariant Riemannian structure Q on G/K (such Q exist), the man-
ifold G/K is a Riemannian globally symmetric space.

Theorem 1.12 ([115], Chap. 4.3). Let M be a Riemannian globally symmetric
space, p0 any point in M , and Tp0M the tangent space to M at p0. Then the follow-
ing are true.

(i) If G = I0(M) and if K is the subgroup of G which leaves p0 fixed, then
K is a compact subgroup of the connected group G, and G/K is analytically
diffeomorphic to M under the mapping

gK → gp0, g ∈ G.

(ii) The mapping
σ : g → sp0gsp0

is an involutive automorphism of G such that K lies between the closed group
Kσ of all fixed points of σ and the identity component of Kσ . The group K

contains no normal subgroup of G other than the identity {e}.
(iii) Let g and k be the Lie algebras of G and K , respectively, and let (dσ)e be the

differential of σ at e. Then

k = {

A ∈ g : (dσ)eA = A
}

,

and if p = {A ∈ g : (dσ)eA = −A}, we have

g = k + p (direct sum).
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The differential (dπ)e, where πg = gp0, g ∈ G, maps k into {0} and p isomor-
phically onto Tp0M .

If g is compact and semisimple (see [115], Chap. 2, Sects. 5, 6), M is said to
be of compact type. If g is noncompact and semisimple, then M is said to be of
noncompact type. If p is an abelian ideal in g, then M is said to be of Euclidean
type.

The symmetric spaces corresponding to these have positive, negative, and zero
sectional curvature, respectively (see [115], Chap. 5, Sect. 3).

The rank of the symmetric space M is an important invariant; it is defined as the
dimension of any maximal abelian subalgebra of p. For any two points in M, one
can speak of their complex distance; this is an l-tuple (r1, . . . , rl) of real numbers
(l = rank of M) and has the property that two point-pairs in M are congruent un-
der an isometry of M if and only if their complex distance is the same (see [115],
Chap. 5, Sect. 6).

In Theorem 1.12 we have seen that a Riemannian globally symmetric space gives
rise to a pair (l, s) where

(a) l is a Lie algebra over R,
(b) s is an involutive automorphism of l,
(c) u, the set of fixed points of s, is a compactly embedded subalgebra of l (see [115],

Chap. 2, Sect. 5),
(d) u ∩ z = {0} if z denotes the center of g.

A pair (l, s) with the properties (a), (b), (c) is called an orthogonal symmetric Lie
algebra. It is said to be effective if, in addition, (d) holds. A pair (L, U), where L is
a connected Lie group with Lie algebra l, and U is a Lie subgroup of L with Lie
algebra u, is said to be associated with the orthogonal symmetric Lie algebra (l, s).

The orthogonal symmetric Lie algebra (l, s) is called irreducible if the two fol-
lowing conditions are satisfied:

(a) l is semisimple, and u contains no ideal �= {0} of l;
(b) u is a maximal proper subalgebra of l.

Let (L, U) be a pair associated with (l, s). Then (L, U) is said to be irreducible
if (l, s) is irreducible.

Theorem 1.13. Let (L, U) be an irreducible Riemannian symmetric pair. Then all
L-invariant Riemannian structures on L/U coincide except for a constant factor.

For the proof, we refer the reader to [115], Chap. 8, Sect. 5.
A Riemannian globally symmetric space M is called irreducible if the pair

(I0(M),K) is irreducible, K being the isotropy subgroup of I0(M) at some point
in M .

In [47], É. Cartan accomplished a complete classification of irreducible Rie-
mannian globally symmetric spaces in terms of the classical and exceptional simple
Lie groups. The list of Cartan shows, in particular, that Riemannian globally sym-
metric spaces of rank one consist of
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(1) the real hyperbolic spaces, SO0(n, 1)/ SO(n);
(2) the complex hyperbolic spaces, SU(n, 1)/ S(U(n) × U(1));
(3) the quaternionic hyperbolic spaces, Sp(n, 1)/ Sp(n) × Sp(1);
(4) the Cayley hyperbolic plane, F ∗

4 / Spin(9);
(5) the spheres, SO(n + 1)/ SO(n);
(6) the real projective spaces, SO(n + 1)/ O(n);
(7) the complex projective spaces, SU(n + 1)/ S(U(n) × U(1));
(8) the quaternionic projective spaces, Sp(n + 1)/ Sp(n) × Sp(1);
(9) the Cayley projective plane, F4/ Spin(9).

The spaces SO0(n, 1)/ SO(n), SO(n + 1)/ SO(n), and SO(n + 1)/ O(n) have
constant sectional curvature (see, for example, Wolf [263], Chap. 2, Sect. 2.4). In
addition, SU(n, 1)/ S(U(n)× U(1)) and SU(n+ 1)/ S(U(n)× U(1)) are Hermitian
symmetric spaces of constant holomorphic sectional curvature (see [137], Vol. 2,
Chap. 11, Sects. 9, 10). Realizations of all Riemannian globally symmetric spaces
of rank one as domains of Euclidean spaces are given in Chaps. 2 and 3 below.

We close this section by considering the two-point homogeneous spaces. These
are defined as Riemannian manifolds with pairwise transitive groups of isometries.
This means that for any two pairs points (x1, x2) and (y1, y2) satisfying

d(x1, x2) = d(y1, y2),

there exists an isometry mapping x1 to y1 and x2 to y2. The two-point homogeneous
spaces have all been determined. A Riemannian manifold is two-point homogeneous
if and only if it is either a Euclidean space or a Riemannian globally symmetric space
of rank one. The proof of this result can be found in Wolf [263], Chap. 8, Sect. 8.12.

1.4 Convolution, Invariant Differential Operators and Spherical
Functions

Let G be a separable unimodular Lie group with Haar measure dg. The convolution

(f1 ∗ f2)(g) =
∫

G

f1
(

gg−1)f2(g) dg =
∫

G

f1(g)f2
(

g−1g
)

dg

is well defined for f1, f2 ∈ C(G) if at least one of them has compact support. More
generally, we define the convolution t1 ∗ t2 of two distributions on G, at least one of
compact support, as the distribution

〈t1 ∗ t2, ψ〉 = 〈

t2(g), 〈t1(g), ψ(gg)〉〉, ψ ∈ D(G). (1.53)

Then we have the associativity

(t1 ∗ t2) ∗ t3 = t1 ∗ (t2 ∗ t3)
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if at least two of the ti have compact support (see Helgason [122], Chap. 2,
Sect. 5.1).

A locally integrable function f on G can be viewed as the distribution

ψ →
∫

G

ψ(g)f (g) dg, ψ ∈ D(G),

on G. With this identification we have for f ∈ E (G), t ∈ D′(G), at least one of
compact support,

(f ∗ t)(g) = 〈

t (g), f
(

gg−1)〉, (t ∗ f )(g) = 〈

t (g), f
(

g−1g
)〉

.

Let K ⊂ G be a compact subgroup with Haar measure dk normalized by
∫

K

dk = 1. (1.54)

Denote by dx the measure on G/K defined by the relation
∫

G/K

f (x) dx =
∫

G

(f ◦ π)(g) dg, f ∈ Cc(G/K), (1.55)

where π : G → G/K is the natural projection. Let L1,loc(G/K) be the class of
complex-valued functions on G/K that are locally integrable with respect to dx. If
f ∈ L1,loc(G/K) is regarded as a distribution, then

〈f,ψ〉 =
∫

G/K

ψ(x)f (x) dx, ψ ∈ D(G/K).

Each T ∈ D′(G/K) lifts to the distribution tT on G given by

〈tT , ψ〉 =
〈

T (gK),

∫

K

ψ(gk) dk

〉

, ψ ∈ D(G).

The lifting induces the notion of convolution in D′(G/K) by

〈T1 × T2, ψ〉 = 〈tT1 ∗ tT2 , ψ ◦ π〉, ψ ∈ D(G/K). (1.56)

In this case,
(f × T )(gK) = 〈

tT (g), f
(

gg−1K
)〉

,

(T × f )(gK) = 〈

tT (g), f
(

g−1gK
)〉

,
(1.57)

for f ∈ E (G/K), T ∈ E ′(G/K). Furthermore,

(f1 × f2)(gK) =
∫

G

f1(gK)f2
(

g−1gK
)

dg

for f1 ∈ L1,loc(G/K) and f2 ∈ (L1,loc ∩ E ′)(G/K).
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The convolution on G/K is associative and satisfies T × δo = T , where δo is the
delta distribution ψ → ψ(o) at the origin o = {K} in G/K . Also,

〈δo × T ,ψ〉 =
∫

K

〈T ,ψ ◦ τ(k)〉 dk, ψ ∈ D(G/K),

where τ(k) is the translation gK → kgK , g ∈ G.
In addition to our assumption that G is a separable unimodular Lie group and

K compact, we assume now that (G,K) is a symmetric pair. Let W(G) be a given
class of distributions on G. Denote by W�(G) the set of K-bi-invariant distributions
in W(G), i.e.,

W�(G) = {

t ∈ W(G) : 〈t (g), ψ(k1gk2)〉 = 〈t, ψ〉 ∀ k1, k2 ∈ K, ψ ∈ D(G)
}

.

(1.58)

Theorem 1.14. E ′
�(G) and (Cc)�(G) are commutative algebras under convolution.

For the proof, we refer to Helgason [122], Chap. 2, Sect. 5.1.
A distribution T ∈ D′(G/K) is said to be K-invariant if

〈T ,ψ ◦ τ(k)〉 = 〈T ,ψ〉 for all k ∈ K,ψ ∈ D(G/K).

By analogy with (1.58), given a class W(G/K) ⊂ D′(G/K), we define W�(G/K)

as the set of all K-invariant distributions in W(G/K). Then, in view of (1.56) and
Theorem 1.14,

T1 × T2 = T2 × T1

if T1 ∈ E ′
�(G/K), T2 ∈ D′

�(G/K).
Let D(G/K) be the algebra of differential operators on G/K invariant under all

translations
τ(g) : gK → ggK, g, g ∈ G.

The algebra D(G/K) is commutative. If D ∈ D(G/K), we have

D(T1 × T2) = DT1 × T2 = T1 × DT2

for all T1, T2 ∈ D′(G/K), at least one of compact support (see [122], Chap. 2,
Sect. 5.1).

A function ϕ ∈ E (G/K) is called a spherical function if the following conditions
are satisfied:

(a) ϕ(o) = 1;
(b) ϕ ◦ τ(k) = ϕ for all k ∈ K;
(c) for every D ∈ D(G/K), there exists λD ∈ C such that Dϕ = λDϕ.

A joint eigenfunction on G/K is an eigenfunction of each of the operators
D ∈ D(G/K). Let μ : D(G/K) → C be a homomorphism, and let Eμ denote
the corresponding joint eigenspace; i.e.,

Eμ = {

f ∈ E (G/K) : Df = μ(D)f for all D ∈ D(G/K)
}

.

Every spherical function belongs to a unique Eμ.
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Proposition 1.3. Each joint eigenspace Eμ �= 0 contains exactly one spherical
function ϕ. The members f of Eμ are characterized by the mean value property

∫

K

f (gkgK) dk = f (gK)ϕ(gK), g, g ∈ G. (1.59)

The proof of Proposition 1.3 can be found in [122], Chap. 4, Sect. 2.2.
Let Φ be the set of spherical functions on G/K . The spherical transform of a

distribution T ∈ E ′
�(G/K) is defined by

˜T (ϕ) = 〈T , ϕ̌〉, ϕ ∈ Φ,

where
ϕ̌(gK) = ϕ

(

g−1K
)

, g ∈ G.

With our notation in Proposition 1.3, we have

f × T = ˜T (ϕ)f. (1.60)

The proof of (1.60) follows from (1.57) and (1.59).
Let G/K be a two-point homogeneous space. Then D(G/K) is generated by the

Laplace–Beltrami operator L (see [122], Chap. 2, Sect. 4.3). The radial part of L

has the form

L0 = ∂2

∂r2
+ A′(r)

A(r)

∂

∂r
, (1.61)

where A(r) is the area of the sphere Sr(o) ⊂ G/K . (If dim G/K = 1, A(r) is
understood to be the number of points in Sr(o).)

In the case of the real n-dimensional Euclidean space,

A(r) = ωn−1r
n−1, where ωn−1 = 2πn/2

�(n/2)
, (1.62)

and � denotes the gamma function. The spherical functions on R
n are of the form

2n/2−1�

(

n

2

)

Jn/2−1(λ|x|)
(λ|x|)n/2−1

, λ ∈ C,

where Jν is the Bessel function of the first kind of order ν.
For rank one symmetric spaces of noncompact type,

A(r) = ωN−1

(

sinh kr

k

)2α+1

(cosh kr)2β+1. (1.63)

Here, N is the real dimension of G/K; α = N/2 − 1; β = N/2 − 1, 0, 1, or 3
as G/K = SO0(n, 1)/ SO(n), SU(n, 1)/ S(U(n)× U(1)), Sp(n, 1)/ Sp(n)× Sp(1),

or F ∗
4 / Spin(9), respectively; and k is a real parameter whose dependence on the

metric of G/K is given by m = −k2, where m is the maximum sectional curvature
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of G/K . Ordinarily, we may take k = 1. The spherical functions on G/K are given
by

ϕλ(x) = F

(

α + β + 1 − iλ

2
,
α + β + 1 + iλ

2
; α + 1; − sinh2 kt

)

, λ ∈ C,

where t is the distance between x and o ∈ G/K, and F(a, b; c; z) denotes the usual
hypergeometric function.

For rank one symmetric spaces of compact type,

A(r) = ωN−1

(

sin kr

k

)2α+1

(cos kr)2β+1. (1.64)

Here, as before, N is the real dimension of G/K; α = N/2−1; β = N/2−1, −1/2,
0, 1, or 3 as G/K = SO(n + 1)/ SO(n), SO(n + 1)/ O(n), SU(n + 1)/ S(U(n) ×
U(1)), Sp(n+ 1)/ Sp(n)× Sp(1), or F4/ Spin(9), respectively; k is a real parameter
which may now be interpreted as (2 diam (G/K))−1π , where diam (G/K) is the di-
ameter (maximum distance between two points) of G/K . Finally, the corresponding
spherical functions are given by

ϕj (x) = F
(−j, j + α + β + 1; α + 1; sin2 kt

)

, j ∈ Z+.

Concerning the spherical functions on symmetric spaces of arbitrary rank, see
[122], Chap. 4, Sects. 2–4.

1.5 Structure of Quasi-Regular Representations of Compact
Groups

Let G be a locally compact group and V a locally convex topological vector space
over C. Denote by Aut (V ) the group of all linear homeomorphisms of V onto
itself. A representation π of the group G on the space V is a homomorphism from
G into Aut (V ) such that the mapping

(g, v) → π(g)v

from G × V into V is continuous. We shall call dim V the dimension of π . We
note that if V is a barreled topological vector space and π : G → Aut (V ) is a
homomorphism such that for each v ∈ V, the mapping g → π(g)v is continuous
from G to V , then π is a representation of G on V (see Helgason [122], Chap. 4,
Sect. 1).

Let V ′ denote the dual space of V . If v ∈ V and λ ∈ V ′, the function

g → λ
(

π(g)v
)
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is called a representation coefficient. In harmonic analysis on G one investigates
these functions as well as how they can serve as building blocks for “arbitrary”
function spaces on G.

Let V ′ be given the strong topology (that is, the topology of uniform convergence
on bounded subsets of V ). The mapping which sends a vector v ∈ V into the con-
tinuous linear form ṽ : λ → λ(v) on V ′ is an injective map of V into the second
dual space (V ′)′. If this map is surjective, then V is called semireflexive. It is known
that any closed subspace W of a semireflexive space V is again semireflexive (see
Köthe [142]).

If A is a continuous linear transformation of V, its transpose tA : V ′ → V ′ is
defined by (tA(λ))(v) = λ(Av); it is again continuous. If A is a linear homeomor-
phism of V onto itself, then (tA)−1 = t (A−1).

Let π be a representation of G on V . The mapping

π̌ : g → t
(

π
(

g−1))

is a homomorphism of G into Aut (V ′). If V is semireflexive, it is known that the
mapping (g, λ) → π̌(g)λ of G×V ′ into V ′ is continuous (see Bruhat [43], Sect. 2)
so π̌ is a representation; it is called the representation contragredient to π .

A representation π is said to be irreducible if for each closed subspace W ⊂ V

that is invariant under π(G), we have W = {0} or W = V .
Two representations (π1, V1) and (π2, V2) of G are said to be equivalent if there

exists a linear homeomorphism A of V1 onto V2 satisfying

Aπ1(g) = π2(g)A for all g ∈ G. (1.65)

A continuous linear mapping A of V1 into V2 satisfying (1.65) is called an inter-
twining operator.

If V is a Hilbert space and π is a representation of G on V with each π(g)

unitary, then π is called a unitary representation.
We will now give some more details about a compact group and its finite-

dimensional representations.
Let K be a compact group and dk the Haar measure on K , normalized by (1.54).

Denote by ̂K the set of equivalence classes of finite-dimensional unitary irreducible
representations of K . For each δ ∈ ̂K , let Vδ be a vector space with inner product
〈 , 〉 on which a representation of class δ is realized, and let this representation
also be denoted by δ. Let d(δ) denote the dimension of δ. If δ1, δ2 ∈ ̂K , then for
ξ1, η1 ∈ Vδ1 , ξ2, η2 ∈ Vδ2 , we have the orthogonality relations of Schur

∫

K

〈δ1(k)ξ1, η1〉〈δ2(k)ξ2, η2〉 dk

=
{

(d1(δ))
−1

〈

ξ1, ξ2〉〈η1, η2〉 if δ1 = δ2,

0 if δ1 �= δ2.
(1.66)

If v1, . . . , vd(δ) is an orthonormal basis of Vδ , then (1.66) means that the functions

d(δ)1/2〈δ(k)vj , vi〉, i, j ∈ {1, . . . , d(δ)}
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are orthonormal in L2(K). According to the Peter–Weyl theorem, they form a com-
plete orthonormal basis of L2(K).

For each δ ∈ ̂K, the contragredient δ̌ operates on the dual space V ′
δ = V

δ̌
.

The mapping which assigns to each v ∈ Vδ the linear form v ′ : w → 〈w, v〉 is a
conjugate linear bijection of Vδ onto V ′

δ . We define the inner product 〈 , 〉 on V
δ̌

by

〈v′, w′〉 = 〈w, v〉.
For a linear transform L on Vδ, let L′ denote the linear transformation v ′ → (Lv)′
of V

δ̌
. If L has a matrix expression ‖lij‖d(δ)

i,j=1 in the basis v1, . . . , vd(δ), then L′ has

a matrix expression ‖lij‖d(δ)
i,j=1 in the basis v′

1, . . . , v
′
d(δ). Since δ̌(k) = t δ(k−1), we

find
(

δ̌(k)v′
j

)

(w) = v′
j

(

δ
(

k−1)w
) = 〈w, δ(k)vj 〉 = (

δ(k)vj

)′
(w)

=
d(δ)
∑

i=1

( 〈δ(k)vj , vi〉v′
i

)

(w).

This means that δ̌(k) = δ(k)′, δ̌ is unitary, and

〈

δ̌(k)v′
j , v

′
i

〉 = 〈δ(k)vj , vi〉. (1.67)

Let M be a closed subgroup of K . We put

V M
δ = {

v ∈ Vδ : δ(m)v = v for all m ∈ M
}

,
̂KM = {

δ ∈ ̂K : V M
δ �= 0

}

,
(1.68)

and assume that V M
δ is one-dimensional for each δ ∈ ̂KM . We shall write the orthog-

onal Hilbert space decomposition for L2(K/M) viewed as the subspace of L2(K)

consisting of functions right invariant under M . For δ ∈ ̂KM , let v1, . . . , vd(δ) be a
basis of Vδ such that v1 spans V M

δ . Denote by Hδ the subspace of L2(K) spanned
by the functions

k → 〈δ(k)u, v〉, u, v ∈ Vδ.

Also let HM
δ be the subspace of functions in Hδ which are right invariant under M .

Then the functions

k → 〈δ(k)v1, vj 〉, 1 � j � d(δ),

form a basis of HM
δ , and we have the orthogonal Hilbert space decomposition

L2(K/M) =
⊕

δ∈̂KM

HM
δ (1.69)

due to Weyl (see Helgason [122], Chap. 4, Sect. 1.2). Setting

Y δ
j (kM) = 〈δ(k)v1, vj 〉, 1 � j � d(δ), (1.70)
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by (1.70) and (1.68) we have

Y δ
1

(

k−1M
) = Y δ

1 (kM), Y δ
j (eM) = δ1,j ,

where e is the unity in K, and δ1,j is the Kronecker delta.
Let F be any function space on K/M such that the mapping (k, f ) → f ◦ k−1

is continuous from K × F into F . The representation T of K on F defined by

T (k)f = f ◦ k−1

is called the quasi-regular representation of K on F . For δ ∈ ̂KM , denote by Tδ

the quasi-regular representation of K on HM
δ . Let ‖tδij (k)‖d(δ)

i,j=1 be a representation
matrix of Tδ , that is,

Y δ
j

(

k−1τM
) =

d(δ)
∑

i=1

tδij (k)Y δ
i (τM), k, τ ∈ K. (1.71)

Comparing (1.71) with (1.70), we see that

tδij (k) = 〈δ(k)vj , vi〉, i, j ∈ {1, . . . , d(δ)}. (1.72)

Thus, Tδ and δ̌ are equivalent (see (1.67)).

Proposition 1.4.

(i) For each δ ∈ ̂KM , the representation Tδ is irreducible.
(ii) If δ1, δ2 ∈ ̂KM , δ1 �= δ2, then Tδ1 and Tδ2 are not equivalent.

Proof. Let W be a closed subspace of HM
δ that is invariant under Tδ(K). Each

f ∈ W has the form f (kM) = 〈δ(k)v1, u〉 for some u ∈ Vδ . We set

U = {

u ∈ Vδ : f (kM) = 〈δ(k)v1, u〉 ∈ W
}

. (1.73)

For any τ ∈ K, we find

f
(

τ−1kM
) = 〈

δ
(

τ−1k
)

v1, u
〉 = 〈δ(k)v1, δ(τ )u〉.

Thus δ(τ )u ∈ U for all τ ∈ K , u ∈ U . Since δ is irreducible, we obtain U = {0} or
U = Vδ . By (1.73) we have W = {0} or W = HM

δ , so (i) follows.
For (ii), it suffices to prove that δ̌1 and δ̌2 are not equivalent. Otherwise there

exists a linear homeomorphism ˜A : V
δ̌1

→ V
δ̌2

satisfying

˜Aδ̌1(k) = δ̌2(k)˜A for all k ∈ K. (1.74)

We shall use the notation 〈·, ·〉1, 〈·, ·〉2 for the inner products of Vδ1 and Vδ2 , respec-
tively. Consider the linear operator A : Vδ1 → Vδ2 defined by

(

˜Av′)(u) = 〈u,Av〉2, u ∈ Vδ2 , v ∈ Vδ1, (1.75)
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where v′ ∈ V
δ̌1

= V ′
δ1

. Since the map ˜A is surjective, we conclude that A is a linear
bijection. Let 1 � j � d(δ). For each u ∈ Vδ2 , by (1.75) we obtain

〈u,Aδ1(k)vj 〉2 =
d(δ)
∑

j=1

〈δ1(k)vj , vi〉1〈u,Avi〉2 = ˜A
(

δ̌1(k)v′
j

)

(u).

This together with (1.74) implies 〈u,Aδ1(k)vj 〉2 = 〈u, δ2(k)Avj 〉2. So Aδ1(k) =
δ2(k)A for all k ∈ K , which is in contradiction with the relation δ1 �= δ2. The
required result now follows. ��

The decomposition (1.69), together with Proposition 1.4, means that the quasi-
regular representation of K on L2(K/M) is a direct sum of pairwise nonequivalent
irreducible unitary representations Tδ , δ ∈ ̂KM .

From (1.66) and (1.72) it now follows that
∫

K

t
δ1
i1,j1

(k)t
δ2
i2,j2

(k) dk = 0 if (δ1, i1, j1) �= (δ2, i2, j2) (1.76)

and
∫

K

∣

∣tδij (k)
∣

∣

2 dk = 1

d(δ)
. (1.77)

We associate with each function f ∈ L1(K/M) its Fourier series

f (kM) ∼
∑

δ∈̂KM

d(δ)
∑

j=1

fδ,jY
δ
j (kM), k ∈ K, (1.78)

where

fδ,j = d(δ)

∫

K

f (kM)Y δ
j (kM) dk. (1.79)

Let f ∈ L2(K/M), τ ∈ K . It follows from the continuity of the representation
operator and (1.71), (1.78) that

f
(

τ−1kM
) =

∑

δ∈̂KM

d(δ)
∑

j=1

fδ,j Tδ(τ )Y δ
j (kM) =

∑

δ∈̂KM

d(δ)
∑

i,j=1

fδ,jY
δ
i (kM)tδij (τ ).

Using (1.76), (1.77), from this we obtain

fδ,j Y
δ
i (kM) = d(δ)

∫

K

f
(

τ−1kM
)

tδij (τ ) dτ (1.80)

for all δ ∈ ̂KM , i, j ∈ {1, . . . , d(δ)}. Since the space L2(K/M) is dense in L1(K/M),
by (1.79) we conclude that equality (1.80) holds for each f ∈ L1(K/M).



Chapter 2
Analogues of the Beltrami–Klein Model
for Rank One Symmetric Spaces
of Noncompact Type

It is well known that the hyperbolic plane H
2 of constant sectional curvature −1 can

be realized as the open disk x2 + y2 < 1 with the Riemannian metric

ds2 = (1 − y2) dx2 + 2xy dx dy + (1 − x2) dy2

(1 − x2 − y2)2
.

The realization is said to be the Beltrami–Klein model of H
2. The purpose of Chap. 2

is to obtain similar models for all Riemannian symmetric spaces of rank one and
negative curvature.

All this program is not too hard to carry out for real, complex, or quaternionic hy-
perbolic spaces. In these cases, the analog of the Beltrami–Klein model is the open
ball Bn

K
= {u ∈ K

n : |u| < 1} (K = R, C, Q respectively) with the Riemannian
structure

ds2 = (

1 − |u|2)−1(|du|2 + (

1 − |u|2)−1|〈du, u〉K|2)

(see Sects. 2.1–2.3). However we encounter a prime difficulty when realizing
F ∗

4 /Spin(9). The basic reason for this is the fact that the system of Cayley numbers
Ca is not associative. Nevertheless, in Sect. 2.4 we show that the Cayley hyperbolic
plane F ∗

4 /Spin(9) of maximal sectional curvature −1 is isometric to the ball B16
R

with the metric tensor

gij (x) = δi,j

1 − |x|2 + 1

2(1 − |x|2)2

∂2

∂yi∂yj

(

ΦCa(x, y)
)

(for the definition of ΦCa(x, y), see Sect. 1.1). In the course of our analysis, we also
give explicit formulas for the Riemannian measure, the Laplace–Beltrami operator,
the symmetries, and the distance. These results will be needed later.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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2.1 The Real Hyperbolic Space SO0(n, 1)/ SO(n)

In this section we construct the usual Beltrami–Klein model for the real hyperbolic
space. For the rest of Chap. 2, we assume that n ∈ N\{1}.

Let Bn
R

= {x ∈ R
n : |x| < 1} be the open unit ball in R

n with the Riemannian
structure

ds2 = |dx|2
1 − |x|2 + 〈x, dx〉2

R

(1 − |x|2)2
. (2.1)

The metric (2.1) corresponds to the metric tensor

gij (x) = δi,j

1 − |x|2 + xixj

(1 − |x|2)2
, i, j ∈ {1, . . . , n}, (2.2)

and it is easy to see that

gij (x) = (

1 − |x|2)(δi,j − xixj ), i, j ∈ {1, . . . , n}. (2.3)

We wish to compute the curvature tensor of metric (2.1). One obtains (see (1.37),
(1.38))

∂gij

∂xk

= 2xkδi,j + xiδj,k + xj δi,k

(1 − |x|2)2
+ 4xixj xk

(1 − |x|2)3
,

Γ k
ij = xiδk,j + xj δi,k

1 − |x|2 ,

∂Γ k
ij

∂xl

= δi,lδk,j + δj,lδk,i

1 − |x|2 + 2(xixlδk,j + xlxj δi,k)

(1 − |x|2)2
,

Rl
ijk = δi,j δk,l − δi,kδj,l

1 − |x|2 + xixj δk,l − xixkδj,l

(1 − |x|2)2
.

(2.4)

Hence, by (1.39)

Rijkl = δi,lδj,k − δi,kδj,l

(1 − |x|2)2
+ xixlδj,k − xixkδj,l + xjxkδi,l − xjxlδi,k

(1 − |x|2)3

= −(gikgjl − gjkgil). (2.5)

The formula for Rijkl shows that the ball Bn
R

with the metric (2.1) is a space of
constant sectional curvature −1 (see Sect. 1.2). We denote this space by H

n
R

.
Let us establish some properties of H

n
R

.

Proposition 2.1. The Riemannian measure on H
n
R

has the form

dμ(x) = dx

(1 − |x|2) n+1
2

. (2.6)
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Proof. Let g(x) be the determinant of the matrix (2.2). Using the formula

∂

∂xi

(

log g(x)
) =

n
∑

j,k=1

gjk(x)
∂gjk

∂xi

(x)

(see Ahlfors [5], Chap. 4, Sect. 4.12), we find

∂

∂xi

(

log
(
√

g(x)
(

1 − |x|2) n+1
2

)

)

= 0 (2.7)

for i ∈ {1, . . . , n}. Bearing in mind that g(0) = 1, from (2.7) we obtain

√

g(x) = 1

(1 − |x|2) n+1
2

, x ∈ Bn
R
. (2.8)

Together, (2.8) and (1.36) give (2.6). ��
Proposition 2.2. The Laplace–Beltrami operator L on H

n
R

acts on a function
f ∈ C2(Bn

R
) as follows:

(Lf )(x) = (

1 − |x|2)
(

(�f )(x) −
n

∑

i,j=1

xixj

∂2f

∂xi∂xj

(x) − 2
n

∑

i=1

xi

∂f

∂xi

(x)

)

. (2.9)

In particular, if f has the form f (x) = f0(|x|), then

(Lf )(x) = (

1 − |x|2)2
f ′′

0 (|x|) + 1 − |x|2
|x|

(

n − 1 − 2|x|2)f ′
0(|x|).

Proof. The assertions follow from (1.43), (1.40), (2.3), and (2.8). ��
As usual, we denote by I (Hn

R
) the isometry group of H

n
R

.

Proposition 2.3. The group O(n) is a subgroup of I (Hn
R
).

Proof. Let γ (t) = (x1(t), . . . , xn(t)), 0 � t � 1, be an arbitrary piecewise smooth
curve in Bn

R
, and let γ ′(t) = (x′

1(t), . . . , x
′
n(t)). It follows from (2.1) and (1.35) that

the length l(γ ) of the curve γ can be calculated by the formula

l(γ ) =
∫ 1

0

( |γ ′(t)|2
1 − |γ (t)|2 + 〈γ (t), γ ′(t)〉2

R

(1 − |γ (t)|2)2

)1/2

dt. (2.10)

We set γτ (t) = τ(γ (t)), 0 � t � 1, for any τ ∈ O(n). Since (γτ )
′(t) = τ(γ ′(t)),

formula (2.10) implies that l(γτ ) = l(γ ). Therefore, d(τx, τy) = d(x, y) for all
x, y ∈ Bn

R
, where d is the distance on the space H

n
R

. This concludes the proof. ��
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Now we construct an element ϕ ∈ I (Hn
R
) such that ϕ(0) 
= 0. Let a ∈ Bn

R
. Put

σa(x) = a − Pa(x) − μaQa(x)

1 − 〈x, a〉R , x ∈ Cl
(

Bn
R

)

, (2.11)

where μa = √

1 − |a|2,

Pa(x) =
{〈x, a〉R|a|−2a if a 
= 0,

0 if a = 0,

Qa(x) = x − Pa(x).

Notice that
τ ◦ σa = στa ◦ τ (2.12)

for τ ∈ O(n).

Proposition 2.4. Let a ∈ Bn
R

be fixed. Then

(i) σa(0) = a and σa(a) = 0.
(ii) The identity

1 − 〈

σa(x), σa(y)
〉

R
= (1 − |a|2)(1 − 〈x, y〉R)

(1 − 〈x, a〉R)(1 − 〈y, a〉R)
(2.13)

holds for all x, y ∈ Cl(Bn
R
). In particular,

1 − |σa(x)|2 = (1 − |a|2)(1 − |x|2)
(1 − 〈x, a〉R)2

, x ∈ Cl
(

Bn
R

)

. (2.14)

(iii) For any b ∈ Bn
R

,

〈

ψ(x), ψ(y)
〉

R
= 〈x, y〉R, x, y ∈ Cl

(

Bn
R

)

, (2.15)

where ψ = σσa(b) ◦ σa ◦ σb.
(iv) For each f ∈ C2(Bn

R
),

(Lf )(a) = �(f ◦ σa)(0). (2.16)

(v) σa is an involution: σa(σa(x)) = x.
(vi) σa is a homeomorphism of Cl(Bn

R
) onto Cl(Bn

R
), and σa ∈ I (Hn

R
).

(vii) The relation

σa

(

a

1 + μa

)

= a

1 + μa

holds. Moreover, σa fixes exactly one point of Bn
R

and no point of S
n−1.
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Proof. Assertion (i) follows immediately from (2.11). Let us prove (ii). We have

〈

a − Pa(x),Qa(y)
〉

R
= 0,

〈

Qa(x), a − Pa(y)
〉

R
= 0.

Consequently,

1 − 〈

σa(x), σa(y)
〉

R
= 1 − 〈a − Pa(x), a − Pa(y)〉R + μ2

a〈Qa(x),Qa(y)〉R
(1 − 〈x, a〉R)(1 − 〈y, a〉R)

.

(2.17)
It is straightforward to verify that

〈

a − Pa(x), a − Pa(y)
〉

R
= |a|2 − 〈y, a〉R − 〈x, a〉R + 〈x, a〉R〈y, a〉R

|a|2 ,

〈

Qa(x),Qa(y)
〉

R
= 〈x, y〉R − 〈x, a〉R〈y, a〉R

|a|2 .

Combining these relations with (2.17), we deduce (2.13). Taking x = y in (2.13)
gives (2.14). As an obvious consequence of (2.14), note that |σa(x)| < 1 if and only
if |x| < 1 and that |σa(x)| = 1 if and only if |x| = 1. Thus, σa maps Bn

R
into Bn

R

and S
n−1 into S

n−1.
Next, relations (2.13) and (2.14) yield

1 − 〈

ψ(x), ψ(y)
〉

R
= (1 − |σa(b)|2)(1 − 〈σa(σb(x)), σa(σb(y))〉R)

(1 − 〈σa(σb(x)), σa(b)〉R)(1 − 〈σa(σb(y)), σa(b)〉R)

= (1 − |b|2)(1 − 〈σb(x), σb(y)〉R)

(1 − 〈σb(x), σb(0)〉R)(1 − 〈σb(y), σb(0)〉R)

= 1 − 〈x, y〉R,

whence assertion (iii) follows.
Let e1 = (1, 0, . . . , 0) ∈ R

n. Denote by f1, . . . , fn the coordinates of the map-
ping σ|a|e1 . Then

�(f ◦ σ|a|e1)(0) =
n

∑

j,k=1

∂2f

∂xj ∂xk

(|a|e1)

n
∑

i=1

∂fj

∂xi

(0)
∂fk

∂xi

(0)

+
n

∑

j=1

∂f

∂xj

(|a|e1)

n
∑

i=1

∂2fj

∂x2
i

(0).

Because

f1(x) = |a| − x1

1 − |a|x1
,

fk(x) = −μa

xk

1 − |a|x1
, k ∈ {2, . . . , n},
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we have

∂f1

∂xi

(0) = −μ2
aδ1,i ,

∂fk

∂xi

(0) = −μaδk,i ,

∂2f1

∂x2
i

(0) = −2|a|μ2
aδ1,i ,

∂2fk

∂x2
i

(0) = −2|a|μaδ1,iδk,i

for i ∈ {1, . . . , n}, k ∈ {2, . . . , n}. By that

�(f ◦ σ|a|e1)(0) = μ2
a

(

(�f )(|a|e1) − |a|2 ∂2f

∂x2
1

(|a|e1) − 2|a| ∂f

∂x1
(|a|e1)

)

.

Using (2.9), we get
(Lf )(|a|e1) = �(f ◦ σ|a|e1)(0)

for any f ∈ C2(Bn
R
). This, together with (2.12), implies assertion (iv), since the

operators � and L are invariant under the group O(n).
We now proceed to the proof of assertion (v). By the definition of σa ,

σa

(

σa(x)
) = (1 − 〈σa(x), a〉R)−1

((

1 − 〈σa(x), a〉R
1 + μa

)

a − μaσa(x)

)

,

〈σa(x), a〉R = |a|2 − 〈x, a〉R
1 − 〈x, a〉R .

(2.18)

Inserting (2.18) into the expression for σa(σa(x)), after some computation, we ob-
tain assertion (v).

Assertion (v) shows that σa is a one-to-one map of Cl(Bn
R
) onto Cl(Bn

R
) and that

σ−1
a = σa . We claim that σa ∈ I (Hn

R
). It suffices to prove that L commutes with

the mapping σa (see Sect. 1.2). Let f ∈ C2(Bn
R
). In view of (2.16), we have

L(f ◦ σa)(b) = �(f ◦ σa ◦ σb)(0), b ∈ Bn
R
.

It follows from (2.15) that the mapping ψ is the restriction of some element of the
orthogonal group O(n) to Cl(Bn

R
). Therefore,

L(f ◦ σa)(b) =�(f ◦ σσa(b) ◦ ψ)(0) = �(f ◦ σσa(b))(0) = (Lf )(σab),

i.e., L commutes with σa . Thus, σa ∈ I (Hn
R
).

It remains to prove assertion (vii). We may assume that a 
= 0. Let x ∈ Cl(Bn
R
)

and σa(x) = x. Then x = λa for some λ ∈ R. The equation σa(λa) = λa has
λ = (1±μa)

−1 as roots. Since (1−μa)
−1a is not in Cl(Bn

R
), the point (1+μa)

−1a

is the only fixed point of σa in Cl(Bn
R
). This concludes the proof of Proposition 2.4.

��
Corollary 2.1. The group I (Hn

R
) acts transitively on H

n
R

.

Proof. Let a, b ∈ H
n
R

. Then σb ◦ σa is an isometry of H
n
R

that takes a to b. ��
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Corollary 2.2. The mapping σ2a/(1+|a|2) is the symmetry of H
n
R

at the point a.

Proof. This follows from Proposition 2.4 (v)–(vii). ��
Remark 2.1. From Corollary 2.1 and Theorem 1.4 we see that H

n
R

is a complete
Riemannian manifold. Moreover, Corollary 2.2 shows that the space H

n
R

is a Rie-
mannian symmetric space.

Now we are ready to calculate the distance between two points x, y ∈ H
n
R

.

Proposition 2.5. The following equality is valid:

d(x, y) = 1

2
log

⎛

⎝

1 − 〈x, y〉R +
√

|x − y|2 + 〈x, y〉2
R

− |x|2|y|2

1 − 〈x, y〉R −
√

|x − y|2 + 〈x, y〉2
R

− |x|2|y|2

⎞

⎠ . (2.19)

Proof. Suppose first that y = 0. Since O(n) ⊂ I (Hn
R
), the distance d(0, x) is

a radial function on the ball Bn
R

. Hence, d(0, x) = d(0, |x|e1). Put

γ (t) = tanh
(

t tanh−1 |x|)e1 for 0 � t � 1.

Then γ (t) is a geodesic joining 0 and |x|e1 (see (1.41) and (2.4)). In addition,
by virtue of (2.10), the length of γ is equal to tanh−1 |x|. Using Helgason [115],
Chap. 1, Theorem 13.3 and Lemma 9.3, we obtain

d(0, x) = 1

2
log

1 + |x|
1 − |x| .

It now follows from assertions (i) and (vi) of Proposition 2.4 that

d(x, y) = d
(

0, σx(y)
) = 1

2
log

1 + |σx(y)|
1 − |σx(y)| . (2.20)

Together, (2.20) and (2.14) give (2.19). ��
Theorem 2.1. The real hyperbolic space SO0(n, 1)/ SO(n) of constant sectional
curvature −1 is isometric to the space H

n
R

.

Proof. The space H
n
R

is a simply connected complete Riemannian manifold of con-
stant curvature −1 (see (2.5) and Remark 2.1). Applying Theorem 1.6, we arrive at
the desired assertion. ��

We close this section by considering the Poincaré metric on Bn
R

. We now set

ds2 = 4|dx|2
(1 − |x|2)2

. (2.21)
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Proposition 2.6. The mapping

ϕ : x → 2x

1 + |x|2 , x ∈ Bn
R
,

is an isometry of Bn
R

with the metric (2.21) onto the space H
n
R

.

Proof. We write

y = 2x

1 + |x|2 , x ∈ Bn
R
. (2.22)

Relation (2.22) gives

x = y

1 + √

1 − |y|2 .

In addition,

|dy|2 = 4|dx|2
(1 + |x|2)2

− 16

(1 + |x|2)4
〈x, dx〉2

R
,

〈y, dy〉R = 4(1 − |x|2)
(1 + |x|2)3

〈x, dx〉R.

Hence,
|dy|2

1 − |y|2 + 〈y, dy〉2
R

(1 − |y|2)2
= 4|dx|2

(1 − |x|2)2
.

This proves Proposition 2.6. ��
Corollary 2.3. For the Poincaré metric, we have the following results.

(i) The Riemannian measure has the form

dμ(x) = 2n dx

(1 − |x|2)n .

(ii) The Laplace–Beltrami operator L acts on a function f ∈ C2(Bn
R
) as follows:

(Lf )(x) = (1 − |x|2)2

4

(

(�f )(x) + 2(n − 2)

1 − |x|2
n

∑

i=1

xi

∂f

∂xi

(x)

)

.

(iii) The symmetry sa at the point a ∈ Bn
R

is defined by

sa(x) = 2((1 + |x|2)(1 + |a|2) − 4〈x, a〉R)a − (1 − |a|2)2x

(1 + |a|2)2 − 4(1 + |a|2)〈x, a〉R + 4|x|2|a|2 .

(iv) The distance between two points x, y ∈ Bn
R

is given by the formula

d(x, y) = log

(
√

1 − 2〈x, y〉R + |x|2|y|2 + |x − y|
√

1 − 2〈x, y〉R + |x|2|y|2 − |x − y|

)

.
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Proof. This is a standard change of variables argument, and we shall not stop to
reproduce the details here. ��

2.2 The Complex Hyperbolic Space SU(n, 1)/ S(U(n) × U(1))

In this section we consider an analogue of the Beltrami–Klein model for the space
SU(n, 1)/ S(U(n) × U(1)).

Let Bn
C

= {z ∈ C
n : |z| < 1} be the open unit ball in C

n with the standard
structure of a complex manifold. For z = (z1, . . . , zn) ∈ Bn

C
, we put

hij (z) = (1 − |z|2)δi,j + zizj

(1 − |z|2)2
, i, j ∈ {1, . . . , n}. (2.23)

The matrix (2.23) is Hermitian symmetric, and

n
∑

i,j=1

hij (z)wiwj = |w|2
1 − |z|2 + |〈z,w〉C|2

(1 − |z|2)2
, (2.24)

where w = (w1, . . . , wn) ∈ C
n. Hence, ‖hij‖n

i,j=1 defines a Hermitian metric ds2

on Bn
C

. In particular, ‖hij‖n
i,j=1 induces the structure of a Riemannian manifold on

Bn
C

.
With respect to the coordinate system z1, . . . , zn, the metric ds2 may be written

as follows:

ds2 = 2
n

∑

i,j=1

gij (z) dzi dzj ,

where

gij (z) = ∂2

∂zi∂zj

(

1

2
log

1

1 − |z|2
)

. (2.25)

Therefore, ds2 is a Kaehler metric (see Sect. 1.2). Bearing in mind that

gij (z) = 2
(

1 − |z|2)(δi,j − zizj ) (2.26)

and using (1.51), we find

Rijkl = 2(gij gkl + gilgkj ). (2.27)

By (2.27) and (1.52), the ball Bn
C

with the metric (2.23) is a space of constant holo-
morphic sectional curvature −4. We denote this space by H

n
C

.
Maximal sectional curvature of H

n
C

is equal to −1 (see Yano and Bochner [264],
Chap. 8, Theorem 8.3). Now we study other properties of the space H

n
C

.
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Proposition 2.7. The Riemannian measure on H
n
C

has the form

dμ(z) = dmn(z)

(1 − |z|2)n+1
,

where dmn(z) is the Lebesgue measure on C
n.

Proof. We know that dμ(z) = h(z) dmn(z), where h(z) is the determinant of the
matrix (2.23) (see (1.47)). To calculate h(z), we use the formula

∂

∂zi

(log h) =
n

∑

j,k=1

gjk
∂gjk

∂zi

(see Kobayashi and Nomizu [137], Vol. 2, Chap. 9, Sect. 5). Taking (2.25) and (2.26)
into account, we find

∂

∂zi

(

log
(

h(z)
(

1 − |z|2)n+1)) = 0

for i = 1, . . . , n. It follows that

h(z) = h(0)

(1 − |z|2)n+1
, z ∈ Bn

C
. (2.28)

Since h(0) = 1, we arrive at the desired assertion. ��
Let L be the Laplace–Beltrami operator on H

n
C

.

Proposition 2.8. The relation

(Lf )(z) = 4
(

1 − |z|2)
n

∑

i,j=1

(δi,j − zizj )
∂2f

∂zi∂zj

(z)

holds for an arbitrary function f ∈ C2(Bn
C
). In particular, if f has the form f (z) =

f0(|z|), then

(Lf )(z) = (

1 − |z|2)2
f ′′

0 (|z|) + 1 − |z|2
|z|

(

2n − 1 − |z|2)f ′
0(|z|).

Proof. As usual, we denote by ‖hij‖n
i,j=1 the inverse matrix of ‖hij‖n

i,j=1. Then

hij (z) = gij (z)

2
. (2.29)

Representing L in the form (1.48), we deduce the required statement from (2.28)
and (2.29). ��
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Proposition 2.9. The group OC(n) is a subgroup of I (Hn
C
). In particular, U(n) ⊂

I (Hn
C
).

Proof. It is enough to use the arguments in the proof of Proposition 2.3 with substi-
tuting 〈·, ·〉C for 〈·, ·〉R. ��

Next let a ∈ Bn
C

. By analogy with (2.11) we set

σa(z) = a − Pa(z) − μaQa(z)

1 − 〈z, a〉C , z ∈ Cl
(

Bn
C

)

, (2.30)

where μa = √

1 − |a|2,

Pa(z) =
{

〈z, a〉C|a|−2a if a 
= 0,

0 if a = 0,

Qa(z) = z − Pa(z).

It is obvious that the mapping σa : Bn
C

→ C
n is holomorphic.

Proposition 2.10. For a ∈ Bn
C

, the following are true.

(i) σa(0) = a and σa(a) = 0.
(ii) The identity

1 − 〈

σa(z), σa(w)
〉

C
= (1 − |a|2)(1 − 〈z,w〉C)

(1 − 〈z, a〉C)(1 − 〈a,w〉C)
(2.31)

holds for all z,w ∈ Cl(Bn
C
). In particular,

1 − |σa(z)|2 = (1 − |a|2)(1 − |z|2)
|1 − 〈z, a〉C|2 , z ∈ Cl

(

Bn
C

)

. (2.32)

(iii) For any b ∈ Bn
C

, we have 〈ψ(z), ψ(w)〉C = 〈z,w〉C, where ψ = σσa(b)◦σa◦σb,
z,w ∈ Cl(Bn

C
).

(iv) For f ∈ C2(Bn
C
), we have

(Lf )(a) = �(f ◦ σa)(0). (2.33)

(v) σa is an involutory isometry of H
n
C

.
(vi) The relation

σa

(

a

1 + μa

)

= a

1 + μa

holds. Moreover, σa fixes exactly one point of Bn
C

and no point of S
2n−1.

Proof. The argument is similar to that of Proposition 2.4. As an example, let us
prove formula (2.33). Denote by f1, . . . , fn the coordinates of the mapping σa . Us-
ing the chain rule and bearing in mind that the functions f1, . . . , fn are holomorphic,
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we obtain

�(f ◦ σa)(0) = 4
n

∑

i,k=1

∂2f

∂zi∂zk

(a)

n
∑

m=1

∂fi

∂zm

(0)
∂fk

∂zm

(0). (2.34)

It follows from (2.30) that

σa(z) =
( ∞

∑

k=0

〈z, a〉k
C

)

(

a − Pa(z) − μaQa(z)
)

= a − μaz + μa

1 + μa

〈z, a〉Ca + · · · ,

where the missing terms have z-degree 2 or more. Therefore,

∂fi

∂zm

(0) = −μaδi,m + μa

1 + μa

aiam. (2.35)

Relations (2.34) and (2.35) and Proposition 2.8 imply (2.33). ��
Remark 2.2. From assertions (i) and (v) it follows that we now have enough isome-
tries to map any point of the space H

n
C

to any other (see the proof of Corollary 2.1).
In particular, H

n
C

is a complete space (see Theorem 1.4). Moreover, part (vi) shows
that the space H

n
C

is a Hermitian symmetric space (see Helgason [115], Chap. 8,
Sect. 4), since σ2a/(1+|a|2) is the holomorphic symmetry of H

n
C

at the point a.

Next, we wish to compute the distance between two points z,w ∈ H
n
C

.

Proposition 2.11. The relation

d(z,w) = 1

2
log

( |1 − 〈z,w〉C| + √|z − w|2 + |〈z,w〉C|2 − |z|2|w|2
|1 − 〈z,w〉C| − √|z − w|2 + |〈z,w〉C|2 − |z|2|w|2

)

holds for all z,w ∈ H
n
C

.

Proof. Let z = (r, 0, . . . , 0), where 0 < r < 1, and let γ (t), 0 � t � 1, be an
arbitrary piecewise smooth curve joining the points 0 and z in Bn

C
. Relation (2.24)

implies that

l(γ ) =
∫ 1

0

( |γ ′(t)|2
1 − |γ (t)|2 + |〈γ (t), γ ′(t)〉C|2

(1 − |γ (t)|2)2

)1/2

dt

�
∫ 1

0

( |γ ′(t)|2
1 − |γ (t)|2 + 〈γ (t), γ ′(t)〉2

R

(1 − |γ (t)|2)2

)1/2

dt

� d1(0, z),
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where d1(0, z) is the distance between 0 and z on the space H
2n
R

(see Sect. 2.1). We
deduce the inequality

l(γ ) � 1

2
log

1 + |z|
1 − |z| ,

which becomes an equality for the line segment joining 0 and z. Hence,

d(0, z) = 1

2
log

1 + |z|
1 − |z| . (2.36)

In addition, Proposition 2.9 implies that (2.36) holds for any z ∈ Bn
C

. The rest
follows from (2.32), since σa ∈ I (Hn

C
) for a ∈ Bn

C
. ��

Theorem 2.2. The complex hyperbolic space SU(n, 1)/ S(U(n)×U(1)) of maximal
sectional curvature −1 is holomorphically isometric to the space H

n
C

.

Proof. The complex hyperbolic space SU(n, 1)/ S(U(n) × U(1)) of maximal sec-
tional curvature −1 is a simply connected complete Kaehler manifold of constant
holomorphic sectional curvature −4 (see Sect. 1.3 and Yano and Bochner [264],
Chap. 8, Theorem 8.3). This, together with Theorem 1.7, implies the required asser-
tion. ��

2.3 The Quaternionic Hyperbolic Space Sp(n, 1)/ Sp(n) × Sp(1)

The construction in Sect. 2.2 generalizes to the case of the space Sp(n, 1)/ Sp(n) ×
Sp(1) straightforwardly.

Let Bn
Q

= {q ∈ Q
n : |q| < 1}. For q = (q1, . . . , qn) ∈ Bn

Q
, we put

Qij (q) = (1 − |q|2)δi,j + qiqj

(1 − |q|2)2
, i, j ∈ {1, . . . , n}.

As usual, we identify Q
n with C

2n via the correspondence

q = (q1, . . . , qn) ↔ z = (z1, . . . , z2n), (2.37)

where qi = zi + zn+i i2 for 1 � i � n (see (1.14)). Then Bn
Q

= {z ∈ C
2n : |z| < 1},

and the matrix ‖Qij (q)‖n
i,j=1 passes into the matrix ‖hkl(z)‖2n

k,l=1, where

hij (z) = (1 − |z|2)δi,j + zizj + zn+izn+j

(1 − |z|2)2
,

hi,n+j (z) = zizn+j − zn+izj

(1 − |z|2)2
,

(2.38)

hn+i,j (z) = zn+izj − zizn+j

(1 − |z|2)2
,
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hn+i,n+j (z) = (1 − |z|2)δi,j + zizj + zn+izn+j

(1 − |z|2)2

for i, j ∈ {1, . . . , n} (see (1.18)).
For any w = (w1, . . . , w2n) ∈ C

2n, we have the relation

2n
∑

k,l=1

hkl(z)wkwl = |w|2
1 − |z|2 + |〈z,w〉Q|2

(1 − |z|2)2
, (2.39)

that is, the matrix ‖hkl(z)‖2n
k,l=1 induces the structure of a Riemannian manifold on

Bn
Q

. Denote this manifold by H
n
Q

.
We shall now obtain analogues of the results from Sects. 2.1 and 2.2 for the space

H
n
Q

.

Proposition 2.12. The group OQ(n) is a subgroup of I (Hn
Q
). In particular, Sp(n) ⊂

I (Hn
Q
).

We omit the proof of Proposition 2.12, because it is entirely analogous to that of
Proposition 2.3.

Proposition 2.13. The Riemannian measure on H
n
Q

has the form

dμ(z) = dm2n(z)

(1 − |z|2)2n+2
.

Proof. Let h(z) be the determinant of the matrix (2.38). The invariance of μ with
respect to I (Hn

Q
) and Proposition 2.12 imply that h is a radial function on the ball

Bn
Q

. It follows that

h(z) = h(|z|, 0, . . . , 0) = 1

(1 − |z|2)2n+2
, (2.40)

which brings us to the required assertion. ��
Proposition 2.14. The Laplace–Beltrami operator L on H

n
Q

acts on a function f ∈
C2(Bn

Q
) as follows:

(Lf )(z) = 4
(

1 − |z|2)
(

n
∑

i,j=1

(

(δi,j − zizj − zn+izn+j )
∂2f

∂zi∂zj

(z)

+ (zizn+j − zn+izj )
∂2f

∂zn+i∂zj

(z) + (zn+izj − zizn+j )
∂2f

∂zi∂zn+j

(z)

+ (δi,j − zizj − zn+izn+j )
∂2f

∂zn+i∂zn+j

(z)

)

+
2n
∑

k=1

(

zk

∂f

∂zk

(z) + zk

∂f

∂zk

(z)

)

)

. (2.41)



2.3 The Quaternionic Hyperbolic Space Sp(n, 1)/ Sp(n) × Sp(1) 49

In particular, if f has the form f (z) = f0(|z|), then

(Lf )(z) = (

1 − |z|2)2
f ′′

0 (|z|) + 1 − |z|2
|z|

(

4n − 1 + |z|2)f ′
0(|z|). (2.42)

Proof. As above, let ‖hkl‖2n
k,l=1 be the inverse matrix of ‖hkl‖2n

k,l=1. Then

hij (z) = (δi,j − zizj − zn+izn+j )
(

1 − |z|2),
hi,n+j (z) = (zn+izj − zizn+j )

(

1 − |z|2),
hn+i,j (z) = (zizn+j − zn+izj )

(

1 − |z|2),
hn+i,n+j (z) = (δi,j − zizj − zn+izn+j )

(

1 − |z|2)

for i, j ∈ {1, . . . , n}. Hence, we deduce (2.41) from (1.48) and (2.40). ��
Our further purpose is to find an analog of the mapping (2.30) for the space H

n
Q

.
Take A ∈ Q

n such that |A| < 1. Let

σA(q) = (1 − 〈q,A〉Q)−1(A − PA(q) − μAQA(q)
)

, q ∈ Cl
(

Bn
Q

)

,

where μA = √

1 − |A|2,

PA(q) =
{〈q,A〉Q|A|−2A if A 
= 0,

0 if A = 0,

QA(q) = q − PA(q).

Suppose that A ↔ a, q ↔ z, and σA(q) ↔ w under identification (2.37). Then we
put

σa(z) = w. (2.43)

Proposition 2.15. Let a ∈ Bn
Q

. Then

(i) σa(0) = a and σa(a) = 0.
(ii) The identity

1 − 〈

σa(z), σa(w)
〉

Q

= (

1 − 〈z, a〉Q
)−1(1 − 〈z,w〉Q

)(

1 − 〈a,w〉Q
)−1(1 − |a|2) (2.44)

holds for all z,w ∈ Cl(Bn
Q
). In particular,

1 − |σa(z)|2 = (1 − |a|2)(1 − |z|2)
|1 − 〈z, a〉Q|2 , z ∈ Cl

(

Bn
Q

)

. (2.45)
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(iii) For any b ∈ Bn
Q

,

〈

ψ(z), ψ(w)
〉

Q
= (

1 − 〈b, a〉Q
)−1〈z,w〉Q

(

1 − 〈b, a〉Q
)

, z, w ∈ Cl
(

Bn
Q

)

,

where ψ = σσa(b) ◦ σa ◦ σb.
(iv) For each f ∈ C2(Bn

Q
),

(Lf )(a) = �(f ◦ σa)(0). (2.46)

(v) σa is an involutory isometry of H
n
Q

.
(vi) The relation

σa

(

a

1 + √

1 − |a|2
)

= a

1 + √

1 − |a|2
holds. Moreover, σa fixes exactly one point of Bn

Q
and no point of S

4n−1.

Proof. The argument is similar to that of Proposition 2.4. We restrict ourselves here
only to verification of formula (2.46).

Denote by f1, . . . , f2n the coordinates of the mapping σa . The chain rule gives

1

4
�(f ◦ σa)(0) =

2n
∑

k,l,m=1

(

∂2f

∂zk∂zl

(a)
∂fl

∂zm

(0) + ∂2f

∂zk∂zl

(a)
∂f l

∂zm

(0)

)

∂fk

∂zm

(0)

+
2n
∑

k,l,m=1

(

∂2f

∂zk∂zl

(a)
∂fl

∂zm

(0) + ∂2f

∂zk∂zl

(a)
∂f l

∂zm

(0)

)

∂f k

∂zm

(0)

+
2n
∑

k,l=1

(

∂f

∂zk

(a)
∂2fk

∂zl∂zl

(0) + ∂f

∂zk

(a)
∂2f k

∂zl∂zl

(0)

)

. (2.47)

The definition of σa shows that

|1 − 〈z, a〉Q|2fi(z) = [a, z]C
(

μazn+i + (ηa − 1)an+i

) + 〈a, z〉C(μazi − ai)

− 〈z, a〉Cηaai + |〈z, a〉Q|2ηaai + ai − μazi,

|1 − 〈z, a〉Q|2fn+i (z) = [a, z]C
(−μazi + (1 − ηa)ai

) + 〈a, z〉C(μazn+i − an+i )

− 〈z, a〉Cηaan+i + |〈z, a〉Q|2ηaan+i + an+i − μazn+i

for 1 � i � n, where μa = √

1 − |a|2, ηa = (1 + μa)
−1, and a1, . . . , a2n are the

coordinates of a. Hence, for k, l ∈ {1, . . . , 2n} and i, j ∈ {1, . . . , n}, we have

∂fk

∂zl

(0) = 0,
∂fi

∂zj

(0) = (1 − ηa)(aiaj + an+ian+j ) − μaδi,j ,
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∂fi

∂zn+j

(0) = (1 − ηa)(aian+j − ajan+i ),

∂fn+i

∂zj

(0) = (1 − ηa)(an+iaj − aian+j ),

∂fn+i

∂zn+j

(0) = (1 − ηa)(aiaj + an+ian+j ) − μaδi,j ,

∂2fi

∂zj ∂zj

(0) = (ηa − 1)
(

ai |an+j |2 − ajan+j an+i

)

,

∂2fi

∂zn+j ∂zn+j

(0) = (ηa − 1)
(

ai |aj |2 + ajan+j an+i

) + μaδi,j aj ,

∂2fn+i

∂zj ∂zj

(0) = (ηa − 1)
(

an+i |an+j |2 + aiaj an+j

) + μaδi,j an+j ,

∂2fn+i

∂zn+j ∂zn+j

(0) = (ηa − 1)
(

an+i |aj |2 − aiaj an+j

)

.

Combining this with (2.47) and using (2.41), we complete the proof of (2.46). ��
Proposition 2.16. The distance between two points z,w ∈ H

n
Q

is given by the for-
mula

d(z,w) = 1

2
log

(

|1 − 〈z,w〉Q| + √|z − w|2 + |〈z,w〉Q|2 − |z|2|w|2
|1 − 〈z,w〉Q| − √|z − w|2 + |〈z,w〉Q|2 − |z|2|w|2

)

. (2.48)

Proof. Using (2.39) and repeating the arguments in the proof of Proposition 2.11,
we derive (2.48). ��
Theorem 2.3. The quaternionic hyperbolic space Sp(n, 1)/ Sp(n) × Sp(1) of max-
imal sectional curvature −1 is isometric to the space H

n
Q

.

Proof. We first prove that the space H
n
Q

is a noncompact two-point homogeneous
space. Let x, y, z,w ∈ H

n
Q

and assume that d(x, y) = d(z,w). Then

d
(

0, σx(y)
) = d

(

0, σz(w)
)

, (2.49)

since σx, σz ∈ I (Hn
Q
). Relations (2.49) and (2.48) yield |σx(y)| = |σz(w)|. There-

fore, σx(y) = τσz(w) for some τ ∈ Sp(n). We set

ϕ = σx ◦ τ ◦ σz.

In view of Propositions 2.12 and 2.15, we have ϕ ∈ I (Hn
Q
), ϕ(z) = x, and

ϕ(w) = y. This together with (2.48) implies that H
n
Q

is a noncompact two-point ho-

mogeneous space. Hence, H
n
Q

is isometric to one of the spaces R
l , SO0(l, 1)/ SO(l),
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SU(l, 1)/ S(U(l) × U(1)), Sp(l, 1)/ Sp(l) × Sp(1), or F ∗
4 / Spin(9) (see Sect. 1.3).

We conclude from (2.42) and (2.48) that the radial part L0 of the Laplace–Beltrami
operator L has the form

L0 = ∂2

∂t2
+ (

(4n − 1) coth t + 3 tanh t
) ∂

∂t
.

From this result and from (1.61)–(1.63) it follows that the space H
n
Q

is a quaternionic
hyperbolic space of real dimension 4n and maximal sectional curvature −1. ��

2.4 The Cayley Hyperbolic Plane F ∗
4 / Spin(9)

The foregoing constructions break down for the case F ∗
4 / Spin(9) because the al-

gebra Ca is nonassociative. Nevertheless, it turns out that there is an analogue of
Theorems 2.1–2.3 for the space F ∗

4 / Spin(9).
Let x = (x1, . . . , x16) ∈ R

16, y = (y1, . . . , y16) ∈ R
16. Consider the form

ΦCa(x, y) given by (1.16). For i, j ∈ {1, . . . , 16}, we set

aij (x) = δi,j

(

1−|x|2)+ 1

2

∂2

∂yi∂yj

(

ΦCa(x, y)
)

, gij (x) = aij (x)

(1 − |x|2)2
. (2.50)

We note that

‖aij‖16
i,j=1 =

∥

∥

∥

∥

G1 G2
G3 G4

∥

∥

∥

∥

,

where G1,G2,G3,G4 are defined in Table 2.1 below. Since

16
∑

i,j=1

gij (x)yiyj = |y|2
1 − |x|2 + ΦCa(x, y)

(1 − |x|2)2
, (2.51)

it follows from (1.12) that the matrix ‖gij‖16
i,j=1 induces the structure of a Rie-

mannian manifold on B16
R

. Denote this manifold by H
2
Ca

. In this section we want
to show that the space H

2
Ca is isometric to the Cayley hyperbolic plane. Our first

purpose is to find the inverse matrix ‖gij‖16
i,j=1.

We introduce the matrix

bij (x) = δi,j

(

2 − |x|2) − aij (x), i, j ∈ {1, . . . , 16}.
Then

‖bij‖16
i,j=1 =

∥

∥

∥

∥

G5 G6
G7 G8

∥

∥

∥

∥

,
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G1 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 − p10 p1 0 p2 0 p3 0 p4
p1 1 − p9 p2 0 p3 0 p4 0
0 p2 1 − p10 −p1 0 −p4 0 p3
p2 0 −p1 1 − p9 p4 0 −p3 0
0 p3 0 p4 1 − p10 −p1 0 −p2
p3 0 −p4 0 −p1 1 − p9 p2 0
0 p4 0 −p3 0 p2 1 − p10 −p1
p4 0 p3 0 −p2 0 −p1 1 − p9

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G2 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

0 p5 0 p6 0 p7 0 p8
p5 0 p6 0 p7 0 p8 0
0 −p6 0 p5 0 −p8 0 p7
p6 0 −p5 0 p8 0 −p7 0
0 −p7 0 p8 0 p5 0 −p6
p7 0 −p8 0 −p5 0 p6 0
0 p8 0 p7 0 −p6 0 −p5

−p8 0 −p7 0 p6 0 p5 0

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G3 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

0 p5 0 p6 0 p7 0 −p8
p5 0 −p6 0 −p7 0 p8 0
0 p6 0 −p5 0 −p8 0 −p7
p6 0 p5 0 p8 0 p7 0
0 p7 0 p8 0 −p5 0 p6
p7 0 −p8 0 p5 0 −p6 0
0 p8 0 −p7 0 p6 0 p5
p8 0 p7 0 −p6 0 −p5 0

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G4 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 − p10 −p1 0 −p2 0 −p3 0 p4
−p1 1 − p9 p2 0 p3 0 −p4 0

0 p2 1 − p10 −p1 0 p4 0 p3
−p2 0 −p1 1 − p9 −p4 0 −p3 0

0 p3 0 −p4 1 − p10 −p1 0 −p2
−p3 0 p4 0 −p1 1 − p9 p2 0

0 −p4 0 −p3 0 p2 1 − p10 −p1
p4 0 p3 0 −p2 0 −p1 1 − p9

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

Table 2.1 The matrices G1,G2,G3,G4

where G5,G6,G7,G8 are defined in Table 2.2. A direct check shows that

16
∑

j=1

xjbij (x) = xi

(

1 − |x|2), (2.52)

16
∑

j=1

∂bij

∂xj

(x) = −10xi (2.53)
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G5 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 − p9 −p1 0 −p2 0 −p3 0 −p4
−p1 1 − p10 −p2 0 −p3 0 −p4 0

0 −p2 1 − p9 p1 0 p4 0 −p3
−p2 0 p1 1 − p10 −p4 0 p3 0

0 −p3 0 −p4 1 − p9 p1 0 p2
−p3 0 p4 0 p1 1 − p10 −p2 0

0 −p4 0 p3 0 −p2 1 − p9 p1
−p4 0 −p3 0 p2 0 p1 1 − p10

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G6 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

0 −p5 0 −p6 0 −p7 0 −p8
−p5 0 −p6 0 −p7 0 −p8 0

0 p6 0 −p5 0 p8 0 −p7
−p6 0 p5 0 −p8 0 p7 0

0 p7 0 −p8 0 −p5 0 p6
−p7 0 p8 0 p5 0 −p6 0

0 −p8 0 −p7 0 p6 0 p5
p8 0 p7 0 −p6 0 −p5 0

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G7 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

0 −p5 0 −p6 0 −p7 0 p8
−p5 0 p6 0 p7 0 −p8 0

0 −p6 0 p5 0 p8 0 p7
−p6 0 −p5 0 −p8 0 −p7 0

0 −p7 0 −p8 0 p5 0 −p6
−p7 0 p8 0 −p5 0 p6 0

0 −p8 0 p7 0 −p6 0 −p5
−p8 0 −p7 0 p6 0 p5 0

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

G8 =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 − p9 p1 0 p2 0 p3 0 −p4
p1 1 − p10 −p2 0 −p3 0 p4 0
0 −p2 1 − p9 p1 0 −p4 0 −p3
p2 0 p1 1 − p10 p4 0 p3 0
0 −p3 0 p4 1 − p9 p1 0 p2
p3 0 −p4 0 p1 1 − p10 −p2 0
0 p4 0 p3 0 −p2 1 − p9 p1

−p4 0 −p3 0 p2 0 p1 1 − p10

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

Table 2.2 The matrices G5,G6,G7,G8

for i ∈ {1, . . . , 16}. In addition,

16
∑

i,j=1

bij (x)yiyj = |y|2 − ΦCa(x, y). (2.54)

Proposition 2.17. The following equality is valid:

gij (x) = (

1 − |x|2)bij (x), i, j ∈ {1, . . . , 16}. (2.55)
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Proof. Let i, j ∈ {1, . . . , 16} and assume that i 
= j . Then using Tables 2.1 and 2.2,
we find

16
∑

k=1

aikbkj = 0. (2.56)

Next, under the identification of R
16 with Ca2 via the correspondence (1.15), we

have

z1z2 = p1(x) + p5(x)i1 + p3(x)i2 + p7(x)i3 + p2(x)i4 + p6(x)i5
+ p4(x)i6 + p8(x)i7. (2.57)

It follows from (2.57) that
8

∑

k=1

p2
k = p9p10. (2.58)

Therefore,

16
∑

k=1

aik(x)bki(x) = (

1 − p9(x)
)(

1 − p10(x)
) −

8
∑

k=1

p2
k(x) = 1 − |x|2. (2.59)

Combining (2.56) with (2.59), we obtain (2.55). ��
Corollary 2.4. The relation

16
∑

i,j=1

gij (x)gij (y) = 8(1 − |y|2)
(1 − |x|2)2

((

1 − |x|2)(1 − |y|2) + 1 − ΦCa(x, y)
)

(2.60)

holds.

Proof. Let i ∈ {1, 3, . . . , 15}. Then

16
∑

j=1

aij (x)bij (y) = (

1 − p10(x)
)(

1 − p9(y)
) −

8
∑

k=1

pk(x)pk(y)

= (

1 − p10(x)
)(

1 − p9(y)
)

+ 1

2

(

p9(x)p9(y) + p10(x)p10(y) − ΦCa(x, y)
)

. (2.61)

Analogously, for i ∈ {2, 4, . . . , 16}, we have

16
∑

j=1

aij (x)bij (y) = (

1 − p9(x)
)(

1 − p10(y)
)

+ 1

2

(

p9(x)p9(y) + p10(x)p10(y) − ΦCa(x, y)
)

.

This together with (2.61) implies (2.60). ��
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We now proceed to the study of the isometry group I (H2
Ca

).

Proposition 2.18. The group OCa(2) is a subgroup of I (H2
Ca).

The proof of this statement is the same as that of Proposition 2.3.
Next, let a ∈ Ca2, |a| < 1. Define

σa =
{

τa/|a| ◦ �a ◦ τ−1
a/|a| if a 
= 0,

�a if a = 0,
(2.62)

where τa/|a| is given by (1.23), and �a is the mapping acting by the formula

�a(z1, z2) =
(

(z1 − |a|)(|a|z1 − 1)−1,

√

1 − |a|2(|a|z1 − 1)−1z2

)

, (2.63)

(z1, z2) ∈ Ca2 ∩ Cl(B16
R

). We also put

ΨCa(z, w) = ΦCa(z, w) − 2〈z,w〉R + 1, z, w ∈ Ca2,

where, as usual, 〈z,w〉R is the Euclidean inner product of the vectors z,w ∈ R
16

(see (1.15)). For z = (z1, z2) and w = (w1, w2), we have

ΨCa(z, w) =
{

∣

∣1 − (z1w2)
(

w−1
2 w1

) − z2w2
∣

∣

2 if w2 
= 0,

|1 − z1w1|2 if w2 = 0.
(2.64)

It follows from (2.64), (1.12), and (1.24) that

ΨCa(z, w) > 0 (2.65)

for z ∈ Cl(B16
R

) and w ∈ B16
R

.

Proposition 2.19. For every a ∈ B16
R

, the mapping σa possesses the following prop-
erties.

(i) σa(0) = a and σa(a) = 0.
(ii) The identity

(

1 − |a|2)2
ΨCa(z, w) = ΨCa(z, a)ΨCa(w, a)ΨCa

(

σa(z), σa(w)
)

(2.66)

holds for all z,w ∈ Cl(B16
R

). In particular,

1 − |σa(z)|2 = (1 − |a|2)(1 − |z|2)
ΨCa(z, a)

, z ∈ Cl
(

B16
R

)

. (2.67)

(iii) σa is an involution.
(iv) σa is an isometry of the space H

2
Ca

.
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(v) The relation

σa

(

a

1 + √

1 − |a|2
)

= a

1 + √

1 − |a|2
holds. Moreover, σa fixes exactly one point of B16

R
and no point of S

15.

Proof. Assertions (i), (iii), and (v) follow from (2.62) and (2.63) with the help of
simple transformations.

We turn to the proof of (ii). Put

p(a, z,w) = ΨCa(z, |a|e1)ΨCa(w, |a|e1)
((

1 − |a|2)2
ΨCa(z, w)

+ 2
〈

ha(z), ha(w)
〉

R
− ΨCa(z, |a|e1)ΨCa(w, |a|e1)

)

− ΦCa

(

ha(z), ha(w)
)

,

where e1 = (1, 0) ∈ Ca2, and the mapping ha : Ca2 → Ca2 is defined as follows:

ha(ξ, η) =
(

(ξ − |a|)(|a|ξ − 1
)

,

√

1 − |a|2(|a|ξ − 1)η
)

, ξ, η ∈ Ca.

We write p(a, z,w) in the form

p(a, z,w) =
8

∑

k=0

ck(z,w)|a|k,

where ck(z,w) do not depend on a. By a direct calculation using (1.2)–(1.8) we find
that ck(z,w) = 0 for k = 0, 1, . . . , 8. Therefore,

(

1 − |a|2)2
ΨCa(z, w) = ΨCa(z, |a|e1)ΨCa(w, |a|e1)ΨCa

(

�a(z), �a(w)
)

. (2.68)

Now we deduce (2.66) from (2.68) and (2.62), since τa/|a| ∈ OCa(2) (see (1.23) and
Example 1.3).

Let us prove assertion (iv). Under the identification (1.15), we have

ρa(x)�a(x) = (

θa,1(x), . . . , θa,16(x)
)

,

where

θa,1(x) = |a|(1 + p9(x)
) − (

1 + |a|2)x1,

θa,2k−1(x) = −(

1 − |a|2)x2k−1, k ∈ {2, 3, . . . , 8},

θa,2k(x) =
√

1 − |a|2(|a|pk(x) − x2k

)

, k ∈ {1, 2, . . . , 8},
ρa(x) = 1 − 2|a|x1 + |a|2p9(x).
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For i, j ∈ {1, . . . , 16} such that i 
= j and k ∈ {1, . . . , 8}, we put

Aij (x) = aij

(

ρa(x)�a(x)
)

,

A2k−1,2k−1(x) = ρ2
a(x) −

8
∑

m=1

θ2
a,2m(x),

A2k,2k(x) = ρ2
a(x) −

8
∑

m=1

θ2
a,2m−1(x).

Using Maple (see Heal, Hansen, and Rickard [114]), we obtain

(

1 − |a|2)2
ρ4

a(x)akl(x) =
16
∑

i,j=1

Aij (x)

(

∂θa,i

∂xk

(x)ρa(x) − θa,i(x)
∂ρa

∂xk

(x)

)

×
(

∂θa,j

∂xl

(x)ρa(x) − θa,j (x)
∂ρa

∂xl

(x)

)

for k, l ∈ {1, . . . , 16}. Therefore,

gkl(x) =
16
∑

i,j=1

gij

(

�a(x)
)∂�a,i

∂xk

(x)
∂�a,j

∂xl

(x), x ∈ B16
R

,

where �a,i are the coordinates of the mapping �a . This together with assertion (iii)
implies that �a ∈ I (H2

Ca) (see Miščenko and Fomenko [154], Chap. 4, Sect. 3.1).
Hence, we derive our result, because τa/|a| ∈ I (H2

Ca
). ��

Remark 2.3. Another proof of the fourth assertion of Proposition 2.19 will be ob-
tained in Sect. 5.4.

Remark 2.4. Assertions (iii)–(v) show that the mapping σ2a/(1+|a|2) is the symmetry
of H

2
Ca

at the point a. Thus, H
2
Ca

is a Riemannian symmetric space.

Proposition 2.20. The Riemannian measure on H
2
Ca

has the form

dμ(x) = dx

(1 − |x|2)12
. (2.69)

Proof. Bearing in mind that OCa(2) acts transitively on S
15 (see Proposition 1.1)

and repeating the arguments used in the proof of Proposition 2.13, we obtain

det ‖gij (x)‖16
i,j=1 = 1

(1 − |x|2)24
. (2.70)

This proves (2.69). ��
Now we establish some expressions for the Laplace–Beltrami operator L on H

2
Ca .
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Proposition 2.21. Let f ∈ C2(B16
R

). Then

(Lf )(x) =
16
∑

i,j=1

gij (x)
∂2f

∂xi∂xj

(x) + 12
(

1 − |x|2)
16
∑

i=1

xi

∂f

∂xi

(x). (2.71)

In particular, if f has the form f (x) = f0(|x|), then

(Lf )(x) = (

1 − |x|2)2
f ′′

0 (|x|) + 1 − |x|2
|x|

(

15 + 5|x|2)f ′
0(|x|). (2.72)

Proof. The statements follow from (1.43), (2.52), (2.53), and (2.70). ��
Corollary 2.5. The relation

(Lf )(a) = �(f ◦ σa)(0) (2.73)

holds for every a ∈ B16
R

.

Proof. Using (2.71) and (2.63), we find

(Lϕ)(|a|e1) = �(ϕ ◦ �a)(0) (2.74)

for any ϕ ∈ C2(B16
R

). In particular, we have (2.73) for a = 0. Let a 
= 0. Because
τa/|a| ∈ I (H2

Ca
), from (2.74) we obtain

(Lf )(a) = (Lf )
(

τa/|a|(|a|e1)
)

= (

L(f ◦ τa/|a|)
)

(|a|e1)

= �(f ◦ τa/|a| ◦ �a)(0)

= �(f ◦ σa)(0),

which completes the proof. ��
Proposition 2.22. The distance between two points x, y ∈ H

2
Ca

is given by the for-
mula

d(x, y) = 1

2
log

(√
ΨCa(x, y) + √

ΨCa(x, y) − (1 − |x|2)(1 − |y|2)√
ΨCa(x, y) − √

ΨCa(x, y) − (1 − |x|2)(1 − |y|2)

)

. (2.75)

Proof. Let 0 � r < 1. Put

γ (t) = tanh
(

t tanh−1 r
)

e1 for 0 � t � 1.

Using (1.41) and (2.50), it is easy to verify that γ (t) is a geodesic. In addition, in
view of (2.51),

l(γ ) = 1

2
log

1 + r

1 − r
, (2.76)
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where l(γ ) is the length of the curve γ . We claim that

d(0, re1) = l(γ ). (2.77)

Consider the function ϕ(r) = d(0, re1). Since OCa(2) ⊂ I (H2
Ca) and the group

OCa(2) acts transitively on S
15, we have

d(0, x) = ϕ(|x|), x ∈ B16
R

. (2.78)

Next, for arbitrary points x, y ∈ H
2
Ca , there exists a geodesic γx,y joining x and y

such that d(x, y) = l(γx,y) (see Remark 2.4 and Theorem 1.5). Hence, it follows
from (2.78) that ϕ is an increasing function on [0, 1). Repeating the arguments in the
proof of Theorem 2.3, we infer that H

2
Ca

is a noncompact two-point homogeneous
space (see (2.76) and Helgason [115], Chap. 9, Proposition 5.3). This implies (2.77)
(see Helgason [115], Chap. 6, Theorem 1.1 and Chap. 1, Lemma 9.3). Taking into
account that σa ∈ I (H2

Ca) for all a ∈ B16
R

and using (2.67), we obtain our result. ��
Theorem 2.4. The Cayley hyperbolic plane F ∗

4 / Spin(9) of maximal sectional cur-
vature −1 is isometric to the space H

2
Ca .

Proof. As we already know, H
2
Ca

is a noncompact two-point homogeneous space.
Furthermore, by (2.72) and (2.75), the radial part L0 of the Laplace–Beltrami oper-
ator L on H

2
Ca

has the form

L0 = ∂2

∂t2
+ (15 coth t + 7 tanh t)

∂

∂t
. (2.79)

Using (2.79) and (1.61)–(1.63), we arrive at the desired assertion. ��



Chapter 3
Realizations of Rank One Symmetric Spaces
of Compact Type

This chapter aims to be the analogue for the compact case of Chap. 2. Section 3.1
treats the case of the sphere S

n. Sections 3.2–3.5 are devoted to projective spaces.
In Sects. 3.2–3.5 we start with the very definition of the corresponding projective

space. If K = R, C, or Q, then the projective space P(Kn+1) is the orbit space for
the left action of the group K

∗ = K\{0} on K
n+1\{0}. Since Cayley numbers do

not satisfy the associative law, this definition cannot be applied to them, and there
are various other reasons which preclude direct extension. Concerning the Cayley
plane, we use the algebraic approach of Freudenthal. Freudenthal takes particular
idempotent matrices in A1 as points and lines to define the Cayley plane P

2(Ca).
After these definitions we shall describe the Riemannian structure of P(Kn+1)

and of P
2(Ca). Then we characterize them as symmetric spaces. The metric tensors

for the projective spaces and the hyperbolic spaces correspond under the substitution
x → ix (see, for example, (2.2) and (3.8)). The duality for symmetric spaces gives
a general explanation of this formal analogy (see Helgason [121], Chap. 5, Sect. 2).

3.1 The Space SO(n + 1)/ SO(n)

Throughout Chap. 3 we assume that n ∈ N\{1}. Let ds2 be the standard Riemannian
metric on S

n, i.e.,
ds2 = dx2

1 + · · · + dx2
n+1

∣

∣

Sn , (3.1)

where, as usual, x1, . . . , xn+1 are the Cartesian coordinates on R
n+1. Denote by

r, θ1, . . . , θn the system of spherical coordinates on R
n+1 in which

x1 = r sin θn sin θn−1 · · · sin θ2 sin θ1,

x2 = r sin θn sin θn−1 · · · sin θ2 cos θ1,

x3 = r sin θn sin θn−1 · · · sin θ3 cos θ2,

...

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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xn−1 = r sin θn sin θn−1 cos θn−2,

xn = r sin θn cos θn−1,

xn+1 = r cos θn,

where r > 0, 0 < θ1 < 2π, and 0 < θk < π for k �= 1. Then

ds2 = dθ2
n + sin2 θn dθ2

n−1 + · · · + sin2 θn · · · sin2 θ2 dθ2
1 . (3.2)

It follows from (3.2) and (1.36) that the Riemannian measure dμ on S
n is defined

by the equality

dμ = sinn−1 θn sinn−2 θn−1 · · · sin θ2 dθ1 · · · dθn.

Furthermore, relations (3.2), (1.40), and (1.43) show that the Laplace–Beltrami op-
erator L on S

n has the expression

L = 1

sinn−1 θn

∂

∂θn

sinn−1 θn

∂

∂θn

+ 1

sin2 θn sinn−2 θn−1

∂

∂θn−1
sinn−2 θn−1

∂

∂θn−1
+ · · ·

+ 1

sin2 θn sin2 θn−1 · · · sin2 θ3 sin θ2

∂

∂θ2
sin θ2

∂

∂θ2

+ 1

sin2 θn sin2 θn−1 · · · sin2 θ3 sin2 θ2

∂2

∂θ2
1

.

The operator L is the spherical part of the Euclidean Laplacian � in R
n+1, restricted

to S
n.

The isometry group I (Sn) coincides with the orthogonal group O(n + 1). The
distance between two points ξ, η ∈ S

n in the metric (3.1) is given by the formula

d(ξ, η) = arccos 〈ξ, η〉R.

If a = (a1, . . . , an+1) ∈ S
n, then the mapping

sa : ξ → 2〈a, ξ 〉Ra − ξ, ξ ∈ S
n,

is the symmetry of S
n at the point a. In addition, for

b = (2(1 − an+1)
)−1/2

(a1, . . . , an, an+1 − 1), an+1 �= 1,

we obtain sb(a) = −en+1, sb(−en+1) = a, where en+1 = (0, . . . , 0,−1).
We can look at the preceding construction from a different angle.
Consider Rn = R

n∪{∞} and put U1 = R
n, U2 = Rn\{0}. Obviously, U1∩U2 =

R
n\{0}. Introduce the bijective mappings φk : Uk → R

n, k = 1, 2, as follows:

φ1(p) = p, φ2(p) =
{

p/|p|2, p ∈ R
n\{0},

0, p = ∞.
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It is clear that φ1(U1 ∩ U2) = φ2(U1 ∩ U2) = R
n\{0} and

φ2 ◦ φ−1
1 (x) = φ1 ◦ φ−1

2 (x) = x

|x|2 , x ∈ R
n\{0}. (3.3)

Thus, the atlas {(Uk, φk)}2
k=1 induces a real-analytic structure on Rn (see Post-

nikov [168], Lecture 6).
Next, let

gij (x) = 4δi,j

(1 + |x|2)2
, x ∈ R

n, i, j ∈ {1, . . . , n},

Gk
ij (p)= gij

(

φk(p)
)

, p ∈ Uk, k = 1, 2.

(3.4)

A simple calculation shows that

G1
lm(p) =

n
∑

i,j=1

G2
ij (p)

∂vi

∂xl

(

φ1(p)
) ∂vj

∂xm

(

φ1(p)
)

, p ∈ U1 ∩ U2,

where v1, . . . , vn are the coordinates of the mapping (3.3). Therefore, matrices (3.4)
define a Riemannian metric on Rn.

It is easily verified that the stereographic projection π : Rn → S
n, where

π(p) =
{
(

1 + |p|2)−1(2p1, . . . , 2pn, |p|2 − 1
)

, p ∈ R
n,

(0, . . . , 0, 1), p = ∞,

is an isometry of Rn with the metric (3.4) onto S
n with the metric (3.1) (see the

proof of Proposition 2.6). For the metric (3.4), we have

dμ(x) = 2n dx

(1 + |x|2)n , x ∈ R
n,

(Lf )(x) = (1 + |x|2)2

4

(

(�f )(x) − 2(n − 2)

1 + |x|2
n
∑

i=1

xi

∂f

∂xi

(x)

)

, f ∈ C2(Rn),

d(x, y) =

⎧

⎪

⎨

⎪

⎩

2 arctan
(|x − y||x|/|x + |x|2y|), x, y ∈ R

n, x + |x|2y �= 0,

π, x ∈ R
n\{0}, x + |x|2y = 0,

π − 2 arctan |x|, x ∈ R
n, y = ∞,

sa(x) = 2((1 − |x|2)(1 − |a|2) + 4〈x, a〉R)a − (1 + |a|2)2x

(1 − |a|2)2 + 4(1 − |a|2)〈x, a〉R + 4|x|2|a|2 , a ∈ R
n.

(3.5)
Note also that

s
a/(1+

√
1+|a|2)(x) = (1 + 2〈x, a〉R − |x|2)a − (1 + |a|2)x

1 + |x|2|a|2 + 2〈x, a〉R



64 3 Realizations of Rank One Symmetric Spaces of Compact Type

and in particular

s
a/(1+

√
1+|a|2)(a) = 0, s

a/(1+
√

1+|a|2)(0) = a.

Theorem 3.1. The symmetric space SO(n + 1)/ SO(n) of constant sectional curva-
ture 1 is isometric to the sphere S

n with the metric (3.1). Equivalently, this space is
isometric to Rn with the metric (3.4).

Proof. Let us compute the curvature tensor of metric (3.4). Putting

α(x) = 2

1 + |x|2 , β(x) = log α(x), βi = ∂β

∂xi

, βij = ∂2β

∂xi∂xj

,

we find (see (1.37), (1.38))

∂gij

∂xk

= 2α2δi,j βk, Γ k
ij = δi,kβj + δj,kβi − δi,j βk,

∂Γ k
ij

∂xl

= δi,kβjl + δj,kβil − δi,j βkl,

Rl
ijk = δl,k(βij − βiβj ) − δi,k(βlj − βlβj ) + δi,j (βlk − βlβk) − δl,j (βik − βiβk)

+ (δi,j δl,k − δi,kδl,j )|∇β|2,
where ∇β = (β1, . . . , βn). Since

βi = − 2xi

1 + |x|2 , βij = − 2δi,j

1 + |x|2 + 4xixj

(1 + |x|2)2
,

βij − βiβj = − 2δi,j

1 + |x|2 , |∇β|2 = 4|x|2
(1 + |x|2)2

,

we obtain

Rl
ijk = 4

(1 + |x|2)2
(δi,kδl,j − δl,kδi,j ).

Hence,

Rijkl = 16

(1 + |x|2)4
(δi,kδj,l − δj,kδi,l) = gikgjl − gjkgil . (3.6)

Relations (3.6) and (1.42) show that the sectional curvature is constantly equal to 1.
The desired conclusion now follows by Theorem 1.6, since the sphere S

n (n � 2) is
a simply connected complete Riemannian manifold. ��
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3.2 The Real Projective Space SO(n + 1)/ O(n)

Let R
n+1∗ = R

n+1\{0}. We consider in the domain R
n+1∗ the following equivalence

relation:
ω ∼ � if ω = λ�

for some λ ∈ R∗ = R\{0}. The equivalence class [ω] of every point ω ∈ R
n+1∗ is

the punctured line {λω : λ ∈ R∗}. The set of all these classes is denoted by P(Rn+1).
We give some interpretations of the set P(Rn+1).
Assigning to each class [ω] the line R · ω, we see that P(Rn+1) is the set of all

one-dimensional subspaces of R
n+1. Furthermore, each class [ω] uniquely deter-

mines a set {±ω/|ω|} on the unit sphere S
n. Therefore, P(Rn+1) can be regarded as

S
n/{± Id}. It follows in particular that P(Rn+1) is the hemisphere

S
n− = {x = (x1, . . . , xn+1) ∈ S

n : xn+1 � 0
}

for which diametrically opposite points of the edge {x ∈ S
n− : xn+1 = 0} are iden-

tified. Equivalently, P(Rn+1) may be realized (via the stereographic projection) as
the closed unit ball Cl (Bn

R
) for which antipodal points of the boundary S

n−1 are
identified.

Next, let [ω] ∈ P(Rn+1). The homogeneous coordinates of [ω] are the coordi-
nates of an arbitrary point � ∈ R

n+1∗ belonging to the class [ω]. They are defined up
to a common factor λ ∈ R∗. Using homogeneous coordinates, we shall show how
P(Rn+1) can be made into a real-analytic manifold.

Denote by ω0, . . . , ωn the coordinates of ω ∈ R
n+1∗ (this enumeration is most

convenient). Consider the sets

Uk = {[ω] ∈ P
(

R
n+1) : ωk �= 0

}

, k = 0, . . . , n.

Evidently, P(Rn+1) = ⋃n
k=0 Uk . Introduce the bijective mappings φk : Uk → R

n

by putting
φk([ω]) = (x1, . . . , xn),

where

xm =
{

ωm−1/ωk if m � k,

ωm/ωk if m > k,
m = 1, . . . , n.

Note that both Uk and φk are well defined by the relation between different choices
of homogeneous coordinates. Moreover, it is easy to see that

φ−1
k (x1, . . . , xn) = [ω],

where

ωl =

⎧

⎪

⎨

⎪

⎩

xl+1 if l < k,

1 if l = k,

xl if l > k,

l = 0, . . . , n.
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To continue, let us assume that k, l ∈ {0, . . . , n} and k < l. We have

φk(Uk ∩ Ul) = {(x1, . . . , xn) ∈ R
n : xl �= 0

}

,

φl(Uk ∩ Ul) = {(x1, . . . , xn) ∈ R
n : xk+1 �= 0

}

.

In addition,
φl ◦ φ−1

k (x1, . . . , xn) = (v1, .., vn), xl �= 0,

where

vm =

⎧

⎪

⎨

⎪

⎩

xm/xl if m � k or m > l,

1/xl if m = k + 1,

xm−1/xl if k + 1 < m � l,

m = 1, . . . , n.

It follows that the map φl ◦ φ−1
k : φk(Uk ∩ Ul) → φl(Uk ∩ Ul) is a diffeomorphism.

Thus, the charts (Uk, φk) form an atlas and define on P(Rn+1) a real-analytic struc-
ture.

Every coordinate neighborhood Uk is diffeomorphic to R
n. We identify U0 with

R
n and call the mapping

φ−1
0 : (x1, . . . , xn) → [(1, x1, . . . , xn)]

the transition from affine coordinates (in R
n) to homogeneous coordinates. The

complement of R
n in P(Rn+1) consists of the points [(0, ω1, . . . , ωn)], where

(ω1, . . . , ωn) ∈ R
n∗; hence, is identified with P(Rn). By that

P
(

R
n+1) = R

n ∪ P
(

R
n
)

. (3.7)

Now we endow P(Rn+1) with a Riemannian structure. Put

gij (x) = δi,j

1 + |x|2 − xixj

(1 + |x|2)2
, x ∈ R

n, i, j ∈ {1, . . . , n}, (3.8)

Gk
ij (p) = gij

(

φk(p)
)

, p ∈ Uk, k ∈ {0, . . . , n}. (3.9)

It is clear that ‖gij‖n
i,j=1 is a symmetric matrix. For y = (y1, . . . , yn) ∈ R

n, we
have

n
∑

i,j=1

gij (x)yiyj = |y|2 + |y|2|x|2 − 〈x, y〉2
R

(1 + |x|2)2
.

Applying the Schwarz inequality, we obtain

n
∑

i,j=1

gij (x)yiyj � |y|2
(1 + |x|2)2

. (3.10)

Hence, ‖gij‖n
i,j=1 is positive definite. Next, as above, assume that k, l ∈ {0, . . . , n}

and k < l. We write
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v(x) = (v1(x), . . . , vn(x)
) = φl ◦ φ−1

k (x), x ∈ φk(Uk ∩ Ul).

A direct check shows that

gms(x) =
n
∑

i,j=1

gij

(

v(x)
) ∂vi

∂xm

(x)
∂vj

∂xs

(x), x ∈ φk(Uk ∩ Ul)

for m, s ∈ {1, . . . , n}. This implies

Gk
ms(p) =

n
∑

i,j=1

Gl
ij (p)

∂vi

∂xm

(

φk(p)
)∂vj

∂xs

(

φk(p)
)

, p ∈ Uk ∩ Ul.

So matrices (3.9) define a Riemannian metric on P(Rn+1).
Let us compute the curvature tensor of metric (3.9). One finds

gij (x) = (1 + |x|2)(δi,j + xixj ),

∂gij

∂xm

= −2xmδi,j + xiδj,m + xj δi,m

(1 + |x|2)2
+ 4xixj xm

(1 + |x|2)3
,

Γ m
ij = −xiδm,j + xj δi,m

1 + |x|2 ,

∂Γ m
ij

∂xs

= −δi,sδm,j + δj,sδm,i

1 + |x|2 + 2(xixsδm,j + xsxj δi,m)

(1 + |x|2)2
,

Rs
ijm = δi,mδj,s − δi,j δm,s

1 + |x|2 + xixj δm,s − xixmδj,s

(1 + |x|2)2
.

(3.11)

Hence,

Rijms = δi,mδj,s − δi,sδj,m

(1 + |x|2)2
+ xixsδj,m − xixmδj,s + xjxmδi,s − xjxsδi,m

(1 + |x|2)3

= gimgjs − gjmgis .

This means (see (1.42)) that P(Rn+1) with the metric (3.9) is a space of constant
sectional curvature 1. We denote this space by P

n
R

.
We shall now determine a form of the Riemannian measure dμ and the Laplace–

Beltrami operator L on P
n
R

.
If x = (x1, . . . , xn) ∈ R

n, put ix = (ix1, . . . , ixn), where i denotes the imaginary
unit. By (3.8) we have

gij (x) = gij (ix), x ∈ R
n, i, j ∈ {1, . . . , n}, (3.12)

where

gij (z1, . . . , zn) = δi,j

1 − z2
1 − · · · − z2

n

+ zizj

(1 − z2
1 − · · · − z2

n)
2
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for (z1, . . . , zn) ∈ C
n : z2

1 +· · ·+z2
n �= 1. This together with (2.2) and (2.8) implies

det ‖gij (x)‖n
i,j=1 = 1

(1 + |x|2)n+1
, x ∈ R

n. (3.13)

Hence,

dμ(x) = dx

(1 + |x|2) n+1
2

, x ∈ R
n. (3.14)

Furthermore, using (1.43), (3.11), and (3.13), we find

(Lf )(x) = (1 + |x|2)
(

(�f )(x) +
n
∑

i,j=1

xixj

∂2f

∂xi∂xj

(x) + 2
n
∑

i=1

xi

∂f

∂xi

(x)

)

for an arbitrary function f ∈ C2(Rn). In particular, if f has the form f (x) =
f0(|x|), then

(Lf )(x) = (1 + |x|2)2f ′′
0 (|x|) + 1 + |x|2

|x|
(

n − 1 + 2|x|2)f ′
0(|x|).

We turn to the isometry group of the space P
n
R

. Introduce an analog of involu-
tion (2.11). Let a = (a1, . . . , an) ∈ R

n, [ω] = [(ω0, . . . , ωn)] ∈ P
n
R

. Consider the
vector � = (�0, . . . , �n) ∈ R

n+1 with

�l =
{

ω0 + 〈′ω, a〉R if l = 0,
(

ω0 + (1 + νa)
−1〈′ω, a〉R

)

al − νaωl if 1 � l � n,
(3.15)

where ′ω = (ω1, . . . , ωn) and νa = √

1 + |a|2. We claim that � ∈ R
n+1∗ . For

otherwise suppose that � = 0. Then

ω0 + 〈′ω, a〉R = 0, ω0|a|2 − 〈′ω, a〉R = 0.

Therefore, ω0 = 0 and 〈′ω, a〉R = 0. Hence, it follows from (3.15) that ω = 0. But
this is impossible since [ω] ∈ P

n
R

. Now we define the mapping σa : P
n
R

→ P
n
R

by
setting

σa([ω]) = [�]. (3.16)

The transformation σa is clearly well defined. In affine coordinates in R
n = U0, this

transformation can be viewed as

x → [(1, x1, . . . , xn)]
→
[(

1 + 〈x, a〉R,

(

1 + 〈x, a〉R
1 + νa

)

a1 − νax1, . . . ,

(

1 + 〈x, a〉R
1 + νa

)

an − νaxn

)]

→ (

1 + 〈x, a〉R
)−1
((

1 + 〈x, a〉R
1 + νa

)

a1 − νax1, . . . ,

(

1 + 〈x, a〉R
1 + νa

)

an − νaxn

)
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(the first arrow denotes transition to homogeneous coordinates, the second denotes
transition to a map in homogeneous coordinates, and the third denotes return to
affine coordinates). In other words,

φ0 ◦ σa ◦ φ−1
0 (x) = σ 0

a (x),

where

σ 0
a (x) = (1 + 〈x, a〉R

)−1
((

1 + 〈x, a〉R
1 + νa

)

a − νax

)

.

Analogously, putting

σ∞([ω]) = [(ω1, ω0, ω2, . . . , ωn)], [ω] ∈ P
n
R
, (3.17)

we see that
φ0 ◦ σ∞ ◦ φ−1

0 (x) = σ 0∞(x),

where

σ 0∞(x) =
(

1

x1
,
x2

x1
, . . . ,

xn

x1

)

.

Proposition 3.1. The mappings σa and σ∞ are involutory isometries of P
n
R

.

Proof. The relations

σa ◦ σa([ω]) = [ω] and σ∞ ◦ σ∞([ω]) = [ω], [ω] ∈ P
n
R
,

follow directly from (3.16) and (3.17). We shall prove that σa, σ∞ ∈ I (Pn
R
). Let

(z, w) = z1w1+· · ·+znwn for z = (z1, . . . , zn) ∈ C
n,w = (w1, . . . , wn) ∈ C

n.

If (z, w) �= 1, |w| < 1, define ψw(z) by

(

1− (z, w)
)

ψw(z) =
(

1− (z, w)

1 +
√

1 − w2
1 − · · · − w2

n

)

w −
√

1 − w2
1 − · · · − w2

nz,

where we consider the branch of
√· that takes positive values on (0,+∞). Observe

that

(

1 − 〈x, b〉R
)

ψb(x)

=
{

b − 〈x, b〉R|b|−2b −√1 − |b|2(x − 〈x, b〉R|b|−2b
)

, b �= 0,

−x, b = 0
(3.18)

for b, x ∈ Bn
R

. Denote the components of ψw(z) by ψw,1(z), . . . , ψw,n(z). Then

gms(x) =
n
∑

i,j=1

gij (ψb(x))
∂ψb,i

∂zm

(x)
∂ψb,j

∂zs

(x), b, x ∈ Bn
R
, (3.19)
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for m, s ∈ {1, . . . , n}, since ψb|Bn
R

∈ I (Hn
R
) (see (3.18) and Proposition 2.4(vi)).

Next,

ψib(ix) = iσ 0
b (x), (3.20)

∂ψib,i

∂zm

(ix) = ∂σ 0
b,i

∂xm

(x), (3.21)

where σ 0
b,1, . . . , σ

0
b,n are the coordinates of the mapping σ 0

b . By analytic continua-
tion, using (3.12) and (3.19)–(3.21), we obtain

gms(x) =
n
∑

i,j=1

gij

(

σ 0
a (x)

)∂σ 0
a,i

∂xm

(x)
∂σ 0

a,j

∂xs

(x), a ∈ R
n, (3.22)

for x ∈ R
n : (x, a) �= −1. In particular, equality (3.22) is valid for x ∈ U , where

U = {x ∈ R
n : |x||a| < 1}. It follows that σa is an isometry of φ−1

0 U onto
σa(φ

−1
0 U). Therefore,

L(f ◦ σa)([ω]) = (Lf )
(

σa([ω])), [ω] ∈ φ−1
0 U, (3.23)

for an arbitrary real-analytic function f on P
n
R

(see Sect. 1.2). Because σa is an
analytic diffeomorphism of P

n
R

, relation (3.23) holds for every [ω] ∈ P
n
R

. Hence,
σa ∈ I (Pn

R
).

It remains to prove that σ∞ ∈ I (Pn
R
). Setting a = (α, 0, . . . , 0) in (3.22) and

letting α → −∞, we find

gms(x) =
n
∑

i,j=1

gij

(

σ 0∞(x)
)∂σ 0∞,i

∂xm

(x)
∂σ 0∞,j

∂xs

(x), x1 �= 0, (3.24)

where σ 0
∞,1, . . . , σ

0∞,n are the coordinates of the mapping σ 0∞. Now repeating the
above argument with σ∞ instead of σa , we arrive at the desired assertion. ��
Corollary 3.1. The group I (Pn

R
) acts transitively on P

n
R

.

Proof. Every orthogonal transformation τ ∈ O(n) induce an isometry of P
n
R

by the
correspondence

[ω] → [(

ω0, τ1(
′ω), . . . , τn(

′ω)
)]

,

where τ1, . . . , τn are the components of τ . It follows in particular that the group
I (Pn

R
) acts transitively on P(Rn) (see (3.7)). Since

σa

([(1, 0, . . . , 0)]) = [(1, a1, . . . , an)]
and σ∞([(1, 0, . . . , 0)]) ∈ P(Rn), this together with Proposition 3.1 concludes the
proof. ��
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We now prove the following:

Proposition 3.2. The distance d on P
n
R

is defined by

d(0, x) =
{

arctan |x|, x ∈ R
n,

π/2, x ∈ P(Rn),
(3.25)

and the condition of invariance under the group I (Pn
R
).

Proof. Let
K = {τ ∈ I

(

P
n
R

) : τ0 = 0
}

.

Since K acts transitively on S
n−1, the distance d(0, ·) is a radial function on R

n.
Now using (3.10) and (3.5), we obtain the required result (see the proof of Proposi-
tion 2.11). ��

We close this section with the following:

Theorem 3.2. The real projective space SO(n+ 1)/ O(n) of constant sectional cur-
vature 1 is isometric to the space P

n
R

.

Proof. Using (3.25) and repeating the arguments in the proof of Theorem 2.3, we
see that P

n
R

is a compact two-point homogeneous space. In addition we know that
the sectional curvature of P

n
R

is constantly equal to 1. Therefore, P
n
R

is isometric to
one of the spaces SO(n + 1)/ SO(n), SO(n + 1)/ O(n) (see Sect. 1.3). Unlike the
space P

n
R

, however, the sphere SO(n + 1)/ SO(n) is simply connected for n � 2.
Thus, the theorem is proved. ��

3.3 The Complex Projective Space SU(n + 1)/ S(U(n) × U(1))

By analogy with Sect. 3.2, consider in the domain C
n+1∗ = C

n+1\{0} the following
equivalence relation:

ω ∼ � if ω = λ�

for some λ ∈ C∗ = C\{0}. The equivalence class [ω] of any point ω ∈ C
n+1∗ is

the punctured complex line {λω : λ ∈ C∗}. The set of these classes is denoted by
P(Cn+1).

It is clear that P(Cn+1) can be regarded as the set of all complex lines in C
n+1

passing through the coordinate origin. Next, each class [ω] uniquely determines a
set

γω =
{

eiθ ω

|ω| : 0 � θ < 2π

}

on the unit sphere S
2n+1 in C

n+1; hence, P(Cn+1) is the set of all circles γω on
S

2n+1.
We can make P(Cn+1) into a complex-analytic manifold as follows.
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Let ω0, . . . , ωn be coordinates in C
n+1. We define

Uk = {[(ω0, . . . , ωn)] : ωk �= 0
}

, k = 0, . . . , n.

Introduce the bijective mappings φk : Uk → C
n by putting

φk

([(ω0, . . . , ωn)]
) = (z1, . . . , zn),

where

zm =
{

ωm−1/ωk if m � k,

ωm/ωk if m > k,
m = 1, . . . , n.

For k, l ∈ {0, . . . , n} such that k < l, one has

φk(Uk ∩ Ul) = {(z1, . . . , zn) ∈ C
n : zl �= 0

}

,

φl(Uk ∩ Ul) = {(z1, . . . , zn) ∈ C
n : zk+1 �= 0

}

.

In addition,
φl ◦ φ−1

k (z1, . . . , zn) = (v1, . . . , vn), zl �= 0,

where

vm =

⎧

⎪

⎨

⎪

⎩

zm/zl if m � k or m > l,

1/zl if m = k + 1,

zm−1/zl if k + 1 < m � l,

m = 1, . . . , n. (3.26)

It follows that the neighboring relations are holomorphic. Thus, the charts (Uk, φk)

form a complex atlas and define on P(Cn+1) a complex-analytic structure (see Post-
nikov [168], Lecture 11).

Every coordinate neighborhood Uk is biholomorphic to C
n. We identify U0 with

C
n and call the map

φ−1
0 : (z1, . . . , zn) → [(1, z1, . . . , zn)]

the canonical imbedding of C
n in P(Cn+1). The complement of C

n in P(Cn+1)

is a complex submanifold in P(Cn+1) of codimension 1. It consists of the points
[(0, ω1, . . . , ωn)], where (ω1, . . . , ωn) ∈ C

n∗, and hence is biholomorphic to P(Cn).
As a result, one gets

P
(

C
n+1) = C

n ∪ P
(

C
n
)

. (3.27)

Let us come to the Hermitian structure of P(Cn+1). Put

hij (z) = δi,j

1 + |z|2 − zizj

(1 + |z|2)2
, z = (z1, . . . , zn) ∈ C

n, i, j ∈ {1, . . . , n},
(3.28)

Hk
ij (p) = hij

(

φk(p)
)

, p ∈ Uk, k ∈ {0, . . . , n}. (3.29)

It is obvious that ‖hij‖n
i,j=1 is a Hermitian symmetric matrix. For w = (w1, . . . , wn)

∈ C
n, we have

n
∑

i,j=1

hij (z)wiwj = |w|2 + |w|2|z|2 − |〈z,w〉C|2
(1 + |z|2)2

� |w|2
(1 + |z|2)2

, (3.30)
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and hence ‖hij‖n
i,j=1 is positive definite. Furthermore, from (3.28) and (3.26) we

find

hij (z) =
n
∑

m,s=1

hms

(

v1(z), . . . , vn(z)
)∂vm

∂zi

(z)
∂vs

∂zj

(z), z ∈ φk(Uk ∩ Ul).

This yields

Hk
ij (p) =

n
∑

m,s=1

Hl
ms(p)

∂vm

∂zi

(

φk(p)
)∂vs

∂zj

(

φk(p)
)

, p ∈ Uk ∩ Ul.

So matrices (3.29) define a Hermitian metric ds2 on P(Cn+1) (which is classically
called the Fubini–Study metric).

Since

Hk
ij (p) = ∂2(fk ◦ φ−1

k )

∂zi∂zj

(

φk(p)
)

, p ∈ Uk,

where
fk(p) = log

(

1 + |φk(p)|2), p ∈ Uk,

we see that ds2 is, in fact, a Kaehler metric. As usual, we write

gij (z) = hij (z)/2.

Taking into account that gij (z) = 2(1 + |z|2)(δi,j + zizj ) and using (1.51), we
derive

Rijms = −2(gij gms + gisgmj ). (3.31)

By (3.31) and (1.52), P(Cn+1) with the metric (3.29) is a space of constant holomor-
phic sectional curvature 4. Denote this space by P

n
C

. Minimal sectional curvature of
P

n
C

is equal to 1 (see Yano and Bochner [264], Chap. 8, Theorem 8.3).
We present explicit expressions for the Riemannian measure and the Laplace–

Beltrami operator on P
n
C

that will be used later.
By analytic continuation using (2.23), (2.28), and (3.28), we find

det ‖hij (z)‖n
i,j=1 = 1

(1 + |z|2)n+1
, z ∈ C

n. (3.32)

Consequently, the Riemannian measure on U0 has the form

dμ(z) = dmn(z)

(1 + |z|2)n+1
. (3.33)

Next, let ‖hij‖n
i,j=1 be the inverse matrix of ‖hij‖n

i,j=1. Then

hij (z) = (1 + |z|2)(δi,j + zizj ), i, j ∈ {1, . . . , n}. (3.34)
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From (1.48), (3.32), and (3.34) it follows that the Laplace–Beltrami operator on P
n
C

acts on a function f ∈ C2(Cn) as follows:

(Lf )(z) = 4
(

1 + |z|2)
n
∑

i,j=1

(δi,j + zizj )
∂2f

∂zi∂zj

(z).

Hence,

(Lf )(z) = (1 + |z|2)2f ′′
0 (|z|) + 1 + |z|2

|z|
(

2n − 1 + |z|2)f ′
0(|z|)

if f has the form f (z) = f0(|z|).
We discuss briefly some properties of the isometry group of the space P

n
C

.
Observe first that unitary transformations of C

n induce isometric mappings of
P

n
C

onto itself (see (3.30)). In particular, the isometry group I (Pn
C
) acts transitively

on the unit sphere S
2n−1 and P(Cn) (see (3.27)).

Next, let a = (a1, . . . , an) ∈ C
n. For [ω] = [(ω0, . . . , ωn)] ∈ P

n
C

, we set

σa([ω]) = [(�0, . . . , �n)], (3.35)

where

�l =

⎧

⎪

⎨

⎪

⎩

ω0 + ω1a1 + · · · + ωnan if l = 0,
(

ω0 + ω1a1 + · · · + ωnan

1 +√1 + |a|2
)

al −
√

1 + |a|2 ωl if 1 � l � n.

Also define
σ∞([ω]) = [(ω1, ω0, ω2, . . . , ωn)]. (3.36)

It follows from (3.35) and (3.36) that

σa

([(1, 0, . . . , 0)]) = [(1, a1, . . . , an)], σ∞
([(1, 0, . . . , 0)]) ∈ P(Cn).

In addition,

(

1 + 〈z, a〉C
)

φ0 ◦ σa ◦ φ−1
0 (z) =

(

1 + 〈z, a〉C
1 +√1 + |a|2

)

a −
√

1 + |a|2z

and
φ0 ◦ σ∞ ◦ φ−1

0 (z) =
(

1

z1
,
z2

z1
, . . . ,

zn

z1

)

.

Repeating the arguments used in the proof of Proposition 3.1, we see that σa and
σ∞ are involutory isometries of the space P

n
C

.
We now have enough isometries to map any point of P

n
C

to any other. This means
that P

n
C

is a homogeneous space. The distance d on P
n
C

is defined by

d(0, z) =
{

arctan |z|, z ∈ C
n,

π/2, z ∈ P(Cn),
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and the condition of invariance under the group I (Pn
C
) (see (3.30) and the proof of

Proposition 3.2). By according to the foregoing, given two pairs of points [ω], [η]
and [ξ ], [ζ ] in P

n
C

such that d([ω], [η]) = d([ξ ], [ζ ]), there exists an isometry of
P

n
C

that takes [ω] into [ξ ] and [η] into [ζ ]. Thus, P
n
C

possesses pairwise transitive
group of isometries.

As a final result, we establish the following analogue to Theorem 3.2.

Theorem 3.3. The complex projective space SU(n+1)/ S(U(n)×U(1)) of minimal
sectional curvature 1 is holomorphically isometric to the space P

n
C

.

Proof. Both of these spaces are simply connected complete Kaehler manifolds of
constant holomorphic sectional curvature 4. This, together with Theorem 1.7, brings
us to the desired assertion. ��

3.4 The Quaternionic Projective Space Sp(n + 1)/ Sp(n) × Sp(1)

As usual, let Q
n be the n-dimensional left quaternionic Euclidean space. In the

same way as in Sects. 3.2 and 3.3 we see that the action of Q\{0} on Q
n+1\{0}

on the left gives rise to a set P(Qn+1) which can be regarded as the set of all left
quaternionic lines in Q

n+1 passing through the coordinate origin. Because of iden-
tification (2.37), the points of P(Qn+1) are the classes [ω] = [(ω0, . . . , ω2n+1)],
other than [(0, . . . , 0)], of (2n + 2)-tuples ω = (ω0, . . . , ω2n+1) in C where two
(2n + 2)-tuples ω and � = (�0, . . . , �2n+1) belong to the same class if and only if
there exists (λ, μ) ∈ C

2∗ such that

λ�k − μ�n+1+k = ωk, λ�n+1+k + μ�k = ωn+1+k, k = 0, . . . , n.

We can also make P(Qn+1) into a differentiable manifold in a way similar to that
used for P(Rn+1) and P(Cn+1).

Let

Uk = {[(ω0, . . . , ω2n+1)] : |ωk|2 + |ωn+1+k|2 �= 0
}

, k = 0, . . . , n.

Introduce the bijective mappings φk : Uk → C
2n by setting

φk

([(ω0, . . . , ω2n+1)]
) = (z1, . . . , z2n),

where

zm =
{(

ωkωm−1 + ωn+1+kωn+m

)/(|ωk|2 + |ωn+1+k|2
)

if m � k,
(

ωkωm + ωn+1+kωn+1+m

)/(|ωk|2 + |ωn+1+k|2
)

if m > k,

zn+m =
{(

ωkωn+m − ωn+1+kωm−1
)/(|ωk|2 + |ωn+1+k|2

)

if m � k,
(

ωkωn+1+m − ωn+1+kωm

)/(|ωk|2 + |ωn+1+k|2
)

if m > k,
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for m = 1, . . . , n. Using quaternionic coordinates it is easy to make sure that both
Uk and φk are well defined. For k, l ∈ {0, . . . , n} such that k < l, we get

φk(Uk ∩ Ul) = {(z1, . . . , z2n) ∈ C
2n : |zl |2 + |zn+l |2 �= 0

}

,

φl(Uk ∩ Ul) = {(z1, . . . , z2n) ∈ C
2n : |zk+1|2 + |zn+1+k|2 �= 0

}

.

In addition,

φl ◦ φ−1
k (z1, . . . , z2n) = (v1, . . . , v2n), |zl |2 + |zn+l |2 �= 0,

where

vm =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

zlzm + zn+lzn+m

)/(|zl |2 + |zn+l |2
)

if m � k or m > l,

zl

/(|zl |2 + |zn+l |2
)

if m = k + 1,
(

zlzm−1 + zn+lzn+m−1
)/(|zl |2 + |zn+l |2

)

if k + 1 < m � l,

(3.37)

vn+m =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

zlzn+m − zn+lzm

)/(|zl |2 + |zn+l |2
)

if m � k or m > l,

−zn+l

/(|zl |2 + |zn+l |2
)

if m = k + 1,
(

zlzn+m−1 − zn+lzm−1
)/(|zl |2 + |zn+l |2

)

if k + 1 < m � l,

(3.38)

for m = 1, . . . , n. Hence, the map

φl ◦ φ−1
k : φk(Uk ∩ Ul) → φl(Uk ∩ Ul)

is a diffeomorphism. Thus, the charts (Uk, φk) form an atlas and define on P(Qn+1)

a real-analytic structure.
Every coordinate neighborhood Uk is diffeomorphic to C

2n. Identifying U0 with
C

2n one has
P
(

Q
n+1) = C

2n ∪ P
(

Q
n
)

. (3.39)

The Riemannian metric on P(Qn+1) is obtained as follows. For z = (z1, . . . , z2n)

∈ C
2n and i, j ∈ {1, . . . , n}, we put

hij (z) = (1 + |z|2)δi,j − zizj − zn+izn+j

(1 + |z|2)2
, (3.40)

hi,n+j (z) = zn+izj − zizn+j

(1 + |z|2)2
, (3.41)

hn+i,j (z) = zizn+j − zn+izj

(1 + |z|2)2
, (3.42)

hn+i,n+j (z) = (1 + |z|2)δi,j − zizj − zn+izn+j

(1 + |z|2)2
. (3.43)

Now define

Hk
rs(p) = hrs

(

φk(p)
)

, p ∈ Uk, r, s ∈ {1, . . . , 2n}. (3.44)
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For w = (w1, . . . , w2n) ∈ C
2n, we have

2n
∑

r,s=1

hrs(z)wrws = |w|2 + |w|2|z|2 − |〈z,w〉Q|2
(1 + |z|2)2

� |w|2
(1 + |z|2)2

, (3.45)

whence ‖hrs‖2n
r,s=1 is positive definite. Next,

hrs(z) =
2n
∑

α,β=1

(

hαβ

(

v1(z), . . . , v2n(z)
)∂vβ

∂zs

(z)

(

∂vα

∂zr

(z) + ∂vα

∂zr

(z)

)

+ hαβ

(

v1(z), . . . , v2n(z)
)∂vβ

∂zs

(z)

(

∂vα

∂zr

(z) + ∂vα

∂zr

(z)

))

for z ∈ φk(Uk ∩ Ul) (see (3.37), (3.38), (3.40)–(3.43), and the proof of rela-
tion (3.24)). This gives

Hk
rs(p) =

2n
∑

α,β=1

(

Hl
αβ(p)

∂vβ

∂zs

(

φk(p)
)

(

∂vα

∂zr

(

φk(p)
)+ ∂vα

∂zr

(

φk(p)
)

)

+ Hl
αβ(p)

∂vβ

∂zs

(

φk(p)
)

(

∂vα

∂zr

(

φk(p)
)+ ∂vα

∂zr

(

φk(p)
)

))

with p ∈ Uk ∩ Ul . It follows that matrices (3.44) induce the structure of a Rie-
mannian manifold on P(Qn+1). Denote this manifold by P

n
Q

.
By analogy with (3.14) and (3.33) the Riemannian measure on P

n
Q

has the form

dμ(z) = dm2n(z)

(1 + |z|2)2n+2
, z ∈ C

2n.

Since

hij (z) = (δi,j + zizj + zn+izn+j )
(

1 + |z|2),
hi,n+j (z) = (zizn+j − zn+izj )

(

1 + |z|2),
hn+i,j (z) = (zn+izj − zizn+j )

(

1 + |z|2),
hn+i,n+j (z) = (δi,j + zizj + zn+izn+j )

(

1 + |z|2),

the Laplace–Beltrami operator L on P
n
Q

acts on a function f ∈ C2(C2n) as follows:

(Lf )(z) = 4
(

1 + |z|2)
(

n
∑

i,j=1

(

(δi,j + zizj + zn+izn+j )
∂2f

∂zi∂zj

(z)

+ (zizn+j − zn+izj )
∂2f

∂zi∂zn+j

(z) + (zn+izj − zizn+j )
∂2f

∂zn+i∂zj

(z)
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+ (δi,j + zizj + zn+izn+j )
∂2f

∂zn+i∂zn+j

(z)

)

−
2n
∑

q=1

(

zq

∂f

∂zq

(z) + zq

∂f

∂zq

(z)

)

)

.

Hence,

(Lf )(z) = (1 + |z|2)2f ′′
0 (|z|) + 1 + |z|2

|z|
(

4n − 1 − |z|2)f ′
0(|z|) (3.46)

if f has the form f (z) = f0(|z|).
Let us say a few words about the isometry group of the space P

n
Q

.

In view of (3.45), symplectic unitary transformations of C
2n induce isometric

mappings of P
n
Q

onto itself. In particular, the isometry group I (Pn
Q
) acts transitively

on S
4n−1 and P(Qn) (see (3.39)).

Next, take A = (A1, . . . , An) ∈ Q
n and q = (q0, . . . , qn) ∈ Q

n+1\{0}. Let
Q = (Q0, . . . ,Qn), where

Ql =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

q0 + q1A1 + · · · + qnAn if l = 0,

(

q0 + q1A1 + · · · + qnAn

1 +√1 + |A|2
)

Al −
√

1 + |A|2 ql if 1 � l � n.

If A ↔ a, q ↔ ω, and Q ↔ � under identification (2.37), put

σa([ω]) = [�].
It is not hard to prove that σa is well defined. Denote by a1, . . . , a2n the coordinates
of a ∈ C

2n. Then

φ0 ◦ σa ◦ φ−1
0 (z) = (f1(z), . . . , f2n(z)

)

with

|1 + 〈z, a〉Q|2fi(z) = −[a, z]C
(

νazn+i + (γa − 1)an+i

)+ 〈a, z〉C(−νazi + ai)

+ 〈z, a〉Cγaai + |〈z, a〉Q|2γaai + ai − νazi,

|1 + 〈z, a〉Q|2fn+i (z) = [a, z]C
(

νazi − (1 − γa)ai

)+ 〈a, z〉C(−νazn+i + an+i )

+ 〈z, a〉Cγaan+i + |〈z, a〉Q|2γaan+i + an+i − νazn+i .

Here i ∈ {1, . . . , n}, νa = √1 + |a|2, and γa = (1 + νa)
−1. Similarly, setting

σ∞
([(ω0, . . . , ω2n+1)]

) = [(ω1, ω0, ω2, . . . , ωn, ωn+2, ωn+1, ωn+3, . . . , ω2n+1)],
we find

φ0 ◦ σ∞ ◦ φ−1
0 (z) = (g1(z), . . . , g2n(z)

)

,
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where

gi(z) =
{

z1
/(|z1|2 + |zn+1|2

)

if i = 1,
(

z1zi + zn+1zn+i

)/(|z1|2 + |zn+1|2
)

if i ∈ {2, . . . , n},

gn+i (z) =
{−zn+1

/(|z1|2 + |zn+1|2
)

if i = 1,
(

z1zn+i − zn+1zi

)/(|z1|2 + |zn+1|2
)

if i ∈ {2, . . . , n}.
The mappings σa and σ∞ are involutory isometries of the space P

n
Q

(see the proof
of Proposition 3.1). In addition,

σa

([(1, 0, . . . , 0)]) = [(1, a1, . . . , an, 0, an+1, . . . , a2n)],
σ∞
([(1, 0, . . . , 0)]) ∈ P(Qn).

In the same manner as in Sect. 3.2, we see that the distance on P
n
Q

from the origin is

d(0, z) =
{

arctan |z|, z ∈ C
2n,

π/2, z ∈ P(Qn).
(3.47)

It again follows that I (Pn
Q
) is pairwise transitive on P

n
Q

.

Theorem 3.4. The quaternionic projective space Sp(n + 1)/ Sp(n) × Sp(1) of min-
imal sectional curvature 1 is isometric to the space P

n
Q

.

Proof. We already know that P
n
Q

is a compact two-point homogeneous space. Fur-
thermore, by (3.46) and (3.47) one has

L0 = ∂2

∂r2
+ ((4n − 1) cot r − 3 tan r

) ∂

∂r
, (3.48)

where L0 is the radial part of the Laplace–Beltrami operator on P
n
Q

. Using (3.48),
(1.61), and (1.64), we obtain the required result. ��

3.5 The Cayley Projective Plane F4/ Spin(9)

In this section we wish to construct a suitable model for F4/ Spin(9). In this way we
hope to contribute towards a better visualization and a better handling of this space.
Note that there is no direct analogue to the realizations in real, complex, or quater-
nionic projective spaces, because the Cayley numbers do not obey the associative
law.

Let P
2(Ca) be the set of all primitive idempotents of the algebra A1, i.e.,

P
2(Ca) = {X ∈ A1 : X2 = X, Trace X = 1

}

.
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We write X ∈ A1 in the form

X =
⎛

⎜

⎝

a1 ξ3 ξ2

ξ3 a2 ξ1

ξ2 ξ1 a3

⎞

⎟

⎠
, (3.49)

where a1, a2, a3 ∈ R and ξ1, ξ2, ξ3 ∈ Ca. It is not hard to prove that X ∈ P
2(Ca) if

and only if a1 + a2 + a3 = 1 and

akξk = ξk+1ξk+2, |ξk|2 = ak+1ak+2, k = 1, 2, 3 mod 3.

We endow P
2(Ca) with a real-analytic structure. Identifying matrix (3.49) with

the vector (ξ, a) = (ξ1, ξ2, ξ3, a1, a2, a3), put

Uk = {(ξ, a) ∈ P
2(Ca) : ak �= 0

}

, k = 1, 2, 3.

Introduce the bijective mappings φk : Uk → Ca2 as follows:

φk(ξ, a) =
(

ξk+1

ak

,
ξk+2

ak

)

, k = 1, 2, 3 mod 3.

It is clear that φk(Uk ∩ Uk+1) = {(z1, z2) ∈ Ca2 : z2 �= 0} and φk+1(Uk ∩ Uk+1) =
{(z1, z2) ∈ Ca2 : z1 �= 0}, k = 1, 2, 3 mod 3. For (z1, z2) ∈ Ca2, we have

φ−1
1 (z1, z2) = (ξ1, ξ2, ξ3, a1, a2, a3),

φ−1
2 (z1, z2) = (ξ3, ξ1, ξ2, a3, a1, a2),

φ−1
3 (z1, z2) = (ξ2, ξ3, ξ1, a2, a3, a1),

where

ξ1 = z2 z1

1 + |z1|2 + |z2|2 , ξ2 = z1

1 + |z1|2 + |z2|2 , ξ3 = z2

1 + |z1|2 + |z2|2 ,

a1 = 1

1 + |z1|2 + |z2|2 , a2 = |z2|2
1 + |z1|2 + |z2|2 , a3 = |z1|2

1 + |z1|2 + |z2|2 .

In addition,

φk+1 ◦ φ−1
k (z1, z2) = ((z2)

−1, z−1
2 z1

)

, k = 1, 2, 3 mod 3

for z2 �= 0. Hence, the map φk+1 ◦ φ−1
k is a diffeomorphism between open sets in

Ca2 (here and in the sequel, we identify Ca2 with R
16 via (1.15)). Thus, P

2(Ca) is
a real-analytic manifold of dimension 16.

Every coordinate neighborhood Uk is diffeomorphic to R
16. Considering U3 as

R
16, we see that

P
2(Ca) = R

16 ∪ S8, (3.50)
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where

S8 =
{

(0, 0, ξ3, a1, 1 − a1, 0) ∈ P
2(Ca) : |ξ3|2 +

(

a1 − 1

2

)2

= 1

4

}

.

Let ΦCa(x, y) be the function defined in Sect. 1.1. Set

gij (x) = δi,j

1 + |x|2 − 1

2(1 + |x|2)2

∂2

∂yi∂yj

(

ΦCa(x, y)
)

, i, j ∈ {1, . . . , 16},

Gk
ij (p) = gij

(

φk(p)
)

, p ∈ Uk, k = 1, 2, 3.

(3.51)
Applying (1.24), we obtain

16
∑

i,j=1

gij (x)yiyj = |y|2
1 + |x|2 − ΦCa(x, y)

(1 + |x|2)2
� |y|2

(1 + |x|2)2
.

Consequently, ‖gij‖16
i,j=1 is positive definite. Next, for x2

2 + x2
4 + · · · + x2

16 �= 0, we
have

gms(x) =
16
∑

i,j=1

gij

(

v1(x), . . . , v16(x)
) ∂vi

∂xm

(x)
∂vj

∂xs

(x), m, s ∈ {1, . . . , 16},

where v1(x), . . . , v16(x) are the components of φk+1 ◦φ−1
k (see the proof of (3.24)).

This relation implies

Gk
ms(p) =

16
∑

i,j=1

Gk+1
ij (p)

∂vi

∂xm

(

φk(p)
)∂vj

∂xs

(

φk(p)
)

, p ∈ Uk ∩ Uk+1,

with k = 1, 2, 3 mod 3. By that matrices (3.51) define the structure of a Riemannian
manifold on P

2(Ca). We denote this manifold by P
2
Ca

.
Basic properties of P

2
Ca are obtained by the method we already know (see

Sect. 2.4 and the proof of Proposition 3.1). Accordingly, we shall content ourselves
with a brief sketch and statement of the results.

The Riemannian measure on P
2
Ca

has the form

dμ(x) = dx

(1 + |x|2)12
, x ∈ R

16.

The Laplace–Beltrami operator L on P
2
Ca

acts on a function f ∈ C2(R16) as
follows:

(Lf )(x) =
16
∑

i,j=1

gij (x)
∂2f

∂xi∂xj

(x) − 12
(

1 + |x|2)
16
∑

i=1

xi

∂f

∂xi

(x),
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where
gij (x) = (1 + |x|2)(2 + |x|2)δi,j − (1 + |x|2)3gij (x).

In particular, if f has the form f (x) = f0(|x|), then

(Lf )(x) = (1 + |x|2)2f ′′
0 (|x|) + 1 + |x|2

|x|
(

15 − 5|x|2)f ′
0(|x|).

Take t ∈ R and ζ ∈ Ca such that t2 + |ζ |2 = 1. Let u = (t, ζ ). Introduce the
mapping Ru : P

2
Ca

→ P
2
Ca

by putting

Ru(ξ1, ξ2, ξ3, a1, a2, a3) = (η1, η2, η3, b1, b2, b3),

where

η1 = −tξ1 + ζ ξ2, η2 = tξ2 + ξ1 ζ , η3 = −t2ξ3 + ta1ζ − ta2ζ + ζ ξ3ζ,

b1 = t2a1 + |ζ |2a2 + 2t Re (ξ3ζ ), b2 = t2a2 + |ζ |2a1 − 2t Re (ξ3ζ ), b3 = a3.

Using (1.2)–(1.8), one finds

Ru|U3 = φ−1
3 ◦ Ru ◦ φ3,

where Ru is the involution defined in Example 1.3. Hence, Ru ∈ I (P2
Ca). Further-

more, taking the relation

Ru(0, 0, 0, 0, 1, 0) = (0, 0,−tζ, |ζ |2, 1 − |ζ |2, 0
)

into account, we obtain that the group generated by all Ru acts transitively on S
15

and S8 (see the proof of Proposition 1.1).
Let α ∈ R

1 and να = √
1 + α2. Set

σα(ξ, a) = (θ1, θ2, θ3, c1, c2, c3),

where

θ1 = αa3 + α2ξ1 − ξ1 − αa2

ν2
α

, θ2 = −ξ2 + αξ3

να

, θ3 = −αξ2 + ξ3

να

,

c1 = a1, c2 = a2 + α2a3 − 2α Re ξ1

ν2
α

, c3 = a3 + α2a2 + 2α Re ξ1

ν2
α

.

We also define
σ∞(ξ, a) = ( ξ1,−ξ3,−ξ2, a1, a3, a2

)

.

Note that

φ3 ◦ σα ◦ φ−1
3 (z1, z2) = ((α − z1)(αz1 + 1)−1,−να(αz1 + 1)−1z2

)

,

φ3 ◦ σ∞ ◦ φ−1
3 (z1, z2) = (z−1

1 ,−(z1)
−1z2

)

.
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The mappings σα and σ∞ are involutory isometries of the space P
2
Ca

. In addition,

φ3 ◦ σα ◦ φ−1
3 (0, 0) = (α, 0), σ∞(0, 0, 0, 0, 0, 1) ∈ S8.

In view of what has been said above, the group I (P2
Ca

) acts transitively on P
2
Ca

.
The distance d on P

2
Ca

is defined by

d(0, x) =
{

arctan |x|, x ∈ R
16,

π/2, x ∈ S8,

and the condition of invariance under the group I
(

P
2
Ca

)

. As before, we see that the
manifold P

2
Ca

is a compact two-point homogeneous space. Moreover, the following
result is valid.

Theorem 3.5. The Cayley projective plane F4/ Spin(9) of minimal sectional curva-
ture 1 is isometric to the space P

2
Ca .

The proof of Theorem 3.5 is analogous to that of a similar result about the space
P

n
Q

(see Sect. 3.4).



Chapter 4
Realizations of the Irreducible Components
of the Quasi-Regular Representation of Groups
Transitive on Spheres. Invariant Subspaces

In this chapter we show how the techniques of Chaps. 2 and 3 can be applied to
harmonic analysis on spheres. Thus, in contrast to harmonic analysis on general
compact homogeneous spaces (see Sect. 1.5), our point of view here is to place the
models of two-point homogeneous spaces in the foreground. The significance of
such an approach for us is as follows: firstly, the obtained results play an important
role in the theory of transmutation operators on rank one compact symmetric spaces
(see Part II later); secondly, the treatment is accessible to a wider audience as its use
of Lie theory is minimal.

From the Fourier analysis on S
1 we know that every f ∈ L2(S1) has an expan-

sion of the form
f

(

eit) =
∑

k∈Z

ckeikt ,

where the sum converges in L2(S1). In Sect. 4.1 we will see that an analogous ex-
pansion is valid for functions f ∈ L2(Sn−1) when n � 3, with objects known
as spherical harmonics playing the roles of the exponentials eikt . We prove that
SO(n) acts irreducibly on each space Hn,k

1 of spherical harmonics of degree k.
Our purpose then is to give an explicit description of the decomposition of the
spherical harmonics into irreducible submodules under the action of the follow-
ing groups: U(n), OC(n), Sp(n), OQ(n), and OCa(2). The corresponding results
are presented in Sects. 4.2–4.6. We characterize the components of the decompo-
sition as eigenspaces of some differential operators and determine explicitly the
zonal harmonics in these spaces. In all cases except Sp(n), n � 2, the zonal is
unique (see the proofs of Theorems 4.1, 4.3, 4.5, 4.8, and 4.9). The case of Sp(n)

is rather different. It is taken up in Theorem 4.6. Finally, as a consequence of these
results, we give explicit representations for the spaces on spheres which are invari-
ant under the above mentioned groups (see Theorems 4.2, 4.4, 4.7, and 4.10 and
Remark 4.3).

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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4.1 The Groups SO(n) and O(n)

Let K = SO(n) or K = O(n), n � 2, and let T n
1 (τ ), τ ∈ K , be the quasi-regular

representation of the group K on L2(Sn−1). For k ∈ Z+, P n
k denotes the space of

all homogeneous complex-valued polynomials on R
n of degree k, and Hn,k

1 is the

space of all f ∈ P n
k that satisfy �f = 0. Each f ∈ Hn,k

1 is uniquely determined by
its restriction to S

n−1. These restrictions are called spherical harmonics of degree k.
Identifying Hn,k

1 with Hn,k
1 |Sn−1 , we obtain that Hn,k

1 is an invariant subspace of
T n

1 (τ ), τ ∈ K; hence, it defines the representation

T
n,k
1 (τ ) = T n

1 (τ )
∣

∣

Hn,k
1

, τ ∈ K.

It is easy to see that H2,k
1 is the complex linear span of {(x1 + ix2)

k, (x1 − ix2)
k}.

Therefore, H2,k
1 |S1 , as a space of functions of the variable eiϕ , −π < ϕ � π , is

the complex linear span of {eikϕ, e−ikϕ}. It follows from the theory of Fourier series
on the unit circle that L2(S1) is the orthogonal direct sum of the spaces H2,k

1 . The

representations T
2,k
1 (τ ), τ ∈ K , are pairwise nonequivalent. In addition, T

2,k
1 (τ ),

τ ∈ O(2), are irreducible, whereas T
2,k
1 (τ ), τ ∈ SO(2), is the direct sum of two

one-dimensional representations.
In the next statements of this section we shall assume that n � 3.

Theorem 4.1. The quasi-regular representation T n
1 (τ ), τ ∈ K , is the orthogonal

direct sum of the pairwise nonequivalent irreducible unitary representations

T
n,k
1 (τ ), τ ∈ K, k ∈ Z+.

To prove Theorem 4.1 we require several auxiliary results.

Lemma 4.1.

(i) Let f ∈ P n
k−2m, where m ∈ {0, . . . , [k/2]}. Then

�
(|x|2mf (x)

) = 2m(n + 2k − 2m − 2)|x|2m−2f (x) + |x|2m(�f )(x). (4.1)

(ii) If f ∈ P n
k , k � 2, then the polynomial

f (x) +
[k/2]
∑

m=1

(−1)m|x|2m�mf (x)

2mm!(n + 2k − 4)(n + 2k − 6) · · · (n + 2k − 2m − 2)

belongs to the space Hn,k
1 .

Proof. Equality (4.1) can be obtained by induction on m using Euler’s formula for
homogeneous functions. Part (ii) follows from (4.1) by a direct calculation. ��
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Corollary 4.1. For f ∈ P n
k , we have

f (x) =
[k/2]
∑

m=0

|x|2mfk−2m(x), (4.2)

where fk−2m ∈ Hn,k−2m
1 .

Proof. Any polynomial of degree less than 2 is harmonic. Hence we may assume
that k � 2. From Lemma 4.1(ii) we see that

f (x) = fk(x) + |x|2gk−2(x),

where fk ∈ Hn,k
1 , gk−2 ∈ P n

k−2. Now the assertion follows by induction. ��

Corollary 4.2. The linear span of {Hn,k
1 , k ∈ Z+} is dense in C(Sn−1).

Proof. The restriction to S
n−1 of any polynomial of n variables is a sum of re-

strictions to S
n−1 of harmonic polynomials (see (4.2)). Applying the Weierstrass

approximation theorem, we arrive at the desired assertion. ��
Lemma 4.2. The space L2(Sn−1) is the orthogonal direct sum of the spaces Hn,k

1 ,
k ∈ Z+.

Proof. Let f ∈ Hn,k
1 , g ∈ Hn,l

1 , where k �= l. Denote by L the Laplace–Beltrami
operator on S

n−1 (see Sect. 3.1). Then

Lf = −k(k + n − 2)f and Lg = −l(l + n − 2)g.

Since −k(k + n − 2) �= −l(l + n − 2), relation (1.44) gives
∫

Sn−1
f (ξ)g(ξ) dω(ξ) = 0,

where dω is a surface element of S
n−1. Hence, the spaces Hn,k

1 and Hn,l
1 are orthog-

onal. In view of Corollary 4.2, this concludes the proof. ��
Let us fix a point x ∈ S

n−1 and consider the linear functional on Hn,k
1 that assigns

to each f in Hn,k
1 the value f (x). By the self-duality of the finite-dimensional inner

product space Hn,k
1 there exists a unique function Px ∈ Hn,k

1 such that

f (x) =
∫

Sn−1
f (ξ)Px(ξ) dω(ξ), f ∈ Hn,k

1 . (4.3)

This function Px is called the zonal harmonic of degree k with pole x. To simplify
notation, we shall sometimes use 〈f, Px〉 to denote the integral on the right-hand
side of (4.3).
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Lemma 4.3.

(i) For any function f ∈ L2(Sn−1), we have

(πkf )(x) = 〈f, Px〉,
where πk is the orthogonal projection of L2(Sn−1) onto Hn,k

1 .
(ii)

Px(y) = Py(x), x, y ∈ S
n−1. (4.4)

(iii)
Pτx = Px ◦ τ−1, τ ∈ O(n). (4.5)

(iv) Px = Px ◦ τ for any τ ∈ O(n) such that τx = x.
(v)

Px(x) = Py(y) > 0, x, y ∈ S
n−1. (4.6)

Proof. Part (i) is an immediate consequence of (4.3) and Lemma 4.2. Next, by the
defining property of zonal harmonics,

Py(x) = 〈Py, Px〉 = 〈Px, Py〉 = Px(y),

and part (ii) is established.
Since πk commutes with O(n),

〈f, Pτx〉 = (πkf )(τx) = πk(f ◦ τ)(x) = 〈f ◦ τ, Px〉 = 〈

f, Px ◦ τ−1〉

for every f ∈ L2(Sn−1). This proves (iii) and hence also its special case (iv). Finally,

Pτx(τx) = (

Px ◦ τ−1)(τx) = Px(x), τ ∈ O(n),

is another consequence of (iii). It proves (v), because Px(x) = 〈Px, Px〉 > 0. ��
Lemma 4.4. For each x ∈ S

n−1, the space Hn,k
1 contains a unique f such that

f (x) = 1 and f = f ◦ τ for every τ ∈ SO(n) that fixes x.

Proof. It is easy to dispense with the case where k < 2. Let k � 2. The ex-
istence of f follows from Lemma 4.3(iv). To prove the uniqueness, assume that
x = (1, 0, . . . , 0), without loss of generality, and write points y ∈ R

n in the form
y = (y1,

′ y), where ′y = (y2, . . . , yn). The invariance f = f ◦ τ shows then, for
each y1, that f (y1,

′ y) is a radial polynomial in ′y and hence is a polynomial in |′y|2
(see Proposition 1.2). Taking into account that f ∈ P n

k , we have

f (y) =
[k/2]
∑

j=0

cjy
k−2j

1

∣

∣

′
y
∣

∣

2j
, cj ∈ C,

where c0 = 1. Therefore,

(�f )(y) =
[k/2]−1
∑

j=0

(cj aj + cj+1bj )y
k−2(j+1)

1

∣

∣

′
y
∣

∣

2j
, (4.7)
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where aj = (k − 2j)(k − 2j − 1) and bj = 2(j + 1)(n + 2j − 1). Since f is
harmonic, relation (4.7) yields

cj+1 = −aj

bj

cj , j = 0, . . . , [k/2] − 1.

But this asserts that all the coefficients c1, . . . , c[k/2] are determined by c0. Thus,
Lemma 4.4 is proved. ��
Lemma 4.5. Let A : Hn,k

1 → Hn,l
1 be a linear mapping and suppose that A com-

mutes with the group SO(n). Then

A =
{

c Id if k = l,

0 if k �= l,
(4.8)

where c ∈ C, and Id is the identity operator.

Proof. Let Px ∈ Hn,k
1 be as in (4.3), and let Qx be the corresponding function

in Hn,l
1 . If τ ∈ SO(n) and τx = x, then

(APx) ◦ τ = A(Px ◦ τ) = APx

by Lemma 4.3(iv), since A commutes with SO(n). Hence, to each x ∈ S
n−1 there

corresponds a c(x) ∈ C such that APx = c(x)Qx (see Lemma 4.4). Take ϕ ∈ SO(n)

arbitrarily. Relations (4.5) and (4.6) imply

c(ϕ(x)) = APϕ(x)(ϕ(x))

Qϕ(x)(ϕ(x))
= A(Px ◦ ϕ−1)(ϕ(x))

Qx(x)
= (APx)(x)

Qx(x)
= c(x).

We obtain from this that c(x) = c, the same for all x ∈ S
n−1. Next, in view of (4.3)

and (4.4),

f (x) =
∫

Sn−1
f (ξ)Pξ (x) dω(ξ), f ∈ Hn,k

1 . (4.9)

Apply the operator A to (4.9). Because APξ = cQξ , we have

(Af )(x) = c

∫

Sn−1
f (ξ)Qξ (x) dω(ξ) = c(πlf )(x) (4.10)

for every f ∈ Hn,k
1 . Finally, Lemma 4.2 shows that (4.10) is just another way of

writing (4.8). ��
Proof of Theorem 4.1. By Lemma 4.2,

T n
1 (τ ) =

∞
⊕

k=0

T
n,k
1 (τ ).
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Let H be an invariant subspace of the representation T
n,k
1 (τ ). Then so is H⊥, the

orthogonal complement of H relative to Hn,k
1 . Hence, the projection of Hn,k

1 onto
H commutes with SO(n) and would violate Lemma 4.5 (the case k = l) unless
H = Hn,k

1 or H = {0}. Thus, the representations T
n,k

1 (τ ), k ∈ Z+, are irreducible.

The pairwise nonequivalence of T
n,k

1 (τ ), k ∈ Z+, follows from Lemma 4.5 (the
case k �= l). ��
Corollary 4.3. The space Hn,k

1 is the linear span of functions of the form

(a1x1 + · · · + anxn)
k,

where a1, . . . , an are complex constants such that a2
1 + · · · + a2

n = 0.

Proof. Let H be the linear span of the system {f ◦ τ, τ ∈ SO(n)}, where f (x) =
(x1 + ix2)

k . It is clear that H is an invariant subspace of T
n,k

1 (τ ), τ ∈ SO(n). Hence,

H = Hn,k
1 , since the representation T

n,k
1 (τ ), τ ∈ SO(n), is irreducible. Now after

some simple calculations we obtain the required result. ��
We now present an application of Theorem 4.1.
A space H of functions on S

n−1 is said to be K-invariant, or simply K-space, if
f ◦ τ ∈ H whenever f ∈ H and τ ∈ K . For example, every Hn,k

1 is a K-space,
since � commutes with K .

Theorem 4.1 allows one to obtain an explicit description of K-invariant sub-
spaces of Bn, where Bn = C(Sn−1) or Lp(Sn−1), p � 1. To state the correspond-
ing result we need some notation.

For a nonempty set Ω ⊂ Z+, denote by HΩ the algebraic sum of all Hn,k
1 with

k ∈ Ω . If Ω = ∅, put HΩ = {0}. The symbol Bn
Ω will stand for the Bn-closure

of HΩ .
Trivially, every Bn

Ω is a closed K-space in Bn. On the other hand, the following
result is true.

Theorem 4.2. If H is a K-invariant subspace of Bn, then H = Bn
Ω for some set

Ω ⊂ Z+.

To prove the theorem we require one technical lemma.

Lemma 4.6. If H is a closed K-space in Bn, then H ∩ C∞(Sn−1) is dense in H .

Proof. The assertion of Lemma 4.6 can be deduced by means of the standard ap-
proximation trick, when a function f ∈ H is replaced by convolutions of the form

∫

K

ψ(τ)
(

f ◦ τ−1) dτ, ψ ∈ D(K).

We shall not stop to reproduce the details here (see, for example, Rudin [184], the
proof of Lemma 12.3.4). ��
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Proof of Theorem 4.2. Let {Y k
j }, j ∈ {1, . . . , d(n, k)}, be a fixed orthonormal basis

in Hn,k
1 . To any function f ∈ L1(Sn−1) there corresponds the Fourier series

f ∼
∞
∑

k=0

d(n,k)
∑

j=1

fk,j Y
k
j , (4.11)

where
fk,j =

∫

Sn−1
f (ξ)Y k

j (ξ) dω(ξ).

For η ∈ S
n−1, define

(πkf )(η) =
d(n,k)
∑

j=1

fk,jY
k
j (η) =

∫

Sn−1
f (ξ)Pη(ξ) dω(ξ).

Now set
ΩH = {

k ∈ Z+ : πkH �= {0}}

and prove that
H = B

n
ΩH

. (4.12)

Pick k ∈ ΩH . Then there exists a function f ∈ H for which πkf �= 0. In particular,
fk,j0 �= 0 for some 1 � j0 � d(n, k). By (1.80),

fk,j0Y
k
j0

= d(n, k)

∫

K

(

f ◦ τ−1)tkj0,j0
(τ ) dτ, (4.13)

where {tki,j (τ )}, i, j ∈ {1, . . . , d(n, k)}, is the matrix of the representation T n
1 (τ ),

τ ∈ K . The integrand in (4.13) is a continuous H -valued function on K . Conse-
quently, fk,j0Y

k
j0

∈ H . Hence, in view of the irreducibility of T
n,k

1 (τ ), Hn,k
1 ⊂ H .

Since k ∈ ΩH above was arbitrary, we obtain Bn
ΩH

⊂ H . Finally, taking Lemma 4.2
into account and using Lemma 4.6, we arrive at (4.12). This finishes the proof. ��

4.2 The Group U(n)

Let T n
2(τ ), n�2, be the quasi-regular representation of the group U(n) on L2(S2n−1).

Denote by Hn,p,q

2 , p, q ∈ Z+, the vector space of all harmonic homogeneous poly-
nomials on C

n that have total degree p in the variables z1, . . . , zn and total degree q

in the variables z1, . . . , zn. As before, we identify Hn,p,q

2 with the space of restric-
tions of its elements to S

2n−1. It is clear that Hn,p,q

2 is an invariant subspace of the
representation T n

2 (τ ). Set

T
n,p,q

2 (τ ) = T n
2 (τ )

∣

∣

Hn,p,q
2

.

The aim of this section is to prove the following result.
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Theorem 4.3. The quasi-regular representation T n
2 (τ ) is the orthogonal direct sum

of the pairwise nonequivalent irreducible unitary representations

T
n,p,q

2 (τ ), p, q ∈ Z+.

The proof of Theorem 4.3 requires some preparation.
Identifying C

n with R
2n via correspondence (1.13), we see that

Hn,p,q

2 ⊂ H2n,k
1

whenever p + q = k. Actually, more is true:

Lemma 4.7. The space H2n,k
1 is the sum of the pairwise orthogonal spaces Hn,p,q

2 ,
where p + q = k.

Proof. Suppose that (p, q) �= (r, s), p + q = r + s = k. For f ∈ Hn,p,q

2 and
g ∈ Hn,r,s

2 , we have

∫

S2n−1
f (ζ )g(ζ ) dω(ζ ) = 1

2π

∫

S2n−1

∫ π

−π

f
(

eiθ ζ
)

g(eiθ ζ ) dθ dω(ζ )

= 1

2π

∫

S2n−1

∫ π

−π

f (ζ )g(ζ )ei(p−q+s−r)θ dθ dω(ζ )

= 0,

because p − q + s − r �= 0. Hence, the spaces Hn,p,q

2 and Hn,r,s
2 are orthogonal.

Next, let a1, . . . , a2n be complex constants such that a2
1 + · · · + a2

2n = 0. If
x = (x1, . . . , x2n) ∈ R

2n, put

h(x) = (a1x1 + · · · + a2nx2n)
k,

zk = xk + ixn+k, 1 � k � n, z = (z1, . . . , zn).

We obtain

h(x) = 1

2k

k
∑

l=0

(

k

l

)

hl(z), where

(

k

l

)

= k!
l!(k − l)! ,

hl(z) =
(

n
∑

m=1

(am − ian+m)zm

)l( n
∑

m=1

(am + ian+m)zm

)k−l

.

Since
n

∑

m=1

(am − ian+m)(am + ian+m) =
2n
∑

j=1

a2
j = 0,

the polynomial hl belongs to Hn,l,k−l
2 . Using Corollary 4.3, we complete the proof

of Lemma 4.7. ��
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From this result and Lemma 4.2 we obtain

Corollary 4.4. The space L2(S2n−1) is the direct sum of the pairwise orthogonal
spaces Hn,p,q

2 , p, q ∈ Z+.

Now we present analogues of Lemmas 4.3 and 4.4 for the spaces Hn,p,q

2 .

Lemma 4.8. Fix (p, q). To every z ∈ S
2n−1 there corresponds a unique Pz ∈ Hn,p,q

2
that satisfies

(πp,qf )(z) =
∫

S2n−1
f (ζ )Pz(ζ ) dω(ζ ), f ∈ L2(

S
2n−1), (4.14)

where πp,q is the orthogonal projection of L2(S2n−1) onto Hn,p,q

2 . These functions
Pz have the following properties.

(i) Pz(w) = Pw(z), z,w ∈ S
2n−1.

(ii) Pτz = Pz ◦ τ−1, τ ∈ U(n).
(iii) Pz = Pz ◦ τ for all τ ∈ U(n) that fix z.
(iv) Pz(z) = Pw(w) > 0, z, w ∈ S

2n−1.

The proof of Lemma 4.8 is quite similar to that of Lemma 4.3.

Remark 4.1. Relation (4.14) allows us to extend the domain of πp,q to L1(S2n−1).

Lemma 4.9. For each z ∈ S
2n−1, the space Hn,p,q

2 contains a unique f such that
f (z) = 1 and f = f ◦ τ for every τ ∈ U(n) that fixes z.

Proof. It suffices to prove the uniqueness of f (see Lemma 4.8(iii)). We assume
without loss of generality that z = (1, 0, . . . , 0). Let w = (w1, . . . , wn) ∈ C

n,
′w = (w2, . . . , wn). In the same way as in the proof of Lemma 4.4, we see that

f (w) =
min {p,q}

∑

j=0

cjw
p−j

1 w
q−j

1

∣

∣

′
w

∣

∣

2j
, cj ∈ C,

where c0 = 1. In particular,

f (w) =
{

w
p

1 if q = 0,

w
q

1 if p = 0.

For min {p, q} � 1, we have

(�f )(w) = 4
min {p,q}−1

∑

j=0

bjw
p−j−1
1 w

q−j−1
1

∣

∣

′
w

∣

∣

2j
, (4.15)

where

bj = (p − j)(q − j)cj + (j + 1)(n + j − 1)cj+1, 0 � j � min {p, q} − 1.
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Since f is harmonic, equality (4.15) gives

cj+1 = (p − j)(j − q)

(j + 1)(n + j − 1)
cj , j = 0, . . . , min {p, q} − 1.

It follows that the function f is uniquely determined. ��
Proof of Theorem 4.3. Corollary 4.4 implies that

T n
2 (τ ) =

∞
⊕

p,q=0

T
n,p,q

2 (τ ).

Next, let A : Hn,p,q

2 → Hn,r,s
2 be a linear operator and assume that A commutes

with the group U(n). Using Lemmas 4.8 and 4.9 and repeating the arguments in the
proof of Lemma 4.5, we obtain

A =
{

c Id if (p, q) = (r, s),

0 if (p, q) �= (r, s).
(4.16)

Thus, the representations T
n,p,q

2 (τ ), p, q ∈ Z+, are irreducible and pairwise non-
equivalent. ��

As a consequence, we have the following description of Hn,p,q

2 .

Corollary 4.5. The space Hn,p,q

2 is the linear span of functions of the form

(α1z1 + · · · + αnzn)
p(β1z1 + · · · + βnzn)

q,

where α1, . . . , αn, β1, . . . , βn are complex constants such that α1β1+· · ·+αnβn = 0.

Proof. It is obvious that z
p

1 z
q

2 ∈ Hn,p,q

2 . Using the irreducibility of the representa-
tion T

n,p,q

2 (τ ), we arrive at the required assertion (see the proof of Corollary 4.3).
��

The following is the analog of Theorem 4.2.

Theorem 4.4. If H is a U(n)-invariant subspace of B2n, then H is the B2n-closure
of the algebraic sum of all Hn,p,q

2 such that πp,qH �= {0}.
The proof of this result is similar to that of Theorem 4.2 (see Theorem 4.3).

4.3 The Group OC(n)

A suitable realization of the irreducible components of a quasi-regular representa-
tion T n

3 (τ ), n � 2, of the group OC(n) on L2(S2n−1) is given here. It will serve us as
a pattern for the more complicated cases of the groups Sp(n), OQ(n), and OCa(2).
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As before, we identify R
2n with C

n via correspondence (1.13). If k ∈ Z+ and
m ∈ {0, . . . , [k/2]}, put

Hn,k,m
3 = {

f ∈ H2n,k
1 : Lf = λk,mf

}

,

where

L =
n

∑

i,j=1

(δi,j − zizj )
∂2

∂zi∂zj

, λk,m = m(m − k). (4.17)

Using Corollary 4.5, we find
Lf = −pqf

for all f ∈ Hn,p,q

2 . Therefore,

Hn,m,k−m
2 + Hn,k−m,m

2 ⊂ Hn,k,m
3 . (4.18)

Because

(Lf )(z) = 1

4

(

1 − |z|2)−1
(Lf )(z), f ∈ C2(Bn

C

)

, (4.19)

where L is the Laplace–Beltrami operator on the complex hyperbolic space H
n
C

,

Proposition 2.9 shows that Hn,k,m
3 is an invariant subspace of T n

3 (τ ). By T
n,k,m
3 (τ )

denote the restriction of T n
3 (τ ) to Hn,k,m

3 .

Theorem 4.5. The quasi-regular representation T n
3 (τ ) is the orthogonal direct sum

of the pairwise nonequivalent irreducible unitary representations

T
n,k,m
3 (τ ), k ∈ Z+,m ∈ {0, . . . , [k/2]}.

The proof of this theorem is based on the results of Sect. 4.2. We shall need two
auxiliary statements.

Lemma 4.10. Suppose that (k1,m1) �= (k2,m2). Then the spaces Hn,k1,m1
3 and

Hn,k2,m2
3 are orthogonal.

Proof. In view of orthogonality of the spaces H2n,k
1 , k ∈ Z+, we may assume that

k1 = k2 and m1 �= m2. Let f ∈ Hn,k1,m1
3 , g ∈ Hn,k2,m2

3 . We fix ε ∈ (0, 1) and
consider a function ϕ ∈ C∞(Bn

C
) with the following properties:

(a) ϕ has the form ϕ(z) = ϕ0(|z|);
(b) ϕ(z) � 0 for z ∈ Bn

C
;

(c) supp ϕ = {z ∈ Bn
C

: |z| � ε}.
Since the operator L is symmetric, we have

4λk1,m1

∫

Bn
C

f (z)g(z)ϕ0(|z|)
(

1 − |z|2) dμ(z)

=
∫

Bn
C

(Lf )(z)g(z)ϕ0(|z|) dμ(z) =
∫

Bn
C

f (z)L
(

ϕ0(|z|)g(z)
)

dμ(z), (4.20)
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where dμ is the Riemannian measure on H
n
C

. By (4.17) and (4.19), we find

L
(

ϕ0(|z|)g(z)
) =

(

(

1 − |z|2)2
ϕ′′

0 (|z|) + 1 − |z|2
|z|

(

2n + 2k2 − 1

− (2k2 + 1)|z|2)ϕ′
0(|z|) + 4λk2,m2

(

1 − |z|2)ϕ0(|z|)
)

g(z).

(4.21)

Relations (4.20) and (4.21) imply

4(λk1,m1 − λk2,m2)

∫

Bn
C

f (z)g(z)ϕ0(|z|)
(

1 − |z|2) dμ(z)

=
∫

Bn
C

f (z)g(z)

(

(

1 − |z|2)2
ϕ′′

0 (|z|) + 1 − |z|2
|z|

(

2n + 2k2 − 1

− (2k2 + 1)|z|2)ϕ′
0(|z|)

)

dμ(z)

=
∫ ε

0

d

d�

(

�2n−1+2k2

(1 − �2)n−1
ϕ′

0(�)

)

d�

∫

S2n−1
f (σ )g(σ ) dω(σ)

= 0.

Bearing in mind that λk1,m1 �= λk2,m2 , we obtain
∫

Bn
C

f (z)g(z)ϕ0(|z|)
(

1 − |z|2) dμ(z) = 0.

Equivalently,
∫ ε

0

�2n−1+2k2

(1 − �2)n
ϕ0(�) d�

∫

S2n−1
f (σ )g(σ ) dω(σ) = 0.

Thus, ∫

S2n−1
f (σ )g(σ ) dω(σ) = 0,

and Lemma 4.10 is proved. ��
Lemma 4.11. The space Hn,k,m

3 is the sum of the spaces Hn,m,k−m
2 and Hn,k−m,m

2 .

Proof. By virtue of (4.18), it suffices to prove that

Hn,k,m
3 ⊂ Hn,m,k−m

2 + Hn,k−m,m
2 . (4.22)

Let f ∈ Hn,k,m
3 . From Lemma 4.7 we have

f =
[k/2]
∑

j=0

fj ,
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where fj ∈ Hn,j,k−j

2 + Hn,k−j,j

2 . Using (4.18) and Lemma 4.10, we get f = fm,
whence (4.22) follows. ��

Combining Lemma 4.11 with Lemmas 4.2 and 4.7, we deduce

Corollary 4.6. The following decomposition holds:

L2(
S

2n−1) =
∞

⊕

k=0

[k/2]
⊕

m=0

Hn,k,m
3 .

Proof of Theorem 4.5. Owing to Corollary 4.6,

T n
3 (τ ) =

∞
⊕

k=0

[k/2]
⊕

m=0

T
n,k,m
3 (τ ).

Next, let A : Hn,k1,m1
3 → Hn,k2,m2

3 be a linear map and suppose that A commutes

with OC(n). Take f ∈ Hn,m1,k1−m1
2 . Lemma 4.11 implies that

Af = f1 + f2,

where f1 ∈ Hn,m2,k2−m2
2 , f2 ∈ Hn,k2−m2,m2

2 . Hence,

eiθ(2m1−k1)(Af )(z) = A
(

f
(

eiθ z
))

= (Af )
(

eiθ z
)

= eiθ(2m2−k2)f1(z) + eiθ(k2−2m2)f2(z) (4.23)

for any θ ∈ R
1. If f2 �≡ 0 and Af �≡ 0, then (4.23) gives k2 = 2m2, k1 = 2m1.

Using (4.16), we now see that A sends Hn,m1,k1−m1
2 to Hn,m2,k2−m2

2 and

A|Hn,m1,k1−m1
2

=
{

c1 Id if (k1,m1) = (k2,m2),

0 if (k1,m1) �= (k2,m2).
(4.24)

Similarly,

A|Hn,k1−m1,m1
2

=
{

c2 Id if (k1,m1) = (k2,m2),

0 if (k1,m1) �= (k2,m2).
(4.25)

Since A commutes with the mapping τ : (z1, . . . , zn) → (z1, . . . , zn), we conclude
from (4.24) and (4.25) that c1 = c2. This finishes the proof. ��

Note, in conclusion, that using Theorems 4.4 and 4.5, it is easy to obtain a de-
scription of OC(n)-invariant subspaces of B2n. We leave for the reader to state and
prove the corresponding result.
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4.4 The Group Sp(n)

Having completed our study of the spaces Hn,p,q

2 , we shall now show how they can
be used in the harmonic analysis on S

4n−1 = Sp(n)/ Sp(n − 1).
Throughout this section we assume that

n � 2, p, q ∈ Z+, r = min {p, q}, and s = p + q.

Let L be the Laplace–Beltrami operator on the quaternionic hyperbolic space H
n
Q

(see Proposition 2.14). Introduce the differential operator L : C2(B2n
C

) → C(B2n
C

)

as follows:

(Lf )(z) = (Lf )(z)

4(1 − |z|2) , f ∈ C2(B2n
C

)

.

For m ∈ {0, . . . , r}, we set

Hn,p,q,m

4 = {

f ∈ H2n,p,q

2 : Lf = λp,q,mf
}

,

where
λp,q,m = (m − 1)(m − s).

Since Sp(n) ⊂ I (Hn
Q
) (see Proposition 2.12), the space Hn,p,q,m

4 is an invariant sub-

space of the quasi-regular representation T n
4 (τ ) of the group Sp(n) on L2(S4n−1).

We denote by T
n,p,q,m

4 (τ ) the restriction of T n
4 (τ ) to Hn,p,q,m

4 .
The objective of this section is to establish the following result.

Theorem 4.6. The quasi-regular representation T n
4 (τ ) is the orthogonal direct sum

of the irreducible unitary representations

T
n,p,q,m

4 (τ ), p, q ∈ Z+,m ∈ {0, . . . , r}.
The representations T

n,pi ,qi ,mi

4 (τ ), i = 1, 2, are equivalent if and only if

p1 + q1 = p2 + q2, m1 = m2.

Before giving the proof of our theorem, let us consider some properties of the
spaces Hn,p,q,m

4 .
Put

L1 =
2n
∑

i,j=1

(δi,j − zizj )
∂2

∂zi∂zj

+
2n
∑

i=1

(

zi

∂

∂zi

+ zi

∂

∂zi

)

,

L2 = L − L1.

Using Corollary 4.5, we obtain

L1f = (s − pq)f
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for any polynomial f ∈ H2n,p,q

2 . Hence,

Hn,p,q,m

4 = {

f ∈ H2n,p,q

2 : L2f = (λp,q,m − s + pq)f
}

.

Lemma 4.12. The space Hn,p,q,m

4 contains the polynomial

Qp,q,m(z) = z
p−m

n+1 z
q−m

1 (z1zn+2 − z2zn+1)
m.

Proof. It is clear that Qp,q,m ∈ H2n,p,q

2 . Next,

Qp,q,m(z) =
m

∑

k=0

(−1)k
(

m

k

)

z
p−m+k

n+1 zm−k
n+2 z

q−k

1 zk
2.

One finds

L2
(

z
p−m+k

n+1 zm−k
n+2 z

q−k

1 zk
2

) = (

(p − m + k)(q − k) + (m − k)k
)

z
p−m+k

n+1 zm−k
n+2 z

q−k

1 zk
2

+ (m − k)(q − k)z
p−m+k+1
n+1 zm−k−1

n+2 z
q−k−1
1 zk+1

2

+ k(p − m + k)z
p−m+k−1
n+1 zm−k+1

n+2 z
q−k+1
1 zk−1

2 .

Summation over the set of all k ∈ {0, . . . , m} yields

L2(Qp,q,m) = (λp,q,m − s + pq)Qp,q,m,

whence Qp,q,m ∈ Hn,p,q,m

4 . ��
Lemma 4.13. Suppose that f ∈ C2(B2n

C
) has the form f (z) = ϕ(|z|)g(z), where

g ∈ Hn,p,q,m

4 . Then

(Lf )(z) =
(

(

1 − |z|2)2
ϕ′′(|z|) + 1 − |z|2

|z|
(

4n + 2s − 1 − (2s − 1)|z|2)ϕ′(|z|)

+ 4λp,q,m

(

1 − |z|2)ϕ(|z|)
)

g(z). (4.26)

Proof. This is a direct consequence of Proposition 2.14. ��
Lemma 4.14. The spaces Hn,p1,q1,m1

4 and Hn,p2,q2,m2
4 are orthogonal, provided that

(p1, q1,m1) �= (p2, q2,m2).

Proof. Since the spaces H2n,p1,q1
2 and H2n,p2,q2

2 , (p1, q1) �= (p2, q2), are orthogo-
nal, it can be assumed that p1 = p2, q1 = q2, and m1 �= m2. Then we have

λp1,q1,m1 �= λp2,q2,m2,

and the desired assertion is implied by the symmetry of the operator L and for-
mula (4.26) (see the proof of Lemma 4.10). ��
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We set

l1(z) =
2n
∑

i=1

αizi, l2(z) =
2n
∑

i=1

βizi,

l3(z) =
n

∑

i=1

(αizn+i − αn+izi), l4(z) =
n

∑

i=1

(βn+izi − βizn+i ),

where αi, βi ∈ C and α1β1 + · · · + α2nβ2n = 0. It can easily be seen that

l
p−m

1 l
q−m

2 lm3 lm4 ∈ H2n,p,q

2 (4.27)

for any m ∈ {0, . . . , r}.
Lemma 4.15. The relation

Λp,q,m · · ·Λp,q,0
(

l
p

1 l
q

2

)

= (−1)mpq · · · (p − m)(q − m)

m+1
∑

k=0

(−1)k+1
(

m + 1

k

)

l
p−k

1 l
q−k

2 lk3 lk4 (4.28)

holds, where
Λp,q,j = L − λp,q,j Id, j ∈ {0, . . . , r}.

Proof. Formula (2.41) implies that

L
(

l
p−j

1 l
q−j

2 l
j

3 l
j

4

) = (

s − pq + j (s − 2j)
)

l
p−j

1 l
q−j

2 l
j

3 l
j

4

+ (p − j)(q − j)l
p−j−1
1 l

q−j−1
2 l

j+1
3 l

j+1
4

+ j2l
p−j+1
1 l

q−j+1
2 l

j−1
3 l

j−1
4 .

Induction on m now leads to the desired assertion. ��
Corollary 4.7. Let f ∈ H2n,p,q

2 . Then

Λp,q,m · · ·Λp,q,0(f ) ∈ H2n,p,q

2 , m ∈ {0, . . . , r}.
In addition,

Λp,q,r · · ·Λp,q,0(f ) = 0.

Proof. The assertion follows from (4.27), (4.28), and the description of the space
H2n,p,q

2 (see Sect. 4.2). ��
Lemma 4.16. The space H2n,p,q

2 is the direct sum of the spaces Hn,p,q,m

4 , m =
0, . . . , r .

Proof. Let f ∈ H2n,p,q

2 . We shall show that

Λp,q,r−l · · ·Λp,q,0(f ) ∈
l−1
⊕

k=0

Hn,p,q,r−k

4 (4.29)
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for l ∈ {1, . . . , r + 1}, where the left-hand side coincides with f for l = r + 1. If
l = 1, then (4.29) follows from Corollary 4.7. We suppose that the assertion is true
for some l ∈ {1, . . . , r} and then prove it for l + 1. We have

Λp,q,r−l · · ·Λp,q,0(f ) =
l−1
∑

k=0

fr−k, (4.30)

where fr−k ∈ Hn,p,q,r−k

4 . Since

fr−k = Λp,q,r−l(fr−k)

λp,q,r−k − λp,q,r−l

, 0 � k � l − 1,

equality (4.30) gives

Λp,q,r−l

(

Λp,q,r−l−1 · · · Λp,q,0(f ) −
l−1
∑

k=0

fr−k

λp,q,r−k − λp,q,r−l

)

= 0.

Consequently,

Λp,q,r−l−1 · · ·Λp,q,0(f ) ∈
l

⊕

k=0

Hn,p,q,r−k

4 .

Thus, relation (4.29) is proved. Putting l = r + 1 in (4.29), we obtain the statement
of the lemma. ��
Corollary 4.8. The space L2(S4n−1) is the orthogonal direct sum of the spaces

Hn,p,q,m

4 , p, q ∈ Z+,m ∈ {0, . . . , r}.
Proof. According to Corollary 4.4, we have

L2(
S

4n−1) =
∞

⊕

p,q=0

H2n,p,q

2 .

Using Lemma 4.16, we arrive at the required assertion. ��
Proof of Theorem 4.6. Corollary 4.8 shows that

T n
4 (τ ) =

∞
⊕

p,q=0

r
⊕

m=0

T
n,p,q,m

4 (τ ).

Our further purpose is to prove the irreducibility of T
n,p,q,m

4 (τ ). We require some
auxiliary constructions.

Let τ(t), t ∈ R
1, be a one-parameter subgroup of the group Sp(n), i.e.,

τ(t1)τ (t2) = τ(t1 + t2), t1, t2 ∈ R
1.
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The infinitesimal operator A of the representation T
n,p,q,m

4 (τ ) corresponding to
τ(t) has the form

(Af )(z) = d

dt

(

f
(

τ−1(t)z
))

∣

∣

∣

∣

t=0
, f ∈ Hn,p,q,m

4 . (4.31)

We define

τk,1(t) =
(

ω1(t) ω2(t)

ω2(t) ω1(t)

)

, τk,2(t) =
(

ω1(t) iω2(t)

iω2(t) ω1(t)

)

,

τk,3(t) =
(

ω3(t) 0

0 ω3(t)

)

,

where ω1(t) and ω3(t) are the n × n matrices obtained from the identity matrix
by replacing the kth, 1 � k � n, entry on the principal diagonal by the respective
functions cos(t/2) and ei(t/2), and

ω2(t) = ω1(t) − ω3(t).

Denote by Ak,l the infinitesimal operator of T
n,p,q,m

4 (τ ) corresponding to the one-
parameter subgroup τk,l (k ∈ {1, . . . , n}, l ∈ {1, 2, 3}). Using (4.31), we find

Ak,1 = i

2

(

zn+k

∂

∂zk

+ zk

∂

∂zn+k

− zn+k

∂

∂zk

− zk

∂

∂zn+k

)

, (4.32)

Ak,2 = 1

2

(

−zn+k

∂

∂zk

+ zk

∂

∂zn+k

− zn+k

∂

∂zk

+ zk

∂

∂zn+k

)

, (4.33)

Ak,3 = i

2

(

zk

∂

∂zk

− zn+k

∂

∂zn+k

− zk

∂

∂zk

+ zn+k

∂

∂zn+k

)

. (4.34)

Note that every subspace invariant with respect to the representation T
n,p,q,m

4 (τ ) is
invariant with respect to the operators (4.32)–(4.34) as well.

We write

D = −iA1,1 − A1,2 = zn+1
∂

∂z1
− z1

∂

∂zn+1
, (4.35)

E = iA1,1 − A1,2 = zn+1
∂

∂z1
− z1

∂

∂zn+1
. (4.36)

Clearly,
Dl(f ) = El

(

f
)

, l ∈ Z+. (4.37)

In addition one may easily check that

Dl
(

zα
1 z

β

n+1z
γ

1 zδ
n+1

) =
l

∑

k=0

(

l

k

)

(−1)k(−α)k(−δ)l−kz
α−k
1 z

k+β

n+1z
γ+l−k

1 zδ−l+k
n+1 ,

(4.38)
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El
(

zα
1 z

β

n+1z
γ

1 zδ
n+1

) =
l

∑

k=0

(

l

k

)

(−1)k(−γ )k(−β)l−kz
α+l−k
1 z

β−l+k

n+1 z
γ−k

1 zk+δ
n+1,

(4.39)

where α, β, γ, δ ∈ Z+ and (a)k is the Pochhammer symbol, i.e.,

(a)k = �(a + k)

�(a)
.

In particular,

Dα+δ
(

zα
1 z

β

n+1z
γ

1 zδ
n+1

) = (−1)δ(α + δ)!zα+β

n+1 z
γ+δ

1 , (4.40)

Eβ+γ
(

zα
1 z

β

n+1z
γ

1 zδ
n+1

) = (−1)β(β + γ )!zα+β

1 z
γ+δ

n+1 . (4.41)

We shall also need the following relations:
∫

S4n−1
f (ξ)

(

Dlg
)

(ξ) dω(ξ) = (−1)l
∫

S4n−1

(

Dlf
)

(ξ)g(ξ) dω(ξ),

∫

S4n−1
f (ξ)

(

Elg
)

(ξ) dω(ξ) = (−1)l
∫

S4n−1

(

Elf
)

(ξ)g(ξ) dω(ξ).

(4.42)

To prove (4.42) observe that
∫

S4n−1
f (ξ)g

(

τ−1
1,k (t)ξ

)

dω(ξ) =
∫

S4n−1
f

(

τ1,k(t)ξ
)

g(ξ) dω(ξ)

for k = 1, 2. Therefore,
∫

S4n−1
f (ξ)

(

A1,kg
)

(ξ) dω(ξ) = −
∫

S4n−1

(

A1,kf
)

(ξ)g(ξ) dω(ξ),

whence, in view of (4.35) and (4.36), the desired formulae follow.
Next, let f ∈ H2n,p,q

2 and suppose that f ◦ τ = f for any τ ∈ Sp(n − 1), the
isotropy subgroup of the point e = (1, 0, . . . , 0) ∈ S

4n−1 in the group Sp(n). In the
same way as in the proof of Lemma 4.4, we derive that the polynomial f has the
form

f (z) =
r

∑

l=0

fl(z)Ul(z), (4.43)

where

fl(z) =
p−l
∑

j=0

q−l
∑

k=0

c
(l)
j,kz

j

1z
p−l−j

n+1 zk
1z

q−l−k

n+1 , c
(l)
j,k ∈ C,

Ul(z) =
(

n
∑

k=2

|zk|2 + |zn+k|2
)l

.

(4.44)



104 4 Realizations of the Irreducible Components of the Quasi-Regular Representation

Then the harmonicity of f implies that

�(fl) = −4(l + 1)(2n + l − 2)fl+1, 0 � l � r − 1, (4.45)

�(fr) = 0. (4.46)

We rewrite (4.44) as

fl(z) =
q−l
∑

i=l−p

∑

j∈Mi,l

c
(l)
j,i+j z

j

1z
p−l−j

n+1 z
i+j

1 z
q−l−i−j

n+1 , (4.47)

where
Mi,l = {j ∈ Z+ : 0 � j � p − l, 0 � i + j � q − l}.

By (4.46) and (4.47) we infer that

c
(r)
j,i+j = (−1)j

(p − r)!
(p − r − j)!

(q − r − i)!
(q − r − i − j)!

i!
j !(i + j)!c

(r)
0,i for i > 0 (4.48)

and

c
(r)
j,i+j = (−1)i+j (p − r + i)!

(p − r − j)!
(q − r)!

(q − r − i − j)!
(−i)!

j !(i + j)!c
(r)
−i,0 for i � 0.

(4.49)
The following lemma is the main step in the proof of the irreducibility of the

representation T
n,p,q,m

4 (τ ).

Lemma 4.17. Every invariant subspace H �= {0} of the representation T
n,p,q,m

4 (τ )

contains the polynomial

Hp,q,m(z) =
m

∑

l=0

Ul(z)Vl(z),

where

Vl(z) = z
p−m

1 z
q−m

n+1

(|z1|2 + |zn+1|2
)m−l

m−1
∏

k=l

(k + 1)(2n + k − 2)

(m − k)(k + m − s − 1)

if 0 � l � m − 1

and
Vl(z) = z

p−m

1 z
q−m

n+1 if l = m.

Proof. Let g ∈ H, g �≡ 0. It can be assumed without loss of generality that g(e) �= 0,
where e = (1, 0, . . . , 0) ∈ S

4n−1. Averaging g over the group Sp(n − 1), we see
that H contains a polynomial f such that

f ◦ τ = f, τ ∈ Sp(n − 1), (4.50)

f (e) �= 0. (4.51)
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Condition (4.50) means that f has the form (4.43). Denote by � the largest l for
which the coefficient of Ul in (4.43) is not identically zero (see (4.51)). Pick j0 ∈
{0, . . . , p − �} and k0 ∈ {0, . . . , q − �} such that c

(�)
j0,k0

�= 0. Put

Q = {

(j1, k1) : j1 ∈ {0, . . . , p}, k1 ∈ {0, . . . , q}, k1 − j1 �= k0 − j0
}

.

Fix (j1, k1) ∈ Q. The polynomial

−i(A1,3f )(z) − (2(j1 − k1) − p + q)

2
f (z)

=
�

∑

l=0

(

p−l
∑

j=0

q−l
∑

k=0

c
(l)
j,k(j − k − j1 + k1)z

j

1z
p−l−j

n+1 zk
1z

q−l−k

n+1

)

Ul(z)

belongs to H, because A1,3 is an infinitesimal operator of the representation
T

n,p,q,m

4 (τ ) (see (4.34)). For the same reason, H contains the polynomial

u(z) =
�

∑

l=0

(

p−l
∑

j=0

q−l
∑

k=0

b
(l)
j,kz

j

1z
p−l−j

n+1 zk
1z

q−l−k

n+1

)

Ul(z),

where
b

(l)
j,k = c

(l)
j,k

∏

(j1,k1)∈Q
(j − k − j1 + k1).

It is clear that
b

(�)
j0,k0

�= 0.

In addition,
b

(l)
j,k = 0

if 0 � j � p − l, 0 � k � q − l, k − j �= k0 − j0, and 0 � l � �. Therefore,

u(z) =
�

∑

l=0

(

p−l
∑

j=0

q−l
∑

k=0
k−j=k0−j0

b
(l)
j,kz

j

1z
p−l−j

n+1 zk
1z

q−l−k

n+1

)

Ul(z),

and we have
p−�
∑

j=0

q−�
∑

k=0
k−j=k0−j0

b
(�)
j,k z

j

1z
p−�−j

n+1 zk
1z

q−�−k

n+1 �≡ 0. (4.52)

By virtue of (4.39) and (4.41),

(

Ep−�+k0−j0u
)

(z) = cz
p−�

1 z
q−�

n+1 U�(z)

+
�−1
∑

l=0

(

p−l
∑

j=0

q−l
∑

k=0

d
(l)
j,kz

j

1z
p−l−j

n+1 zk
1z

q−l−k

n+1

)

Ul(z),
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where

c =
p−�
∑

j=0

q−�
∑

k=0
k−j=k0−j0

b
(�)
j,k (−1)p−�−j (p − � + k0 − j0)!.

Relations (4.48), (4.49), and (4.52) imply that c �= 0. Repeating the above argument
with Ep−�+k0−j0u instead of f , we deduce that H contains the polynomial

v(z) =
�

∑

l=0

Wl(z)Ul(z), (4.53)

where

Wl(z) =
p−l
∑

j=p−�

al,j z
j

1z
p−l−j

n+1 z
j+�−p

1 z
q−l−j−�+p

n+1 , al,j ∈ C, a�,p−� = 1.

(4.54)
Let us compute Lv. For α, β, γ, δ ∈ Z+, one finds

L1
(

zα
1 z

β

n+1z
γ

1 zδ
n+1Ul(z)

) = l(2n + l − 3)zα
1 z

β

n+1z
γ

1 zδ
n+1Ul−1(z)

+ (

αγ zα−1
1 z

β

n+1z
γ−1
1 zδ

n+1 + βδzα
1 z

β−1
n+1z

γ

1 zδ−1
n+1

+ (

α + β + γ + δ + 2l

− (α + β + l)(γ + δ + l)
)

zα
1 z

β

n+1z
γ

1 zδ
n+1

)

Ul(z),

L2
(

zα
1 z

β

n+1z
γ

1 zδ
n+1Ul(z)

) = (

(βγ + αδ − l)zα
1 z

β

n+1z
γ

1 zδ
n+1

− αγ zα−1
1 z

β+1
n+1z

γ−1
1 zδ+1

n+1

− βδzα+1
1 z

β−1
n+1z

γ+1
1 zδ−1

n+1

)

Ul(z),

L
(

zα
1 z

β

n+1z
γ

1 zδ
n+1Ul(z)

) = (1 − l)(α + β + γ + δ + l)zα
1 z

β

n+1z
γ

1 zδ
n+1Ul(z)

+ l(2n + l − 3)zα
1 z

β

n+1z
γ

1 zδ
n+1Ul−1(z)

− (|z1|2 + |zn+1|2 − 1)

4
�

(

zα
1 z

β

n+1z
γ

1 zδ
n+1

)

Ul(z).

Consequently,

(Lv)(z) =
�

∑

l=0

(1 − l)(s − l)Wl(z)Ul(z) +
�−1
∑

l=0

(l + 1)(2n + l − 2)Wl+1(z)Ul(z)

− (|z1|2 + |zn+1|2 − 1)

4

�
∑

l=0

(�Wl)(z)Ul(z).
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Using (4.45) and (4.46) with fl = Wl and r = �, we obtain

(Lv)(z) =
�

∑

l=0

(1 − l)(s − l)Wl(z)Ul(z)

+ (|z1|2 + |zn+1|2
)

�−1
∑

l=0

(l + 1)(2n + l − 2)Wl+1(z)Ul(z).

Now the condition Lv = λp,q,mv gives

� = m (4.55)

and

Wl(z) = (l + 1)(2n + l − 2)

(m − l)(l + m − s − 1)

(|z1|2 + |zn+1|2
)

Wl+1(z), 0 � l � m − 1.

(4.56)
From (4.53)–(4.56) we conclude that v = Hp,q,m. Thus, Hp,q,m ∈ H, which proves
the lemma. ��

We proceed to the proof of the irreducibility of the representation T
n,p,q,m

4 (τ ).
Let H be an invariant subspace of T

n,p,q,m

4 (τ ). Then so is H⊥, the orthogonal
complement of H relative to Hn,p,q,m

4 , since the representation T
n,p,q,m

4 (τ ) is uni-
tary. From Lemma 4.17 it follows that H = {0} or H⊥ = {0}. Hence, H = {0}
or H = Hn,p,q,m

4 , as required. This concludes the proof of the first statement of
Theorem 4.6.

The main question that remains to be discussed is to find conditions of equiva-
lence for the representations T

n,pi ,qi ,mi

4 (τ ), i = 1, 2. To do this we must study in
more detail the structure of the spaces

Z n
p,q,m = {

f ∈ Hn,p,q,m

4 : f ◦ τ = f ∀τ ∈ Sp(n − 1)
}

.

We begin with the following assertion.

Lemma 4.18. Let f ∈ Z n
p,q,m. Then

f (z) =
m

∑

l=0

fl(z)Ul(z), (4.57)

where

fm(z) =
s−2m
∑

k=0

αkD
k
(

z
p−m

1 z
q−m

n+1

)

, αk ∈ C, (4.58)

fl(z) = fm(z)
(|z1|2 + |zn+1|2

)m−l
m−1
∏

k=l

(k + 1)(2n + k − 2)

(m − k)(k + m − s − 1)
,

0 � l � m − 1. (4.59)
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Proof. It suffices to consider the case where f �≡ 0. Repeating the arguments from
the proof of Lemma 4.17 (see (4.53), (4.55), (4.56)), we obtain (4.57), where fl has
the form (4.59). Let us prove the expansion (4.58). In accordance with (4.47),

fm(z) =
q−m
∑

i=m−p

∑

j∈Mi,m

c
(m)
j,i+j z

j

1z
p−m−j

n+1 z
i+j

1 z
q−m−i−j

n+1 . (4.60)

By (4.38), (4.48), and (4.49) we infer that

∑

j∈Mi,m

c
(m)
j,i+j z

j

1z
p−m−j

n+1 z
i+j

1 z
q−m−i−j

n+1

= (−i)!
(p − m)!c

(m)
−i,0D

i+p−m
(

z
p−m

1 z
q−m

n+1

)

, i � 0,

∑

j∈Mi,m

c
(m)
j,i+j z

j

1z
p−m−j

n+1 z
i+j

1 z
q−m−i−j

n+1

= (−1)i i!(q − m − i)!
(q − m)!(p − m + i)!c

(m)
0,i Di+p−m

(

z
p−m

1 z
q−m

n+1

)

, i > 0.

These relations together with (4.60) imply the assertion of Lemma 4.18. ��
An immediate consequence of Lemma 4.18 is the following:

Corollary 4.9. Let f, g ∈ Z n
p,q,m, and let

f (z) =
m

∑

l=0

fl(z)Ul(z), g(z) =
m

∑

l=0

gl(z)Ul(z).

In this case, if fm ≡ gm then f ≡ g.

Lemma 4.19. The system of functions

{

Dj(Hp,q,m)
}s−2m

j=0 (4.61)

forms an orthogonal basis in Z n
p,q,m.

Proof. It follows from (4.40) and Corollary 4.9 that the functions Dj(Hp,q,m),
0 � j � s − 2m, are nonzero and that

Ds−2m+1(Hp,q,m) ≡ 0.

To prove the orthogonality of the system (4.61), we use the relation
∫

S4n−1
f (ξ) dω(ξ) = 1

2π

∫

S4n−1
dω(ξ)

∫ π

−π

f
(

eit ξ1,
′ ξ

)

dt,
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where ′ξ = (ξ2, . . . , ξ2n). One finds (see (4.38))

Ul

(

eit ξ1,
′ ξ

) = Ul(ξ),

Dj (Vl)
(

eit ξ1,
′ ξ

) = eit (p−m−j)Dj (Vl)(ξ),

whence
∫

S4n−1
Dj1(Vl)(ξ)Dj2(Vk)(ξ)Ul(ξ)Uk(ξ) dω(ξ) = 0, (4.62)

where j1 �= j2 and l, k ∈ {0, . . . , m}. Since

Dj(Hp,q,m) =
m

∑

l=0

Dj(Vl)Ul,

from (4.62) we obtain
∫

S4n−1
Dj1(Hp,q,m)(ξ)Dj2(Hp,q,m)(ξ) dω(ξ) = 0, j1 �= j2,

that is, (4.61) is an orthogonal system. We now show that an arbitrary polyno-
mial f ∈ Z n

p,q,m is a linear combination of functions belonging to (4.61). Owing
to Lemma 4.18, f has the decomposition (4.57). Consider the function

g =
s−2m
∑

k=0

αkD
k(Hp,q,m).

We rewrite it as

g =
m

∑

l=0

glUl,

where

gl =
s−2m
∑

k=0

αkD
k(Vl).

Because fm ≡ gm, Corollary 4.9 implies that f ≡ g. Thus, the lemma is proved.
��

Let us fix a point z ∈ S
4n−1 and consider the linear functional on Hn,p,q,m

4 which
associates with each function f ∈ Hn,p,q,m

4 the number f (z). By the Riesz repre-
sentation theorem, there is a unique function Pz ∈ Hn,p,q,m

4 such that

f (z) =
∫

S4n−1
f (ξ)Pz(ξ) dω(ξ), f ∈ Hn,p,q,m

4 . (4.63)
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Lemma 4.20. The functions Pz possess the following properties.

(i) For any function f ∈ L2(S4n−1), we have

(πp,q,mf )(z) =
∫

S4n−1
f (ξ)Pz(ξ) dω(ξ),

where πp,q,m is the orthogonal projection of L2(S4n−1) onto Hn,p,q,m

4 .
(ii) Pz(w) = Pw(z), z,w ∈ S

4n−1.
(iii) Pτz = Pz ◦ τ−1, τ ∈ Sp(n).
(iv) Pz = Pz ◦ τ for any τ ∈ Sp(n) such that τz = z. In particular,

Pe ∈ Z n
p,q,m.

(v) Pz(z) = Pw(w) > 0, z,w ∈ S
4n−1.

Proof. The argument is similar to that of Lemma 4.3. ��
Lemma 4.21. The relation

Pe(z) = κp,q,mDq−m(Hp,q,m)(z) (4.64)

holds, where

κp,q,m = Dq−m(Hp,q,m)(e)

(∫

S4n−1

∣

∣Dq−m(Hp,q,m)(ξ)
∣

∣

2 dω(ξ)

)−1

.

Proof. We write Pe in the form

Pe =
s−2m
∑

k=0

αkD
k(Hp,q,m), αk ∈ C (4.65)

(see Lemmas 4.19 and 4.20 (iv)). It follows from (4.63), (4.65), and (4.62) that

Dj(Hp,q,m)(e) =
∫

S4n−1
Dj(Hp,q,m)(ξ)Pe(ξ) dω(ξ)

=
m

∑

i,l=0

s−2m
∑

k=0

αk

∫

S4n−1
Dj(Vl)(ξ)Dk(Vi)(ξ)Ul(ξ)Ui(ξ) dω(ξ)

= αj

∫

S4n−1

m
∑

i,l=0

Dj(Vl)(ξ)Dj (Vi)(ξ)Ul(ξ)Ui(ξ) dω(ξ)

= αj

∫

S4n−1

∣

∣Dj(Hp,q,m)(ξ)
∣

∣

2
dω(ξ),

whence

αj = Dj(Hp,q,m)(e)

(∫

S4n−1

∣

∣Dj(Hp,q,m)(ξ)
∣

∣

2 dω(ξ)

)−1

. (4.66)
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Using (4.38), we find that

Dj(Hp,q,m)(e) = Dj(V0)(e)

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(−1)q−m(q − m)!
m−1
∏

k=0

(k + 1)(2n + k − 2)

(m − k)(k + m − s − 1)

if j = q − m,

0 if j �= q − m,

(4.67)

where the product is set to be equal to one for m = 0. Relations (4.66), (4.67),
and (4.65) give (4.64). ��

Now we can go to the description of the intertwining operators for the represen-
tations T

n,pi ,qi ,mi

4 (τ ), i = 1, 2.
Let T be a nonzero linear operator from Hn,p1,q1,m1

4 to Hn,p2,q2,m2
4 commuting

with the group Sp(n). Using the irreducibility of T
n,pi ,qi ,mi

4 (τ ) and the Schur lemma
(see Adams [1], Lemma 3.22, and Vilenkin [220], Chap. 1, Sect. 3.2), we see that
T is an isomorphism of the spaces Hn,pi ,qi ,mi

4 , i = 1, 2. We shall study the properties
of that isomorphism.

Lemma 4.22. The relation

T(Hp1,q1,m1) = c1(T)Hp2,q2,m2 (4.68)

holds, where c1(T) is a nonzero constant.

Proof. Since the mapping T sends Z n
p1,q1,m1

to Z n
p2,q2,m2

, Lemma 4.19 implies that

T(Hp1,q1,m1) =
p2+q2−2m2

∑

j=0

αjD
j (Hp2,q2,m2),

where

αj =
∫

S4n−1
T(Hp1,q1,m1)(ξ)Dj (Hp2,q2,m2)(ξ) dω(ξ)

×
(∫

S4n−1

∣

∣Dj(Hp2,q2,m2)(ξ)
∣

∣

2 dω(ξ)

)−1

.

In accordance with (4.37) and (4.42) we have
∫

S4n−1
T(Hp1,q1,m1)(ξ)Dj (Hp2,q2,m2)(ξ) dω(ξ)

= (−1)j
∫

S4n−1
(Ej

T)(Hp1,q1,m1)(ξ)Hp2,q2,m2(ξ) dω(ξ).

The definition of an infinitesimal operator shows that T commutes with the map-
ping E. Furthermore, by Corollary 4.9 we conclude that E(Hp1,q1,m1) ≡ 0.
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Hence,
Ej

T(Hp1,q1,m1) = TEj(Hp1,q1,m1) ≡ 0 for j � 1.

Thus, αj = 0 for j � 1, whence (4.68) follows.
��

Corollary 4.10. Let f ∈ Hn,p1,q1,m1
4 . Then

(Tf )(z) = κp1,q1,m1c1(T)

∫

S4n−1
f (ξ)Dq1−m1(Hp2,q2,m2)

(

τ−1
ξ z

)

dω(ξ), (4.69)

where τξ is arbitrary element of Sp(n) such that τξ e = ξ .

Proof. By Lemmas 4.20 and 4.21,

(Tf )(z) = κp1,q1,m1

∫

S4n−1
f (ξ)TDq1−m1(Hp1,q1,m1)

(

τ−1
ξ z

)

dω(ξ).

Bearing in mind that TDq1−m1 = Dq1−m1T and using (4.68), we obtain (4.69). ��
Corollary 4.11. For j �= q2 − m2, we have

∫

S4n−1
Dj(Hp1,q1,m1)(ξ)Dq1−m1(Hp2,q2,m2)

(

τ−1
ξ e

)

dω(ξ) = 0. (4.70)

Proof. We set f = Dj(Hp1,q1,m1) and z = e in (4.69). In view of the equality

TDj(Hp1,q1,m1) = Dj
T(Hp1,q1,m1) = c1(T)Dj (Hp2,q2,m2), (4.71)

we get
∫

S4n−1
Dj(Hp1,q1,m1)(ξ)Dq1−m1(Hp2,q2,m2)

(

τ−1
ξ e

)

dω(ξ)

= (κp1,q1,m1)
−1Dj(Hp2,q2,m2)(e). (4.72)

This and (4.67) imply (4.70). ��
Lemma 4.23. Let f ∈ Hn,p1,q1,m1

4 . Then

(Tf )(z) = c2(T)|z|p2+q2

∫

S4n−1
f (τz/|z|ξ)Dq2−m2(Hp1,q1,m1)(ξ) dω(ξ),

where

c2(T) = c1(T)Dq2−m2(Hp2,q2,m2)(e)

(∫

S4n−1

∣

∣Dq2−m2(Hp1,q1,m1)(ξ)
∣

∣

2
dω(ξ)

)−1

.

Proof. We first assume that f ∈ Z n
p1,q1,m1

. By Lemma 4.19,

f =
p1+q1−2m1

∑

j=0

αjD
j (Hp1,q1,m1), (4.73)
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where

αj =
∫

S4n−1
f (ξ)Dj (Hp1,q1,m1)(ξ) dω(ξ)

×
(∫

S4n−1

∣

∣Dj(Hp1,q1,m1)(ξ)
∣

∣

2 dω(ξ)

)−1

. (4.74)

Relations (4.73) and (4.69) give

(Tf )(e) = κp1,q1,m1c1(T)

p1+q1−2m1
∑

j=0

αj

×
∫

S4n−1
Dj(Hp1,q1,m1)(ξ)Dq1−m1(Hp2,q2,m2)

(

τ−1
ξ e

)

dω(ξ). (4.75)

Using (4.75), (4.70), (4.71), and (4.67), we infer that q2 − m2 � p1 + q1 − 2m1. In
addition,

(Tf )(e) = κp1,q1,m1c1(T)αq2−m2

×
∫

S4n−1
Dq2−m2(Hp1,q1,m1)(ξ)Dq1−m1(Hp2,q2,m2)

(

τ−1
ξ e

)

dω(ξ).

Now from (4.74) and (4.72) we obtain

(Tf )(e) = c2(T)

∫

S4n−1
f (ξ)Dq2−m2(Hp1,q1,m1)(ξ) dω(ξ). (4.76)

Averaging over the group Sp(n − 1) shows that (4.76) is preserved for functions
f ∈ Hn,p1,q1,m1

4 . Therefore,

(Tf )(σ ) = c2(T)

∫

S4n−1
f (τσ ξ)Dq2−m2(Hp1,q1,m1)(ξ) dω(ξ) (4.77)

for any σ ∈ S
4n−1, whence the assertion of Lemma 4.23 follows. ��

Define the operators

D =
n

∑

k=1

(

zk

∂

∂zn+k

− zn+k

∂

∂zk

)

,

E =
n

∑

k=1

(

zk

∂

∂zn+k

− zn+k

∂

∂zk

)

.

Lemma 4.24. The operator T has the form

(Tf )(z) = c|z|p2+q2−p1−q1(Ff )(z), c ∈ C\{0}, (4.78)
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where

F =
{

Dq2−m2−q1+m1 for q2 − m2 � q1 − m1,

Eq1−m1−q2+m2 for q1 − m1 > q2 − m2.

Proof. Suppose that q2 − m2 � q1 − m1. Let σ ∈ S
4n−1. Because of (4.77), (4.37),

and (4.42), we have

(Tf )(σ ) = c2(T)

∫

S4n−1
f (τσ ξ)Eα+q1−m1

(

Hp1,q1,m1

)

(ξ) dω(ξ)

= (−1)αc2(T)

∫

S4n−1
Eα(f ◦ τσ )(ξ)Dq1−m1(Hp1,q1,m1)(ξ) dω(ξ),

where α = q2 −m2 −q1 +m1. This, together with (4.64), (4.63), and (4.36), implies
that

(Tf )(σ ) = (−1)α(κp1,q1,m1)
−1c2(T)Eα(f ◦ τσ )(e)

= (κp1,q1,m1)
−1c2(T)

∂α

∂zα
n+1

(f ◦ τσ )(e).

Put wj(z) = −zn+j and wn+j (z) = zj , j = {1, . . . , n}. Keeping in mind that
τσ ∈ Sp(n) and τσ e = σ , we derive

(Tf )(σ ) = (κp1,q1,m1)
−1c2(T)

2n
∑

j1,...,jα=1

∂αf

∂zj1 . . . ∂zjα

(σ )wj1(σ ) · · · wjα (σ ).

Hence,

(Tf )(z) = (κp1,q1,m1)
−1c2(T)|z|p2+q2−p1−q1

×
2n
∑

j1,...,jα=1

∂αf

∂zj1 · · · ∂zjα

(z)wj1(z) · · · wjα (z)

= c|z|p2+q2−p1−q1
(

D
q2−m2−q1+m1f

)

(z).

Now let q1 − m1 > q2 − m2. We see from Lemma 4.19 and (4.71) that

p1 + q1 − 2m1 = p2 + q2 − 2m2. (4.79)

Therefore, p2 − m2 > p1 − m1. Consider the linear operator U : Hn,q1,p1,m1
4 →

Hn,q2,p2,m2
4 defined as follows:

(Uf )(z) = T
(

f
)

, f ∈ Hn,q1,p1,m1
4 .

It is clear that U commutes with the group Sp(n) and U �= 0. By the above,

(Uf )(z) = c|z|p2+q2−p1−q1
(

D
p2−m2−p1+m1f

)

(z)

= c|z|p2+q2−p1−q1
(

D
q1−m1−q2+m2f

)

(z).
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Consequently,

(Tf )(z) = c|z|p2+q2−p1−q1
(

E
q1−m1−q2+m2f

)

(z).

Thus, the lemma is proved. ��
Remark 4.2. A direct check shows that the operators D and E commute with the
group Sp(n). In addition,

D(Qp,q,m) = (p − m)Qp−1,q+1,m,

E(Qp,q,m) = (m − q)Qp+1,q−1,m,

where Qp,q,m is the polynomial defined in Lemma 4.12. Using the irreducibility of
the representations T

n,p,q,m

4 (τ ), we see that D maps Hn,p,q,m

4 onto the space

X =
{

Hn,p−1,q+1,m

4 if p � m + 1,

0 if p = m.

Analogously, E maps Hn,p,q,m

4 onto the space

Y =
{

Hn,p+1,q−1,m

4 if q � m + 1,

0 if q = m.

Now we are in a position to obtain the following description of intertwining op-
erators for the representations T

n,pi ,qi ,mi

4 (τ ), i = 1, 2.

Proposition 4.1. Let T : Hn,p1,q1,m1
4 → Hn,p2,q2,m2

4 be a linear operator and as-
sume that T commutes with the group Sp(n). Then

T =

⎧

⎪

⎨

⎪

⎩

cDp1−p2 if p1 + q1 = p2 + q2,m1 = m2, p1 � p2,

cEp2−p1 if p1 + q1 = p2 + q2,m1 = m2, p1 < p2,

0 if p1 + q1 �= p2 + q2 or m1 �= m2,

(4.80)

for some c ∈ C. Conversely, for every c ∈ C, the operator (4.80) maps Hn,p1,q1,m1
4

into Hn,p2,q2,m2
4 and commutes with the group Sp(n).

Proof. Suppose that T : Hn,p1,q1,m1
4 → Hn,p2,q2,m2

4 is a nonzero linear mapping
that commutes with Sp(n). Since harmonic polynomials of different degrees are
orthogonal on the unit sphere, we obtain from (4.78) that p1 + q1 = p2 + q2. Then,
taking into account relation (4.79), we find that m1 = m2. Now Proposition 4.1
follows from Lemma 4.24 and Remark 4.2. ��

Proposition 4.1 and the Schur lemma (see Adams [1], Lemma 3.22) imply that
the representations T

n,pi ,qi ,mi

4 (τ ), i = 1, 2, are equivalent if and only if p1 + q1 =
p2 + q2 and m1 = m2. This concludes the proof of the second statement of Theo-
rem 4.6. Thus, Theorem 4.6 is completely proved. ��
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We now proceed to description of Sp(n)-invariant subspaces of B4n, n � 2 (see
the definition of B4n in Sect. 4.1). Note that we cannot use the method suggested
in Sect. 4.1 since among the irreducible components of T n

4 (τ ) there exist equivalent
representations.

For f ∈ B4n, denote by {f }Sp(n) the linear span of the system {f ◦τ, τ ∈ Sp(n)}.
Let k ∈ Z+, m ∈ {0, . . . , [k/2]}, l ∈ {1, . . . , k − 2m + 1}, and let Y be the set of

all Sp(n)-spaces of the form

{α1Hp1,q1,m + · · · + αlHpl,ql ,m}Sp(n), (4.81)

where αi ∈ C, pi, qi � m, and pi + qi = k, 1 � i � l.
Evidently, the B4n-closure of the algebraic sum of an arbitrary subset in Y is a

closed Sp(n)-space in B4n. At the same time the following result holds.

Theorem 4.7. Every Sp(n)-invariant subspace in B4n is the B4n-closure of the al-
gebraic sum of some subset in Y.

The proof of Theorem 4.7 requires some preparation.
Let {Yp,q,m

j }, j ∈ {1, . . . , dp,q,m}, be a fixed orthonormal basis in Hn,p,q,m

4 .

Denote by {tp,q,m
i,j (τ )}, i, j ∈ {1, . . . , dp,q,m}, the matrix of the representation

T
n,p,q,m

4 (τ ) in the basis {Yp,q,m
j }, that is,

T
n,p,q,m

4 (τ )Y
p,q,m
j =

dp,q,m
∑

i=1

t
p,q,m
i,j (τ )Y

p,q,m
i . (4.82)

Next, for f ∈ L1(S4n−1), we put

fp,q,m,j =
∫

S4n−1
f (ξ)Y

p,q,m
j (ξ) dω(ξ).

Owing to Corollary 4.8, every f ∈ L2(S4n−1) has a unique expansion

f =
∞
∑

p,q=0

r
∑

m=0

dp,q,m
∑

i=1

fp,q,m,j Y
p,q,m
j (4.83)

that converges unconditionally to f in the L2-norm topology.

Lemma 4.25. For f ∈ L1(S4n−1), we have

dp,q,m

∫

Sp(n)

(

f ◦ τ−1)t
p,q,m
i,j (τ ) dτ =

∑

α+β=s
α,β�m

fα,β,m,jY
α,β,m
i , (4.84)

where s = p + q, and dτ is the normalized Haar measure on the group Sp(n).



4.4 The Group Sp(n) 117

Proof. We can assume, without loss of generality, that f ∈ L2(S4n−1). Then (4.82),
(4.83), and the continuity of the representation operator imply

f ◦ τ−1 =
∞
∑

α,β=0

min {α,β}
∑

m1=0

dα,β,m1
∑

j1=1

fα,β,m1,j1

dα,β,m1
∑

i1=1

t
α,β,m1
i1,j1

(τ )Y
α,β,m1
i1

. (4.85)

Using (4.85), the orthogonality relations for t
α,β,m1
i1,j1

(τ ), and Theorem 4.6, we arrive
at the assertion of Lemma 4.25. ��
Corollary 4.12. Let H be an Sp(n)-invariant subspace of L2(S4n−1) and suppose
that πp,q,mH �= {0}. Then

H ∩
(

⊕

α+β=s
α,β�m

Hn,α,β,m

4

)

�= {0}.

Proof. Take f ∈ H such that πp,q,mf �= 0. Since

πp,q,mf =
dp,q,m
∑

j=1

fp,q,m,jY
p,q,m
j ,

fp,q,m,j0 �= 0 for some j0 ∈ {1, . . . , dp,q,m}. Put

g =
∑

α+β=s
α,β�m

fα,β,m,j0Y
α,β,m
j0

.

Then, by definition,

g ∈
⊕

α+β=s
α,β�m

Hn,α,β,m

4 , g �≡ 0.

On the other hand, formula (4.84) with i = j = j0 shows that g ∈ H . Thereby
Corollary 4.12 is established. ��
Lemma 4.26. Every Sp(n)-invariant subspace H of L2(S4n−1) is the direct sum of
the pairwise orthogonal spaces Hk,m, k ∈ Z+, m ∈ {0, . . . , [k/2]}, where

Hk,m = H ∩
(

⊕

α+β=k
α,β�m

Hn,α,β,m

4

)

.

Proof. We set

H1 =
∞

⊕

k=0

[k/2]
⊕

m=0

Hk,m. (4.86)
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One has H = H1 ⊕H⊥
1 , where H1 and H⊥

1 are Sp(n)-invariant subspaces of H . We
claim that H⊥

1 = {0}. Suppose the contrary. Pick numbers p0, q0 ∈ Z+ and m0 ∈
{0, . . . , min {p0, q0}} for which πp0,q0,m0H

⊥
1 �= {0}. On account of Corollary 4.12,

the space

H⊥
1 ∩

(

⊕

α+β=p0+q0
α,β�m0

Hn,α,β,m0
4

)

contains a nonzero function f . Hence, by (4.86), f ∈ Hp0+q0,m0 ⊂ H1 and
f ∈ H⊥

1 . Consequently, f = 0, which is a contradiction. Thus, H⊥
1 = {0}, and

the lemma is proved. ��
Lemma 4.27. Let l ∈ {1, . . . , k−2m+1}, and let H be a nontrivial Sp(n)-invariant
subspace of the direct sum

l
⊕

i=1

Hn,pi ,qi ,m

4 , (4.87)

where pi, qi � m, pi + qi = k, and (pi, qi) are pairwise distinct. Assume that

H ∩
( l

⊕

j=1
j �=i

Hn,pj ,qj ,m

4

)

= {0}, 1 � i � l. (4.88)

Then H is of the form (4.81) for some α1, . . . , αl ∈ C \ {0}.
Proof. Because H �= {0}, there is a function f ∈ H such that f (e) �= 0. Represent
f as

f = h1 + · · · + hl (4.89)

with hi ∈ Hn,pi ,qi ,m

4 , 1 � i � l. Using the averaging over the group Sp(n − 1),

we may assume that hi ∈ Z n
pi ,qi ,m

. In view of condition (4.88), the functions hi ,
1 � i � l, are nonzero. By Lemma 4.19,

hi =
k−2m
∑

j=ηi

ci,jD
j (Hpi,qi ,m),

where ci,ηi
∈ C \ {0}. Put η = k − 2m − min {η1, . . . , ηl}. Applying the operator

Dη to (4.89) and taking into account (4.88), we get η1 = · · · = ηl . Then

Ek−2mDηf =
l

∑

i=1

αiHpi,qi ,m ∈ H, (4.90)

where
α1, . . . , αl ∈ C \ {0} (4.91)

(see (4.38), (4.39) and Corollary 4.9). We now prove that H = {Ek−2mDηf }Sp(n).
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Fix h ∈ H . Suppose that
∫

S4n−1

(

Ek−2mDηf
)

(τξ)h(ξ) dω(ξ) = 0

for all τ ∈ Sp(n). If h �≡ 0, reasoning as above, we obtain

∫

S4n−1

(

Ek−2mDηf
)

(τξ)

l
∑

i=1

βiHpi,qi ,m(ξ) dω(ξ) = 0, (4.92)

where

βi ∈ C \ {0} and
l

∑

i=1

βiHpi,qi ,m ∈ H. (4.93)

It follows from (4.90), (4.91), (4.93), and (4.88) that the vectors (α1, . . . , αl) and
(β1, . . . , βl) are proportional. Therefore, relations (4.90) and (4.92) give

α1Hp1,q1,m + · · · + αlHpl,ql ,m ≡ 0,

contrary to (4.91). Thus, h vanishes identically. Hence, by the Hahn–Banach theo-
rem, H = {Ek−2mDηf }Sp(n), as we wished to prove. ��
Lemma 4.28. Every Sp(n)-invariant subspace of L2(S4n−1) is the orthogonal direct
sum of some subset in Y.

Proof. Denote by Hk,m,l the space (4.87) in Lemma 4.27. By virtue of Lemma 4.26,
it suffices to verify that every nontrivial Sp(n)-invariant subspace in Hk,m,l is the
orthogonal direct sum of spaces of the form

{αi1Hpi1 ,qi1 ,m + · · · + αij Hpij
,qij

,m}Sp(n), (4.94)

where 1 � j � l, 1 � i1 < · · · < ij � l, and αi1, . . . , αij ∈ C \ {0}. In case l = 1
this assertion follows from the irreducibility of the representation T

n,p1,q1,m

4 (τ ).
Assume that it is true for certain l ∈ {1, . . . , k − 2m}, and let us prove it for l + 1.
Consider an arbitrary nontrivial Sp(n)-invariant subspace H of Hk,m,l+1. Using the
induction hypothesis, it is not hard to establish the decomposition H = H1 ⊕ H2,
where H1 is the orthogonal direct sum of spaces of the form (4.94), and H2 is an
Sp(n)-invariant subspace in Hk,m,l+1 such that

H2 ∩
(

l+1
⊕

j=1
j �=i

Hn,pj ,qj ,m

4

)

= {0}, 1 � i � l + 1.

Now invoking Lemma 4.27 we obtain the desired assertion. Hence the lemma. ��
Lemma 4.28 implies the statement of Theorem 4.7 for the space L2(S4n−1). The

following result will makes it easy to pass from L2(S4n−1) to B4n.
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Lemma 4.29. If H ⊂ C(S4n−1), H is an Sp(n)-space, and some g ∈ C(S4n−1) is
not in the uniform closure of H , then g is not in the L2-closure of H .

Proof. In view of the Hahn–Banach theorem and the Riesz representation theorem,
there is a complex Borel measure μ on S

4n−1 with the following condition:
∫

S4n−1
f (ξ) dμ(ξ) = 0 for all f ∈ H, (4.95)

but
∫

S4n−1
g(ξ) dμ(ξ) = 1.

Choose a neighborhood U of the identity in Sp(n) such that

Re
∫

S4n−1
g(τξ) dμ(ξ) � 1

2
for each τ ∈ U . (4.96)

Let ψ : Sp(n) → [0,∞) be continuous, with support in U and
∫

Sp(n)

ψ(τ) dτ = 1. (4.97)

For h ∈ L2(S4n−1), we put

F(h) =
∫

Sp(n)

ψ(τ)

(∫

S4n−1
h(τξ) dμ(ξ)

)

dτ. (4.98)

Then
F = 0 on H and Re F(g) � 1/2 (4.99)

(see (4.95)–(4.97)). Next, changing the order of integration in (4.98) and using the
Schwarz inequality, we obtain

|F(h)| � 1√
ω4n−1

‖μ‖‖ψ‖2‖h‖2,

where ‖μ‖ is the complete variation of μ on S
4n−1. Thus, F is a bounded linear

functional on L2(S4n−1). Combining this with (4.99), we infer that g is not in the
L2-closure of H , as required. ��

We are now in a position to prove Theorem 4.7 in the general case.

Proof of Theorem 4.7. Let H be an Sp(n)-invariant subspace of B4n. Define H to be
the L2-closure of H ∩C, where C = C(S4n−1). According to Lemma 4.28, H is the
L2-closure of �(Y0) for some Y0 ⊂ Y, where �(Y0) is the algebraic sum of Y0.
Hence, by Lemma 4.29,

H ∩ C = uniform closure of �(Y0). (4.100)
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On the other hand, as H ∩C is uniformly closed, another application of Lemma 4.29
gives

H ∩ C = H ∩ C. (4.101)

Since H ∩ C is B4n-dense in H (see the proof of Lemma 4.6), (4.100) and (4.101)
imply that H is the B4n-closure of �(Y0). This is the assertion of Theorem 4.7. ��

4.5 The Group OQ(n)

The technique developed in Sect. 4.4 allows us to obtain an analog of Theo-
rem 4.6 for the quasi-regular representation T n

5 (τ ), n � 2, of the group OQ(n)

on L2(S4n−1).
As above, let H4n,k

1 be the space of homogeneous harmonic polynomials of de-
gree k on R

4n = C
2n. For m ∈ {0, . . . , [k/2]}, we set

Hn,k,m
5 = {

f ∈ H4n,k
1 : (Lf )(z) = 4(m − 1)(m − k)

(

1 − |z|2)f (z)
}

,

where L is the Laplace–Beltrami operator on the quaternionic hyperbolic space H
n
Q

.
Since OQ(n) is a subgroup of the group I (Hn

Q
) (see Proposition 2.12), the space

Hn,k,m
5 is an invariant subspace of the representation T n

5 (τ ). We denote by T
n,k,m
5 (τ )

the restriction of T n
5 (τ ) to Hn,k,m

5 .
The main result of this section is stated in the following theorem.

Theorem 4.8. The quasi-regular representation T n
5 (τ ) is the orthogonal direct sum

of the pairwise nonequivalent irreducible unitary representations

T
n,k,m
5 (τ ), k ∈ Z+,m ∈ {0, . . . , [k/2]}.

To prove the theorem a couple of lemmas will be needed.

Lemma 4.30. Let (k1,m1) �= (k2,m2). Then the spaces Hn,k1,m1
5 and Hn,k2,m2

5 are
orthogonal.

Proof. The argument is quite similar to that of Lemma 4.14. ��
Lemma 4.31. The space Hn,k,m

5 is the sum of the spaces Hn,p,q,m

4 , where p+q = k,
p � m, q � m.

Proof. It is obvious that

∑

p+q=k
p�m,q�m

Hn,p,q,m

4 ⊂ Hn,k,m
5 . (4.102)
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Next, let f ∈ Hn,k,m
5 . In accordance with Lemmas 4.7 and 4.16, we have

f =
[k/2]
∑

j=0

fj ,

where
fj ∈

∑

p+q=k
p�j,q�j

Hn,p,q,j

4 .

Taking the relation f − fm ∈ Hn,k,m
5 into account and using Lemma 4.30, we con-

clude that f = fm. Thus,

Hn,k,m
5 ⊂

∑

p+q=k
p�m,q�m

Hn,p,q,m

4 . (4.103)

Together, (4.102) and (4.103) imply the assertion of Lemma 4.31. ��
Corollary 4.13. The space L2(S4n−1) is the orthogonal direct sum of the spaces

Hn,k,m
5 , k ∈ Z+,m ∈ {0, . . . , [k/2]}.

Proof. From Lemmas 4.7 and 4.16 we have

H4n,k
1 =

⊕

p+q=k

H2n,p,q

2 =
⊕

p+q=k

min {p,q}
⊕

m=0

Hn,p,q,m

4 =
[k/2]
⊕

m=0

⊕

p+q=k
p�m,q�m

Hn,p,q,m

4 .

Now using Lemmas 4.2 and 4.31, we obtain

L2(
S

4n−1) =
∞

⊕

k=0

[k/2]
⊕

m=0

Hn,k,m
5 , (4.104)

as required. ��
Proof of Theorem 4.8. By virtue of (4.104),

T n
5 (τ ) =

∞
⊕

k=0

[k/2]
⊕

m=0

T
n,k,m
5 (τ ).

We now prove that the representations T
n,k,m
5 (τ ) are irreducible. First, let

us calculate some infinitesimal operators of the representation T
n,k,m
5 (τ ). For

t ∈ R
1 and z = (z1, . . . , z2n) ∈ C

2n, we set τ1(t)z = (v1, . . . , v2n) and τ2(t)z =
(w1, . . . , w2n), where

v1 = (cos t)eit z1 − (sin t)eit zn+1,

vn+1 = (sin t)e−it z1 + (cos t)e−it zn+1,
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vj = zj cos t − zn+j sin t,

vn+j = zj sin t + zn+j cos t, 2 � j � n,

and

w1 = (cos t)eit z1 − i(sin t)eit zn+1,

wn+1 = i(sin t)e−it z1 + (cos t)e−it zn+1,

wj = zj cos t − izn+j sin t,

wn+j = izj sin t + zn+j cos t, 2 � j � n.

It is easy to see that τ1(t) and τ2(t) are one-parameter subgroups of the group OQ(n).
Denote by Ai the infinitesimal operator of the representation T

n,k,m
5 (τ ) correspond-

ing to τi(t), i = 1, 2. We find

A1 = i

(

−z1
∂

∂z1
+ zn+1

∂

∂zn+1
+ z1

∂

∂z1
− zn+1

∂

∂zn+1

)

+
n

∑

k=1

(

zn+k

∂

∂zk

− zk

∂

∂zn+k

+ zn+k

∂

∂zk

− zk

∂

∂zn+k

)

,

A2 = i

(

−z1
∂

∂z1
+ zn+1

∂

∂zn+1
+ z1

∂

∂z1
− zn+1

∂

∂zn+1

)

+ i
n

∑

k=1

(

zn+k

∂

∂zk

− zk

∂

∂zn+k

− zn+k

∂

∂zk

+ zk

∂

∂zn+k

)

.

Hence,

−A1 + 2A1,3 − (A2 + 2A1,3)i

2
= D,

−A1 + 2A1,3 + (A2 + 2A1,3)i

2
= E,

where A1,3, D and E are the operators defined in Sect. 4.4. Since

Sp(n) ⊂ OQ(n), (4.105)

it follows that every subspace invariant with respect to the representation T
n,k,m
5 (τ )

is invariant with respect to the operators D and E as well.
Next, let f ∈ Hn,k,m

5 , f �≡ 0. We write f in the form

f =
ν

∑

μ=0

fμ, ν ∈ {0, . . . , k − 2m},

where fμ ∈ Hn,m+μ,k−m−μ,m
4 and fν �≡ 0 (see Lemma 4.31). Then Remark 4.2 and

the Schur lemma show that

E
j
D

νf = E
j
D

νfν ∈ Hn,m+j,k−m−j,m

4 \{0}
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for every j ∈ {0, . . . , k − 2m}. In particular,

{f }OQ(n) ∩ Hn,m+j,k−m−j,m

4 �= {0}, (4.106)

where {f }OQ(n) is the linear span of the system {f ◦ τ, τ ∈ OQ(n)}. Using (4.105),
(4.106), and Theorem 4.6, we conclude that

Hn,m+j,k−m−j,m

4 ⊂ {f }OQ(n), 0 � j � k − 2m.

Thus, {f }OQ(n) = Hn,k,m
5 , whence the irreducibility of the representation T

n,k,m
5 (τ )

follows.
It remains to prove that the representations T

n,ki ,mi

5 (τ ), i = 1, 2, are equivalent

if and only if k1 = k2 and m1 = m2. Let A : Hn,k1,m1
5 → Hn,k2,m2

5 be a nonzero
linear operator and suppose that A commutes with the group OQ(n). Because AD =
DA, we derive from Remark 4.2 and Lemma 4.31 that A sends Hn,m1,k1−m1,m1

4 to

Hn,m2,k2−m2,m2
4 . Applying Theorem 4.6, we arrive at the desired assertion. ��

Remark 4.3. Theorems 4.7 and 4.8 imply the description of OQ(n)-invariant sub-
spaces of B4n analogous to that given in Sect. 4.1 for the group O(n). In this case
we must replace the spaces Hn,k

1 by Hn,k,m
5 .

4.6 The Group OCa(2)

In this section we shall obtain an explicit description of the decomposition of the
space H16,k

1 into irreducible subspaces under the action of the group OCa(2).
Let L be the Laplace–Beltrami operator on the Cayley hyperbolic plane H

2
Ca

(see
Proposition 2.21). For m ∈ {0, . . . , [k/2]}, we set

Hk,m
6 = {

f ∈ H16,k
1 : (Lf )(x) = 4λk,m

(

1 − |x|2)f (x)
}

,

where
λk,m = (m − 3)(m − k).

Because OCa(2) ⊂ I (H2
Ca

) (see Sect. 2.4), the space Hk,m
6 is an invariant sub-

space of the quasi-regular representation T6(τ ) of the group OCa(2) on L2(S15). We
denote by T

k,m
6 (τ ) the restriction of T6(τ ) to Hk,m

6 . Our goal is now to prove the
following result.

Theorem 4.9. The quasi-regular representation T6(τ ) is the orthogonal direct sum
of the pairwise nonequivalent irreducible unitary representations

T
k,m
6 (τ ), k ∈ Z+,m ∈ {0, . . . , [k/2]}.
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It will be convenient to break up the proof of Theorem 4.9 into a number of
lemmas. We shall begin with some relations concerning the Beltrami parameters
on H

2
Ca . Recall that the first Beltrami parameter ∇1 on H

2
Ca is defined by

(∇1f )(x) =
16
∑

i,j=1

gij (x)
∂f

∂xi

(x)
∂f

∂xj

(x), f ∈ C1(B16
R

)

.

Here and in the rest of this section, we are using the notation established in Sect. 2.4.
The second Beltrami parameter �2 on H

2
Ca

coincides with the operator L. Note
that the operators ∇1 and L can be naturally extended to C1(R16) and C2(R16),
respectively. In addition,

∇1f = 1

2
L

(

f 2) − f · Lf.

Lemma 4.32. Let a = (a1, . . . , a16) ∈ R
16 be fixed. Then

(i) ∇1
(

ΦCa(x, a)
) = 4

(

1 − |x|2)ΦCa(x, a)
(|a|2 − ΦCa(x, a)

);
(ii) ∇1

(

ΨCa(x, a)
) = 4

(

1 − |x|2)ΨCa(x, a)
(|a|2 − ΦCa(x, a)

)

.

Proof. Relation (2.51) gives

∂

∂xi

(

ΦCa(x, a)
) = −2

(

1 − |a|2)xi + 2
(

1 − |a|2)2
16
∑

j=1

xjgij (a),

∂

∂xi

(

ΨCa(x, a)
) = −2ai − 2

(

1 − |a|2)xi + 2
(

1 − |a|2)2
16
∑

j=1

xjgij (a).

Hence, by (1.17) and (2.58),

16
∑

i,j=1

gij (y)
∂

∂yi

(

ΦCa(y, a)
) ∂

∂yj

(

ΦCa(y, a)
)

∣

∣

∣

∣

y=|x|e1

= 4
(

1 − |x|2)ΦCa(|x|e1, a)
(|a|2 − ΦCa(|x|e1, a)

)

,

16
∑

i,j=1

gij (y)
∂

∂yi

(

ΨCa(y, a)
) ∂

∂yj

(

ΨCa(y, a)
)

∣

∣

∣

∣

y=|x|e1

= 4
(

1 − |x|2)ΨCa(|x|e1, a)
(|a|2 − ΦCa(|x|e1, a)

)

.

Now keeping in mind the invariance of ∇1 under the group OCa(2) and using Propo-
sition 1.1, we arrive at the desired assertion. ��
From this result and from (2.54) and (2.55) we obtain
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Corollary 4.14. The following equalities are valid:

(i)
16
∑

i,j=1

gij (x)ai

∂

∂xj

(

ΦCa(x, a)
) = 2

(

1 − |x|2)(|a|2 − ΦCa(x, a)
)〈x, a〉R.

(ii)
16
∑

i,j=1

gij(x)ai

∂

∂xj

(

ΨCa(x, a)
) = 2

(

1 − |x|2)(|a|2− ΦCa(x, a)
)(〈x, a〉R − 1

)

.

For f ∈ C2(R16), we put

(Lf )(x) = 1

4

16
∑

i,j=1

bij (x)
∂2f

∂xi∂xj

(x) + 3
16
∑

i=1

xi

∂f

∂xi

(x)

(see Sect. 2.4). Propositions 2.17 and 2.21 show that

4
(

1 − |x|2)(Lf )(x) = (Lf )(x).

Lemma 4.33. For a ∈ R
16, we have

(i) L
(

ΦCa(x, a)
) = 4|a|2 + 2ΦCa(x, a).

(ii) L
(

ΨCa(x, a)
) = 4|a|2 + 2ΦCa(x, a) − 6〈x, a〉R.

Proof. By virtue of (2.50),

∂2

∂xi∂xj

(

ΦCa(x, a)
) = ∂2

∂xi∂xj

(

ΨCa(x, a)
) = −2δi,j

(

1−|a|2)+2
(

1−|a|2)2
gij (a).

Then, taking into account relations (2.55) and (2.60), we find that

16
∑

i,j=1

bij (x)
∂2

∂xi∂xj

(

ΦCa(x, a)
) =

16
∑

i,j=1

bij (x)
∂2

∂xi∂xj

(

ΨCa(x, a)
)

= 16
(|a|2 − ΦCa(x, a)

)

.

This, together with Euler’s formula for homogeneous functions, brings us to the
assertion of Lemma 4.33. ��
Lemma 4.34. The relation

(L − λk,m Id)
(〈x, a〉k−2m

R

(

ΦCa(x, a)
)m)

= m(k − m + 3)|a|2〈x, a〉k−2m
R

(

ΦCa(x, a)
)m−1

+ (k − 2m)(k − 2m − 1)

4
〈x, a〉k−2m−2

R

(

ΦCa(x, a)
)m(|a|2 − ΦCa(x, a)

)

(4.107)

holds. Here, as above, a ∈ R
16, k ∈ Z+, and m ∈ {0, . . . , [k/2]}.
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Proof. Invoking Corollary 4.14 and Lemmas 4.32 and 4.33, we obtain (4.107) at the
point |x|e1 by a direct calculation. Since the group OCa(2) acts transitively on S

15

and L is invariant under OCa(2), equality (4.107) is valid for any x ∈ R
16. ��

Denote by C
16
isot the set of all isotropic vectors in C

16. We recall that a vector
b = (b1, . . . , b16) ∈ C

16 belongs to C
16
isot if and only if

b2
1 + · · · + b2

16 = 0.

An immediate consequence of Lemma 4.34 is the following:

Corollary 4.15. Let b ∈ C
16
isot and ν ∈ {0, . . . , [k/2] − m}. Then

(

m+ν
∏

j=m

(L − λk,j Id)

)

(〈x, b〉k−2m
R

(

ΦCa(x, b)
)m)

=
(

−1

4

)ν+1(m+ν
∏

j=m

(k − 2j)(k − 2j − 1)

)

〈x, b〉k−2(m+ν+1)
R

(

ΦCa(x, b)
)m+ν+1

.

(4.108)

Remark 4.4. In the same way as in the proof of Lemma 4.34, we see that

�
(〈x, a〉k−2m

R

(

ΦCa(x, a)
)m) = |a|2〈x, a〉k−2m−2

R

(

ΦCa(x, a)
)m−1

× (

4m(k − m + 3)〈x, a〉2
R

+ (k − 2m)(k − 2m − 1)ΦCa(x, a)
)

.

In particular,

�
(〈x, b〉k−2m

R

(

ΦCa(x, b)
)m) = 0 for b ∈ C

16
isot. (4.109)

Hence, it follows from Corollary 4.15 that Hk,m
6 contains the polynomial

Pk,m,b(x) =
[k/2]−m

∑

j=0

(

−1

4

)j

(j + 1)(j + 2)

(

k − 2m − j + 2

j + 2

)

× 〈x, b〉k−2m−2j

R

(

ΦCa(x, b)
)m+j

.

In addition (see the proof of Lemma 4.16),

〈x, b〉k−2m
R

(

ΦCa(x, b)
)m − 1

(k − 2m + 1)(k − 2m + 2)
Pk,m,b(x)

∈
∑

m+1�j�[k/2]
Hk,j

6 ,



128 4 Realizations of the Irreducible Components of the Quasi-Regular Representation

and if m + 1 � [k/2], then

〈x, b〉k−2m
R

(

ΦCa(x, b)
)m − 1

(k − 2m + 1)(k − 2m + 2)
Pk,m,b(x)

− k − 2m − 2

4(k − 2m + 2)
Pk,m+1,b(x) ∈

∑

m+2�j�[k/2]
Hk,j

6 .

(The sums are set to be equal to zero when the set of indices of summation is empty.)

Corollary 4.16. For f ∈ H16,k
1 , we have

(

m
∏

j=0

(L − λk,j Id)

)

(f ) ∈ H16,k
1 .

Moreover,
([k/2]

∏

j=0

(L − λk,j Id)

)

(f ) = 0.

Proof. The statement is clear from (4.108), (4.109), and the description of the space
H16,k

1 (see Sect. 4.1). ��
Lemma 4.35. Let f ∈ C2(B16

R
) and suppose that f has the form

f (x) = ϕ(|x|)P (x), where P ∈ Hk,m
6 .

Then

(Lf )(x) =
(

(

1 − |x|2)2
ϕ′′(|x|) + 1 − |x|2

|x|
(

15 + 2k + (5 − 2k)|x|2)ϕ′(|x|)

+ 4λk,m

(

1 − |x|2)ϕ(|x|)
)

P(x). (4.110)

Proof. We use the formula

L(f1f2)(x) = f1(x)(Lf2)(x) + f2(x)(Lf1)(x) + 2
16
∑

i,j=1

gij (x)
∂f1

∂xi

(x)
∂f2

∂xj

(x)

with f1(x) = ϕ(|x|) and f2(x) = P(x). Relations (2.52) and (2.55) and Euler’s
theorem for homogeneous functions yield

16
∑

i,j=1

gij (x)
∂

∂xi

(

ϕ(|x|)) ∂

∂xj

(

P(x)
) = k

(1 − |x|2)2

|x| ϕ′(|x|)P (x). (4.111)

Furthermore, the definition of Hk,m
6 shows that

(LP )(x) = 4λk,m

(

1 − |x|2)P(x). (4.112)
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Combining (4.111), (4.112), and (2.72), we get (4.110). ��
Lemma 4.36. The space H16,k

1 is the sum of the pairwise orthogonal spaces Hk,m
6 ,

where m ∈ {0, . . . , [k/2]}.
Proof. The orthogonality of the spaces Hk,m

6 is implied by the symmetry of the
operator L (see (4.110) and the proof of Lemma 4.10). The decomposition

H16,k
1 =

[k/2]
∑

m=0

Hk,m
6

follows from Corollary 4.16 in the same manner as in Lemma 4.16. ��
Corollary 4.17. The space L2(S15) is the orthogonal direct sum of the spaces

Hk,m
6 , k ∈ Z+,m ∈ {0, . . . , [k/2]}.

Proof. Thanks to Lemma 4.2, we have

L2(
S

15) =
∞

⊕

k=0

H16,k
1 .

Applying Lemma 4.36, we complete the proof. ��
Now we require some properties of polynomials invariant with respect to the

isotropy subgroup of the point e1 in the group OCa(2). We first prove the following
assertion.

Lemma 4.37. Suppose that τ ∈ OCa(2), τe1 = e1, and let ‖ti,j‖16
i,j=1 be the matrix

of τ in the standard basis e1, . . . , e16 ∈ R
16, that is,

τej =
16
∑

i=1

ti,j ei , 1 � j � 16.

Then t2i,2j−1 = t2j−1,2i = 0 and t2i−1,1 = t1,2i−1 = δ1,2i−1 for i, j ∈ {1, 2, . . . , 8}.
Proof. Since τ ∈ O(16) and τe1 = e1, we get t1,1 = 1 and

t1,j = tj,1 = 0

for j ∈ {2, 3, . . . , 16}. Using now the relation

ΦCa(τx, e1) = ΦCa(x, e1), x ∈ R
16,

we see that ti,j = 0 if i ∈ {3, 5, . . . , 15} and j ∈ {2, 4, . . . , 16}. Analogously, the
equality

|τx|2 − ΦCa(τx, e1) = |x|2 − ΦCa(x, e1), x ∈ R
16,
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yields ti,j = 0 when i ∈ {2, 4, . . . , 16} and j ∈ {3, 5, . . . , 15}. Thus, the lemma is
proved. ��

Next, with our notation in Sect. 2.4, we have the following:

Lemma 4.38. Let f be a homogeneous polynomial on R
16 of degree k and assume

that f ◦ τ = f for every τ ∈ OCa(2) that fixes e1. Then

f (x) =
∑

α+2β+2γ=k

cα,β,γ xα
1

(

p9(x) − x2
1

)β(

p10(x)
)γ

, (4.113)

for some cα,β,γ ∈ C. Conversely, for all cα,β,γ ∈ C, the polynomial (4.113) belongs
to P 16

k and is invariant with respect to the isotropy subgroup of the point e1 in the
group OCa(2).

Proof. We write f (x) as

f (x) =
∑

α+β�k

xα
1 x

β

2 fα,β(x3, x4, . . . , x16),

where fα,β is a homogeneous polynomial of degree k − α − β. Since f ◦ Aϕ = f

for any ϕ ∈ G2 (see Example 1.2 and (1.15)), we deduce from Corollary 1.2 that

f (x) =
∑

α+2β+2γ+2δ+ε=k

dα,β,γ,δ,εx
α
1

(

p9(x) − x2
1

)β(

p10(x)
)γ

xδ
2

(

p1(x)
)ε (4.114)

with some constants dα,β,γ,δ,ε ∈ C. Next, let

X1 = x1, X2 = x2 cos t − x6 sin t, X3 = x3 cos t − x7 sin t, X4 = x4,

X5 = x5, X6 = x6 cos t + x2 sin t, X7 = x7 cos t + x3 sin t, X8 = x8,

X9 = x9, X10 = x10 cos t − x14 sin t, X11 = x11 cos t − x15 sin t, X12 = x12,

X13 = x13, X14 = x14 cos t + x10 sin t, X15 = x15 cos t + x11 sin t, X16 = x16,

X = (X1, . . . , X16).

Then

p1(X) = p1(x) cos t − p3(x) sin t, p2(X) = p2(x),

p3(X) = p3(x) cos t + p1(x) sin t, p4(X) = p4(x),

p5(X) = p5(x) cos t − p7(x) sin t, p6(X) = p6(x),

p7(X) = p7(x) cos t + p5(x) sin t, p8(X) = p8(x),

p9(X) = p9(x), p10(X) = p10(x),

and X = e1 for x = e1. These relations imply that the transformation τ : x → X

belongs to OCa(2) and τe1 = e1. Therefore, by the hypothesis and (4.114), for
Y = (Y1, . . . , Y16) ∈ C

16,
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∑

α+2β+2γ+2δ+ε=k

dα,β,γ,δ,εY
α
1

(

p9(Y ) − Y 2
1

)β(

p10(Y )
)γ

Y δ
2

(

p1(Y )
)ε

=
∑

α+2β+2γ+2δ+ε=k

dα,β,γ,δ,εY
α
1

(

p9(Y ) − Y 2
1

)β(

p10(Y )
)γ

× (Y2 cos t − Y6 sin t)δ
(

p1(Y ) cos t − p3(Y ) sin t
)ε

. (4.115)

Take Z1, . . . , Z7 ∈ C arbitrarily. Putting

Y1 = Z1, Y2 = Z4, Y3 = Z1Z4 − Z5, Y4 = 1, Y5 = 0,

Y6 = Z6, Y7 = Z1Z6 − Z7, Y8 = Y9 = 0,

Y10 =
√

Z3 − Z2
4 − Z2

6 − 1,

Y11 =
√

Z2 − (Z1Z4 − Z5)2 − (Z1Z6 − Z7)2,

Y12 = Y13 = Y14 = Y15 = Y16 = 0,

and t = −π/2 in (4.115), we obtain

∑

α+2β+2γ+2δ+ε=k

dα,β,γ,δ,εZ
α
1 Z

β

2 Z
γ

3 Zδ
4Z

ε
5

=
∑

α+2β+2γ+2δ+ε=k

dα,β,γ,δ,εZ
α
1 Z

β

2 Z
γ

3 Zδ
6Z

ε
7.

Hence,
dα,β,γ,δ,ε = 0 if δ �= 0 or ε �= 0. (4.116)

Together, (4.114) and (4.116) give (4.113). The converse assertion follows from
Lemma 4.37. ��

As before, let k ∈ Z+, m ∈ {0, . . . , [k/2]}. For α ∈ {0, . . . , m}, we set

Qα,k,m(x) = cα,k,m

(

p9(x)
)m−α

[k/2]−m
∑

β=0

dβ,k,mx
k−2m−2β

1

(

p9(x) − x2
1

)β
,

where

cα,k,m =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if α = 0,
α−1
∏

μ=0

(m − μ)(μ + m − k − 3)

μ2 + 5μ + 4
if 1 � α � m,

dβ,k,m =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if β = 0,
β−1
∏

μ=0

(2m + 2μ − k)(k − 2m − 2μ − 1)

4μ2 + 18μ + 14
if 1 � β � [k/2] − m.
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Now define

Pk,m(x) =
m

∑

α=0

(

p10(x)
)α

Qα,k,m(x).

Lemma 4.39. Let f ∈ Hk,m
6 , f (e1) = 1 and suppose that f ◦ τ = f for all

τ ∈ OCa(2) that fix e1. Then f = Pk,m.

Proof. By Lemma 4.38,

f (x) =
[k/2]
∑

α=0

(

p10(x)
)α

fα(x)

with

fα(x) =
[k/2]−α
∑

β=0

γβ,k,αx
k−2m−2β

1

(

p9(x) − x2
1

)β
, γβ,k,α ∈ C. (4.117)

Put � = max {α ∈ {0, . . . , [k/2]} : fα �≡ 0}. The harmonicity of f means that

�(fα) = −4
(

α2 + 5α + 4
)

fα+1, 0 � α � � − 1, (4.118)

�(f�) = 0. (4.119)

Let us compute Lf . We represent L in the form L = L1 + L2 + L3, where

L1 = 1

4

16
∑

i=1

bii(x)
∂2

∂x2
i

, L2 = 1

4

16
∑

i,j=1
i �=j

bij (x)
∂2

∂xi∂xj

, L3 = 3
16
∑

i=1

xi

∂

∂xi

.

It is easy to make sure that

(L1gα)(x) = α(3 + α)
(

1 − p10(x)
)(

p10(x)
)α−1

fα(x)

+ 1

4

(

1 − p9(x)
)(

p10(x)
)α

(�fα)(x), (4.120)

(L3gα)(x) = 3kgα(x), (4.121)

where gα(x) = (p10(x))αfα(x). To calculate L2gα we need the relation

16
∑

j=1
j �=i

xj bij (x) =
{

−xip10(x) if i ∈ E1,

−xip9(x) if i ∈ E2,

with E1 = {1, 3, 5, . . . , 15} and E2 = {2, 4, 6, . . . , 16} (see (2.52)). For i ∈ E1, we
have
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1

4

16
∑

j=1
j �=i

bij (x)
∂2gα

∂xi∂xj

(x) = 1

4

∑

j∈E2

bij (x)
∂2gα

∂xj ∂xj

(x)

= α

2

(

p10(x)
)α−1 ∂fα

∂xi

(x)

16
∑

j=1
j �=i

xj bij (x)

= −α

2

(

p10(x)
)α

xi

∂fα

∂xi

(x),

whence
1

4

∑

i∈E1

16
∑

j=1
j �=i

bij (x)
∂2gα

∂xi∂xj

(x) = (2α − k)α

2
gα(x). (4.122)

Let i ∈ E2. Then

1

4

16
∑

j=1
j �=i

bij (x)
∂2gα

∂xi∂xj

(x) = 1

4

∑

j∈E1

bij (x)
∂2gα

∂xi∂xj

(x)

= α

2

(

p10(x)
)α−1

xi

16
∑

j=1

bij (x)
∂fα

∂xj

(x).

Therefore,

1

4

∑

i∈E2

16
∑

j=1
j �=i

bij (x)
∂2gα

∂xi∂xj

(x) = α

2

(

p10(x)
)α−1 ∑

j∈E1

∂fα

∂xj

(x)

16
∑

i=1
i �=j

xibji(x)

= (2α − k)α

2
gα(x). (4.123)

According to (4.122) and (4.123),

L2(gα) = α(2α − k)gα. (4.124)

In view of (4.120), (4.121), and (4.124),

(Lgα)(x) = (α − 3)(α − k)gα(x) + α(3 + α)
(

p10(x)
)α−1

fα(x)

+ 1

4

(

1 − p9(x)
)(

p10(x)
)α

(�fα)(x). (4.125)

Using (4.125), (4.118), and (4.119), we see that

(Lf )(x) =
�

∑

α=0

(α − 3)(α − k)gα(x) + p9(x)

�−1
∑

α=0

(

α2 + 5α + 4
)(

p10(x)
)α

fα+1(x).
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Now the condition Lf = λk,mf yields

� = m, (4.126)

fα(x) = (

p9(x)
)m−α

fm(x)

m−1
∏

μ=α

μ2 + 5μ + 4

(m − μ)(μ + m − k − 3)
, 0 � α � m − 1.

(4.127)

Since f (e1) = 1, we conclude from (4.117), (4.119), and (4.126) that

γ0,k,m =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if m = 0,
m−1
∏

μ=0

(m − μ)(μ + m − k − 3)

μ2 + 5μ + 4
if 1 � m � [k/2],

γβ,k,m = γ0,k,m

β−1
∏

μ=0

(2m + 2μ − k)(k − 2m − 2μ − 1)

4μ2 + 18μ + 14
, 1 � β � [k/2] − m.

In combination with (4.127) this implies the assertion of Lemma 4.39. ��
From Lemma 4.39 and Proposition 1.1 we obtain the following:

Corollary 4.18. For each x ∈ S
15, the space Hk,m

6 contains a unique f such that
f (x) = 1 and f ◦ τ = f for every τ ∈ OCa(2) that fixes x.

Proof of Theorem 4.9. By Corollary 4.17, T6(τ ) is the orthogonal direct sum
of the representations T

k,m
6 (τ ), k ∈ Z+, m ∈ {0, . . . , [k/2]}. Next, suppose that

A : Hk1,m1
6 → Hk2,m2

6 is a linear map that commutes with the group OCa(2). Then

A =
{

c Id if (k1,m1) = (k2,m2),

0 if (k1,m1) �= (k2,m2);
see Corollary 4.18 and the proof of Lemma 4.5. It follows that the representations
T

k,m
6 (τ ), k ∈ Z+, m ∈ {0, . . . , [k/2]}, are irreducible and pairwise nonequivalent.

Thus, Theorem 4.9 is proved. ��

Finally, we state the analog of Theorem 4.2 for the group OCa(2).
Let πk,m be the orthogonal projection of L2(S15) onto Hk,m

6 . As in Sect. 4.2 (see
Remark 4.1), the domain of πk,m may be extended to L1(S15). We now have:

Theorem 4.10. Let H be an OCa(2)-invariant subspace of B16. Then H is the B16-
closure of the algebraic sum of all Hk,m

6 such that πk,mH �= {0}.
The proof can be given along the lines of the proof of Theorem 4.2 by using

Theorem 4.9.



Chapter 5
Non-Euclidean Analogues of Plane Waves

Having completed our study of the spherical harmonics, mainly from the point
of view of functions on the sphere, we shall now show how they can be used in
harmonic analysis of functions on H

n
K

and H
2
Ca

(K = R, C, Q). More precisely,
for functions of the form f (|x|)H(x/|x|), where H is a spherical harmonic, we
study the following general problem: describe all eigenfunctions of the Laplacian
by means of some “Poisson integral” of hyperfunctions.

On Euclidean space R
n, we have the remarkable functions e〈x,y〉R with the prop-

erty that any power of this function yields an eigenfunction of the Laplacian. In this
case,

�
(

eiλ〈x,y〉R) = −λ2|y|2eiλ〈x,y〉R (5.1)

and
∫

Sn−1
eiλ〈x,η〉RHk(η) dω(η) = ik(2π)

n
2
Jk+ n

2 −1(λ|x|)
(λ|x|) n

2 −1
Hk

(

x/|x|) (5.2)

for λ ∈ C, x ∈ R
n\{0}, and Hk ∈ Hn,k

1 . In Sects. 5.1–5.4 we prove that, on the
spaces H

n
K

and H
2
Ca , similar statements are valid for the functions

x → 1 − |x|2
|1 − 〈x, y〉K|2

(

x, y ∈ K
n, |x| < 1, |y| = 1

)

(5.3)

and

x → 1 − |x|2
ΨCa(x, y)

(

x, y ∈ R
16, |x| < 1, |y| = 1

)

, (5.4)

respectively. In this sense, (5.3) and (5.4) can be regarded as non-Euclidean ana-
logues of the plane waves e〈x,y〉R .

Such functions exist on all symmetric spaces of noncompact type and appear
in the kernel of Helgason’s Fourier transform. We even find such functions on com-
pact two-point homogeneous spaces if we allow complex-valued functions and local
eigenfunctions. These cases will be treated in Part II.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009



136 5 Non-Euclidean Analogues of Plane Waves

5.1 The Case of H
n
R

Let λ ∈ C, η ∈ S
n−1. In this section we want to show that the function

eν,η(x) =
(

√

1 − |x|2
1 − 〈x, η〉R

)ν

, |x| < 1,

where

ν = ν(λ) = n − 1 − iλ

2
,

satisfies relations similar to (5.1) and (5.2) on the real hyperbolic space H
n
R

. We
shall use the notation established in Sect. 2.1.

Proposition 5.1. The relation

(Leν,η)(x) = −λ2 + (n − 1)2

4
eν,η(x), x ∈ H

n
R
, (5.5)

holds.

Proof. Let η and x be fixed. Set ξ = σx(η). By Proposition 2.4(ii), (v), ξ ∈ S
n−1

and η = σx(ξ). Therefore, formulae (2.13) and (2.14) imply that

eν,η

(

σx(y)
) =

(
√

1 − |y|2
1 − 〈y, ξ 〉R

)ν(
1 − 〈x, ξ 〉R
√

1 − |x|2
)ν

(5.6)

for y ∈ Bn
R

. In view of (2.16), (2.13), and (5.6),

(Leν,η)(x) = �(eν,ξ )(0)eν,η(x) = −λ2 + (n − 1)2

4
eν,η(x),

as desired. ��
Corollary 5.1. Spherical functions on H

n
R

have the form

ϕλ(x) =
∫

Sn−1
eν,η(x) dωnorm(η), (5.7)

where dωnorm is a surface element of S
n−1 normalized by

∫

Sn−1
dωnorm = 1.

Proof. Denote by f (x) the integral on the right-hand side of (5.7). Since f is radial,
f (0) = 1, and

(Lf )(x) = −λ2 + (n − 1)2

4
f (x), x ∈ Bn

R
, (5.8)

we obtain our result. ��
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Proposition 5.2. Let x ∈ H
n
R

and Hk ∈ Hn,k
1 . Then

∫

Sn−1
eν,η(x)Hk(η) dωnorm(η) = 2−k

(

(n/2)k
)−1

(ν)k
(

1 − |x|2) ν
2

× F

(

ν + k

2
,
ν + k + 1

2
; k + n

2
; |x|2

)

Hk(x).

(5.9)

The proof of Proposition 5.2 requires some preparation.
Let P be a polynomial in the n variables x1, . . . , xn. Denote by P(∂) the differ-

ential operator associated with P , i.e., we replace each monomial xα by ∂α in P .
Put

Dk = Hk(∂).

Lemma 5.1. For f ∈ Ck(Bn
R
), we have

Dk

(|x|2Nf (x)
)

(0) = 0, N ∈ N, (5.10)

Dk

((

1 − |x|2)λ
f (x)

)

(0) = (Dkf )(0), λ ∈ C. (5.11)

Proof. By virtue of Corollary 4.3, we can assume, without loss of generality, that

Hk(x) = (a1x1 + · · · + anxn)
k,

where a1, . . . , an ∈ C and a2
1 + · · · + a2

n = 0. In this situation,

Dk

(|x|2Nf (x)
) = (a1x1 + · · · + anxn)f1(x) + |x|2Nf2(x)

for some f1, f2 ∈ C(Bn
R
), which proves (5.10). Now (5.11) follows from (5.10). ��

Lemma 5.2. The equality

Dk(eν,η)(0) = (ν)kHk(η) (5.12)

is valid.

Proof. We can write

eν,η(x) = (

1 − |x|2) ν
2

∞
∑

j=0

(ν)j

j ! 〈x, η〉j
R
.

Hence, according to Lemma 5.1,

Dk(eν,η)(0) =
∞
∑

j=0

(ν)j

j ! Dk

(〈x, η〉j
R

)

(0). (5.13)
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Using Corollary 4.3, we obtain

Dk

(〈x, η〉j
R

)

(0) =
{

0, j 
= k,

k!Hk(η), j = k.
(5.14)

Together, (5.13) and (5.14) give (5.12). ��
Proof of Proposition 5.2. Let f (x) be the integral on the left-hand side of (5.9).
By (4.3),

f (x) =
∫

Sn−1
eν,η(x)

(∫

Sn−1
Hk(ξ)Pη(ξ) dω(ξ)

)

dωnorm(η)

=
∫

Sn−1
Hk(ξ)

(∫

Sn−1
eν,η(x)Pη(ξ) dωnorm(η)

)

dω(ξ). (5.15)

Pick τ ∈ O(n) for which τx = |x|e1, where e1 = (1, 0, . . . , 0) ∈ S
n−1. We shall

regard O(n − 1) as the isotropy subgroup of the point e1 in the group O(n). Owing
to (4.5),

∫

Sn−1
eν,η(x)Pη(ξ) dωnorm(η) =

∫

Sn−1
eν,(ςτ)−1η(x)P(ςτ)−1η(ξ) dωnorm(η)

=
∫

Sn−1
eν,η(|x|e1)Pη(ςτξ) dωnorm(η)

for every ς ∈ O(n − 1). Consequently,
∫

Sn−1
eν,η(x)Pη(ξ) dωnorm(η) =

∫

Sn−1
eν,η(|x|e1)ψη(τξ) dωnorm(η), (5.16)

where

ψη(ξ) =
∫

O(n−1)

Pη(ςξ) dς.

Since ψη is invariant with respect to O(n − 1), Lemmas 4.3(iv) and 4.4 imply that

ψη(ξ) = Pη(e1)Pe1(ξ)

Pe1(e1)
.

Now (5.15), (5.16), (4.3), and (4.5) yield

f (x) = g(|x|)Hk(x/|x|) (5.17)

with

g(�) = 1

Pe1(e1)

∫

Sn−1
eν,η(�e1)Pη(e1) dωnorm(η), 0 � � < 1.

Next, by Proposition 5.1, f satisfies (5.8). Therefore, from (5.17) and (2.9) we de-
rive the equation
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(

1 − �2)2
g′′(�) + 1 − �2

�

(

n − 1 − 2�2)g′(�) − k(n + k − 2)
1 − �2

�
g(�)

= − (λ2 + (n − 1)2)

4
g(�).

Because the function g is smooth at the origin, we get

g(�) = c�k
(

1 − �2)
ν
2 F

(

ν + k

2
,
ν + k + 1

2
; k + n

2
; �2

)

for some c ∈ C (see Erdélyi (ed.) [73], Chap. 2, 2.1 (2)). It remains to calculate the
constant c. Set

hk(x) =
√

(n/2)k

k! (x1 − ix2)
k.

The polynomial hk belongs to Hn,k
1 , and

∫

Sn−1
|hk(η)|2 dωnorm(η) = 1. (5.18)

By the above,
∫

Sn−1
eν,η(x)hk(η) dωnorm(η) = g(|x|)hk(x/|x|).

Hence,
∫

Sn−1

(

hk(∂)eν,η

)

(0)hk(η) dωnorm(η) = hk(∂)
(

g(|x|)hk(x/|x|))∣∣
x=0.

Using (5.10)–(5.12) and (5.18), we find

c = 2−k
(

(n/2)k
)−1

(ν)k.

Thus, Proposition 5.2 is proved. ��
Corollary 5.2. For h ∈ Hn,k

1 and H ∈ Hn,l
1 , we have

(

H(∂)h
)

(0) = 2k(n/2)k

∫

Sn−1
h(η)H(η) dωnorm(η). (5.19)

Proof. By (5.9)–(5.11),
∫

Sn−1

(

H(∂)eν,η

)

(0)h(η) dωnorm(η) = 2−k
(

(n/2)k
)−1

(ν)k
(

H(∂)h
)

(0).

Taking (5.12) and Lemma 4.2 into account, we arrive at (5.19). ��
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To close this section we consider an analogue of (5.5) and (5.9) for the ball Bn
R

with the Poincaré metric (2.21).

Proposition 5.3. The following relations hold:

L

(

(

1 − |x|2
|x − η|2

)ν
)

= − (λ2 + (n − 1)2)

4

(

1 − |x|2
|x − η|2

)ν

, (5.20)

∫

Sn−1

(

1 − |x|2
|x − η|2

)ν

Hk(η) dωnorm(η)

= (

(n/2)k
)−1

(ν)k
(

1 − |x|2)ν
F

(

ν + k, ν + 1 − n

2
; k + n

2
; |x|2

)

Hk(x).

(5.21)

Proof. Let

f (x) =
∫

Sn−1

(

1 − |x|2
|x − η|2

)ν

Hk(η) dωnorm(η).

Then

f

(

x

1 + √

1 − |x|2
)

=
∫

Sn−1
eν,η(x)Hk(η) dωnorm(η).

By Proposition 5.2,

f

(

x

1 + √

1 − |x|2
)

= 2−k
(

(n/2)k
)−1

(ν)k
(

1 − |x|2) ν
2 F

(

ν + k

2
,
ν + k + 1

2
; k + n

2
; |x|2

)

Hk(x).

Applying the formula

F

(

a, a + 1

2
; b; t

)

= 22a
(

1 + √
1 − t

)−2a
F

(

2a, 2a − b + 1; b; 1 − √
1 − t

1 + √
1 − t

)

(see Erdélyi (ed.) [73], Chap. 2, 2.1 (26)), we deduce (5.21). Relation (5.21) and
Corollary 2.3 (ii) show that f satisfies (5.8). This implies (5.20), since the linear
span of {Hn,k

1 , k ∈ Z+} is dense in C(Sn−1). ��
Corollary 5.3. For the ball Bn

R
with metric (2.21), spherical functions are of the

form

ϕλ(x) =
∫

Sn−1

(

1 − |x|2
|x − η|2

)ν

dωnorm(η).

Proof. The statement is clear from (5.20). ��
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5.2 The Case of H
n
C

Let Bn
C

= {z ∈ C
n : |z| < 1}. For λ ∈ C and η ∈ S

2n−1, we set

eν,η(z) =
(

1 − |z|2
|1 − 〈z, η〉C|2

)ν

, z ∈ Bn
C
,

where

ν = ν(λ) = n − iλ

2
.

Denote by L the Laplace–Beltrami operator on the complex hyperbolic space H
n
C

.
Also let Hn,p,q

2 , p, q ∈ Z+, be the space of homogeneous harmonic polynomials on
C

n of bidegree (p, q) (see Sect. 4.2).
The purpose of this section is to prove the following result.

Proposition 5.4. Suppose that z ∈ H
n
C

and Hp,q ∈ Hn,p,q

2 . Then

(Leν,η)(z) = −(

λ2 + n2)eν,η(z) (5.22)

and
∫

S2n−1
eν,η(z)Hp,q(η) dωnorm(η)

= (

(n)p+q

)−1
(ν)p(ν)q

(

1 − |z|2)ν
F

(

ν + p, ν + q; n + p + q; |z|2)Hp,q(z).

(5.23)

We require one auxiliary assertion.

Lemma 5.3. Viewing elements of Hn,p,q

2 as polynomials on R
2n, we have

(

Hp,q(∂)eν,η

)

(0) = 2p+q(ν)p(ν)qHp,q(η).

Proof. Because of Corollary 4.5, we can assume that

Hp,q(z) = (α1z1 + · · · + αnzn)
p(β1z1 + · · · + βnzn)

q,

where the numbers α1, . . . , αn, β1, . . . , βn satisfy

α1β1 + · · · + αnβn = 0.

In this case,

Hp,q(∂) = 2p+q

(

α1
∂

∂z1
+ · · · + αn

∂

∂zn

)p(

β1
∂

∂z1
+ · · · + βn

∂

∂zn

)q

.
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Then by (5.11)

(

Hp,q(∂)eν,η

)

(0) = (

Hp,q(∂)
(|1 − 〈z, η〉C|−2ν

))

(0)

= 2p+q

(

α1
∂

∂z1
+ · · · + αn

∂

∂zn

)p
(

(1 − 〈η, z〉C)−ν
)

(0)

×
(

β1
∂

∂z1
+ · · · + βn

∂

∂zn

)

(

(1 − 〈z, η〉C)−ν
)

(0)

= 2p+q(ν)p(ν)qHp,q(η),

and Lemma 5.3 is proved. ��
Proof of Proposition 5.4. Equality (5.22) follows from (2.31)–(2.33) by a direct cal-
culation. Next, in the same way as in the proof of Proposition 5.2 (see Lemmas 4.8,
4.9 and (4.21)), we conclude that

∫

S2n−1
eν,η(z)Hp,q(η) dωnorm(η)

= c
(

1 − |z|2)ν
F

(

ν + p, ν + q; n + p + q; |z|2)Hp,q(z),

where c is a complex constant. Now by (5.10), (5.11), and (5.19)
∫

S2n−1

(

Hp,q(∂)eν,η

)

(0)Hp,q(η) dωnorm(η)

= c2p+q(n)p+q

∫

S2n−1
|Hp,q(η)|2 dωnorm(η).

Applying Lemma 5.3, we derive

c = (

(n)p+q

)−1
(ν)p(ν)q,

which proves (5.23). ��
Corollary 5.4. Let z ∈ Bn

C
and H ∈ Hn,k,m

3 . Then

∫

S2n−1
eν,η(z)H(η) dωnorm(η)

= (

(n)k
)−1

(ν)k−m(ν)m
(

1 − |z|2)ν
F

(

ν + k − m, ν + m; n + k; |z|2)H(z).

(5.24)

Proof. Combine (5.23) with Lemma 4.11. ��
Corollary 5.5. Spherical functions on H

n
C

are of the form

ϕλ(z) =
∫

S2n−1
eν,η(z) dωnorm(η).

Proof. This follows from relation (5.22). ��
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5.3 The Case of H
n
Q

In this section we shall obtain the analogue of Propositions 5.1–5.4 for the quater-
nionic hyperbolic space H

n
Q

.

For λ ∈ C and η ∈ S
4n−1, we put

eν,η(z) =
(

1 − |z|2
|1 − 〈z, η〉Q|2

)ν

, z ∈ H
n
Q
,

where

ν = ν(λ) = 2n + 1 − iλ

2
.

With our notation in Sect. 4.5, we have the following:

Proposition 5.5. Let z ∈ H
n
Q

and H ∈ Hn,p,q,m

4 . Then

(Leν,η)(z) = −(

λ2 + (2n + 1)2)eν,η(z) (5.25)

and
∫

S4n−1
eν,η(z)H(η) dωnorm(η)

= (

(2n)p+q

)−1
(ν)p+q−m(ν − 1)m

(

1 − |z|2)ν

× F
(

ν + p + q − m, ν + m − 1; 2n + p + q; |z|2)H(z). (5.26)

Proof. By (2.44)–(2.46),

(Leν,η)(z) = �(eν,η ◦ σz)(0) = �(eν,σz(η))(0)eν,η(z). (5.27)

A simple calculation shows that

�(eν,σz(η))(0) = −(

λ2 + (2n + 1)2). (5.28)

Combining (5.28) with (5.27), we deduce (5.25). To prove (5.26) a couple of lemmas
will be needed.

Lemma 5.4. The relation

(

H(∂)eν,η

)

(0) = 2p+q(ν)p+q−m(ν − 1)mH(η) (5.29)

holds.

Proof. We define h(z) = z
p+q−2m

1 (z1zn+2 − z2zn+1)
m. Thanks to Lemmas 4.12

and 4.31,
h ∈ Hn,p+q−m,m,m

4 ⊂ Hn,p+q,m

5 .
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Let us verify that

(

h(∂)
(

f −ν
))

(0) = 2k(ν)k−m(ν − 1)mh(η), (5.30)

where k = p + q and f (z) = |1 − 〈z, η〉Q|2. One has

h(∂) = 2k

(

∂2

∂z1∂zn+2
− ∂2

∂z2∂zn+1

)m(

∂

∂z1

)k−2m

= 2k
m

∑

α=0

(−1)m+α

(

m

α

)(

∂

∂zn+1

)m−α(

∂

∂zn+2

)α(

∂

∂z2

)m−α(

∂

∂z1

)α+k−2m

.

We write

f1 = ∂f

∂z1
, f2 = ∂f

∂z2
, g1 = ∂f

∂zn+1
, g2 = ∂f

∂zn+2
.

Since f (z) = 1+|〈z, η〉C|2 +|[z, η]C|2 −2 Re〈z, η〉Q, by successive differentiation
we find

(

∂

∂z2

)m−α(

∂

∂z1

)α+k−2m
(

f −ν
) = (−1)k−m(ν)k−mf α+k−2m

1 f m−α
2 f m−k−ν,

(

∂

∂zn+2

)α
(

f α+k−2m
1 f m−α

2 f m−k−ν
)

= f m−α
2

(

∂

∂zn+2

)α
(

f α+k−2m
1 f m−k−ν

)

=
α

∑

β=0

(

α

β

)

f m−α
2

(

∂

∂zn+2

)α−β
(

f α+k−2m
1

)

(

∂

∂zn+2

)β
(

f m−k−ν
)

=
α

∑

β=0

(

α

β

)

(α + k − 2m)!
(β + k − 2m)! (ν + k − m)β(ηn+2η1 − ηn+1η2)

α−β

× f m−α
2 f

β+k−2m

1 (−g2)
βf m−k−ν−β,

(

∂

∂zn+1

)m−α
(

f m−α
2 f

β+k−2m

1 (−g2)
βf m−k−ν−β

)

= f
β+k−2m

1 (−g2)
β

(

∂

∂zn+1

)m−α
(

f m−α
2 f m−k−ν−β

)

=
m−α
∑

γ=0

(

m − α

γ

)

(m − α)!
γ ! (ν + k + β − m)γ (ηn+1η2 − η1ηn+2)

m−α−γ

× f
β+k−2m

1 (−g2)
β(−g1f2)

γ f m−k−ν−β−γ .
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Consequently,

(

h(∂)
(

f −ν
))

(0)

= 2k(ν)k−mηk−2m
1

m
∑

α=0

α
∑

β=0

m−α
∑

γ=0

(

m

α

)(

α

β

)(

m − α

γ

)

(α + k − 2m)!
(β + k − 2m)!

(m − α)!
γ !

× (ν + k − m)β+γ (ηn+1η2 − η1ηn+2)
m−β−γ (η1ηn+2)

β(−η2ηn+1)
γ .

Equivalently,

(

h(∂)
(

f −ν
))

(0)

= 2k(ν)k−mηk−2m
1 m!

m
∑

α=0

α
∑

β=0

m−α
∑

γ=0

(

α + k − 2m

β + k − 2m

)(

m − α

γ

)

(ν + k − m)β+γ

× (ηn+1η2 − η1ηn+2)
m−β−γ (η1ηn+2)

β

β!
(−η2ηn+1)

γ

γ !

= 2k(ν)k−mηk−2m
1 m!

m
∑

δ=0

∑

β+γ=δ

(

m−γ
∑

α=β

(

α + k − 2m

β + k − 2m

)(

m − α

γ

)

)

(ν + k − m)δ

× (ηn+1η2 − η1ηn+2)
m−β (η1ηn+2)

β

β!
(−η2ηn+1)

γ

γ ! .

Next, we require the identity

N
∑

j=0

(

N

j

)

(a)j (b)N−j = (a + b)N , (5.31)

which is proved by induction on N using the relations
(

N + 1

j

)

=
(

N

j

)

+
(

N

j − 1

)

, (a)j+1 = (a)j (a + j). (5.32)

Identity (5.31) gives

m−γ
∑

α=β

(

α + k − 2m

β + k − 2m

)(

m − α

γ

)

=
m−β−γ

∑

j=0

(

β + k − 2m + j

β + k − 2m

)(

m − β − j

γ

)

=
m−β−γ

∑

j=0

(β + k − 2m + 1)j

j !
(γ + 1)m−β−γ−j

(m − β − γ − j)!

= (β + γ + k − 2m + 2)m−β−γ

(m − β − γ )! .
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Therefore,

(

h(∂)
(

f −ν
))

(0) = 2k(ν)k−mηk−2m
1 m!

m
∑

δ=0

(ν + k − m)δ
(δ + k − 2m + 2)m−δ

(m − δ)!

× (ηn+1η2 − η1ηn+2)
m−δ

∑

β+γ=δ

(η1ηn+2)
β

β!
(−η2ηn+1)

γ

γ !

= 2k(ν)k−mηk−2m
1 m!

m
∑

δ=0

(−1)m+δ (ν + k − m)δ

δ!

× (δ + k − 2m + 2)m−δ

(m − δ)! (η1ηn+2 − η2ηn+1)
m.

Taking into account that (δ + k − 2m + 2)m−δ = (−1)m−δ(m − k − 1)m−δ and
applying (5.31), we obtain (5.30). Hence, by Lemma 5.1 and Theorem 4.8,

(

P(∂)eν,η

)

(0) = 2k(ν)k−m(ν − 1)mP (η)

for every P ∈ Hn,k,m
5 . Because Hn,p,q,m

4 ⊂ Hn,k,m
5 (see Lemma 4.31), we arrive at

the desired assertion. ��
Let

Hp,q,m(z) =
m

∑

l=0

Ul(z)Vl(z) (5.33)

be the polynomial introduced in Sect. 4.4.

Lemma 5.5. Suppose that j ∈ Z+ and j 
= q − m. Then
∫

S4n−1
eν,η(|z|e1)D

j (Hp,q,m)(η) dω(η) = 0, (5.34)

where e1 = (1, 0, . . . , 0) ∈ S
4n−1 and

D = zn+1
∂

∂z1
− z1

∂

∂zn+1
.

Proof. It is clear that
∫

S4n−1
eν,η(|z|e1)D

j (Hp,q,m)(η) dω(η)

= 1

2π

∫

S4n−1
dω(η)

∫ π

−π

eν,τθ (η)(|z|e1)D
j (Hp,q,m)

(

τθ (η)
)

dθ, (5.35)

where
τθ (η) = (

η1, . . . , ηn, eiθηn+1, ηn+2, . . . , η2n

)

.
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The equality

eν,η(|z|e1) =
(

1 − |z|2
1 − 2|z| Re η1 + |z|2(|η1|2 + |ηn+1|2)

)ν

yields
eν,τθ (η)(|z|e1) = eν,η(|z|e1). (5.36)

Next, (5.33) and (4.38) imply

Dj(Hp,q,m)
(

τθ (η)
) = eiθ(j+m−q)

m
∑

l=0

Ul(η)Dj (Vl)(η). (5.37)

Substituting (5.36) and (5.37) into (5.35), we derive (5.34). ��
Passing to the proof of (5.26), consider the function

ψη(ξ) =
∫

Sp(n−1)

Pη(τξ) dτ, ξ ∈ S
4n−1, (5.38)

where Pη is given by (4.63). According to Lemma 4.19,

ψη(ξ) =
p+q−2m

∑

j=0

cj (η)Dj (Hp,q,m)(ξ)

with

cj (η) =
∫

S4n−1
ψη(ξ)Dj (Hp,q,m)(ξ) dω(ξ)

×
(∫

S4n−1

∣

∣Dj(Hp,q,m)(ξ)
∣

∣

2 dω(ξ)

)−1

. (5.39)

In view of (5.38), (5.39), and (4.63),

cj (η) =
(∫

S4n−1

∣

∣Dj(Hp,q,m)(ξ)
∣

∣

2 dω(ξ)

)−1

Dj(Hp,q,m)(η).

Now using Lemmas 5.5, 4.20, and 4.21 and repeating the arguments in the proof of
Proposition 5.2, we see that

∫

S4n−1
eν,η(z)H(η) dωnorm(η)

= c
(

1 − |z|2)ν
F

(

ν + p + q − m, ν + m − 1; 2n + p + q; |z|2)H(z)

for some c ∈ C. Then by (5.10), (5.11), (5.19), and (5.29),

c = (

(2n)p+q

)−1
(ν)p+q−m(ν − 1)m,

whence (5.26) follows. Thereby, the proposition is established. ��
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From (5.26) and Lemma 4.31 we obtain

Corollary 5.6. Let z ∈ H
n
Q

and H ∈ Hn,k,m
5 . Then

∫

S4n−1
eν,η(z)H(η) dωnorm(η) = (

(2n)k
)−1

(ν)k−m(ν − 1)m
(

1 − |z|2)ν

× F
(

ν + k − m, ν + m − 1; 2n + k; |z|2)H(z).

(5.40)

Furthermore, we have the following:

Corollary 5.7. Spherical functions on H
n
Q

have the form

ϕλ(z) =
∫

S4n−1
eν,η(z) dωnorm(η).

The proof of this statement is the same as that of Corollary 5.1 (see (5.25)).

5.4 The Case of H
2
Ca

In the rest of this chapter we retain the notation established in Sects. 2.4 and 4.6. In
addition, for λ ∈ C and η ∈ S

15, we set (see (2.65))

eν,η(x) =
(

1 − |x|2
ΨCa(x, η)

)ν

, x ∈ B16
R

,

where

ν = ν(λ) = 11 − iλ

2
.

In turns out that eν,η is an analogue of the exponential function for the Cayley hy-
perbolic plane H

2
Ca . The following result is valid.

Proposition 5.6. Let x ∈ H
2
Ca and H ∈ Hk,m

6 . Then

(Leν,η)(x) = −(

λ2 + 112)eν,η(x) (5.41)

and
∫

S15
eν,η(x)H(η) dωnorm(η) = (

(8)k
)−1

(ν)k−m(ν − 3)m
(

1 − |x|2)ν

× F
(

ν + k − m, ν + m − 3; 8 + k; |x|2)H(x).

(5.42)
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Proof. Equality (5.41) follows from (2.73) by (2.66) and (2.67). Now using (4.110)
and Lemma 4.39, we infer that

∫

S15
eν,η(x)H(η) dωnorm(η)

= c1
(

1 − |x|2)ν
F

(

ν + k − m, ν + m − 3; 8 + k; |x|2)H(x), (5.43)

where the constant c1 does not depend on H ∈ Hk,m
6 (see the proof of Proposi-

tion 5.2). In order to calculate c1, we require an analog of relation (5.29).

Lemma 5.6. The equality

(

H(∂)eν,η

)

(0) = 2k(ν)k−m(ν − 3)mH(η)

holds.

Proof. By (5.43), Lemma 5.1 and Corollary 5.2,
(

H(∂)eν,η

)

(0) = c2H(η), (5.44)

where c2 ∈ C does not depend on η ∈ S
15 and H ∈ Hk,m

6 . Let p9 and Pk,m be the
polynomials defined in Sects. 1.1 and 4.6. Then according to (5.44) and (5.11),

c2 = (

Pk,m(∂)f
)

(0)

with f (x) = (1 − 2x1 + p9(x))−ν . By the definition of Pk,m,

c2 =
[k/2]−m

∑

β=0

(−1)β
15(k − 2m)!

(k − 2m − 2β)!(2β + 1)!(2β + 3)(2β + 5)

×
(

(

∂

∂x1

)k−2m−2β(

p9(∂) −
(

∂

∂x1

)2)β
(

p9(∂)
)m

f

)

(0)

=
[k/2]−m

∑

β=0

m+β
∑

i=β

(−1)β
15(k − 2m)!

(k − 2m − 2β)!(2β + 1)!(2β + 3)(2β + 5)

(

m

m + β − i

)

×
(

(

∂

∂x1

)k−2i(

p9(∂) −
(

∂

∂x1

)2)i

f

)

(0).

For |2x1 − p9(x)| < 1, we have

f (x) =
∞
∑

j=0

j
∑

p=0

p
∑

q=0

(−1)j−q2q

(

j

p

)(

p

q

)

(ν)j

j ! x
2p−q

1

(

p9(x) − x2
1

)j−p
.
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Since
(

∂

∂x1

)i
(

x
j

1

)

(0) = i!δi,j

and
(

p9(∂) −
(

∂

∂x1

)2)i
(

p9(x) − x2
1

)j
(0) = (2i + 1)!(2i + 3)(2i + 5)

15
δi,j ,

we deduce

c2 =
[k/2]−m

∑

β=0

m+β
∑

i=β

k−2i
∑

q=[(k+1)/2]−i

(−1)k+β−i+q (k − 2m)!(k − 2i)!
(k − 2m − 2β)!(i + q)!2

2i+2q−k(ν)i+q

× (2i + 1)!(2i + 3)(2i + 5)

(2β + 1)!(2β + 3)(2β + 5)

(

m

m + β − i

)(

i + q

q

)(

q

2q + 2i − k

)

.

The computations below are based on the simple relation

(a + 1 − N)N = (−1)N(−a)N (5.45)

and the following combinatorial identities:

N
∑

j=0

4N−j

(

N

j

)

(a)N−j (2b)2j

(b)j
= (2a + 2b + 1)2N

(a + b + 1)N
, (5.46)

N
∑

j=0

(−1)j
(

N

j

)

(2a)2j (b)j

(a)j (2b)2j

= 4N (b − a)N(b + 1)N

(2b + 1)2N

, (5.47)

N
∑

j=0

(

N

j

)

(2a)2N−2j (2b)2j

(a)N−j (b)j
= 4N(a + b + 1)N . (5.48)

Identities (5.46)–(5.48) are obtained by induction on N using (5.32). Owing to (5.45)
and (5.46),

k−2i
∑

q=[(k+1)/2]−i

(−1)q4q

(

i + q

q

)(

q

2q + 2i − k

)

(ν)i+q

(i + q)!

= (−1)k4[(k+1)/2]−i

i!(k − 2i)!
(ν)[(k+1)/2](ν)i(2ν)2[k/2]

(ν)[k/2](2ν)2i

.

Hence,

c2 = 2[(k+1)/2]−[k/2] (ν)[(k+1)/2](2ν)2[k/2]
(ν)[k/2]

[k/2]−m
∑

β=0

m+β
∑

i=β

(−1)β−i (ν)i

(2ν)2i
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× (2i + 1)!(2i + 3)(2i + 5)

(2β + 1)!(2β + 3)(2β + 5)

m!(k − 2m)!
(k − 2m − 2β)!(m + β − i)!(i − β)!i! .

Next, (5.47) implies

m+β
∑

i=β

(−1)β−i (2i + 1)!(2i + 3)(2i + 5)

(2β + 1)!(2β + 3)(2β + 5)

1

(m + β − i)!(i − β)!i!
(ν)i

(2ν)2i

= 4m

β!m!
(ν − 3)m(ν)β(ν + β + 1)m

(2ν)2β(2ν + 2β + 1)2m

.

Consequently,

c2 = 2[(k+1)/2]−[k/2]+2m(k − 2m)! (ν − 3)m(ν)[(k+1)/2](2ν)2[k/2]
(ν)[k/2]

×
[k/2]−m

∑

β=0

1

β!(k − 2m − 2β)!
(ν)β(ν + β + 1)m

(2ν)2β(2ν + 2β + 1)2m

.

Finally, by (5.48) we find

c2 = 2k(ν)k−m(ν − 3)m. (5.49)

Combining (5.44) and (5.49), we arrive at the assertion of Lemma 5.6. ��
The proof of (5.44) shows that c2 = 2k(8)kc1. Then in view of (5.49), c1 =

((8)k)
−1(ν)k−m(ν − 3)m. This, together with (5.43), gives (5.42). Thus, Proposi-

tion 5.6 is proved. ��
From (5.41) and Proposition 1.1 we can conclude:

Corollary 5.8. Spherical functions on H
2
Ca are of the form

ϕλ(x) =
∫

S15
eν,η(x) dωnorm(η).

To end this section we give a proof of Proposition 2.19(iv) without invoking
Maple.

Let a ∈ Ca2, |a| < 1. In view of (5.41) and Proposition 2.19(ii), (iii),

L
(

eν,η ◦ �a

) = (

Leν,η

) ◦ �a, (5.50)

where �a is given by (2.63). Next, for |x| < 1/
√

2 and H ∈ Hk,m
6 , we have the

following equalities:

(

1 − |x|2)ν
F

(

ν + k − m, ν + m − 3; 8 + k; |x|2)H(x)

= (

1 − |x|2)m−k
F

(

ν + k − m, k − ν − m + 11; 8 + k; |x|2
|x|2 − 1

)

H(x)
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=
∞
∑

j=0

(ν + k − m)j (k − ν − m + 11)j

(8 + k)j j ! (−1)j |x|2j
(

1 − |x|2)m−k−j
H(x),

(5.51)

H(x) =
∞
∑

j=0

1

j !
(

d

dt

)j
(

(1 + t)m−k
)

∣

∣

∣

∣

t=0
|x|2j

(

1 − |x|2)m−k−j
H(x), (5.52)

|x|2 =
∞
∑

j=0

1

j !
(

d

dt

)j(
t

1 + t

)∣

∣

∣

∣

t=0

( |x|2
1 − |x|2

)j

. (5.53)

In addition it is obvious that

x2
i − |x|2

16
∈ H16,2

1 for i = 1, . . . , 16. (5.54)

Taking (5.50) and Lemma 4.36 into account, we obtain from (5.42) and (5.51)–
(5.54) that

L(f ◦ �a) = (Lf ) ◦ �a (5.55)

if f (x) = xi or f (x) = xixj , 1 � i, j � 16. Then by (1.43) relation (5.55) holds
for every f ∈ C∞(H2

Ca). Hence, �a ∈ I (H2
Ca) (see Sect. 1.2). This finishes the

proof as τa/|a| ∈ I (H2
Ca

).



Part II
Transformations with Generalized

Transmutation Property Associated
with Eigenfunctions Expansions



This is perhaps the central part of the book from the point of view of the mathemat-
ical machinery. In it we develop the theory of transmutation operators as a key tool
in the study of mean periodic functions on multidimensional domains.

Transmutation operators arise naturally from eigenfunctions expansions of Lapla-
cians. In this part we will deal with Euclidean spaces, symmetric spaces of noncom-
pact type, compact two-point homogeneous spaces, and the phase space associated
to the Heisenberg group—the contexts in which there is already a well-established
spectral theory of Laplacians.

In Chap. 6 we give some preliminary results about entire functions and distri-
butions. Chapter 7 provides a brief introduction to the theory of special functions.
Although these two chapters can be viewed as auxiliary, some of the results pre-
sented here are new.

Chapter 8 deals with a subject that is basically a topic in nonharmonic Fourier
series and which, at first glance, may seem to have little to do with our principal
concern in Part II, namely transmutation operators. Nevertheless, its main results
will be essential later in applications of the theory of transmutation operators to
mean periodic functions.

The main development of transmutation operators starts with Chap. 9, where we
treat the case R

n, n � 2. Chapters 10–12 are devoted to the case of symmetric
spaces and the phase space. Here appear three types of expansions: (1) Bessel func-
tions, (2) Jacobi functions (this further subdivides into two subcases), and (3) La-
guerre functions. For each type of expansion, we define transmutation operators
and investigate the following basic questions: the generalized homomorphism prop-
erty with respect to suitable convolution algebras, support properties, the homeo-
morphism property with respect to suitable distribution spaces, explicit inversion
formulas, the images of certain special functions, normative type estimates, connec-
tions with the dual Abel transform, and applications to positive definite functions.
The generalized homomorphism property is the crucial one; it relates the mean pe-
riodicity on the spaces in question to that on R

1, and allows many proofs in Parts III
and IV to be carried out by reduction to the one-dimensional case.



Chapter 6
Preliminaries

In this chapter we discuss some properties of entire functions and distributions that
will be used many times later.

Section 6.1 contains the necessary information concerning the theory of entire
functions. First, we consider entire functions f : C → C satisfying the estimates

∫ ∞

−∞
log+ |f (t)|

1 + t2
dt < +∞

and
|f (z)| � γ1(1 + |z|)γ2 eγ3|z|, z ∈ C,

where the constants γ1, γ2, γ3 > 0 are independent of z. For such functions, we
present several facts about distribution of zeros, the Hadamard factorization prop-
erty, and give an explicit formula for the indicator function. We then fix an arbitrary
entire function f and investigate various properties of the entire function

aλ,η(f, z) =
nλ−1
∑

j=η

1

η!(j − η)!
(

(z − λ)nλ

f (z)

)(j−η)∣
∣

∣

∣

z=λ

f (z)

(z − λ)nλ−j
,

where λ is a zero of f , nλ is the multiplicity of λ, and η ∈ {0, . . . , nλ−1}. It plays an
important role for the study of biorthogonal decompositions below. The remainder
of Sect. 6.1 is devoted to Cauchy-type estimates of holomorphic functions.

Section 6.2 deals with distributions on Euclidean spaces. The main results
treated are the Titchmarsh theorem on supports of convolutions, the Paley–Wiener–
Schwartz theorem, and the Ehrenpreis–Hörmander characterization of invertible
distributions.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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6.1 Holomorphic Functions

We start with the basic notation concerning entire functions which will be used
throughout this book. Let f : C → C be an entire function. For z ∈ C and ν ∈ Z+,
we set

f 〈ν〉(z) =
{

f (ν)(z) if z �= 0,

f (2ν)(0) if z = 0.

Let Z(f ) = {z ∈ C : f (z) = 0}. Throughout the section we assume that f is
nonzero and Z(f ) �= ∅. For λ ∈ Z(f ), let nλ(f ) denote the multiplicity of zero λ.
For brevity, we shall often write nλ instead of nλ(f ). Let λ1, λ2, . . . be the points
of the set Z(f ) arranged according to increasing modulus (for points with equal
absolute values, the numbering is chosen arbitrarily). If E is a nonempty subset of
Z(f ) and X is a topological vector space, then for each function u : E → X, we
define

∑

λ∈E

u(λ) = lim
R→+∞

∑

λj ∈E,|λj |<R

u(λj )

if the limit exists.
Let us now consider some properties of the set Z(f ) under additional growth

restrictions on f . For ε ∈ (0, π), R, t > 0, we set

N±(R, ε) = {

λ ∈ Z(f ) : 0 < |λ| < R, |arg (±λ)| < ε
}

and

log+ t =
{

log t if t > 1,

0 if 0 < t � 1.

Proposition 6.1. Suppose that

∫ +∞

−∞
log+ |f (t)|

1 + t2
dt < +∞

and
|f (z)| � γ1(1 + |z|)γ2 eγ3|z|, z ∈ C,

where the constants γ1, γ2, γ3 > 0 are independent of z. Then the following asser-
tions hold.

(i) The series
∑

λ∈Z (f )\{0} λ−1nλ converges. In addition,

∑

λ∈Z (f )\{0}

(∣

∣Im
(

λ−1)
∣

∣ + |λ|−1−ε
)

nλ < +∞ for each ε > 0.

(ii) The limit

lim
r→+∞

log |f (reiθ )|
r

=
{

γ+ sin θ if θ ∈ (0, π),

γ−| sin θ | if θ ∈ (−π, 0)



6.1 Holomorphic Functions 163

exists for almost all θ ∈ [−π, π], where the constants γ+ and γ− do not depend
on θ .

(iii) If ε ∈ (0, π/2], then

lim
R→+∞

1

R

∑

λ∈N+(R,ε)

nλ = lim
R→+∞

1

R

∑

λ∈N−(R,ε)

nλ = γ− + γ+
2π

.

In particular, if Z(f ) is infinite, then

λ−1nλ → 0 as λ → ∞, λ ∈ Z(f ). (6.1)

(iv) The function f has the form

f (z) = czmeiαz lim
R→+∞

∏

λ∈Z (f )

0<|λ|<R

(

1 − z

λ

)nλ

, z ∈ C,

where c ∈ C, m ∈ Z+, α ∈ R
1.

For the proof of the proposition, we refer the reader to Levin [146], Lectures 16
and 17.

Proposition 6.2. Let R > 0, f (0) �= 0, and

|f (z)| � γ1eγ2|z|, z ∈ C, (6.2)

where γ1, γ2 > 0 are independent of z. Then

∑

λ∈Z (f ),|λ|�R

nλ � log
γ1

|f (0)| + γ2eR.

Proof. For t > 0, we set

Nf (t) =
∑

λ∈Z (f ),|λ|�t

nλ.

Then the following Jensen formula is valid:
∫ r

0
Nf (t)t−1 dt = 1

2π

∫ π

−π

log
∣

∣f
(

reiθ )
∣

∣ dθ − log |f (0)|, r > 0.

Combining this with (6.2), we obtain

Nf (R) �
∫ eR

R

Nf (t)t−1 dt � log
γ1

|f (0)| + γ2eR,

as contended. 	
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Next, assume that λ ∈ Z(f ) and η ∈ {0, . . . , nλ − 1}. We define the sequence
{aλ,η

j (f )}, j = 0, . . . , nλ − 1, by

a
λ,η
0 (f ) = nλ!δ0,η

f (nλ)(λ)
, (6.3)

a
λ,η
j (f ) = nλ!

f (nλ)(λ)

(

δj,η

j ! −
j−1
∑

s=0

aλ,η
s (f )

f (nλ−s+j)(λ)

(nλ − s + j)!

)

, j � 1, (6.4)

where δj,η is the Kronecker symbol. Notice that

a
λ,η
j (f ) =

⎧

⎨

⎩

0 if j < η,

nλ!
η!f (nλ)(λ)

if j = η.
(6.5)

To study basic properties of the sequence a
λ,η
j (f ), consider the entire function

aλ,η(f, z) =
nλ−1
∑

j=0

a
λ,η
j (f )

f (z)

(z − λ)nλ−j
. (6.6)

Proposition 6.3.

(i) If λ,μ ∈ Z(f ), η ∈ {0, . . . , nλ − 1}, and ν ∈ {0, . . . , nμ − 1}, then
(

d

dz

)ν

aλ,η(f, z)

∣

∣

∣

∣

z=μ

= δλ,μδη,ν . (6.7)

(ii) If j � η, then

a
λ,η
j (f ) = 1

η!(j − η)!
(

(z − λ)nλ

f (z)

)(j−η)∣
∣

∣

∣

z=λ

. (6.8)

In particular,

a
λ,η
j (f ) = 1

η!a
λ,0
j−η(f ). (6.9)

Proof. To prove (i) we write the function f as a power series

f (z) =
∞
∑

k=nμ

f (k)(μ)

k! (z − μ)k (6.10)

and substitute (6.10) into (6.6). Then by (6.3) and (6.4) we obtain (6.7). Turning
to (ii), one sees from (6.6) that

aλ,η(f, z)
(z − λ)nλ

f (z)
=

nλ−1
∑

j=0

a
λ,η
j (f )(z − λ)j .
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Hence,

a
λ,η
j (f ) = 1

j !
(

aλ,η(f, z)
(z − λ)nλ

f (z)

)(j)∣
∣

∣

∣

z=λ

.

This, together with (6.7), yields (6.8) and (6.9). 	

Proposition 6.4. If η = nλ − 1, then

(z − λ)aλ,η(f, z) = aλ,η
η (f )f (z). (6.11)

Next, if nλ > 1 and η � nλ − 2, then

(z − λ)aλ,η(f, z) − (η + 1)aλ,η+1(f, z) = a
λ,η
nλ−1(f )f (z). (6.12)

Proof. Relation (6.11) is a consequence of (6.6) and (6.5). Assume now that nλ > 1
and η ∈ {0, . . . , nλ − 2}. One derives from (6.6) that

u(z) − a
λ,η
nλ−1(f ) =

nλ−1
∑

k=η+1

(

a
λ,η
k−1(f ) − (η + 1)a

λ,η+1
k (f )

)

(z − λ)k−nλ, (6.13)

where
u(z) = (

(z − λ)aλ,η(f, z) − (η + 1)aλ,η+1(f, z)
)/

f (z). (6.14)

Formulae (6.7) and (6.14) ensure us that the function u is entire. Moreover, it follows
by (6.13) that

u(z) → a
λ,η
nλ−1(f ) as z → ∞.

By Liouville’s theorem, u(z) = a
λ,η
nλ−1(f ) for each z ∈ C. In view of (6.14), this

brings us to (6.12). 	

Proposition 6.5. Let g(z) = i(z − c)f (z), c ∈ C, and let j ∈ {0, . . . , nλ − 1}.
(i) If c �= λ, then

a
λ,0
j (f ) = i(λ − c)a

λ,0
j (g) + iaλ,0

j−1(g),

where the number a
λ,0
j−1(g) is set to be equal to zero for j = 0.

(ii) If c = λ, then
a

λ,0
j (f ) = iaλ,0

j (g).

Proof. This is immediate from Proposition 6.3(ii). 	

To continue, we define

σλ,η(f ) =
nλ−1
∑

j=0

∣

∣a
λ,η
j (f )

∣

∣, σλ(f ) = σλ,0(f ). (6.15)

Proposition 6.6.

(i) σλ,η(f ) � 1
η!σλ(f ).
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(ii) |aλ,η(f, z)| � σλ,η(f ) max|ζ−z|=2 |f (ζ )|.
(iii) σλ(f ) � nλ!

|f (nλ)(λ)| (1 + γ (λ, f ))nλ−1, where

γ (λ, f ) =

⎧

⎪

⎨

⎪

⎩

0 if nλ = 1,

nλ!
|f (nλ)(λ)| max

nλ+1�q�2nλ−1

|f (q)(λ)|
q! if nλ > 1.

(6.16)

(iv) If p is a polynomial of degree d and p(λ) �= 0, then

c1(1 + |λ|)−dσλ(f ) � σλ(fp) � c2(1 + |λ|)−dσλ(f ),

where the constants c1, c2 > 0 are independent of λ.
(v) Let {ξλ,η}, λ ∈ Z(f ), η ∈ {0, . . . , nλ − 1}, be a sequence of complex numbers

such that
∑

λ∈Z (f )

nλ−1
∑

η=0

|ξλ,η|σλ,η(f )

1 + |λ| < +∞. (6.17)

Then the entire function

w(z) =
∑

λ∈Z (f )

nλ−1
∑

η=0

aλ,η(f, z)ξλ,η (6.18)

satisfies
w(ν)(μ) = ξμ,ν, μ ∈ Z(f ), ν ∈ {0, . . . , nμ − 1},

and the series in (6.18) converges uniformly on each compact subset of C. In
addition,

|w(z)| � |f (z)|
∑

|λ−z|�1

nλ−1
∑

η=0

|ξλ,η|σλ,η(f )

|λ − z|

+ max
|ζ−z|�2

|f (ζ )|
∑

|λ−z|<1

nλ−1
∑

η=0

|ξλ,η|σλ,η(f ).

Proof. Estimate (i) follows at once from (6.15), (6.9), and (6.5). Next, let z ∈ C. By
the maximum-modulus principle we have

∣

∣

∣

∣

f (z)

(z − λ)nλ−j

∣

∣

∣

∣

�

⎧

⎨

⎩

|f (z)| if |z − λ| > 1,

max
|ζ−λ|=1

|f (ζ )| if |z − λ| � 1,

for each j ∈ {0, . . . , nλ − 1}. Thus,
∣

∣

∣

∣

f (z)

(z − λ)nλ−j

∣

∣

∣

∣

� max
|ζ−z|�2

|f (ζ )|,
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and the validity of (ii) is obvious from (6.6) and (6.15). To show (iii) it is enough
to consider the case nλ > 1 (see (6.15) and (6.3)). For brevity, we set γ = γ (λ, f )

and xj = |aλ,0
j (f )|, j ∈ {0, . . . , nλ − 1}. Relations (6.3) and (6.4) yield

xj �

⎧

⎪

⎪

⎨

⎪

⎪

⎩

x0 if j = 0,

γ

j−1
∑

s=0

xs if j � 1.

One checks by induction on j that xj � γ (1 + γ )j−1x0 for j � 1. Combining
this with (6.15), we arrive at (iii). Next, for d = 1, the estimate in (iv) is clear
from Proposition 6.5. In the general case statement (iv) follows by iteration. Finally,
using (6.17), (6.7), and part (ii), we obtain (v). 	


For the rest of the section, we suppose that f is even. Then −λ ∈ Z(f ) and
n−λ = nλ for each λ ∈ Z(f ). Applying (6.3) and (6.4), one concludes by induction
on j that

a
−λ,η
j (f ) = (−1)nλ−j+ηa

λ,η
j (f ), j, η ∈ {0, . . . , nλ − 1}. (6.19)

For λ ∈ Z(f ), λ �= 0, η ∈ {0, . . . , nλ − 1}, we set

bλ,η(f, z) = aλ,η(f, z) + aλ,η(f,−z). (6.20)

Formulae (6.20) and (6.6) show that

bλ,η(f, z) =
nλ−1
∑

j=0

b
λ,η
j (f )

f (z)

(z2 − λ2)nλ−j
, (6.21)

where

b
λ,η
j (f ) = 2

j
∑

k=0

(nλ−k)/2
∑

m=j−k

a
λ,η
k (f )

(

nλ − k

2m

)(

m

j − k

)

λnλ+k−2j .

Assume now that 0 ∈ Z(f ). Then the number n0 is even, and for η ∈ {0, . . . ,

n0/2 − 1}, we put

b0,η(f, z) = 1

2

(

a0,2η(f, z) + a0,2η(f,−z)
) =

n0/2−1
∑

k=0

b
0,η
k (f )

f (z)

zn0−2k
, (6.22)

where b
0,η
k (f ) = a

0,2η
2k (f ). For each λ ∈ Z(f ), we set

q(λ, f ) =
⎧

⎨

⎩

nλ − 1 if λ �= 0,

nλ/2 − 1 if λ = 0 ∈ Z(f ).
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Let us now give analogues of Propositions 6.3–6.5 for the sequence b
λ,η
j (f ).

Proposition 6.7.

(i) If λ,μ ∈ Z(f ), η ∈ {0, . . . , nλ − 1}, ν ∈ {0, . . . , nμ − 1}, then

(

d

dz

)ν

bλ,η(f, z)

∣

∣

∣

∣

z=μ

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 if λ2 �= μ2,

(−1)νδν,η if λ = −μ �= 0,

δν,η if λ = μ �= 0,

δν,ηδν,2[ν/2] if λ = μ = 0.

(6.23)

(ii) If j ∈ {0, . . . , q(λ, f )}, then

b
λ,0
j (f ) = 1

j !
(

(z − λ2)q(λ,f )+1

f (
√

z)

)(j)∣
∣

∣

∣

z=λ2
.

Proof. To prove (i) it is enough to repeat the argument in the proof of Proposi-
tion 6.3(i). Part (ii) follows from (6.21)–(6.23). 	

Proposition 6.8.

(i) (z2 − λ2)bλ,q(λ,f )(f, z) = b
λ,q(λ,f )

q(λ,f ) (f )f (z).

(ii) If λ �= 0 and q(λ, f ) � 1, then

(

z2 − λ2)bλ,q(λ,f )−1(f, z) − 2λq(λ, f )bλ,q(λ,f )(f, z) = b
λ,q(λ,f )−1
q(λ,f ) (f )f (z).

(iii) If λ �= 0 and q(λ, f ) � 2, then

(

z2 − λ2)bλ,η(f, z) − 2λ(η + 1)bλ,η+1(f, z) − (η + 2)(η + 1)bλ,η+2(f, z)

= b
λ,η

q(λ,f )(f )f (z)

for all η ∈ {0, . . . , q(λ, f ) − 2}.
(iv) If 0 ∈ Z(f ) and q(0, f ) � 1, then

z2b0,η(f, z) − (2η + 2)(2η + 1)b0,η+1(f, z) = b
0,η

q(0,f )(f )f (z)

for all η ∈ {0, . . . , q(0, f ) − 1}.
The proof of this result reproduces the proof of Proposition 6.4, but instead

of (6.6) we use (6.21) and (6.22).

Proposition 6.9. Let g(z) = (c − z2)f (z) for some c ∈ C, let λ ∈ Z(f ), and
assume that j ∈ {0, . . . , q(λ, f )}.
(i) If c �= λ2, then

b
λ,0
j (f ) = (

c − λ2)b
λ,0
j (g) − b

λ,0
j−1(g),

where the number b
λ,0
j−1(g) is set to be equal to zero for j = 0.
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(ii) If c = λ2, then b
λ,0
j (f ) = −b

λ,0
j (g).

Proof. This result is a consequence of Proposition 6.7(ii). 	

To conclude the section we establish upper estimates for derivatives of some

holomorphic functions.

Proposition 6.10. Let 0 < r < R, z ∈ C, and assume that g is holomorphic in
{ζ ∈ C : |ζ − z| < R}. Then

∣

∣g(s)(z)
∣

∣ � c
√

s + 1

(

s + 1

er

)s

max|ζ−z|=r
|g(ζ )|, s ∈ Z+, (6.24)

where the constant c > 0 is independent of z, s, r , R, g.

Proof. The Cauchy formula yields

g(s)(z) = s!
2π i

∫

|ζ−z|=r

g(ζ )(ζ − z)−s−1 dζ,

whence
∣

∣g(s)(z)
∣

∣ � s!r−s max|ζ−z|=r
|g(ζ )|. (6.25)

The required estimate is now clear from Stirling’s formula. 	

For ε ∈ (0, 1), δ � 0, we set

Oε,δ = {

ζ ∈ C : |ζ | > δ, |arg ζ | < π − arccos ε
}

.

Proposition 6.11. Let ε ∈ (0, 1), δ � 0, and assume that g is holomorphic in Oε,δ

and
|g(ζ )| � c(1 + |ζ |)α(

log(2 + |ζ |))βeγ Im ζ , ζ ∈ Oε,δ,

where the constants c > 0, α, β, γ ∈ R
1, γ �= 0, are independent of ζ . Suppose that

s ∈ N, z ∈ C, Re z � 0, and |γ z| > max {s + δ|γ |, s/ε}. Then

∣

∣g(s)(z)
∣

∣ � c1
√

s|γ |s(1 + |z|)α(

log(2 + |z|))βeγ Im z, (6.26)

where c1 > 0 depends only on ε, α, β, c.

Proof. It is easy to verify that {ζ ∈ C : |ζ − z| � s/|γ |} ⊂ Oε,δ . Using now esti-
mate (6.24) with r = s/|γ |, we obtain (6.26). 	

Proposition 6.12. Let ε ∈ (0, 1/2), δ � 0, and assume that h is holomorphic
in Oε,δ . Suppose that α, β, γ ∈ R

1, γ �= 0, and
∣

∣h(ζ ) − ζ α exp
(

i(β + γ ζ )
)∣

∣ � c(1 + |ζ |)α−1e−γ Im ζ , ζ ∈ Oε,δ, (6.27)
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where c > 0 is independent of ζ . Let s ∈ N, z ∈ C, Re z � 0, and |γ z| >

max {s + δ|γ |, s/ε}. Then
∣

∣h(s)(z) − (iγ )szα exp
(

i(β + γ z)
)∣

∣ � c1s|γ |s(1 + |γ |−1)(1 + |z|)α−1e−γ Im z,

where c1 > 0 depends only on ε, α, c.

Proof. Notice that

(

zα exp
(

i(β + γ z)
))(s) = (iγ )szα exp

(

i(β + γ z)
) + w(z), (6.28)

where

w(z) =
s

∑

q=1

(

s

q

)

(

zα
)(q)

(iγ )s−q exp
(

i(β + γ z)
)

.

Then one has

|γ |−s |z|−αeγ Im z|w(z)| �
s

∑

q=1

(

s

q

)

|γ z|−q

q−1
∏

m=0

(|α| + m)

� 2|α|
s

∑

q=1

s!
(s − q)!

(

2

|γ z|
)q

� 2|α|+1s

|γ z|
∞
∑

q=1

(

2s

|γ z|
)q−1

.

Combining this with (6.27) and (6.28) and using Proposition 6.11 with g(ζ ) =
h(ζ ) − ζ α exp(i(β + γ ζ )), we arrive at the desired result. 	

Proposition 6.13. Let ε ∈ (0, 1/2), δ � 0, and assume that h is holomorphic
in Oε,δ . Suppose that α, β ∈ R

1, γ > 0, and
∣

∣h(ζ ) − ζ α cos(β + γ ζ )
∣

∣ � c(1 + |ζ |)α−1eγ | Im ζ |, ζ ∈ Oε,δ,

where c > 0 is independent of ζ . Let s ∈ N, z ∈ C, Re z � 0 and γ |z| > max
{

s +
δγ, s/ε

}

. Then

∣

∣

∣

∣

h(s)(z) − γ szα cos

(

π

2
s + β + γ z

)∣

∣

∣

∣

� c1sγ
s
(

1 + γ −1)(1 + |z|)α−1eγ | Im z|,

where c1 > 0 depends only on ε, α, c.

Proof. The argument is quite parallel to the proof of Proposition 6.12. 	
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6.2 Distributions

In this section we assemble certain preliminary information concerning distributions
on R

n. First, we recall the definition and some basic properties of convolution. For
all unproved statements, we refer to Hörmander [126], Vol. 1.

If Oj is a nonempty open set in R
nj , j = 1, 2, and if gj ∈ C(Oj ), then the

function g1 ⊗ g2 in O1 × O2 ⊂ R
n1+n2 defined by

(g1 ⊗ g2)(x, y) = g1(x)g2(y), x ∈ O1, y ∈ O2,

is called the direct (or tensor) product of g1 and g2. It can be proved that if
gj ∈ D′(Oj ), j = 1, 2, then there is a unique distribution g ∈ D′(O1 × O2) such
that

〈g, u1 ⊗ u2〉 = 〈g1, u1〉〈g2, u2〉, uj ∈ D(Oj ).

The distribution g is called the tensor product of g1 and g2, and one writes g =
g1 ⊗ g2.

The convolution g1 ∗ g2 of two distributions g1, g2 ∈ D′(Rn), one of which has
compact support, is defined by the formula

〈g1 ∗ g2, u〉 = 〈g1 ⊗ g2, u(x + y)〉, (6.29)

where u ∈ D(Rn), x, y ∈ R
n. Notice that g1 ∗ g2 = g2 ∗ g1 and

∂

∂xj

(g1 ∗ g2) = ∂g1

∂xj

∗ g2, j ∈ {1, . . . , n}.

Let δ0 be the Dirac measure supported at the origin in R
n. Then

p

(

∂

∂x1
, . . . ,

∂

∂xn

)

g = p

(

∂

∂x1
, . . . ,

∂

∂xn

)

δ0 ∗ g, g ∈ D′(
R

n
)

for each polynomial p.
If g1 ∈ D′(Rn) and g2 ∈ E ′(Rn), then

〈g1 ∗ g2, u〉 = 〈g2, ǧ1 ∗ u〉, u ∈ D
(

R
n
)

,

where ǧ1 is defined by

〈ǧ1, f (x)〉 = 〈g1, f (−x)〉, f ∈ D
(

R
n
)

.

In particular, for g1 ∈ D′(Rn) and g2 ∈ D(Rn), we have g1 ∗ g2 ∈ C∞(Rn) and

(g1 ∗ g2)(x) = 〈g1, g2(x − ·)〉.
For the case where g1 ∈ L1,loc(Rn) and g2 ∈ (E ′ ∩ L1)(Rn), one obtains g1 ∗ g2 ∈
L1,loc(Rn) and

(g1 ∗ g2)(x) =
∫

Rn

g1(y)g2(x − y) dy.
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We note also that if g1 ∈ D′(Rn), g2, g3 ∈ E ′(Rn), then

(g1 ∗ g2) ∗ g3 = g1 ∗ (g2 ∗ g3).

Let A1, A2 be subsets in R
n, and let

A1 ± A2 = {a1 ± a2 : a1 ∈ A1, a2 ∈ A2}.
Assume now that g2 ∈ E ′(Rn) and that O1, O2 are nonempty open subsets of R

n

such that O2 − supp g2 ⊂ O1. If g1 ∈ D′(O1), then the convolution g1 ∗ g2 is
well defined by (6.29) as distribution in D′(O2). Moreover, if g1 = G|O1 for some
G ∈ D′(Rn), then

(G ∗ g2)|O2 = g1 ∗ g2.

It is not hard to make sure that

supp g1 ∗ g2 ⊂ supp g1 + supp g2 (6.30)

and that the map g → g ∗ g2 is continuous from D′(O1) into D′(O2).
Next, for r � 0, we set

Br = {

x ∈ R
n : |x| < r

}

,
•
Br = {

x ∈ R
n : |x| � r

}

.

Let O be a nonempty open subset of R
n, and let f ∈ D′(O). The standard smooth-

ing procedure consists in the approximation of f by smooth functions of the form
f ∗ w, where w ∈ D(Bε), and ε > 0 is sufficiently small. This is a very efficient
approach because to study the properties of f, it often suffices to have information
on the properties of f ∗ w. It can be used to extend statements concerning smooth
functions to distributions, particularly when translation invariant questions are con-
cerned. For future use, we state the following result.

Theorem 6.1. Let K be a nonempty compact subset of O, let ε > 0, and let K +
•
Bε ⊂ O. We set

vε(x) = ε−nv(x/ε), x ∈ R
n,

where v ∈ D(Rn), v � 0, supp v ⊂ •
B1, and

∫

Rn v(x) dx = 1. Then the following
assertions hold.

(i) If f ∈ D′(O), then f ∗ vε → f as ε → 0 in the space D′(O).
(ii) If f ∈ Lp,loc(O) for some p ∈ [1,+∞), then f ∗vε → f as ε → 0 in Lp(K).

(iii) If f ∈ Cm(O) for some m ∈ Z+, then f ∗ vε → f as ε → 0 in Cm(K).

For example, one can take the function

v(x) =
{

c exp
(

1/
(|x|2 − 1

))

if |x| < 1,

0 if |x| � 1,
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where

c =
(∫

B1

exp
(

1/
(|x|2 − 1

))

dx

)−1

.

The convolution f ∗ vε is called the regularization of f . For the proof of Theo-
rem 6.1, we refer the reader to Hörmander [126], Theorem 1.3.2.

The following Titchmarsh theorem of supports states that there is equality
in (6.30) if g1 and g2 both have compact supports and if one takes convex hulls
of the supports.

Theorem 6.2. If g1, g2 ∈ E ′(Rn), then

conv supp g1 ∗ g2 = conv supp g1 + conv supp g2. (6.31)

Here we write conv A for convex hull of A ⊂ R
n, that is,

conv A = {λ1x + λ2y : x, y ∈ A, λ1, λ2 � 0, λ1 + λ2 = 1}.
The standard proofs of this theorem depend on analytic function theory, see

[126], Sect. 16.3.

Corollary 6.1. Assume that f1, f2 ∈ L1(0, 1) and
∫ t

0
f1(u)f2(t − u) du = 0 for almost all t ∈ (0, 1).

Also let supp f1 ⊂ [α, 1] and supp f2 ⊂ [β, 1] for some α, β ∈ [0, 1]. Then α+β �1.

Proof. We define gj ∈ E ′(R1) by letting gj = fj on (0, 1) and gj = 0 on R
1\(0, 1),

j = 1, 2. It follows by the hypothesis that

supp g1 ∗ g2 ⊂ [1,+∞).

The required conclusion now follows from (6.31). 	

To continue, let T ∈ E ′(Rn). The order of T will be denoted by ord T . We set

r0(T ) = inf {r > 0 : supp T ⊂ Br}
and

r(T ) = inf
{

r > 0 : supp T ⊂ •
Br(y) for some y ∈ R

n
}

,

where
•
Br(y) = {x ∈ R

n : |x − y| � r}.
The entire function

̂T (ζ ) = 〈

T (x), e−i(x1ζ1+···+xnζn)
〉

(6.32)

of variable ζ = (ζ1, . . . , ζn) ∈ C
n is called the Fourier–Laplace transform of T .

For each j ∈ {1, . . . , n}, relation (6.32) yields

iζj
̂T (ζ ) = ĝ(ζ ), where g = ∂T

∂xj

. (6.33)
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Therefore, if T ∈ (E ′ ∩ Cm)(Rn) for some m ∈ Z+, then
∣

∣̂T (ζ )
∣

∣ � c(1 + |ζ |)−mer0(T )| Im ζ |, ζ ∈ C
n, (6.34)

where Im ζ = (Im ζ1, . . . , Im ζn), and the constant c > 0 is independent of ζ . Next,
it is elementary to see that

T̂1 ∗ T2 = ̂T1 ̂T2, T1, T2 ∈ E ′(
R

n
)

. (6.35)

For f ∈ L1(Rn), we define the Fourier transform of f by the formula

̂f (ζ ) =
∫

Rn

f (x)e−i〈x,ζ 〉R dx, ζ ∈ R
n.

It can be shown that if f ∈ (L1 ∩L2)(Rn), then ̂f ∈ L2(Rn). Moreover, there exists
a linear homeomorphism F : L2(Rn) → L2(Rn) such that

F(f ) = ̂f for f ∈ (

L1 ∩ L2)(
R

n
)

and
‖F(f )‖L2(Rn) = (2π)n/2‖f ‖L2(Rn) for f ∈ L2(

R
n
)

(see [126], Sect. 7.1). We shall write ̂f instead of F(f ) for each f ∈ L2(Rn).
Relation (6.35) remains to be true, provided that T1, T2 ∈ L2(Rn).

One of the most important properties of the map T → ̂T is contained in the
following Paley–Wiener–Schwartz theorem.

Theorem 6.3. Let K be a nonempty convex compact subset of R
n, and let

H(ξ) = sup
x∈K

〈x, ξ 〉R, ξ ∈ R
n.

If T ∈ E ′(Rn) and supp T ⊂ K , then
∣

∣̂T (ζ )
∣

∣ � c1(1 + |ζ |)ord T eH(Im ζ ), ζ ∈ C
n,

where c1 > 0 is independent of ζ . Conversely, if f : C
n → C is an entire function

satisfying
|f (ζ )| � c2(1 + |ζ |)γ eH(Im ζ ), ζ ∈ C

n,

for some c2 > 0 and γ ∈ R
1, then there exists T ∈ E ′(Rn) such that ̂T = f and

supp T ⊂ K . In addition,

ord T � max {0, 1 + γ + n/2}. (6.36)

Proof. Apart from estimate (6.36), the proof of this result can be found in [126],
Theorem 7.3.1. To prove (6.36) put α = (1 + [γ + n/2])/2. Define the functions
g, h by the relations

g(x) = ̂T (x)
(

1 + |x|2)−α
, h(x) = ix1̂T (x)

(

1 + |x|2)−α−1/2
, x ∈ R

n.
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First, consider the case where α ∈ Z+. Then g ∈ L2(Rn), and for each ϕ ∈ D(Rn),

one has
T ∗ ϕ = (1 − Δ)α(u ∗ ϕ),

where u ∈ L2(Rn) is defined by û = g. Since ϕ is arbitrary, this yields ord T � 2α.
Suppose now that α − 1/2 ∈ Z+. Then h ∈ L2(Rn) and

∂T

∂x1
∗ ϕ = (1 − Δ)α+1/2(v ∗ ϕ),

where ϕ ∈ D(Rn), v ∈ L2(Rn), and v̂ = h. Thus,

ord
∂T

∂x1
� 2α + 1,

and hence (6.36) is valid. Finally, if α < 1/2, then ̂T and T are in L2(Rn), and
estimate (6.36) is obvious. 	

Corollary 6.2. The following conditions on T ∈ E ′(Rn) are equivalent.

(i) r0(T ) = 0.

(ii) ̂T is a polynomial.
(iii) T = p

(

∂
∂x1

, . . . , ∂
∂xn

)

δ0, where p : R
n → C is a polynomial.

Proof. This corollary results from using Theorem 6.3, Liouville’s theorem, and the
definition of ̂T . 	


We now turn to the problem of inverting the Fourier–Laplace transform.

Proposition 6.14. Let T ∈ E ′(Rn), k ∈ Z+, and assume that
∣

∣̂T (ζ )
∣

∣ � c(1 + |ζ |)−n−k−1eR| Im ζ |, ζ ∈ C
n, (6.37)

where c > 0 and R � 0 are independent of ζ . Then T ∈ (E ′ ∩Ck)(Rn), r0(T ) � R,
and

T (x) = 1

(2π)n

∫

Rn

̂T (ζ )ei(x1ζ1+···+xnζn) dζ, x ∈ R
n. (6.38)

Proof. Estimate (6.37) ensures us that ̂T ∈ (L1 ∩ L2)(Rn). Hence, T ∈ (E ′ ∩
L2)(Rn), and (6.38) holds (see Stein and Weiss [203], Chap. 1, Corollary 1.21).
Using now (6.37), (6.38), and Theorem 6.3, we deduce that T ∈ (E ′ ∩ Ck)(Rn) and
r0(T ) � R. 	


Next, we say that a distribution T ∈ E ′(Rn) is invertible if there exists a constant
α > 0 such that

sup
{∣

∣̂T (ζ )
∣

∣ : ζ ∈ C
n, |ζ − ξ | < α log(2 + |ξ |)} > (α + |ξ |)−α, ξ ∈ R

n.

Let Inv(Rn) denote the set of all invertible distributions. Estimate (6.34) shows that
if U ∈ Inv(Rn) and T ∈ D(Rn), then U + T ∈ Inv(Rn). The class Inv(Rn) plays
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an essential role in the theory of convolution equations. Here we restrict ourselves
only to the following result.

Theorem 6.4. Let T ∈ E ′(Rn). Then the following statements are equivalent.

(i) T ∈ Inv(Rn).
(ii) If U ∈ E ′(Rn) and the function ̂U/̂T is entire, then ̂U = ̂T ̂V for some

V ∈ E ′(Rn).
(iii) The convolution equation

f ∗ T = g (6.39)

has a solution f ∈ D′(Rn) (respectively, f ∈ C∞(Rn)) for every g ∈ D′(Rn)

(respectively, g ∈ C∞(Rn)).
(iv) Equation (6.39) with g = δ0 has a solution f ∈ D′(Rn).

For a proof, we refer to Hörmander [126], Sect. 16.6. The reader can find more
information there.

Corollary 6.3. If U ∈ E ′(Rn), T ∈ Inv(Rn), and the function ̂U/̂T is entire, then
r0(U) � r0(T ).

The proof follows at once from Theorems 6.4 and 6.2.



Chapter 7
Some Special Functions

Spherical functions and their generalizations will play a decisive role in our study of
transmutation operators. For two-point homogeneous spaces and the phase space of
the Heisenberg group, they are expressed in terms of classical special functions. For
Euclidean space, they are Bessel functions. For rank one symmetric spaces, they are
Jacobi functions. For the phase space, they are Laguerre functions. In this chapter we
define these functions and discuss some their properties which are needed in study-
ing the expansions in terms of them. In particular, we present various differentiation
formulas, integral representations, and asymptotic estimates. The key formulas are
the Koornwinder integral representations for Jacobi functions and their analogues
for the Kummer confluent hypergeometric function. These formulas generalize the
classical Mehler–Dirichlet representation for Legendre functions and make it possi-
ble to obtain Paley–Wiener-type theorems for the corresponding integral transforms
(see Chaps. 11 and 12 below).

7.1 Cylindrical Functions

In the section we will survey basic properties of cylindrical functions used in this
book. The proof of all properties given here can be found in Watson [250].

Let ν ∈ R
1 and z ∈ C\(−∞, 0]. Recall that the function

Jν =
(

z

2

)ν ∞
∑

m=0

(−1)m(z/2)2m

m!�(ν + m + 1)
(7.1)

is called the Bessel function of order ν. Since

Jν(z) = zν

2ν�(ν + 1)
+ O

(|z|2+ν
)

as z → 0,

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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the functions Jν and J−ν are linearly independent, provided that ν /∈ Z. If ν ∈ N,
formula (7.1) yields

(−1)νJν(z) = J−ν(z) = Jν(−z).

The Neumann function of order ν ∈ R
1 is defined by the equality

Nν(z) = lim
μ→ν

Jμ(z) cos(μπ) − J−μ(z)

sin(μπ)
. (7.2)

For ν ∈ Z+, it follows by (7.1) and (7.2) that

Nν(z) = 2

π
Jν(z)

(

log
z

2
+ γ

)

− 1

π

ν−1
∑

m=0

(ν − m − 1)!
m!

(

z

2

)−ν+2m

− 1

π

∞
∑

m=0

(−1)m(z/2)ν+2m

m!(m + ν)!

(

ν+m
∑

k=1

1

k
+

m
∑

k=1

1

k

)

,

where

γ = lim
q→+∞

(

q
∑

m=1

1

m
− log q

)

is Euler’s constant.
Relations (7.1) and (7.2) show that

d

dz

(

zνJν(z)
) = zνJν−1(z),

d

dz

(

z−νJν(z)
) = −z−νJν+1(z), (7.3)

and the same formulae are valid for the Neumann functions.
By the definitions of Jν and Nν we see that these functions satisfy the Bessel

differential equation

z2f ′′ + zf ′ + (

z2 − ν2)f = 0, z ∈ C\(−∞, 0]. (7.4)

Thus, the general solution of (7.4) has the form

f = c1Jν + c2Nν, c1, c2 ∈ C. (7.5)

This function is called a cylindrical function of order ν. Next, the Lommel–Hankel
formula

Jν(z)Nν+1(z) − Jν+1(z)Nν(z) = −2/(πz) (7.6)

is a consequence of (7.3)–(7.5).
If ν > −1/2, (7.1) leads to the Poisson integral

Jν(z) = (z/2)ν√
π�

(

ν + 1/2
)

∫ 1

−1
eizt(1 − t2)ν−1/2 dt. (7.7)
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Assume now that α ∈ {−1, 1}, ν � 0, and let ε ∈ (0, π) be fixed. Then

Jν(z) + iαNν(z) =
√

2

πz
exp

(

iα

(

z − πν

2
− π

4

))(

1 + O

(

1

|z|
))

(7.8)

as z → ∞, |arg z| � π −ε. The following result generalizes (7.8) for the case where
ε = π/2.

Proposition 7.1. Let α ∈ {−1, 1}, ν � 0, β ∈ R
1, s ∈ Z+, θ > 2, and suppose that

z ∈ {ζ ∈ C : Re ζ � 0, |ζ | > θs + 1}. Then

(

zβ
(

Jν(z) + iαNν(z)
))(s) =

√

2

π
(iα)szβ−1/2 exp

(

iα

(

z − πν

2
− π

4

))

+ O
(

(s + 1)(1 + |z|)β−3/2 exp(−α Im z)
)

,

where the constant in the quantity O depends only on ν, β, θ .

The proof follows at once from (7.8) and Proposition 6.12.
To go further, for ν ∈ R

1 and z ∈ C\(−∞, 0], we set

Iν(z) = z−νJν(z), Nν(z) = z−νNν(z).

According to (7.1), the function Iν admits holomorphic extension to C. We now
assemble certain information on the zeros of Iν needed later.

Let ν > −1. Then Iν has infinitely many zeroes. Moreover, all the zeros of Iν

are real, simple, and the set of these zeros is symmetric with respect to z = 0. Next,
Iν(z) is a transcendental quantity, provided that ν ∈ Q and z is an algebraic number
other than zero. In particular, this shows that Iν and Iν+m have no common zero
when ν ∈ Q, ν > −1, m ∈ N. Let λ1, λ2, . . . be the sequence of all positive zeros
of Iν numbered in the ascending order. It can be shown that

λm = π

(

m + ν

2
− 1

4

)

− 4ν2 − 1

π(m + ν
2 − 1

4 )

− (4ν2 − 1)(28ν2 − 31)

384π3(m + ν
2 − 1

4 )3
+ O

(

1

m5

)

as m → ∞. (7.9)

In addition, the following orthogonality relations hold:

∫ 1

0
tJν(λkt)Jν(λmt) dt =

⎧

⎨

⎩

0 if k �= m,

1

2
J 2

ν+1(λm) if k = m.
(7.10)
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7.2 Jacobi Functions

Let α, β, λ ∈ C, t ∈ (0,+∞), and let

Δα,β(t) = (

et − e−t
)2α+1(et + e−t

)2β+1
. (7.11)

Consider the differential equation

(Lα,βf )(t) = −(

λ2 + γ 2)f (t), (7.12)

where

(Lα,βf )(t) = 1

Δα,β(t)

d

dt

(

Δα,β(t)
df (t)

dt

)

, γ = α + β + 1.

By the change of variable z = −(sinh t)2 equation (7.12) reduces to a hypergeo-
metric differential equation with parameters (γ + iλ)/2, (γ − iλ)/2, α + 1 (cf. [73,
2.1 (1)]). Thus, for (−α) /∈ N, the function

ϕ
(α,β)
λ (t) = F

(

1

2
(γ + iλ),

1

2
(γ − iλ); α + 1; −(sinh t)2

)

(7.13)

satisfies (7.12). Here, as usual, the hypergeometric function F(a, b; c; z) denotes
the unique analytic continuation for z /∈ [1,+∞) of the series

∞
∑

n=0

(a)n(b)n

(c)nn! zn, |z| < 1.

Relation (7.13) shows that there exists ε = ε(α, β) > 0 such that for all λ ∈ C,

∣

∣ϕ
(α,β)
λ (t) − 1

∣

∣ � 1

2
if t ∈ [

0, ε(1 + |λ|)−1]. (7.14)

Next, by the definition of ϕ
(α,β)
λ (t) we see that (�(α + 1))−1ϕ

(α,β)
λ (t) is an entire

function of α, β, and λ. In addition,

ϕ
(α,β)
λ (0) = 1,

d

dt
ϕ

(α,β)
λ (t)

∣

∣

∣

∣

t=0
= 0, (7.15)

and
ϕ

(α,β)
λ (t) = ϕ

(α,β)
−λ (t), ϕ

(α,β)
λ (t) = ϕ

(α,β)

λ
(t). (7.16)

For iλ /∈ N, another solution of (7.12) (cf. [73, 2.9 (9)]) is given by the function

Φ
(α,β)
λ (t) = (

et − e−t
)iλ−γ

F

(

1

2
(γ − 2α − iλ),

1

2
(γ − iλ); 1 − iλ; −(sinh t)2

)

.

(7.17)
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For each fixed t > 0, as function of λ, Φ
(α,β)
λ (t) is holomorphic in C\{−iN}.

The functions ϕ
(α,β)
λ (t) and Φ

(α,β)
λ (t) are called Jacobi functions of the first and

second kind, respectively. In this section we investigate various properties of these
functions.

Proposition 7.2. The following formulae are valid.

(i) ϕ
(α,β)
λ (t) = (cosh t)iλ−γ F

(

1

2
(γ + iλ),

1

2
(γ + iλ) − β, 1 + α, (tanh t)2

)

.

(ii)
(

�(α + 1)
)−1 dϕ

(α,β)
λ (t)

dt

= −1

4

(

λ2 + γ 2)(�(α + 2)
)−1

(sinh 2t)ϕ
(α+1,β+1)
λ (t).

(iii)
(

�(α + 2)
)−1 d

dt

(

(sinh 2t)−1Δα+1,β+1(t)ϕ
(α+1,β+1)
λ (t)

)

= 16
(

�(α + 1)
)−1

Δα,β(t)ϕ
(α,β)
λ (t).

(iv)
(cosh t)2

�(α + 1)
ϕ

(α,β)
λ (t) = − (sinh t)2

4�(α + 3)

(

(α − β + 3)2 + λ2)ϕ
(α+2,β−2)
λ (t)

+ 1

�(α + 2)

(

α + 1 + (α − β + 2)(sinh t)2)

× ϕ
(α+1,β−1)
λ (t).

Proof. Relations (i)–(iv) are direct consequences from the well-known properties
of the hypergeometric function (see Erdélyi (ed.) [73], Chap. 2, formulas 2.8 (20),
2.8 (27), 2.8 (30), and 2.9 (4)). 	

Proposition 7.3.

(i) If μ, ν ∈ C and Re α > −1, then

(

μ2 − ν2)
∫ t

0
Δα,β(ξ)ϕ(α,β)

μ (ξ)ϕ(α,β)
ν (ξ) dξ

= Δα,β(t)

(

ϕ(α,β)
ν (t)

d

dt
ϕ(α,β)

μ (t) − ϕ(α,β)
μ (t)

d

dt
ϕ(α,β)

ν (t)

)

. (7.18)

(ii) If Re α > −1/2, then

ϕ
(α,β)
λ (t) = k(α, β, t)

∫ t

0
cos(λx)(cosh 2t − cosh 2x)α− 1

2

× F

(

α + β, α − β; α + 1

2
; cosh t − cosh x

2 cosh t

)

dx, (7.19)
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where

k(α, β, t) = �(α + 1)2−α+3/2

√
π�(α + 1

2 )
(sinh t)−2α(cosh t)−α−β.

(iii) For each p ∈ Z+ there exists γ0 > 0 such that, for all t > 0 and all λ ∈ C,
∣

∣

∣

∣

(

�(α + 1)
)−1

(

d

dt

)p

ϕ
(α,β)
λ (t)

∣

∣

∣

∣

� γ0(1 + |λ|)k+p(1 + t)e(|Im λ|−Re γ )t ,

where k = 0 if Re λ > −1/2 and k = [1/2 − Re α] if Re α � −1/2.

Proof. Taking in (7.12) f = ϕ
(α,β)
λ and putting λ = μ, ν, we get

(

μ2 − ν2)Δα,β(t)ϕ(α,β)
μ (t)ϕ(α,β)

ν (t)

= d

dt

(

Δα,β(t)

(

ϕ(α,β)
ν (t)

d

dt
ϕ(α,β)

μ (t) − ϕ(α,β)
μ (t)

d

dt
ϕ(α,β)

ν (t)

))

.

This yields (i). For the proof of (ii) and (iii), we refer the reader to Koorn-
winder [138], Sect. 2. 	


Proposition 7.4. Let 0 < a < b, t ∈ [a, b], and

c(α, β, t) =
√

π(sinh t)α+1/2(cosh t)β+1/2

2α+1/2�(α + 1)
.

Then, for every ε ∈ (0, π),

c(α, β, t)ϕ
(α,β)
λ (t) = cos(λt − π

4 (2α + 1))

λα+1/2

+ ( 1
4 − α2)(cosh t)2 + ( 1

4 − β2)(sinh t)2

sinh 2t

× sin(λt − π
4 (2α + 1))

λα+3/2
+ O

(

et |Im λ|

λα+5/2

)

(7.20)

and

c(α, β, t)
d

dλ
ϕ

(α,β)
λ (t) = −t

sin(λt − π
4 (2α + 1))

λα+1/2
+ O

(

et |Im λ|

λα+3/2

)

as λ → ∞, |arg λ| � π − ε, where the constants in O depend only on α, β, a, b,
and ε.

Proof. If Re α > 1/2, then the desired result follows from Proposition 7.3(ii) and
asymptotic expansion of Fourier integrals (see Riekstyn’sh [182], Chap. 10.3). In
the general case Proposition 7.2(iv) is applicable. 	


For iλ /∈ N, we define the sequence Γm(λ) ∈ C, m = 0, 1, . . . , as follows. Let
Γ0(λ) = 1, and let
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k(k − iλ)Γ2k(λ) =
k−1
∑

n=0

(2n − iλ + γ )
(

α − β + (2β + 1)εk,n

)

Γ2n(λ), k ∈ N,

where

εk,n =
{

0 if k − n is odd,

1 otherwise.

If m is odd, we set Γm(λ) = 0.
Suppose that E ⊂ C is one of the following sets:

(a) E is a compact contained in C\{−iN};
(b) E = {z ∈ C : Im z � −ζ |Re z|} for some ζ � 0.

It can be verified (see Flensted–Jensen [76], Lemma 7) that there exist constants
γ1, γ2 > 0 such that

|Γm(λ)| � γ1(1 + m)γ2 for all m ∈ Z+, λ ∈ E. (7.21)

Furthermore, for any λ ∈ C\{−iN},

Φ
(α,β)
λ (t) = e(iλ−γ )t

∞
∑

m=0

Γm(λ)e−mt , (7.22)

where the expansion converges in C∞(0,+∞) (see (7.21) and [76]).
Next, let p ∈ Z+. Applying Proposition 6.10, we infer from (7.21) that there

exists γ3 > 0 such that
∣

∣

∣

∣

(

d

dλ

)p

Γm(λ)

∣

∣

∣

∣

� γ3(1 + m)γ2 for all m ∈ Z+, λ ∈ E.

This, together with (7.22), gives

(

d

dλ

)p

Φ
(α,β)
λ (t) = (it)pe(iλ−γ )t

(

1 + O
(

e−2t
))

as t → +∞ (7.23)

for each λ ∈ C\{−iN}.
Proposition 7.5. Let (−α) /∈ N. Then the following assertions hold.

(i) If iλ /∈ Z, then

ϕ
(α,β)
λ (t) = cα,β(λ)Φ

(α,β)
λ (t) + cα,β(−λ)Φ

(α,β)
−λ (t),

where

cα,β(λ) = 2γ−iλ�(α + 1)�(iλ)

�( 1
2 (γ + iλ))�( 1

2 (γ + iλ) − β)
. (7.24)
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(ii) If iλ /∈ N, then

Δα,β(t)

(

ϕ
(α,β)
λ (t)

d

dt
Φ

(α,β)
λ (t) − Φ

(α,β)
λ (t)

d

dt
ϕ

(α,β)
λ (t)

)

= 2iλcα,β(−λ).

(7.25)

(iii) If α ± β ∈ (−1,+∞), then there exists γ4 > 0 such that

(

ϕ
(α,β)
λ (t)

d

dt
Φ

(α,β)
λ (t) − Φ

(α,β)
λ (t)

d

dt
ϕ

(α,β)
λ (t)

)−1

� γ4Δα,β(t)(1 + |λ|)α−1/2. (7.26)

(iv) If α � 0, iλ /∈ N and λcα,β(−λ) �= 0, then

Φ
(α,β)
λ (t) = iλcα,β(−λ)

22γ
uα(t)

(

1 + o(1)
)

as t → 0,

where

uα(t) =
{−α−1t−2α if α > 0,

2 log t if α = 0.

In addition,

d

dt
Φ

(α,β)
λ (t) = iλcα,β(−λ)

22γ−1
t−1−2α

(

1 + o(1)
)

as t → 0.

Proof. Concerning (i) and (ii), see Koornwinder [138], formulae (2.5) and (2.6), and
Flensted-Jensen [76], Lemma 8. To prove (iii) it is enough to apply (7.24), (7.25),
and Stirling’s formula. As for (iv), take ε > 0 such that (7.14) is satisfied. If ζ =
(1 + |λ|)−1ε, equality (7.25) allows us to write

Φ
(α,β)
λ (t) = ϕ

(α,β)
λ (t)

(

Φ
(α,β)
λ (ζ )

ϕ
(α,β)
λ (ζ )

− 2iλcα,β(−λ)

∫ ζ

t

dξ

Δα,β(ξ)(ϕ
(α,β)
λ (ξ))2

)

(7.27)

and

d

dt
Φ

(α,β)
λ (t) = 2iλcα,β(−λ)

Δα,β(t)ϕ
(α,β)
λ (t)

+
(

d

dt
ϕ

(α,β)
λ (t)

)

×
(

Φ
(α,β)
λ (ζ )

ϕ
(α,β)
λ (ζ )

− 2iλcα,β(−λ)

∫ ζ

t

dξ

Δα,β(ξ)(ϕ
(α,β)
λ (ξ))2

)

,

(7.28)

where t ∈ (0, ζ ]. Furthermore,

ϕ
(α,β)
λ (t) = 1 + O

(

t2) as t → 0 (7.29)
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in view of (7.15) and (7.13). To complete the proof we have only to combine (7.27)–
(7.29) and (7.11). 	

Corollary 7.1. Let (−α) /∈ N, λ ∈ C\{0}, Im λ � 0, p ∈ Z+, and let

hp(λ, t) = cα,β(λ)e(iλ−γ )t (it)p.

Then
(

d

dλ

)p

ϕ
(α,β)
λ (t) = hp(λ, t)

(

1 + O

(

1

t

))

+ (−1)php(−λ, t)

(

1 + O

(

1

t

))

as t → +∞.

Next, let τ
α,β
p = 2(2p + 1)−1λcα,β(λ)|λ=0 �= 0. Then

(

d

dλ

)2p

ϕ
(α,β)
λ (t)

∣

∣

∣

∣

λ=0
= τα,β

p e−γ t (it)2p+1
(

1 + O

(

1

t

))

as t → +∞.

Proof. This follows from Proposition 7.5(i) and (7.23). 	

For the rest of the section, we assume that

α � 0, α � β � −1

2
, r > 0. (7.30)

The Taylor expansion of F(α + β, α − β; α + 1
2 ; z) at the origin implies, by (7.30),

that

F

(

α + β, α − β; α + 1

2
; z

)

> 0 if z ∈ [0, 1/2]. (7.31)

Proposition 7.6. For fixed α, β, r , the following statements are valid.

(i) The function ϕ
(α,β)
λ (r) has infinitely many zeros. All the zeros of ϕ

(α,β)
λ (r) are

real and simple; they are located symmetrically relative to λ = 0. In addition,
ϕ

(α,β)
λ (r) > 0, provided that iλ ∈ R

1.
(ii) Let λl = λl(α, β, r), l = 1, 2, . . . , be the sequence of all positive zeros of

ϕ
(α,β)
λ (r) numbered in the ascending order, and suppose that 0 < r1 � r � r2.

Then

rλl = π

(

2α + 3

4
+ l + q(r, α, β)

)

+ (1/4 − α2)(cosh r)2 + (1/4 − β2)(sinh r)2

λl sinh 2r
+ O

(

1

λ3
l

)

,

where q(r, α, β) ∈ Z does not depend on l, and the constant in O depends only
on α, β, r1, r2.
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Proof. To show (i), first assume that iλ ∈ R
1. Then ϕ

(α,β)
λ (r) > 0 because of (7.19)

and (7.31). Suppose now that λ ∈ C and ϕ
(α,β)
λ (r) = 0. We claim that λ ∈ R

1 and

d

dz
ϕ(α,β)

z (r)

∣

∣

∣

∣

z=λ

�= 0.

Assume that λ /∈ R
1. By the above argument, iλ /∈ R

1, whence λ2 �= λ
2
. Putting

μ = ν = λ in (7.18) and taking (7.16) into account, we get

∫ r

0
Δα,β(ξ)

∣

∣ϕ
(α,β)
λ (ξ)

∣

∣

2 dξ = 0, (7.32)

which is impossible. Now assume that

d

dz
ϕ(α,β)

z (r)

∣

∣

∣

∣

z=λ

= 0.

Putting μ = λ in (7.18) and letting ν → λ, one obtains (7.32) once again. Thus, all
the zeros of ϕ

(α,β)
λ (r) are real and simple. Since ϕ

(α,β)
λ (r) is even, this completes the

proof of (i).
Let us prove (ii). Propositions 6.2 and 7.4 lead to the conclusion that if R > 0,

then the number of zeros of ϕ
(α,β)
λ (r) in [−R,R] does not exceed γ5(1 + R), where

γ5 > 0 depends only on r1, r2, α, β. Combining this with Proposition 7.4, we infer
that

rλl = π

(

2α + 3

4
+ l + q(r, α, β)

)

+ εl(r, α, β), (7.33)

where q(r, α, β) ∈ Z, and εl(r, α, β) → 0 uniformly with respect to r ∈ [r1, r2] as
l → +∞. Next, using (7.19) and (7.31), one concludes that

λl � π

2r
� π

2r2
for all l. (7.34)

Putting λ = λl in (7.20) and applying (7.33), (7.34), we arrive at (ii). 	

Let us now define

Nα,β(r) = {

λ > 0 : ϕ
(α,β)
λ (r) = 0

}

.

The proof of the following fact will occupy the remainder of this section.

Theorem 7.1. Let k ∈ N, k > α + 3/2, and assume that a function u : [0, r] → C

enjoys the following properties:

(1) Ls
α,βu ∈ C2[0, r] for s = 0, 1, . . . , k − 1, and Lk

α,βu ∈ C[0, r].
(2) (Ls

α,βu)(r) = 0 for s = 0, 1, . . . , k − 1.
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For λ ∈ Nα,β(r), we set

cλ(u) =
(∫ r

0
Δα,β(t)

(

ϕ
(α,β)
λ (t)

)2 dt

)−1 ∫ r

0
Δα,β(t)u(t)ϕ

(α,β)
λ (t) dt. (7.35)

Then
cλ(u) = O

(

λ2α+2−2k
)

as λ → +∞ (7.36)

and
u(t) =

∑

λ∈Nα,β(r)

cλ(u)ϕ
(α,β)
λ (t), t ∈ [0, r], (7.37)

where the series in (7.37) converges to u in the space Cs[0, r] with s < 2k−2α−3.

To prove the theorem a couple of lemmas will be needed.

Lemma 7.1. Let g ∈ L1[0, r] and

f (z) =
∫ r

0
Δα,β(t)g(t)ϕ(α,β)

z (t) dt, z ∈ C. (7.38)

If f (λ) = 0 for all λ ∈ Nα,β(r), then g = 0.

Proof. Consider the function w(z) = f (z)/ϕ
(α,β)
z (r). By Propositions 7.6(i) and

7.3(iii), w is an even entire function whose order does not exceed 1. Let A =
{z ∈ C : |Im z| = |Re z|}. By an appeal to Proposition 7.4 we find from (7.38)
and (7.20) that

|w(z)| � γ5(1 + |z|)α+1/2

×
(

e−r|Im z|/2 + e−r|Im z|
∣

∣

∣

∣

∫ r

r/2
Δα,β(t)g(t)ϕ(α,β)

z (t)dt

∣

∣

∣

∣

)

, z ∈ A,

(7.39)

where γ5 is independent of z. Using now (7.20) with t ∈ [r/2, r], one sees from the
Riemann–Lebesgue lemma that

∫ r

r/2
Δα,β(t)g(t)ϕ(α,β)

z (t) dt = o
(

z−α−1/2er|Im z|)

as z → ∞, z ∈ A. Then, thanks to (7.39), w(z) → 0 as z → ∞ along the
straight lines Im z = ± Re z. By the Phragmén–Lindelöf principle w = 0, and
so f (i(γ + 2m)) = 0 for all m ∈ Z+. Going to the definition of ϕ

(α,β)
λ , we find

from (7.38) that
∫ r

0
Δα,β(t)g(t)(sinh t)2m dt = 0, m ∈ Z+.

The desired statement is now clear. 	




188 7 Some Special Functions

Lemma 7.2. Let λ,μ ∈ Nα,β(r) and

δ(λ, μ) =
∫ r

0
Δα,β(t)ϕ

(α,β)
λ (t)ϕ(α,β)

μ (t) dt. (7.40)

Then δ(λ, μ) = 0 if λ �= μ and

δ(λ, λ) > γ6λ
−2(α+1),

where γ6 > 0 does not depend on λ.

Proof. For λ �= μ, the assertion follows from Proposition 7.3(i). Next, let us choose
ε > 0 such that for all λ ∈ Nα,β(r), condition (7.14) is fulfilled. If ζ = (1 +
λ)−1ε < r , we have

δ(λ, λ) >

∫ ζ

0
Δα,β(t)

(

ϕ
(α,β)
λ (t)

)2 dt.

Combining this with (7.14) and (7.11), one obtains the desired estimate for δ(λ, λ).
	


Proof of Theorem 7.1. For λ ∈ Nα,β(r), let δ(λ, λ) be defined by (7.40). Bearing
Proposition 7.2(ii), (iii) in mind and integrating in (7.35) by part, we get

cλ(u) = (−1)k

δ(λ, λ)(λ2 + γ 2)k

∫ r

0
Δα,β(t)

(

Lk
α,βu

)

(t)ϕ
(α,β)
λ (t) dt

(see properties (1) and (2) of the function u). Once Proposition 7.3(iii) and Lem-
ma 7.2 are established, it is easy to find (7.36). Due to Proposition 7.3(iii), the series
in (7.37) converges in Cs[0, r] for each s < 2k − 2α − 3. Hence, the function

g(t) = u(t) −
∑

λ∈Nα,β(r)

cλ(u)ϕ
(α,β)
λ (t)

satisfies
∫ r

0
Δα,β(t)g(t)ϕ

(α,β)
λ (t) dt = 0

for all λ ∈ Nα,β(r) (see Lemma 7.2). Now it follows by Lemma 7.1 that g = 0,
yielding the proof. 	


7.3 Extension of the Jacobi Polynomials

A Jacobi polynomial P
(α,β)
n (x) (n ∈ Z+, α, β ∈ (−1,+∞)) is given by

P (α,β)
n (x) = (α + 1)n

n! F

(

−n, n + α + β + 1; α + 1; 1 − x

2

)

.
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The map n → P
(α,β)
n (x)/P

(α,β)
n (1) extends to a holomorphic function on C defined

by the same formula with n replaced by λ ∈ C. Here we study the main properties
of this function.

Consider, for α, β, λ ∈ C and 0 < t < π/2, the differential equation

(lα,βf )(t) = (

(α + β + 1)2 − λ2)f (t), (7.41)

where

(lα,βf )(t) = 1

Aα,β(t)

d

dt

(

Aα,β(t)
df (t)

dt

)

with Aα,β(t) = (sin t)2α+1(cos t)2β+1. By substituting x = sin2 t into (7.41) a hy-
pergeometric differential equation is obtained with parameters (α + β + 1 + λ)/2,
(α + β + 1 − λ)/2, α + 1 (see Erdélyi (ed.) [73, 2.1 (1)]). Hence, if α �=
−1,−2,−3, . . . then the function

ϕλ,α,β(t) = F

(

α + β + 1 + λ

2
,
α + β + 1 − λ

2
; α + 1; sin2 t

)

(7.42)

is the solution of (7.41) which satisfies

ϕλ,α,β(0) = 1,
d

dt
ϕλ,α,β(t)

∣

∣

∣

∣

t=0
= 0. (7.43)

Application of [73, 2.8 (20) and 2.8 (27)] gives for this solution the differentiation
formulas

d

dt
ϕλ,α,β(t) = (α + β + 1)2 − λ2

4(α + 1)
sin(2t)ϕλ,α+1,β+1(t) (7.44)

and

d

dt

(

Aα+1/2,β+1/2(t)ϕλ,α+1,β+1(t)
) = 2(α + 1)Aα,β(t)ϕλ,α,β(t). (7.45)

Next, taking in (7.41) f = ϕλ,α,β and putting λ = μ, ν, we get

(

μ2 − ν2)Aα,β(t)ϕν,α,β(t)ϕμ,α,β(t)

= d

dt

(

Aα,β(t)

(

ϕμ,α,β(t)
d

dt
ϕν,α,β(t) − ϕν,α,β(t)

d

dt
ϕμ,α,β(t)

))

.

Consequently, for Re α > −1,

(

μ2 − ν2)
∫ t

0
Aα,β(x)ϕν,α,β(x)ϕμ,α,β(x) dx

= Aα,β(t)

(

ϕμ,α,β(t)
d

dt
ϕν,α,β(t) − ϕν,α,β(t)

d

dt
ϕμ,α,β(t)

)

. (7.46)
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Now we present an analogue of formula (7.19) for the function ϕλ,α,β(t).

Proposition 7.7. If Re α > −1/2, then

ϕλ,α,β(t) = 2α+1/2�(α + 1)√
π�(α + 1/2)

(sin t)−2α(cos t)−β−1/2

×
∫ t

0
cos(λx)(cos x − cos t)α−1/2

× F

(

1

2
+ β,

1

2
− β; α + 1

2
; cos t − cos x

2 cos t

)

dx. (7.47)

To prove Proposition 7.7 we require three lemmas. Put

R
(α,β)
λ (cos 2t) = ϕ2λ+α+β+1,α,β(t). (7.48)

Lemma 7.3. For Re(α + β) < 0, Re(λ + α + β + 1) > 0, we have

R
(α,β)
λ (cos 2t) = 2�(λ + 1)

�(−α − β)�(λ + α + β + 1)
(cos t)−2α−2β−2

×
∫ t

0

(

sin x

sin t

)2λ
(tan x)2α+2β+1

(tan2 t − tan2 x)α+β+1
R

(α,−α)
λ (cos 2x) dx.

(7.49)

Proof. It follows from Askey and Fitch [6, (2.10)] that for x > 0, Re μ > 0, and
Re b > 0,

�(b)xb+μ−1F(a, b; c; −x) = �(b + μ)

�(μ)

∫ x

0
tb−1F(a, b + μ; c; −t)(x − t)μ−1 dt.

(7.50)

When x = tan2 t , a = λ + α + 1, b = λ + α + β + 1, c = α + 1, and μ = −α − β,
(7.50) becomes

(cos t)−2λ−2α−2β−2F
(

λ + α + 1, λ + α + β + 1; α + 1; − tan2 t
)

= 2�(λ + 1)

�(−α − β)�(λ + α + β + 1)
(cos t)−2α−2β−2

∫ t

0

(

sin x

sin t

)2λ

× (tan x)2α+2β+1

(tan2 t − tan2 x)α+β+1
(cos x)−2λ−2

× F
(

λ + α + 1, λ + 1; α + 1; − tan2 x
)

dx. (7.51)

Using (7.51) and the identity

F(a, b; c; z) = (1 − z)−bF

(

c − a, b; c; z

z − 1

)

(7.52)

(see [73, 2.9 (4)]), we arrive at (7.49). 	
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Lemma 7.4. Suppose that Re α > −1/2, −1 < Re(α + β) < 0, and Re λ � 0.
Then

∣

∣R
(α,β)
λ (cos 2t)

∣

∣ � c1(1 + |λ|)− Re(α+β)e2t |Im λ|, (7.53)

where c1 is independent of λ.

Proof. By the Mehler–Dirichlet formula [73, 3.7 (27) and 3.4 (6)]

R
(α,−α)
λ (cos 2x) = 21/2−α�(α + 1)√

π�(α + 1/2)
(sin x)−2α

×
∫ 2x

0

(

cos y − cos(2x)
)α−1/2 cos

((

λ + 1

2

)

y

)

dy.

Therefore,

∣

∣R
(α,−α)
λ (cos 2x)

∣

∣ � c2
e2x|Im λ|

(sin x)2 Re α

∫ 2x

0

(

cos y − cos(2x)
)Re α−1/2 dy

� c2
e2x|Im λ|

(sin x)2 Re α
√

1 + cos 2x

×
∫ 1

cos(2x)

(

y − cos(2x)
)Re α−1/2

(1 − y)−1/2 dy

= c3
e2x|Im λ|

cos x
, (7.54)

where c2, c3 depend only on α. From (7.54) and (7.49) we conclude that

∣

∣R
(α,β)
λ (cos 2t)

∣

∣ � c4

∣

∣

∣

∣

�(λ + 1)

�(λ + α + β + 1)

∣

∣

∣

∣

e2t |Im λ|,

where c4 does not depend on λ. This proves (7.53), since

�(λ + 1)

�(λ + α + β + 1)
= λ−α−β

(

1 + O
(

λ−1))

(see [73, 1.18 (4)]). 	

Lemma 7.5. Let f be an entire function. Assume that for some a ∈ (0, π),

f (λ) = O
(

ea|λ|) if Re λ � 0 (7.55)

and f (λ) = 0 if λ ∈ Z+. Then f ≡ 0.

Lemma 7.5 is due to Carlson. A proof can be found in Titchmarsh [212, Chap. 5].
For other results of a similar nature and their generalizations, see Levin [145,
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Chap. 4, Sect. 5; 146, Lecture 21], Agmon [2], Gel’fond [82, Chap. 2, Theorem 7],
and the references there.

Proof of Proposition 7.7. Let −1 < Re(α + β) < 0. Set

f (λ) = R
(α,β)
λ (cos 2t) − g(2λ + α + β + 1),

where g(λ) is the function on the right-hand side of (7.47). According to Koorn-
winder [138, (5.8)], f (λ) = 0 for λ ∈ Z+. In addition, owing to (7.53), the function
f satisfies (7.55). Hence, by Lemma 7.5

R
(α,β)
λ (cos 2t) = g(2λ + α + β + 1). (7.56)

Because f is an entire function with respect to β, equality (7.56) holds for all β ∈ C

by analytic continuation. Thereby the proposition is established (see (7.48)). 	

Corollary 7.2. Let Re α > −1/2, β ∈ C, and let

c(α) =
{

[Re α + 1/2] if Re α + 1/2 /∈ N,

[Re α] if Re α + 1/2 ∈ N.
(7.57)

Then for any integer 0 � s � c(α), there exists a positive constant c(α, β, s) such
that

|ϕλ,α,β(t)| � c(α, β, s)

(sin t)2s(cos t)s+Re β+|Re β|+1/2

et |Im λ|

|λ|s (7.58)

for all t ∈ (0, π/2) and all λ ∈ C\{0}.
Proof. For brevity, we set

f (y) = (y − cos t)α−1/2F

(

1

2
+ β,

1

2
− β; α + 1

2
; cos t − y

2 cos t

)

.

Repeated integration by parts gives

∫ t

−t

eiλxf (cos x) dx =
(

i

λ

)s ∫ t

−t

eiλx

(

d

dx

)s
(

f (cos x)
)

dx.

Hence, in view of (7.47),

|ϕλ,α,β(t)| � 2Re α−1/2

√
π

∣

∣

∣

∣

�(α + 1)

�(α + 1/2)

∣

∣

∣

∣

(sin t)−2 Re α(cos t)− Re β−1/2

× et |Im λ|

|λ|s
∫ t

−t

∣

∣

∣

∣

(

d

dx

)s
(

f (cos x)
)

∣

∣

∣

∣

dx. (7.59)

Next, owing to Proposition 7.3(iii),
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∣

∣

∣

∣

F

(

1

2
+ β + j,

1

2
− β + j ; α + 1

2
+ j ; cos t − cos x

2 cos t

)∣

∣

∣

∣

� c5

(

cos x

cos t

)|Re β|
, j ∈ Z+, (7.60)

where c5 depends only on α, β, j . Combining (7.59), (7.60), and (7.54), we obtain
the desired estimate. 	


Proposition 7.8. Let α, β ∈ C. Suppose also that a, b ∈ (0, π/2) are fixed and
t ∈ [a, b]. Then for every ε ∈ (0, π),

√
π(sin t)α+1/2(cos t)β+1/2

2α+1/2�(α + 1)
ϕλ,α,β(t)

= cos(λt − π
4 (2α + 1))

λα+1/2
+ ( 1

4 − α2) cot t + (β2 − 1
4 ) tan t

2

× sin(λt − π
4 (2α + 1))

λα+3/2
+ O

(

et |Im λ|

λα+5/2

)

(7.61)

and
√

π(sin t)α+1/2(cos t)β+1/2

2α+1/2�(α + 1)

d

dλ
ϕλ,α,β(t)

= −t
sin(λt − π

4 (2α + 1))

λα+1/2
+ O

(

et |Im λ|
λα+3/2

)

(7.62)

as λ → ∞, |arg λ| � π − ε, where the constants in O depend only on α, β, a, b,
and ε.

Proof. For Re α > −1/2 and β ∈ C, the desired statement follows from Proposi-
tion 7.7 and the asymptotic expansion of Fourier integrals (see Riekstyn’sh [182],
Chap. 2, Theorem 10.2). Now applying the formula

cos2 t

�(α + 1)
ϕλ,α,β(t) = sin2 t

4�(α + 3)

(

(α − β + 3)2 − λ2)ϕλ,α+2,β−2(t)

+ 1

�(α + 2)

(

α + 1 − (α − β + 2) sin2 t
)

ϕλ,α+1,β−1(t)

(see [73, 2.8 (30)]), we obtain (7.61) and (7.62) in general. 	

For the rest of the section, we assume that α ∈ (−1/2,+∞), β ∈ R

1, and
r ∈ (0, π/2). Let us describe some properties of the set {λ ∈ C : ϕλ,α,β(r) = 0}.
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Proposition 7.9.

(i) The function ϕλ,α,β(r) has infinitely many zeroes. All the zeroes of ϕλ,α,β(r) are
real, simple, and the set of these zeroes is symmetric with respect to λ = 0.

(ii) Let λl = λl(α, β, r), l ∈ N, be the sequence of all positive zeroes of ϕλ,α,β(r)

numbered in the ascending order and assume that 0 < a � r � b < π/2. Then

rλl = π

(

2α + 3

4
+ l + q(r, α, β)

)

+ (1/4 − α2) cot r + (β2 − 1/4) tan r

2λl

+ O

(

1

λ3
l

)

,

where q(r, α, β) belongs to Z and does not depend on l, and the constant in O

depends only on α, β, a, b.

This proposition can be proved in much the same way as Proposition 7.6
(see (7.42)–(7.47) and (7.61)).

We define
Nα,β(r) = {λ > 0 : ϕλ,α,β(r) = 0}. (7.63)

Proposition 7.10. Let k ∈ N, k > α + (3 − c(α))/2 (see (7.57)). Suppose that a
function u satisfies the following conditions:

(1) lsα,βu ∈ C2[0, r] if s = 0, 1, . . . , k − 1, and lkα,βu ∈ C[0, r];
(2) (lsα,βu)(r) = 0, s = 0, 1, . . . , k − 1.

For λ ∈ Nα,β(r), put

cλ(u) =
(∫ r

0
Aα,β(t)ϕ2

λ,α,β(t) dt

)−1 ∫ r

0
Aα,β(t)u(t)ϕλ,α,β(t) dt.

Then
cλ(u) = O

(

λ2α+2−2k−c(α)
)

as λ → +∞
and

u(t) =
∑

λ∈Nα,β (r)

cλ(u)ϕλ,α,β(t), t ∈ [0, r], (7.64)

where the series in (7.64) converges to u in the space Cs[0, r] with s < k − α −
(3 − c(α))/2.

The proof of Proposition 7.10 is similar to that of Theorem 7.1 (see (7.44), (7.45),
(7.58) and Lemmas 7.6 and 7.7 below).

Lemma 7.6. Assume that v ∈ L1[0, r] and
∫ r

0
Aα,β(t)v(t)ϕλ,α,β(t) dt = 0

for all λ ∈ Nα,β(r). Then v = 0.
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Lemma 7.7. Let λ,μ ∈ Nα,β(r), and let

δ(λ, μ) =
∫ r

0
Aα,β(t)ϕλ,α,β(t)ϕμ,α,β(t) dt.

Then δ(λ, μ) = 0 if λ �= μ, and δ(λ, λ)λ2α+2 > c6, where c6 > 0 does not depend
on λ.

In view of (7.42), (7.58), (7.61) and Proposition 7.9, to prove these lemmas we
can essentially use the same arguments as in Lemmas 7.1 and 7.2. We leave the
details for the reader.

7.4 Confluent Hypergeometric Functions

In this section we present concepts and facts concerning confluent hypergeometric
functions which will be used in the sequel.

Let a, ζ ∈ C, b ∈ C \ {0,−1,−2, . . .}. Set

1F1(a; b; ζ ) =
∞
∑

k=0

(a)k

(b)k

ζ k

k! . (7.65)

The function 1F1 is said to be the Kummer confluent hypergeometric function. The
Tricomi confluent hypergeometric function Ψ (a, b; ζ ) is defined for a, b ∈ C and
ζ ∈ C \ {0} as follows:

Ψ (a, b; ζ ) = �(1 − b)

�(a − b + 1)
1F1(a; b; ζ ) + �(b − 1)

�(a)
ζ 1−b

1F1(a − b + 1; 2 − b; ζ )

if b /∈ Z,

Ψ (a, b; ζ ) = lim
β→b

Ψ (a, β; ζ )

= (−1)b
∂

∂β

(

1F1(a; β; ζ )

�(β)�(a − β + 1)

− ζ 1−β
1F1(a − β + 1; 2 − β; ζ )

�(a)�(2 − β)

)∣

∣

∣

∣

β=b

if b ∈ N, and
Ψ (a, b; ζ ) = ζ 1−βΨ (a − b + 1, 2 − b; ζ )

if b ∈ Z\N.
Finally, the functions

Mα,β(ζ ) = ζ β+1/2e−ζ/2
1F1(1/2 − α + β; 1 + 2β; ζ ),
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Wα,β(ζ ) = ζ β+1/2e−ζ/2Ψ (1/2 − α + β, 1 + 2β; ζ )

are termed the Whittaker confluent hypergeometric functions (see Erdélyi (ed.) [73],
Chap. 6).

Note that for b ∈ N,

Ψ (a, b; ζ ) = (−1)b

�(b)�(a − b + 1)

(

1F1(a; b; ζ ) log ζ

+
∞
∑

k=0

(a)k

(b)k

(

ψ(a + k) − ψ(k + 1) − ψ(b + k)
)ζ k

k!

)

+
b−2
∑

k=0

�(b − 1)

�(a)

(a − b + 1)k

(2 − b)k

ζ k−b+1

k! , (7.66)

where ψ is the logarithmic derivative of the gamma function, and the second sum
in (7.66) is set to be equal to zero for b = 1.

The functions 1F1(a; b; ζ ) and Ψ (a, b; ζ ) satisfy the equation

ζu′′(ζ ) + (b − ζ )u′(ζ ) − au(ζ ) = 0. (7.67)

Analogously the functions Mα,β(ζ ) and Wα,β(ζ ) satisfy the equation

v′′(ζ ) +
(

−1

4
+ α

ζ
+ 1/4 − β2

ζ 2

)

v(ζ ) = 0. (7.68)

Equations (7.67) and (7.68) are called confluent hypergeometric equations.
Consider some elementary relations for 1F1 and Ψ . We have [73, Chap. 6]:

b(b − 1)1F1(a; b − 1; ζ ) − b(b − 1 + ζ )1F1(a; b; ζ )

+ (b − a)ζ 1F1(a; b + 1; ζ ) = 0, (7.69)

(a − b + 1)1F1(a; b; ζ ) − a1F1(a + 1; b; ζ ) + (b − 1)1F1(a; b − 1; ζ ) = 0,

(7.70)

b1F1(a; b; ζ ) − b1F1(a − 1; b; ζ ) − ζ 1F1(a; b + 1; ζ ) = 0, (7.71)

(b − a − 1)Ψ (a, b − 1; ζ ) − (b − 1 + ζ )Ψ (a, b; ζ ) + ζΨ (a, b + 1; ζ ) = 0,

Ψ (a, b; ζ ) − aΨ (a + 1, b; ζ ) − Ψ (a, b − 1; ζ ) = 0,

(b − a)Ψ (a, b; ζ ) − ζΨ (a, b + 1; ζ ) + Ψ (a − 1, b; ζ ) = 0.

In addition,
(

d

dζ

)k

1F1(a; b; ζ ) = (a)k

(b)k
1F1(a + k; b + k; ζ ) (7.72)
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and
(

d

dζ

)k

Ψ (a, b; ζ ) = (−1)k(a)kΨ (a + k, b + k; ζ ). (7.73)

Next, taking in (7.68) v = vα,β , where vα,β is the Whittaker function with parame-
ters α, β, and putting α = α1, α2, we find that

d

dζ

(

vα1,β(ζ )v′
α2,β

(ζ ) − v′
α1,β

(ζ )vα2,β(ζ )
) = α1 − α2

ζ
vα1,β(ζ )vα2,β(ζ ). (7.74)

Hence,

ua2,b(ζ )
d2

dζ 2

(

ζ b/2e−ζ/2ua1,b(ζ )
) − ua1,b(ζ )

d2

dζ 2

(

ζ b/2e−ζ/2ua2,b(ζ )
)

= (a1 − a2)ζ
b/2−1e−ζ/2ua1,b(ζ )ua2,b(ζ ),

where
ua,b(ζ ) = 1F1(a; b; ζ ).

Let ai ∈ C, Re bi > 0, i = 1, 2. Invoking the Laplace transform, one can prove
that

∫ x

0

tb1−1

�(b1)
1F1(a1; b1; t)

(x − t)b2−1

�(b2)
1F1(a2; b2; x − t) dt

= xb1+b2−1

�(b1 + b2)
1F1(a1 + a2; b1 + b2; x) (7.75)

(see [73, 6.10 (15)]). Formula (7.75) is called an addition integral theorem for the
function 1F1.

We shall now present a useful expansion of 1F1(a; b; ζ ) into a series in Bessel
functions due to Tricomi [73, 6.4 (11)]. Set

Ak(μ, λ) = 1

k!
(

d

dζ

)k
(

e2μζ (1 − ζ )μ−λ(1 + ζ )−μ−λ
)

∣

∣

∣

∣

ζ=0
, k ∈ Z+.

The functions Ak(μ, λ) possess the following properties:

(a)
A0(μ, λ) = 1, A1(μ, λ) = 0, A2(μ, λ) = λ, (7.76)

and

(k + 1)Ak+1(μ, λ) = (k + 2λ − 1)Ak−1(μ, λ) − 2μAk−2(μ, λ) for k � 2;
(b)

Ak(μ, λ) =
[k/3]
∑

m=0

am,k(λ)μm, (7.77)
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where

am,k(λ) = 1

m!
(

d

dμ

)m
(

Ak(μ, λ)
)

∣

∣

∣

∣

μ=0
;

(c) Ak(−μ, λ) = (−1)kAk(μ, λ).

Tricomi proved that for all ζ ∈ C,

e−ζ/2
1F1(a; b; ζ ) = �(b)(cζ )(1−b)/2

∞
∑

k=0

Ak

(

c,
b

2

)(

ζ

4c

)k/2

Jk+b−1
(

2
√

cζ
)

,

(7.78)
where

c = b

2
− a. (7.79)

We shall use relation (7.78) in order to obtain the following result.

Proposition 7.11. Let Re b > 1/2 and x > 0. Then

xb−1e−x/2
1F1(a; b; x) =

∫ 2
√

x

0
cos

(√
ct

)

kb(x, t) dt, (7.80)

where c is given by (7.79), and

kb(x, t) = �(b)√
π22b−3

∞
∑

k=0

1

�(b + k − 1/2)8k

×
[k/3]
∑

m=0

(−1)mam,k(b/2)
d2m

dt2m

((

4x − t2)k−3/2+b)
. (7.81)

Here kb(x, t)(4x − t2)3/2−b is infinitely differentiable for (x, t) ∈ R
2.

Proof. It is not hard to see that

d2m

dt2m

((

4x − t2)k−3/2+b) =
m

∑

j=0

cj,m,k(b)t2j
(

4x − t2)k−3/2+b−m−j
,

where
|cj,m,k(b)| �

(

2(k + |b| + 3m + 2)
)2m

, 0 � j � m. (7.82)

In addition, using induction on k, we easily derive from (7.76) and (7.77) the in-
equality

|am,k(b/2)| � (|b| + 2)k, 0 � m � [k/3]. (7.83)

Estimates (7.82) and (7.83) show that function (7.81) is well defined and the func-
tion kb(x, t)(4x − t2)3/2−b belongs to C∞(R2). Next, in view (7.7) and (7.78),
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xb−1e−x/2
1F1(a; b; x) = �(b)√

π22b−3

∞
∑

k=0

1

�(b + k − 1/2)8k
Ak(c, b/2)

×
∫ 2

√
x

0
cos

(√
ct

)(

4x − t2)k−3/2+b dt. (7.84)

Repeated integration by parts gives

cj

∫ 2
√

x

0
cos

(√
ct

)(

4x − t2)k−3/2+b dt

= (−1)j
∫ 2

√
x

0
cos

(√
ct

) d2j

dt2j

((

4x − t2)k−3/2+b) dt (7.85)

for 0 � j � k/2. By (7.77) and (7.85),

Ak(c, b/2)

∫ 2
√

x

0
cos

(√
ct

)(

4x − t2)k−3/2+b dt

=
∫ 2

√
x

0
cos

(√
ct

)

[k/3]
∑

m=0

(−1)mam,k(b/2)
d2m

dt2m

((

4x − t2)k−3/2+b) dt. (7.86)

Substituting (7.86) into (7.84) and taking (7.82) and (7.83) into account, we ob-
tain (7.80). 	


Consider now asymptotic formulae for a confluent hypergeometric function.

Proposition 7.12. Let b ∈ C be fixed. and let 0 < x1 � x � x2 < ∞. Then for
each ε ∈ (0, π),

√
πe−x/2

1F1(a; b; x)

�(b)
= cos(2

√
cx − π

4 (2b − 1))

(
√

cx)b−1/2
+ 1

4

(

x2

3
− (2b − 3)(2b − 1)

4

)

× sin(2
√

cx − π
4 (2b − 1))

(
√

cx)b+1/2
+ O

(

e|Im (2
√

cx)|

(
√

cx)b+3/2

)

(7.87)

as c → ∞, |arg
√

cx| � π − ε,

c
1
4 −cx

b
2 − 1

4 ec− x
2 Ψ (a, b; x) = √

2 cos

(

πc − 2
√

cx − π

4

)

+ O

(

e|Im (πc−2
√

cx)|

|c|1/2

)

(7.88)

as c → ∞, |arg c| � π − ε, and

c
1
4 −cx

b
2 − 1

4 ec− x
2 Ψ (a, b; x) = 1

2
(1 + i)e−iπc+2i

√
cx + O

(

eIm(πc−2
√

cx)

|c|1/2

)

(7.89)

as c → ∞, |π−arg c| � π−ε, where the constants in O depend only on b, x1, x2, ε.
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Proof. For Re b > 1/2, relation (7.87) follows from Proposition 7.11 and the as-
ymptotic expansion of Fourier integrals (see Riekstyn’sh [182], Chap. 2, Theo-
rem 10.2). Using now (7.69), we get (7.87) in general. Equalities (7.88) and (7.89)
are contained in [73], Chap. 6, Sect. 6.13. 	


In the case where x or x−1 are unbounded as a → ∞, a behavior of confluent
hypergeometric functions is more complicated. We require the following asymptotic
formula [73, 6.13 (26)]:

(cζ )b/2−1/2e−ζ/2
1F1(a; b; ζ ) = �(b)Jb−1

(

2
√

cζ
) + c−3/4ζ 5/4O

(

e|Im (2
√

cζ )|).
(7.90)

Here b, arg ζ , and arg c are bounded, c → ∞, and ζ = O(|c|α) for some α < 1/3.
Also note that, according to [73, 6.13 (15)],

1F1(a; b; ζ ) = �(b)Jb−1
(

2
√

cζ
)

eζ/2(cζ )1/2−b/2 + O
(|c|−1) (7.91)

when b, arg ζ , and arg c are bounded, c → ∞, and ζ = O(|c|−1).
For other results in this direction, see [73], Chap. 6, Sect. 6.13.



Chapter 8
Exponential Expansions

This chapter is the important first step in our study of mean periodic functions on
subsets of the real line.

We shall study in the sequel mean periodic functions with respect to various
classes of distributions. In Sect. 8.1 the reader is acquainted with the main classes
of distributions handled throughout this book. As a rule, they may be characterized
by means of conditions on zeros of Fourier transforms.

Section 8.2 contains a detailed discussion of biorthogonal systems concerning
exponential polynomials. If T ∈ E ′(R1), T �= 0, and λ is a zero of multiplicity nλ

for the Fourier transform ̂T , then the functions

(it)ηeiλt , η ∈ {0, . . . , nλ − 1} (8.1)

are the solutions of the convolution equation f ∗T = 0. Utilizing the classical Paley–
Wiener–Schwartz theorem, we introduce the distributions Tλ,η ∈ E ′(R1) satisfying
the biorthogonality conditions

〈

Tμ,ν, (−it)ηe−iλt
〉 = δλ,μδη,ν .

After proving basic recurrent relations, we give in Sect. 8.2 a proof of the crucial
and nontrivial fact about the completeness of the system {Tλ,η}.

In Sect. 8.3 we investigate expansions over systems (8.1) and {Tλ,η}. In a number
of cases we prove sufficient conditions for convergence of these expansions.

Another principal object of study in this chapter is the distribution ζT defined
in Sect. 8.4. It can often serve as an example on the basis of which the sharpness
in many theorems can be tested. In particular, using properties of ζT , we solve the
Lyubich problem on zeros of mean periodic functions. The distributions Tλ,η and ζT

will be of crucial importance for us in Part III.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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8.1 Main Classes of Distributions

The object of this section is to introduce some classes of one-dimensional distribu-
tions which are used throughout this book.

Let T ∈ E ′(R1), T �= 0. Then the Fourier transform

̂T (z) = 〈T , e−izt 〉, z ∈ C,

is a nonzero entire function of variable z. It is clear from Theorem 6.3, Corollary 6.2,
and Proposition 6.1 that the set Z(̂T ) is infinite if and only if r(T ) > 0. Moreover,
in order that Z(̂T ) = ∅, it is necessary and sufficient that T = cδ0(· + h) for some
c ∈ C\{0}, h ∈ R

1.
Let Z(̂T ) �= ∅, and let p be a polynomial such that the function ̂T /p is entire.

Then the equation

p

(

−i
d

dt

)

U = T (8.2)

has a solution U ∈ E ′(R1) such that r(U) = r(T ) (see Theorem 6.3). In partic-
ular this is true if T is odd and p(z) = z (in this case 0 ∈ Z(̂T )). In view of
what has been said above, if r(T ) > 0, then we can choose the polynomial p so
that U ∈ (L1 ∩ E ′)(R1). Let dT denote the smallest of degrees of such polyno-
mials p. Theorem 6.3 shows that ̂T /p ∈ L2(R1) for each polynomial p of de-
gree 1 + ord T such that the function ̂T /p is entire. Hence, (8.2) is satisfied with
U ∈ (L2 ∩ E ′)(R1), and thus

ord T � dT � 1 + ord T . (8.3)

Assume now that λ ∈ Z(̂T ). We set

m(λ, T ) = nλ − 1,

where, as usual, nλ = nλ(̂T ) denotes the multiplicity of the zero λ of ̂T . We note
from Proposition 6.1(iii) that if Z(̂T ) is infinite, then

m(λ, T ) = o(|λ|) as λ → ∞. (8.4)

Theorem 6.3 and Proposition 6.1(i) show that

∑

λ∈Z (̂T )

m(λ, T )

(1 + |λ|)1+ε
< +∞ for each ε > 0. (8.5)

As in Sect. 6.1, we set

σλ

(

̂T
) =

m(λ,T )
∑

j=0

∣

∣a
λ,0
j

(

̂T
)∣

∣.

Let M(R1) be the collection of all nonzero distributions T ∈ E ′(R1) such that
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sup
λ∈Z (̂T )

|Im λ| + m(λ, T ) + log(1 + σλ(̂T ))

log(2 + |λ|) < +∞. (8.6)

Here and below we assume tacitly that

sup
λ∈Z (̂T )

u(λ) < +∞ if Z
(

̂T
) = ∅ (8.7)

for each function u : C → R
1. Therefore, δ0 ∈ M(R1).

Having (8.7) in mind, now define

U
(

R
1) =

{

T ∈ E ′(
R

1) : T �= 0, sup
λ∈Z (̂T )

m(λ, T ) < +∞
}

and N(R1) = M(R1) ∩ U(R1). Next, we write E(R1) for the set of all T ∈ E ′(R1)

such that T �= 0 and

sup
λ∈Z (̂T )

log((1 + σλ(̂T ))(1 + |λ|)) + nλ log nλ

1 + |Im λ| < +∞. (8.8)

Suppose now that α > 0. Let Gα(R1) be the set of all nonzero T ∈ E ′(R1) with
the following property: in order that T ∈ Gα(R1), it is necessary and sufficient that
either the set Z(̂T ) is not infinite or

|Im λ| + m(λ, T ) + log
(

1 + σλ

(

̂T
)) = o

(|λ|1/α
)

as λ → ∞, λ ∈ Z
(

̂T
)

. (8.9)

By the definition we see that

N
(

R
1) ⊂ M

(

R
1) ⊂ Gα

(

R
1) for each α > 0.

It can be shown that N(R1) �= M(R1) and M(R1) �= Gα(R1) for all α. The
classes N(R1) and E(R1) are broad enough. In many cases conditions (8.6), (8.8),
and (8.9) can be verified by using asymptotic expansions of the Fourier inte-
grals (see, for example, V.V. Volchkov [225], Part I, Theorem 6.1, and Rieks-
tyn’sh [182], Chap. 10.3). For instance, if β, γ ∈ (−1,+∞), h ∈ C∞[−r, r], and
h(μ)(−r)h(ν)(r) �= 0 for some μ, ν ∈ Z+ then the function

T (t) =
{

(r + t)β(r − t)γ h(t) if |t | < r,

0 if |t | � r

is in the class N(R1).
To check (8.6) or (8.8) it is useful to know when the condition

sup
λ∈Z (̂T )

log(1 + σλ(̂T ))

log(2 + |λ|) < +∞ (8.10)

is valid. In this connection the following simple results are worth recording.



204 8 Exponential Expansions

Proposition 8.1. Let T ∈ E ′(R1), T �= 0, Z(̂T ) �= ∅, and

sup
λ∈Z (̂T )

m(λ, T )

log(2 + |λ|) < +∞.

Assume that for each λ ∈ Z(̂T ), there exist rλ > 0 such that

rλ < min
{|μ − λ| : μ ∈ Z

(

̂T
)

, μ �= λ
}

, sup
λ∈Z (̂T )

rλ < +∞,

and
∣

∣̂T (z)
∣

∣ > (2 + |λ|)−γ , provided that |z − λ| = rλ,

where the constant γ > 0 is independent of λ. Then (8.10) is true.

Proof. For λ ∈ Z(̂T ), define

g(ζ ) = (ζ − λ)nλ
/

̂T (ζ ), |ζ − λ| � rλ.

Applying (6.25) with z = λ, r = rλ, s ∈ {0, . . . , m(λ, T )}, we see from (6.8) and
(6.15) that (8.10) holds. ��
Proposition 8.2. Let T ∈ U(R1), Z(̂T ) �= ∅, and

sup
λ∈Z (̂T )

|Im λ|
log(2 + |λ|) < +∞.

Then (8.10) is equivalent to the estimate
∣

∣̂T (nλ)(λ)
∣

∣ > (2 + |λ|)−γ , λ ∈ Z
(

̂T
)

, (8.11)

where γ > 0 is independent of λ.

Proof. Equalities (6.5) and (6.15) ensure us that (8.10) implies (8.11). The converse
result follows from (6.24), Proposition 6.6(iii), and Theorem 6.3. ��

To go further, denote by R(R1) the set of all nonzero T ∈ E ′(R1) such that

Z
(

̂T
) �= ∅,

∑

λ∈Z (̂T )

σλ

(

̂T
)

< +∞, (8.12)

and

sup
λ∈Z (̂T )

|Im λ|
1 + |Re λ| < +∞. (8.13)

Proposition 8.3. Let T ∈ E ′(R1), T �= 0, and let (8.13) hold. Assume that

sup
λ∈Z (̂T )

σλ

(

̂T
)

(1 + |λ|)−γ < +∞
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for some γ � 0. Then

p

(

d

dt

)

T ∈ R
(

R
1)

for each polynomial p of degree d � γ .

Proof. Using (6.33) and Proposition 6.1(i), we see from Proposition 6.6(iv) that
(8.12) is fulfilled with p( d

dt
)T instead of T . Hence the proposition. ��

We now recall from Sect. 6.1 that for each T ∈ Inv(R1), the equation

f ∗ T = δ0 (8.14)

has a solution f ∈ D′(R1). Denote by Inv+(R1) (respectively Inv−(R1)) the set of
all distributions T ∈ Inv(R1) such that (8.14) is satisfied for some f ∈ D′(R1) with
supp f ⊂ [0,+∞) (respectively supp f ⊂ (−∞, 0]). Notice that if T ∈ Inv+(R1)

is even, then T ∈ Inv+(R1) ∩ Inv−(R1).
The property

M
(

R
1) ⊂ Inv+

(

R
1) ∩ Inv−

(

R
1)

will later be proved as Theorem 8.5. On the other hand, one can easily show that
M(R1) �= Inv(R1). In fact, by (6.34), the distribution

T = δ0 + ϕ

is in the class Inv(R1) for each ϕ ∈ D(R1). However, for ϕ �= 0, (6.34) shows that

|Im λ|
log(2 + |λ|) → +∞ as λ → ∞, λ ∈ Z

(

̂T
)

,

and hence T /∈ M(R1).
Next, let 0 < R � +∞, and let W = W(−R,R) be an arbitrary subset of

D′(−R,R). Then we write W
 = W
(−R,R) for the set of all even distributions
in the class W.

Assume now that −∞ � a < b � +∞ and α > 0. Let QA(a, b) (respectively
Gα(a, b)) denote the set of all functions f ∈ C∞(a, b) such that for each [a′, b′] ⊂
(a, b),

∞
∑

ν=1

(

inf
q�ν

(∫ b′

a′

∣

∣f (q)(t)
∣

∣ dt

)1/q)−1

= +∞ (8.15)

(respectively

∫ b′

a′

∣

∣f (q)(t)
∣

∣ dt � cq(1 + q)αq, q = 1, 2, . . . , (8.16)

where the constant c > 0 is independent of q). For the case where −∞ < a < b <

+∞, we shall write f ∈ QA[a, b] (respectively f ∈ Gα[a, b]) if f ∈ C∞[a, b]
and condition (8.15) (respectively (8.16)) holds with [a′, b′] = [a, b].
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For future use, we need the following result.

Lemma 8.1. Let {Mq}∞q=1 and {M ′
q}∞q=1 be sequences of positive numbers and as-

sume that a > 0, l ∈ Z+.

(i) If
∑∞

ν=1(infq�ν M
1/q
q )−1 = +∞ and M ′

q � aq(1+Mq+l ) for each q ∈ N, then

∞
∑

ν=1

(

inf
q�ν

(

M ′
q

)1/q
)−1 = +∞.

(ii) If
∑∞

ν=1(infq�ν M
1/q
q )−1 < +∞ and Mq � aq(1 + M ′

q+l ) for all q ∈ N, then

∞
∑

ν=1

(

inf
q�ν

(

M ′
q

)1/q
)−1

< +∞.

The proof of this lemma follows from [225, Part I, Lemma 2.1].
To close we consider the following version of the Denjoy–Carleman theorem.

Theorem 8.1. Let −∞ � a < b � +∞, and let t0 ∈ (a, b).

(i) If f ∈ QA(a, b) and f (k)(t0) = 0 for all k ∈ Z+ then f = 0.
(ii) For each sequence {Mq}∞q=0 of positive numbers satisfying

∞
∑

ν=1

(

inf
q�ν

M
1/q
q

)−1
< +∞,

there exists a nonzero f ∈ D(a, b) such that f � 0 and |f (q)(t)| � Mq for all
t ∈ (a, b), q ∈ Z+. Moreover, if b = −a, then f can be chosen even.

Proof. To prove (i), first notice that

f (k)(t) =
∫ t

t0

f (k+1)(ξ) dξ

for all t ∈ (a, b), k ∈ Z+. By assumption on f and Lemma 8.1(i) this yields

∞
∑

ν=1

(

inf
q�ν

(

max
t∈[c,d]

∣

∣f (q)(t)
∣

∣

)1/q
)−1

= +∞

for each [c, d] ⊂ (a, b). Now the Denjoy–Carleman theorem [126, Theorem 1.3.8]
amounts to f = 0 on (a, b). Finally, part (ii) is a consequence of [126, Theo-
rem 1.3.5] (see also [126, the proof of Theorem 1.3.8]). ��
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8.2 Biorthogonal Systems. General Completeness Results

Throughout this section we assume that

T ∈ E ′(
R

1), T �= 0, Z
(

̂T
) �= ∅ and supp T ⊂ [−r(T ), r(T )]. (8.17)

Notice that if T ∈ (E ′ ∩ L1)(R1), then it follows by (8.17) that r(T ) > 0. In the
sequel we shall use this fact without saying this explicitly.

By Theorem 6.3,
∣

∣̂T (z)
∣

∣ � γ1(1 + |z|)γ2 er(T )|Im z|, z ∈ C, (8.18)

where γ1 > 0 and γ2 ∈ R
1 are independent of z.

The following result contains certain information concerning the behavior of ̂T
at infinity.

Proposition 8.4. The limit

lim
r→+∞

log |̂T (reiθ )|
r

= r(T )|sin θ | (8.19)

exists for almost all θ ∈ [−π, π].
Proof. In view of Corollary 6.2, we can restrict ourselves only to the case r(T ) > 0.
Now define

hT (θ) = lim sup
r→+∞

log |̂T (reiθ )|
r

, θ ∈ [−π, π].

It is known that hT ∈ C[−π, π] (see Levin [146], Lecture 8). In addition, hT (π/2) =
hT (−π/2) = r(T ) (see Theorem 6.3). Proposition 6.1(ii) now implies that γ+ =
γ− = r(T ), and hence (8.19) holds. ��

Let λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. Using (6.6) and Proposition 6.6(ii), we
see from Theorem 6.3 that there exists Tλ,η ∈ E ′(R1) such that

r0(Tλ,η) = r(Tλ,η) = r(T ) (8.20)

and
̂Tλ,η(z) = aλ,η

(

̂T , z
)

, z ∈ C. (8.21)

Similarly, there exists T λ,η ∈ E ′(R1) such that

r0
(

T λ,η
) = r

(

T λ,η
) = r(T ) (8.22)

and
̂T λ,η(z)(z − λ)η+1 = ̂T (z), z ∈ C. (8.23)

In this section we shall study basic properties of the distributions Tλ,η and T λ,η.



208 8 Exponential Expansions

Proposition 8.5.

(i) If μ ∈ Z(̂T ) and ν ∈ {0, . . . , m(μ, T )}, then we have the following biorthogo-
nality condition:

〈

Tλ,η, (−it)νe−iμt
〉 = ̂T

(ν)
λ,η (μ) = δλ,μδη,ν . (8.24)

(ii)

(

−i
d

dt
− λ

)m(λ,T )+1

Tλ,η =
m(λ,T )
∑

j=0

a
λ,η
j

(

̂T
)

(

−i
d

dt
− λ

)j

T .

(iii) Tλ,η =
m(λ,T )
∑

j=0

a
λ,η
j

(

̂T
)

T λ,m(λ,T )−j .

Proof. Assertion (i) follows at once from Proposition 6.3(i). Parts (ii) and (iii) are
direct consequences of (8.21), (8.23), and (6.6). ��
Proposition 8.6. Let ψ ∈ E ′(R1), ψ �= 0. Then

(T ∗ ψ)λ,η = T λ,η ∗ ψ

for all λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. In particular,

(

p

(

d

dt

)

T

)λ,η

= p

(

d

dt

)

(

T λ,η
)

for each nonzero polynomial p.

Proof. Since T̂ ∗ ψ = ̂T · ̂ψ , the desired statement is obvious from (8.23). ��
We now find some recursion relations for the distributions Tλ,η and T λ,η.

Proposition 8.7. For each λ ∈ Z(̂T ),
(

−i
d

dt
− λ

)

Tλ,m(λ,T ) = a
λ,m(λ,T )
m(λ,T )

(

̂T
)

T (8.25)

and
(

−i
d

dt
− λ

)

T λ,0 = T . (8.26)

In addition, if m(λ, T ) � 1, then

T ′
λ,η − iλTλ,η − i(η + 1)Tλ,η+1 = iaλ,η

m(λ,T )

(

̂T
)

T (8.27)

and
(

−i
d

dt
− λ

)

T λ,η+1 = T λ,η (8.28)

for all η ∈ {0, . . . , m(λ, T ) − 1}.
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Proof. This follows from (8.21), (8.23), (6.33), and Proposition 6.4. ��
Corollary 8.1. If T is a distribution of order q then T λ,η is a distribution of order
max{0, . . . , q − η − 1}.
Proof. Formulae (8.26) and (8.28) yield

(

−i
d

dt

)η+1
(

e−iλtT λ,η
) = e−iλtT .

Since ord(e−iλtΨ ) = ord Ψ for each Ψ ∈ E ′(R1), this, together with Bremer-
mann [41, Sect. 4.7], brings us to the desired statement. ��
Proposition 8.8. Suppose that there exist U ∈ E ′(R1) and c ∈ C such that T =
U ′ − icU . Then Z(̂U) ⊂ Z(̂T ) and

Uλ,0 = Tλ,0 − iaλ,0
m(λ,T )

(

̂T
)

U

for each λ ∈ Z(̂U).

Proof. This result is a consequence of (8.21), (6.33), and Proposition 6.5. ��
The following propositions will be useful in several places later.

Proposition 8.9. If T ∈ R(R1), then

∑

λ∈Z (̂T )

Tλ,0 = δ0, (8.29)

where the series converges unconditionally in D′(R1).

Proof. Let ϕ ∈ D(R1), and let ψ ∈ C∞(R1) be defined by ̂ψ = ϕ. Then

sup
t∈R1

|ψ(t)|(1 + |t |)α < +∞ for each α > 0. (8.30)

Bearing (8.21) in mind, one has

〈Tλ,0, ϕ〉 =
∫ ∞

−∞
ψ(t)aλ,0(

̂T , t
)

dt, λ ∈ Z
(

̂T
)

.

Using now (8.12), (8.30), (8.18), and Proposition 6.6(ii), we see that the series
in (8.29) converges unconditionally in D′(R1) to some distribution f ∈ E ′(R1).
Moreover,

̂f (z) =
∑

λ∈Z (̂T )

aλ,0(
̂T , z

)

, z ∈ C, (8.31)

and the function u = (̂f − 1)/̂T is entire (see (8.12) and Proposition 6.6(v)). Rela-
tions (8.31), (6.6), (8.12), and (8.13) show that there exists ε ∈ (0, π/2) such that
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(̂f /̂T )(reiθ ) → 0 as r → +∞ for each θ ∈ (−π, π) satisfying |π/2 − |θ || < ε.
This, together with Proposition 8.4 and the Phragmén–Lindelöf theorem, ensures
that u is bounded in C. Since u(reiθ ) → 0 as r → +∞ for some θ ∈ (−π, π),

we conclude by Liouville’s theorem that u = 0. Thus, ̂f = 1, which completes the
proof. ��
Proposition 8.10. Suppose that r(T ) > 0, f ∈ C∞[−r(T ), r(T )], and

〈

T , f (ν)(−·)〉 = 0 (8.32)

for all ν ∈ Z+. Assume that

T =
(

d

dt
− iλ1

)s1

. . .

(

d

dt
− iλl

)sl

Q, (8.33)

where {λ1, . . . , λl} is a set of distinct complex numbers, s1, . . . , sl ∈ N, and Q ∈
E ′(R1). Let

g(t) = f (t) −
l
∑

j=1

m(λj ,T )
∑

η=m(λj ,T )+1−sj

〈

Tλj ,η, f (−·)〉(it)ηeiλj t , t ∈ [−r(T ), r(T )].

(8.34)
Then the following assertions hold.

(i) supp Q ⊂ [−r(T ), r(T )] and sj � m(λj , T ) + 1 for each j ∈ {1, . . . , l}.
(ii) 〈Q,g(ν)(−·)〉 = 0 for all ν ∈ Z+.

(iii) If λ ∈ Z(̂T )\{λ1, . . . , λl}, then λ ∈ Z(̂T ) ∩ Z(̂Q), m(λ, T ) = m(λ,Q), and

〈

Qλ,η, g
(ν)(−·)〉 = 〈Tλ,η, f

(ν)(−·)〉 (8.35)

for all η ∈ {0, . . . , m(λ, T )} and ν ∈ Z+.

Proof. Part (i) readily follows from (8.33). To prove (ii) we can assume, without loss
of generality, that l = s1 = 1. The general case reduces to this one via iteration. We
have T = ( d

dt
− iλ1)Q, whence Q = γ Tλ1,m(λ1,T ), where γ = −i(aλ1,m(λ1,T )

m(λ1,T ) )−1

(see (8.25)). In addition,

g(t) = f (t) − 〈Tλ1,m(λ1,T ), f (−·)〉(it)m(λ1,T )eiλ1t , t ∈ [−r(T ), r(T )].
Assuming j ∈ Z+ and using Proposition 8.5(i), one concludes that

〈

Q,g(j)(−·)〉 = γ
〈

Tλ1,m(λ1,T ), f
(j)(−·)〉− γ (iλ1)

j
〈

Tλ1,m(λ1,T ), f (−·)〉

= 〈Q,f (j)(−·)〉− (iλ1)
j
〈

Q,f (−·)〉. (8.36)

However, relation (8.32) yields
〈(

d

dt
− iλ1

)

Q,f (ν)(−·)
〉

= 0, ν ∈ Z+.



8.2 Biorthogonal Systems. General Completeness Results 211

Therefore,
〈

Q,f (j)(−·)〉 = (iλ1)
j
〈

Q,f (−·)〉, j ∈ Z+.

Combining this with (8.36), we arrive at (ii).
Next, let λ ∈ Z(̂T )\{λ1, . . . , λl}. Formula (8.33) implies that λ ∈ Z(̂T )∩ Z(̂Q)

and m(λ, T ) = m(λ,Q). Applying Proposition 8.8, assertion (ii), and (8.34), we
infer from (8.24) that

〈

Qλ,0, g
(ν)(−·)〉 = 〈Tλ,0, g

(ν)(−·)〉 = 〈Tλ,0, f
(ν)(−·)〉 (8.37)

for each ν ∈ Z+. This proves (8.35) for the case where m(λ, T ) = 0. Assume now
that m(λ, T ) � 1 and let η ∈ {0, . . . , m(λ, T ) − 1}. In view of (ii) and (8.27),

i(η + 1)
〈

Qλ,η+1, g
(ν)(−·)〉 = 〈Qλ,η, g

(ν+1)(−·)〉− iλ
〈

Qλ,η, g
(ν)(−·)〉. (8.38)

By a similar way we obtain

i(η + 1)
〈

Tλ,η+1, f
(ν)(−·)〉 = 〈Tλ,η, f

(ν+1)(−·)〉− iλ
〈

Tλ,η, f
(ν)(−·)〉. (8.39)

Comparing (8.38) with (8.39) and using (8.37), we deduce (8.35) by induction on η.
Hence the proposition. ��

To continue, for z ∈ C, m ∈ Z+, let us define the functions ez,m, ez,m
+ ∈

L1,loc(R1) by the formulae

ez,m(t) = (it)meizt , ez,m
+ (t) =

{

ez,m(t) if t > 0,

0 if t � 0.
(8.40)

Proposition 8.11. One has

T λ,η = i

η!e
λ,η
+ ∗ T . (8.41)

In particular, if k ∈ Z+ and T ∈ (E ′ ∩ L1
k)(R

1), then

(

d

dt

)j

T λ,η(t) = iη+1

η!
∫ t

−r(T )

T (j)(ξ)(t − ξ)ηeiλ(t−ξ) dξ (8.42)

for all j ∈ {0, . . . , k} and t ∈ R
1.

Proof. If T ∈ (E ′ ∩ L1
k)(R

1), relation (8.42) follows from (8.26) and (8.28). Let us
pass to the case of general T . For each ψ ∈ D(R1), ψ �= 0, we obtain T ∗ψ ∈ D(R1)

and

T λ,η ∗ ψ = (T ∗ ψ)λ,η = i

η!eλ,η
+ ∗ T ∗ ψ

(see (8.40), (8.42), and Proposition 8.6). Since ψ ∈ D(R1) could be arbitrary, this
proves (8.41). ��
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Corollary 8.2. If k ∈ Z+ and T ∈ (E ′ ∩ L1
k)(R

1), then T λ,η, Tλ,η ∈ Ck(R1).
Moreover,

∥

∥

∥

∥

(

d

dt

)j

T λ,η

∥

∥

∥

∥

C[−r(T ),r(T )]
�
(

2r(T )
)η

η!
∥

∥T (j)
∥

∥

L1[−r(T ),r(T )] (8.43)

and
∥

∥

∥

∥

(

d

dt

)j

Tλ,η

∥

∥

∥

∥

C[−r(T ),r(T )]
� e2r(T )σ λ,η(̂T )

∥

∥T (j)
∥

∥

L1[−r(T ),r(T )] (8.44)

for each j ∈ {0, . . . , k}.
Proof. If Im λ � 0, then (8.43) is an easy consequence of (8.42). Next, let us
rewrite (8.42) as

(

d

dt

)j

T λ,η(t) = − iη+1

η!
∫ r(T )

t

T (j)(ξ)(t − ξ)ηeiλ(t−ξ) dξ.

This yields (8.43) when Im λ < 0. Using now Proposition 8.5(iii), (6.15), and (8.43),
we arrive at (8.44). ��

Our next task is to study the values 〈T λ,η, f 〉 and 〈Tλ,η, f 〉 for some smooth
functions f .

Proposition 8.12. Let T be a distribution of order q on R
1, let r(T ) > 0, and let

f ∈ Cq+s[−r(T ), r(T )] for some s ∈ N. Assume that
〈

T , f (ν)
〉 = 0 for each ν ∈ {0, . . . , s − 1}. (8.45)

Then
〈

T λ,η, f
〉 =

(

i

λ

)s η
∑

k=0

(

s + k − 1

k

) 〈T λ,η−k, f (s)〉
(−λ)k

(8.46)

for all λ ∈ Z(̂T )\{0} and η ∈ {0, . . . , m(λ, T )}.
Proof. Suppose that λ ∈ Z(̂T ), λ �= 0. Relations (8.45) and (8.26) yield

〈

T λ,0, f (ν)
〉 = i

λ

〈

T λ,0, f (ν+1)
〉

, ν ∈ {0, . . . , s − 1}.

Hence,
〈

T λ,0, f
〉 =

(

i

λ

)s
〈

T λ,0, f (s)
〉

, (8.47)

which proves (8.46) for η = 0. Assume now that m(λ, T ) � 1 and let η ∈
{1, . . . , m(λ, T )}. By induction on η we find from (8.28) that

〈

T λ,η, f
〉 =

(

i

λ

)s
〈

T λ,η, f (s)
〉− 1

λ

s−1
∑

l=0

(

i

λ

)l
〈

T λ,η−1, f (l)
〉

. (8.48)
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Next, one checks by induction on s = 1, 2, . . . that

s−1
∑

j=0

(

j + k − 1

k − 1

)

=
(

s + k − 1

k

)

for each k ∈ N. Using now induction on η = 0, 1, . . ., from (8.47) and the recursion
relation (8.48) we obtain (8.46). ��
Corollary 8.3. Let T ∈ (E ′ ∩ L1)(R1), let f ∈ Cs[−r(T ), r(T )] for some s ∈ N,
and suppose that (8.45) holds. Assume that λ ∈ Z(̂T ), |λ| > 1, η ∈ {0, . . . ,

m(λ, T )}. Then

∣

∣

〈

T λ,η, f
〉∣

∣ � e2r(T )

(|λ| − 1)s
‖T ‖L1[−r(T ),r(T )]

∥

∥f (s)
∥

∥

L1[−r(T ),r(T )].

Proof. Applying Proposition 8.12 for the case q = 0, we get

∣

∣

〈

T λ,η, f
〉∣

∣ �
η
∑

k=0

(

s + k − 1

k

) |〈T λ,η−k, f (s)〉|
|λ|k+s

. (8.49)

Now the desired inequality follows from (8.49) and (8.43). ��
The following includes the analogue of Corollary 8.3 for an arbitrary T satisfy-

ing (8.17).

Proposition 8.13. Let r(T ) > 0, let f ∈ Cs+dT [−r(T ), r(T )] for some s ∈ N, and
assume that (8.45) holds. Let λ ∈ Z(̂T ), |λ| > 1, η ∈ {0, . . . , m(λ, T )}. Then

∣

∣

〈

T λ,η, f
〉∣

∣ � γ1

(|λ| − 1)s

s+dT
∑

j=s

∥

∥f (j)
∥

∥

L1[−r(T ),r(T )] (8.50)

and
∣

∣

〈

Tλ,η, f
〉∣

∣ � γ2σ
λ,η(̂T )

(|λ| − 1)s

s+dT
∑

j=s

∥

∥f (j)
∥

∥

L1[−r(T ),r(T )], (8.51)

where the constants γ1, γ2 > 0 are independent of λ, η, s, f .

Proof. By the definition of dT there exists U ∈ (E ′ ∩ L1)(R1) such that supp U ⊂
[−r(T ), r(T )] and p(−i d

dt
)U = T for some polynomial p of degree dT . Without

loss of generality we suppose that p(λ) �= 0. Then λ ∈ Z(̂T )∩Z(̂U) and m(λ, T ) =
m(λ,U). Equality (8.45) can be rewritten as

〈

T , f (ν)
〉 = 〈U, g(ν)

〉 = 0, ν ∈ {0, . . . , s − 1},

where g = p(i d
dt

)f . By Corollary 8.3,
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∣

∣

〈

T λ,η, f
〉∣

∣ � γ3(|λ| − 1)−s
∥

∥g(s)
∥

∥

L1[−r(T ),r(T )],

where γ3 > 0 is independent of λ, η, s, f . This yields (8.50). Together, (8.50) and
Proposition 8.5(iii) brings us to (8.51). ��
Proposition 8.14. Let r(T ) > 0, f ∈ C∞[−r(T ), r(T )], and suppose that (8.32)
holds for all ν ∈ Z+. Then there exist γ1 > 1, γ2, γ3, γ4 > 0 independent of f such
that for all λ ∈ Z(̂T ), |λ| > γ1, η ∈ {0, . . . , m(λ, T )}, s ∈ N,

∣

∣

〈

Tλ,η, f (−·)〉∣∣ � γ2
|λ|γ3σλ(̂T )

(|λ| − 1)s

(∥

∥f (s)
∥

∥

L1[−r(T ),r(T )] + γ s
4 γ5
)

,

where γ5 > 0 is independent of λ, η, s.

Proof. Let l ∈ N, let λ1, . . . , λl ∈ Z(̂T ) be distinct numbers, and assume that
sj ∈ N, sj � m(λj , T ) + 1, j ∈ {1, . . . , l}. Then there exists Q ∈ E ′(R1) such
that supp Q ⊂ [−r(T ), r(T )] and (8.33) holds (see Theorem 6.3). Assuming l to be
large enough, we can suppose that Q ∈ L1(R1). Define g ∈ C∞[−r(T ), r(T )] by
formula (8.34). For λ ∈ Z(̂T )\{λ1, . . . , λl}, η ∈ {0, . . . , m(λ, T )}, and s ∈ N, one
derives from Propositions 8.10, 8.5(iii), and Corollary 8.3 that

∣

∣

〈

Tλ,η, f (−·)〉∣∣ = ∣

∣

〈

Qλ,η, g(−·)〉∣∣

�
m(λ,Q)
∑

j=0

∣

∣a
λ,η
j

(

̂Q
)∣

∣

∣

∣

〈

Qλ,m(λ,Q)−j , g(−·)〉∣∣

� γ6
σλ(̂Q)

(|λ| − 1)s

∥

∥g(s)
∥

∥

L1[−r(T ),r(T )],

where γ6 > 0 is independent of f, λ, η, s. To complete the proof it remains to apply
Proposition 6.6(iv) and (8.34). ��

A fundamental fact that will be used quite often is the following completeness
result.

Theorem 8.2. Let T ∈ (E ′ ∩ L1)(R1), f ∈ L1[−r(T ), r(T )], and

〈

T λ,η, f
〉 = 0 for all λ ∈ Z

(

̂T
)

, η ∈ {0, . . . , m(λ, T )}. (8.52)

Then f = 0.

Proof. For brevity, we put r(T ) = r . Consider the entire function

u(z) = e−irz
∫ r

−r

f (x)

∫ x

−r

T (t)eiz(x−t) dt dx, z ∈ C. (8.53)

Setting f (x) = 0 for x ∈ R
1\[−r, r], one has
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u(z) = e−irz
∫ r

−r

f (−x)

∫ −x

−r

T (t)e−iz(x+t) dt dx

= e−irz
̂f (−z)̂T (z) − e−irz

∫ r

−r

f (−x)

∫ r

−x

T (t)e−iz(x+t) dt dx

= e−irz
̂f (−z)̂T (z) − e−2irzv(z), (8.54)

where

v(z) = eirz
∫ r

−r

f (−x)

∫ x

−r

T (−t)eiz(t−x) dt dx. (8.55)

Formulae (8.53) and (8.55) ensure that

|u(z)| + |v(z)| � c1er|Im z|, z ∈ C, (8.56)

where c1 > 0 is independent of z. In addition, u(η)(λ) = 0 for all λ, η because of
(8.52) and (8.42). Hence, the functions

u1(z) = u(z)

̂T (z)
and u2(z) = v(z)

̂T (z)

are entire. Relation (8.54) yields

u1(z)e
irz + u2(z)e

−irz = ̂f (−z), z ∈ C. (8.57)

According to Napalkov [159, Corollary 15.22], (8.56) and (8.18), for each ε > 0,

there exists c2 = c2(ε) > 0 such that

|u1(z)| + |u2(z)| � c2eε|z| for all z ∈ C. (8.58)

Next, let α ∈ (0, r) and β ∈ (0, (r − α)/2),

E1,β = {z ∈ C : |z − r| � β},
E2,β = {z ∈ C : |z + r| � β}.

Estimate (8.58) implies that there exist compactly supported measures μ1 and μ2
on C such that supp μj ⊂ Ej,β , j ∈ {1, 2}, and

μ1
(

e−iζ(·−r)
)+ μ2

(

e−iζ(·+r)
) = ̂f (−ζ )

for all ζ ∈ C (see Hörmander [126], Theorem 15.1.5, and (8.57)). Since ζ is arbi-
trary, this shows that

μ1
(

w(· − r)
)+ μ2

(

w(· + r)
) =

∫ r

−r

f (−x)w(x) dx

for each entire function w : C → C. Thus,
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∣

∣

∣

∣

∫ r

−r

f (−x)w(x) dx

∣

∣

∣

∣

� c3 max
z∈Eβ

|w(z)|, (8.59)

where Eβ = E1,β ∪ E2,β , and c3 > 0 is independent of w. Assume now that

ϕk(z) = k√
π

e−(kz)2
, k ∈ N, z ∈ C. (8.60)

Then ϕk(z) � 0 for z ∈ R
1, and

∫

R1
ϕk(t) dt = 1.

Setting w(z) = ϕk(z − γ ), γ ∈ (−α, α), we see from (8.59) and (8.60) that

(f ∗ ϕk)(γ ) � c4 exp

(

−k2

4

(

(r − α)2 − 4β2)
)

,

where c4 > 0 is independent of k. This gives, on taking k → ∞, that f = 0 on
(−α, α). As α ∈ (0, r) is arbitrary, we are done. ��

For the next step, one omits the assumption that T ∈ L1(R1) in the previous
theorem.

Corollary 8.4. Let r(T ) > 0, f ∈ CdT [−r(T ), r(T )], and suppose that (8.52)
holds. Then f = 0.

Proof. By the definition of dT there exists a polynomial p of degree dT such
that p(−i d

dt
)U = T for some U ∈ (E ′ ∩ L1)(R1). Then Z(̂U) ⊂ Z(̂T ) and

m(λ,U) � m(λ, T ) for each λ ∈ Z(̂U). In addition, r(U) = r(T ) and supp U ⊂
[−r(T ), r(T )] because of Theorem 6.3. In view of Proposition 8.6 and (8.52), we
find that

〈

T λ,η, f
〉 =

〈

Uλ,η, p

(

i
d

dt

)

f

〉

= 0

for all λ ∈ Z(̂U) and η ∈ {0, . . . , m(λ,U)}. Owing to Theorem 8.2,

p

(

i
d

dt

)

f = 0 on [−r(T ), r(T )], (8.61)

and consequently f ∈ C∞[−r(T ), r(T )]. Next, there exists a polynomial q such
that Z(q) ∩ Z(p) = ∅ and q(−i d

dt
)V = T for some V ∈ (E ′ ∩ L1)(R1). In the

same way we obtain q(i d
dt

)f = 0. Combining this with (8.61), one concludes that
f = 0. ��
Corollary 8.5. Let R > r(T ), f ∈ D′(−R,R), and let

f ∗ T λ,m(λ,T ) = 0 in
(−R + r(T ), R − r(T )

)

for all λ ∈ Z
(

̂T
)

. (8.62)

Then f = 0.
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Proof. First, assume that r(T ) > 0. It follows by (8.62) and (8.28) that

f ∗ T λ,η = 0 for all λ ∈ Z
(

̂T
)

, η ∈ {0, . . . , m(λ, T )}.
Now the desired result can easily be deduced from Corollary 8.4 with the help of
the standard smoothing procedure (see Theorem 6.1(i)). For the case r(T ) = 0, the
required conclusion follows from (8.23) and Proposition 13.2 in Part III. ��
Remark 8.1. Proposition 8.5(iii) and (6.5) show that Theorem 8.2 and Corollary 8.4
remain valid, provided that T λ,η are replaced by Tλ,η. In addition, Corollary 8.5
remains to be true, provided that (8.62) is replaced by the condition

f ∗ Tλ,η = 0 for all λ ∈ Z
(

̂T
)

, η ∈ {0, . . . , m(λ, T )}.

Corollary 8.6. Let T ∈ E ′

(R

1), R > r(T ), f ∈ D′(−R,R), and let

f ∗ T(λ) = 0 in
(−R + r(T ), R − r(T )

)

for all λ ∈ Z
(

̂T
)

, (8.63)

where T(λ) ∈ E ′

(R

1) is defined by

̂T(λ)(z) =
{

̂T (z)(z2 − λ2)−m(λ,T )−1 if λ �= 0,

̂T (z)z−m(0,T )−1 if λ = 0 ∈ Z
(

̂T
)

.
(8.64)

Then f = 0.

Proof. We see from (8.63), (8.64), and (8.23) that (8.62) holds. Hence, f must van-
ish because of Corollary 8.5. ��

To go further, let m ∈ N, m � 2, and let T1, . . . , Tm be nonzero distributions in
the class E ′(R1). For the rest of the section, we assume that

Z
(

̂Tl

) �= 0 and supp Tl ⊂ [−r(Tl), r(Tl)]

for all l ∈ {1, . . . , m}. Next, for l, k ∈ {1, . . . , m}, λl ∈ Z(̂Tl), we define the
distribution Tλ1,...,λm,k ∈ E ′(R1) by letting

̂Tλ1,...,λm,k =
m
∏

l=1,
l �=k

(̂Tl)λl ,0

(see Theorem 6.3).

Proposition 8.15. Assume that
⋂m

l=1 Z(̂Tl) = ∅, λl ∈ Z(̂Tl), and

m
(

λl,̂Tl

) = 0 for all l ∈ {1, . . . , m}. (8.65)

Let c1, . . . , cm ∈ C,
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m
∑

l=1

cl = 0, and
m
∑

l=1

clλl = −1. (8.66)

Then

(T1)λ1,0 ∗ · · · ∗ (Tm)λm,0 =
m
∑

l=1

cl

̂Tl
′
(λl)

Tl ∗ Tλ1,...,λm,l . (8.67)

Proof. According to (8.25) and (6.5),
(

−i
d

dt
− λl

)

(Tl)λl ,0 = Tl

̂Tl
′
(λl)

, l ∈ {1, . . . , m}.

For c1, . . . , cm ∈ C, this yields

m
∑

l=1

cl

̂Tl
′
(λl)

Tl ∗ Tλ1,...,λm,l = −i
d

dt

(

m
∑

l=1

cl(T1)λ1,0 ∗ · · · ∗ (Tm)λm,0

)

−
(

m
∑

l=1

λlcl

)

(T1)λ1,0 ∗ · · · ∗ (Tm)λm,0.

The validity of (8.67) is therefore obvious from (8.66). ��
To conclude we shall obtain an analog of (8.67) for the case m = 2 without

assumption (8.65). For λ1 ∈ Z(̂T1), λ2 ∈ Z(̂T2), we set

ν = ν(λ1, λ2) = m(λ1, T1) + m(λ2, T2) + 2.

Proposition 8.16. If Z(̂T1) ∩ Z(̂T2) = ∅, then

(T1)λ1,0 ∗ (T2)λ2,0 = 1

(λ2 − λ1)2ν

(

ν
∑

k=0

(−1)ν−k

(

2ν

ν + k

)m(λ1,T1)
∑

j=0

a
λ1,0
j

(

̂T1
)

×
(

−i
d

dt
− λ1

)k+j+m(λ2,T2)+1

×
(

−i
d

dt
− λ2

)ν−k
(

T1 ∗ (T2)λ2,0
)

+
ν
∑

k=1

(−1)ν+k

(

2ν

ν − k

)m(λ2,T2)
∑

j=0

a
λ2,0
j

(

̂T2
)

(

−i
d

dt
− λ1

)ν−k

×
(

−i
d

dt
− λ2

)k+j+m(λ1,T1)+1
(

T2 ∗ (T1)λ1,0
)

)

for all λ1 ∈ Z(̂T1) and λ2 ∈ Z(̂T2).
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Proof. For l ∈ {1, 2}, we define μl ∈ Z+ by letting μl = m(λ2, T2) + 1 if l = 1
and μl = m(λ1, T1) + 1 if l = 2. It follows from Proposition 8.5(ii) that

(

−i
d

dt
− λl

)ν

(Tl)λl ,0 =
m(λl,Tl )
∑

j=0

a
λl,0
j

(

̂Tl

)

(

−i
d

dt
− λl

)j+μl

Tl.

Hence,

(

−i
d

dt
− λl

)ν
(

(T1)λ1,0 ∗ (T2)λ2,0
) =

m(λl,Tl )
∑

j=0

a
λl,0
j

(

̂Tl

)

(

−i
d

dt
− λl

)j+μl

Tl ∗ Kl,

where
K1 = (T2)λ2,0 and K2 = (T1)λ1,0.

The required conclusion now follows from the fact that

(λ2 − λ1)
2ν(T1)λ1,0 ∗ (T2)λ2,0

=
((

−i
d

dt
− λ1

)

−
(

−i
d

dt
− λ2

))2ν
(

(T1)λ1,0 ∗ (T2)λ2,0
)

.

��

8.3 Expansions in Series of Exponentials

Let T ∈ E ′(R1), T �= 0. In the sequel we shall consider series of the form

∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

cλ,ηeλ,η(t), (8.68)

where cλ,η ∈ C, eλ,η(t) = (it)ηeiλt , t ∈ (α, β) ⊂ R
1. According to what has been

said in Sect. 6.1, the convergence of series (8.68) in the space D′(α, β) is understood
as the convergence in D′(α, β) of the sequence of its partial sums

SN(t) =
∑

λ∈Z (̂T )
|λ|�N

m(λ,T )
∑

η=0

cλ,ηeλ,η(t) (8.69)

as N → +∞. The convergence of (8.68) in other spaces is defined likewise.

Lemma 8.2. Let R > 0, λ ∈ C, η, q ∈ Z+, and let

A(R, η, q) =
{

Rη if R � 1,

Rmax{0,η−q} if R < 1.
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Then
∣

∣

(

eλ,η(t)
)(q)∣
∣ � A(R, η, q)(|λ| + η)qe−t Im λ (8.70)

for each t ∈ [−R,R].
Proof. The desired statement is obvious from the identity

(

eλ,η(t)
)(q) =

min{q,η}
∑

j=0

(

q

j

)

η!iη+q−j

(η − j)! λq−j tη−j eiλt , (8.71)

since η!/(η − j)! � ηj for η � 1. ��
Corollary 8.7. Let R > 0, t ∈ [−R,R], λ ∈ Z(̂T ), η ∈ {0, . . . , m(λ, T )}, q ∈ Z+.
Then

m(λ,T )
∑

η=0

∣

∣

(

eλ,η(t)
)(q)∣
∣ � γ1γ

q

2 B(R, λ, q)(1 + |λ|)qe−t Im λ, (8.72)

where

B(R, λ, q) =

⎧

⎪

⎨

⎪

⎩

Rm(λ,T ) if R > 1,

m(λ, T ) + 1 if R = 1,

min{q + 1,m(λ, T ) + 1} if R < 1,

(8.73)

and the constants γ1, γ2 > 0 depend only of R, T .

Proof. Using (8.4), one has

|λ| + η � (1 + |λ|)
(

1 + m(λ, T )

1 + |λ|
)

� γ3(1 + |λ|),

where γ3 > 0 depend only of T . This, together with (8.70), brings us to the required
assertion. ��

The following result gives very utilitarian sufficient conditions for the conver-
gence of (8.68) in the spaces D′(α, β) and E (α, β).

Proposition 8.17.

(i) Assume that

sup
λ∈Z (̂T )

|Im λ| + m(λ, T )

log(2 + |λ|) < +∞ (8.74)

and

|cλ,η| � (2 + |λ|)γ for all λ ∈ Z
(

̂T
)

, η ∈ {0, . . . , m(λ, T )}, (8.75)

where γ > 0 is independent of λ, η. Then series (8.68) converges in D′(R1).
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(ii) Let R > 0, and let

∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

|cλ,η|(|λ| + η)qRmax{0,η−q}eR|Im λ| < +∞ (8.76)

for some q ∈ Z+. Then series (8.68) converges in Cq [−R,R]. The same is true,
provided that (8.76) is replaced by

∑

λ∈Z (̂T )

(

max
0�η�m(λ,T )

|cλ,η|
)

B(R, λ, q)(1 + |λ|)qeR|Im λ| < +∞,

where B(R, λ, q) is defined by (8.73). In particular, if (8.74) holds and

max
0�η�m(λ,T )

|cλ,η| = O
(|λ|−γ

)

as λ → ∞ (8.77)

for each fixed γ > 0, then series (8.68) converges in E (R1).

Proof. To prove (i), first observe that

〈SN, ϕ〉 =
∑

λ∈Z (̂T ),
|λ|�N

m(λ,T )
∑

η=0

cλ,ηϕ̂
(η)(λ) (8.78)

for each ϕ ∈ D(R1) (see (8.69)). By Theorem 6.3, for each α > 0, there exist
γ1, γ2 > 0 such that

∣

∣ϕ̂(ζ )
∣

∣ � γ1(2 + |ζ |)−αeγ2|Im ζ | for all ζ ∈ C.

Applying (6.24) with g = ϕ̂, z = λ ∈ Z(̂T ), s = η � m(λ, T ), r = log(2 + |λ|),
we see from (8.74) that

max
0�η�m(λ,T )

∣

∣ϕ̂(η)(λ)
∣

∣ = O
(|λ|−β

)

as λ → ∞

for each fixed β > 0. Using now (8.75), (8.78), and (8.5), we arrive at (i).
Assertion (ii) is an easy consequence of Lemma 8.2 and Corollary 8.7. ��

Remark 8.2. It can be easily shown that condition (8.74) in Proposition 8.17(i) can-
not be omitted. We note also that for T ∈ N(R1), conditions (8.75) and (8.77) in
Proposition 8.17 are necessary (see V.V. Volchkov [225], Part III, Lemma 1.5).

Proposition 8.18. Assume that (8.74) holds and let

max
0�η�m(λ,T )

|cλ,η| � Mq

(2 + |λ|)q , q = 1, 2, . . . , (8.79)

where the constants Mq > 0 are independent of λ and satisfy
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∞
∑

ν=1

1

inf
q�ν

M
1/q
q

= +∞. (8.80)

Then series (8.68) converges in E (R1) to f ∈ QA(R1).

Proof. Let R > 0 and q ∈ Z+. According to (8.70),

∣

∣

(

eλ,η(t)
)(q)∣
∣ � (2 + |λ|)q+γ1 , t ∈ [−R,R],

where γ1 > 0 is independent of λ, η, q, t . Let s ∈ N, s � γ1 + 2. Then we have

∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

∣

∣cλ,η

(

eλ,η(t)
)(q)∣
∣ � γ2Mq+s , q ∈ N, t ∈ [−R,R],

where γ2 > 0 is independent of q, t (see (8.79) and (8.5)). Now the desired state-
ment follows from Lemma 8.1(i). ��
Proposition 8.19. Let α > 0 and suppose that

|Im λ| + m(λ, T ) = o
(|λ|1/α

)

as λ → ∞ (8.81)

and
|cλ,η| � γ1 exp

(−γ2|λ|1/α
)

, (8.82)

where the constants γ1, γ2 > 0 are independent of λ, η. Then series (8.68) converges
in E (R1) to f ∈ Gα(R1).

Proof. Let R > 0, t ∈ [−R,R], and q ∈ N. Estimates (8.72), (8.81) and (8.82)
imply that

∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

∣

∣cλ,η

(

eλ,η(t)
)(q)∣
∣ � γ

q

3

∑

λ∈Z (̂T )

(1 + |λ|)−2+q exp
(−γ4|λ|1/α

)

, (8.83)

where γ3, γ4 > 0 depend only of R, T , α, γ1, γ2. It is easy to see that

(1 + |λ|)q exp
(−γ4|λ|1/α

)

� γ
q

5 qαq

for some γ5 > 0 independent of λ, q. This, together with (8.83) and (8.5), concludes
the proof. ��

For the rest of the section, we assume that

r(T ) > 0 and supp T ⊂ [−r(T ), r(T )].
For λ ∈ Z(̂T ) and q ∈ Z+, let us define B(r(T ), λ, q) by formula (8.73).
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Theorem 8.3. Let s ∈ N, q ∈ Z+, q � dT , and let

∑

λ∈Z (̂T )

σλ(̂T )

(1 + |λ|)s−q
B
(

r(T ), λ, q
)

er(T )|Im λ| < +∞. (8.84)

Suppose that f ∈ Cs+dT [−r(T ), r(T )] and

〈

T , f (ν)(−·)〉 = 0 (8.85)

for each ν ∈ {0, . . . , s − 1}. Then

f =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

cλ,ηeλ,η, (8.86)

where cλ,η = 〈Tλ,η, f (−·)〉, and the series converges in Cq [−r(T ), r(T )].
Proof. Owing to Proposition 8.13,

|cλ,η| � γ (1 + |λ|)−sσλ

(

̂T
)

,

where the constant γ > 0 is independent of λ, η. Then it follows by (8.84)
and Proposition 8.17(ii) that the series in the right-hand part of (8.86) converges
in Cq [−r(T ), r(T )]. Denoting its sum by g, we obtain cλ,η = 〈Tλ,η, g(−·)〉
(see (8.24), (8.3), Proposition 8.5(iii), and Corollary 8.1). Therefore, 〈Tλ,η, f (−·)−
g(−·)〉 = 0 for all λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. On account of Corol-
lary 8.4, this finishes the proof. ��
Corollary 8.8. Assume that (8.74) is fulfilled and

σλ

(

̂T
)

� (2 + |λ|)γ1 , (8.87)

where γ1 > 0 is independent of λ. Then the following statements are equivalent.

(i) f ∈ C∞[−r(T ), r(T )], and (8.85) is satisfied for each ν ∈ Z+.
(ii) Relation (8.86) holds with cλ,η = 〈Tλ,η, f (−·)〉, and the series in (8.86) con-

verges to f in E [−r(T ), r(T )].
The proof follows directly from Theorem 8.3.

Corollary 8.9. Assume that (8.74) and (8.87) are satisfied. Then the following as-
sertions are equivalent.

(i) f ∈ QA[−r(T ), r(T )], and (8.85) is satisfied for each ν ∈ Z+.
(ii) Conditions (8.79) and (8.80) are fulfilled with cλ,η = 〈Tλ,η, f (−·)〉, and the

series in (8.86) converges to f in E [−r(T ), r(T )].
Proof. The implication (i)→(ii) is a consequence of Corollary 8.8, Proposition 8.14,
and Lemma 8.1 (i). The implication (ii)→(i) is obvious from Proposition 8.18. ��
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Remark 8.3. Proposition 6.6(iii) shows that Corollaries 8.8 and 8.9 remain valid,
provided that (8.87) is replaced by

nλ!
|̂T (nλ)(λ)|

(

1 + γ
(

λ,̂T
))nλ−1 � (2 + |λ|)γ1 ,

where nλ = nλ(̂T ), the number γ (λ,̂T ) is defined by (6.16), and the constant
γ1 > 0 is independent of λ.

Next, for f ∈ C∞[−r(T ), r(T )] and λ ∈ Z(̂T ), we define

μ(λ, f ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

inf
s∈N

(|λ| − 1)−s

s+dT
∑

j=s

∥

∥f (j)
∥

∥

L1[−r(T ),r(T )] if |λ| > 1,

0 if |λ| � 1.

Theorem 8.4. Let f ∈ C∞[−r(T ), r(T )], and let (8.85) hold for all ν ∈ Z+. Sup-
pose that

∑

λ∈Z (̂T )

σλ

(

̂T
)

B(r(T ), λ, q)(1 + |λ|)qμ(λ, f )er(T )|Im λ| < +∞

for some q ∈ Z+, q � dT . Then relation (8.86) is satisfied with cλ,η = 〈Tλ,η, f (−·)〉,
and the series converges in Cq [−r(T ), r(T )].
Proof. There is no difficulty in modifying the proof of Theorem 8.3 using Proposi-
tion 8.13 and Corollary 8.4 to obtain the desired result. ��
Corollary 8.10. Let α > 0 and assume that T ∈ Gα(R1). Then the following state-
ments are equivalent.

(i) f ∈ Gα[−r(T ), r(T )], and (8.85) holds for each ν ∈ Z+.
(ii) Condition (8.82) is satisfied with cλ,η = 〈Tλ,η, f (−·)〉, and the series in (8.86)

converges to f in E [−r(T ), r(T )].
Proof. First, assume that (i) holds. By the definition of μ(λ, f ) one sees that

|μ(λ, f )| � γ ν
3 ναν(1 + |λ|)−ν, ν = 1, 2, . . . , (8.88)

where γ3 > 0 is independent of λ, ν. Assuming |λ| to be large enough and setting
ν = [e−1γ

−1/α

3 (1 + |λ|)1/α], one concludes from (8.88) that

|μ(λ, f )| � γ4 exp
(−γ5|λ|1/α

)

,

where γ4, γ5 > 0 are independent of λ. To complete the proof of the implication
(i)→(ii) it remains to apply (8.4), Theorem 8.4, and Proposition 8.13.

The implication (ii)→(i) follows at once from Proposition 8.19. ��
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8.4 The Distribution ζT . Solution of the Lyubich Problem

By the definition of the class Inv+(R1) one sees that for each T ∈ Inv+(R1), there
exists a unique distribution ζ+

T ∈ D′(R1) such that

supp ζ+
T ⊂ [0,+∞) and iζ+

T ∗ T = δ0. (8.89)

Similarly, if T ∈ Inv−(R1), then there is a unique ζ−
T ∈ D′(R1) such that

supp ζ−
T ⊂ (−∞, 0] and iζ−

T ∗ T = −δ0. (8.90)

Throughout this section we suppose that

T ∈ (Inv+ ∩ Inv−)
(

R
1) and supp T ⊂ [−r(T ), r(T )]. (8.91)

Now define
ζT = ζ+

T + ζ−
T . (8.92)

This distribution will play an important role later on in this book. The aim of this
section is to establish some basic properties of ζT .

Proposition 8.20. The following assertions hold.

(i) ζT ∗ T = 0.
(ii) If T is even (respectively odd), then ζT is odd (respectively even).

(iii) If V ∈ E ′(R1) and T = p( d
dt

)V for some polynomial p, then V belongs to

(Inv+ ∩ Inv−)(R1) and ζV = p( d
dt

)ζT .
(iv) If a, b ∈ R

1, b − a > 2r(T ), u ∈ E ′(R1), and ζT ∗ u = 0 in (a, b), then
u = T ∗ v for some v ∈ E ′(R1).

(v) If r(T ) > 0, then ζT = 0 in (−r(T ), r(T )). In addition, ±r(T ) ∈ supp ζT .

Proof. Part (i) is clear from (8.89), (8.90), and (8.92). To prove (ii), first suppose
that T is even. Then by the definition of ζ+

T and ζ−
T , one concludes that ζ+

T (−·) =
−ζ−

T (·). This implies that ζT is odd because of (8.92). The case where T is odd can
be treated by a similar way.

Regarding (iii), we set ζ+
V = p( d

dt
)ζ+

T and ζ−
V = p( d

dt
)ζ−

T . Then supp ζ+
V ⊂

[0,+∞) and supp ζ−
V ⊂ (−∞, 0]. Moreover, by assumption on V and (8.89),

(8.90), it follows that

iζ+
V ∗ V = δ0, iζ−

V ∗ V = −δ0.

In view of (8.92), this verifies (iii).
As for (iv), it is sufficient to show that the function û/̂T is entire (see Theo-

rem 6.4). Hence, we may confine our attention to the case where Z(̂T ) �= ∅. Due
to Theorem 6.2 and (8.92),

iζ+
T ∗ u = −iζ−

T ∗ u in R
1.
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This equality combined with (8.89) and (8.41) yields

eλ,η
+ ∗ u = eλ,η

+ ∗ T ∗ iζ+
T ∗ u = 1

η!T
λ,η ∗ ζ−

T ∗ u (8.93)

for all λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. Relation (8.93) delivers eλ,η
+ ∗ u ∈

E ′(R1) since ζ−
T = 0 on (0,+∞). Therefore, û(η)(λ) = 0, proving (iv).

Concerning (v), Theorem 6.2, together with (8.89)–(8.91), shows that ζ+
T = 0 in

(−∞, r(T )) and ζ−
T = 0 in (−r(T ),+∞). The same argument leads to the conclu-

sion that r(T ) ∈ supp ζ+
T and −r(T ) ∈ supp ζ−

T . According to (8.92), this ends the
proof of (v). ��

A fundamental fact that will be used quite often is the following.

Theorem 8.5. Let T ∈ M(R1). Then T ∈ (Inv+ ∩ Inv−)(R1) and

ζT =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

a
λ,η

m(λ,T )

(

̂T
)

eλ,η,

where the series converges in D′(R1). In particular, M(R1) ∩ D(R1) = ∅.

The proof is based on the following lemmas, which are of independent interest.

Lemma 8.3. Let U ∈ M(R1), supp U ⊂ [−r(U), r(U)], and let

∑

λ∈Z (̂U)

σλ

(

̂U
)

eε|Im λ| < +∞ (8.94)

for some ε > 0. Then U ∈ (Inv+ ∩ Inv−)(R1),

ζ+
U =

∑

λ∈Z (̂U)

m(λ,U)
∑

η=0

a
λ,η

m(λ,U)

(

̂U
)

eλ,η
+ , (8.95)

and

ζ−
U =

∑

λ∈Z (̂U)

m(λ,U)
∑

η=0

a
λ,η

m(λ,U)

(

̂U
)

eλ,η
− , (8.96)

where eλ,η
− = eλ,η − eλ,η

+ , and the series in (8.95) and (8.96) converge in D′(R1).

Proof. It follows by Proposition 8.17(i) that the series in (8.95) and (8.96) con-
verge in D′(R1\{0}). Moreover, (8.94) and (6.9) imply that these series converge
uniformly on [−ε, ε]. Denoting its sums by S+ and S−, we need only to show that
S+ = ζ+

U and S− = ζ−
U . Relations (8.95) and (8.96) yield

supp S+ ⊂ [0,+∞), supp S− ⊂ (−∞, 0].
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Next, (8.41), (6.9), and Proposition 8.5(iii) allow us to write

iS+ ∗ U = −iS− ∗ U =
∑

λ∈Z (̂U)

Uλ,0.

Our lemma is thereby established because of (8.94) and Proposition 8.9. ��
Lemma 8.4. Let T ∈ E ′(R1), T �= 0, and let U = p( d

dt
)T for some polynomial p.

Assume that λ ∈ Z(̂U). Then

p

(

d

dt

)m(λ,U)
∑

η=0

a
λ,η

m(λ,U)

(

̂U
)

eλ,η =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

m(λ,T )
∑

η=0

a
λ,η

m(λ,T )

(

̂T
)

eλ,η if λ ∈ Z
(

̂T
)

,

0 if λ �∈ Z
(

̂T
)

.

Proof. It is enough to consider the case where p is a linear polynomial. In this case
the required formula follows from (6.33), (6.9), and Proposition 6.5. ��
Proof of Theorem 8.5. Owing to Proposition 8.3, there exists a polynomial p such
that the distribution U = p( d

dt
)T satisfies (8.94) and U ∈ M(R1). By Lemma 8.3,

ζU =
∑

λ∈Z (̂U)

m(λ,U)
∑

η=0

a
λ,η

m(λ,U)

(

̂U
)

eλ,η,

where the series converges in D′(R1). To complete the proof it remains to apply
Proposition 8.20(iii) and Lemma 8.4. ��

We would like to continue our consideration with the following result which will
be useful in Sect. 13.2. Here and below we set {α} = α − [α], where α ∈ R

1 and
[α] is the integer part of α.

Theorem 8.6. Let k ∈ Z+, α < 1, p � 1, p(1 − {α}) < 1, and let

m = m(k, α) =

⎧

⎪

⎨

⎪

⎩

k − 2 + α if α ∈ Z,

k − 1 + [α] if α /∈ Z, k + α > 1,

k + [α] if α /∈ Z, k + α < 1.

Assume that r > 0 and T = V (k) where

V (t) =
{

(

r2 − t2
)−α

if t ∈ (−r, r),

0 if |t | � r.

Then T ∈ N(R1) and ζT ∈ L
p,loc
m (R1).

Proof. By (7.7),
̂T (z) = c1z

kI1/2−α(rz), z ∈ C, (8.97)

where c1 ∈ C\{0} is independent of z. Hence, all the zeros of ̂T are real, and the set
of zeros is symmetric with respect to z = 0. In addition, all the zeros of the function
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̂T (z)z−k are simple (see Sect. 7.1). Thus,

Z
(

̂T
)\{0} = {λ1, λ2, . . .} ∪ {−λ1,−λ2, . . .},

where {λn}∞n=1 is the sequence of all positive zeros of ̂T numbered in the ascending
order. It is known that

λn = π

r

(

n − α

2
+ qα,r

)

+ O

(

1

n

)

as n → ∞, (8.98)

where qα,r ∈ Z is independent of n (see (7.9)). Going now to the asymptotic for-
mulae for the Bessel functions (see (7.8)), we find from (7.3), (8.97), and (8.98)
that

̂T ′(λn) = c2λ
k+1
n I3/2−α(rλn) = c3(−1)nλk+α−1

n + O
(

nk+α−2), (8.99)

where c2, c3 ∈ C\{0}, and the constant in O does not depend on n. Therefore,
T ∈ N(R1), and by Theorem 8.5

ζT (t) = u1(t) + u2(t) + (−1)k+1u2(−t), t ∈ R
1, (8.100)

where

u1(t) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

k−1
∑

η=0

a
0,η

k−1(
̂T )(it)η if k � 1,

0 if k = 0,

(8.101)

and

u2(t) = 1

c2

∞
∑

n=1

λ−1−k
n eiλnt

I3/2−α(rλn)
. (8.102)

According to (8.99) and Proposition 8.17(i), the series in (8.102) converges in
D′(R1). Define β = β(α) by letting β = {α} if α /∈ Z and β = 1 if α ∈ Z. In
the case of k + α > 1 we have

u
(m)
2 (t) = c4 exp

(

i
πt

r

(

qα,r − α

2

)) ∞
∑

n=1

eiπnt(1+1/r)

nβ
+ u3(t),

where c4 ∈ C\{0} and u3 ∈ C(R1) (see (8.98), (8.99), (8.102)). This, together with
(8.100), (8.101), and Edwards [60, Sect. 7.3.5(ii)], tells us that ζ

(m)
T ∈ Lp,loc(R1),

which disposes of the case k + α > 1.
Next, let k + α � 1 and

u5(t) = u4(t) + (−1)k+m+1u4(−t),

where

u4(t) = im

c2

∞
∑

n=1

λm−1−k
n eiλnt

I3/2−α(rλn)
, t ∈ R

1. (8.103)
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The series in (8.103) converges in D′(R1), and u
(−m)
5 = ζT −u1 because of (8.100).

Using now Edwards [60, Sect. 7.3.5 (ii)], (8.98), and (8.99), we infer as in the case
k + α > 1 that u5 ∈ Lp,loc(R1). Hence the theorem. ��

A function f ∈ C∞(R1) is said to be mean w-periodic if there exists μ ∈ E ′(R1)

that satisfies the following conditions: (a) supp μ ⊂ [0, w]; (b) 0, w ∈ supp μ; and
(c) f ∗ μ = 0. Each w-periodic function f ∈ C∞(R1) is obviously a mean
w-periodic function.

The mean w-periodic functions are similar to the ordinary w-periodic functions
in the following sense: if a mean w-periodic function is equal to zero everywhere
on [0, w], then it vanishes in R

1 (see Sect. 13.2 below). We can say more about the
w-periodic functions:

if E ⊂ R
1, [0, w) ⊂ {x ∈ R

1 : x = y − [y/w]w for some y ∈ E
}

, (8.104)

and f is w-periodic, then

f |E = 0 =⇒ f = 0. (8.105)

Lyubich [148] has posed the following problem. Is the implication (8.105) valid for
a mean w-periodic function f if E satisfies (8.104)? The following result shows that
this problem has a negative solution.

Theorem 8.7. Let r > 0, a � 2r , and

λq = 2π

a

[

aq

2r

]

, q = 1, 2, . . . . (8.106)

Then there exists even T ∈ N(R1) with the following properties:

(1) ̂T (z) =
∞
∏

q=1

(

1 − z2

λ2
q

)

, z ∈ C;

(2) r(T ) = r;
(3) ζT is a-periodical. In particular ζT = 0 on the set

⋃

m∈Z

(am − r, am + r).

Proof. From (8.106) one sees that λq+1 − λq � 2π/a and |λq − πq/r| � 2π/a

for all q. According to [225, Part V, Lemma 3.2], there exists T ∈ E ′

(R

1) satisfying
(1) such that supp T ⊂ [−r, r]. Due to Theorem 6.3 and Proposition 6.1(ii), (iii),
r(T ) = r . Next, it is not difficult to adapt the argument in the proof of Lemma 3.2
in [225, Part V] to show that |̂T ′(λq)| > q−γ for some γ > 0 independent of q.
So T ∈ N
(R

1) and T ∈ Inv(R1) in view of Theorem 8.5. In addition, for each
m ∈ Z, the function (eiamz − 1)/̂T (z) is entire. This means that δ0(· + am) −
δ0(·) = (T ∗ ψ)(·) for some ψ ∈ E ′(R1) (see (6.35) and Theorem 6.4). Convolving
with ζT and appealing to Proposition 8.20(i) and Theorem 8.5, we conclude that T

satisfies (3). This proves the theorem. ��



Chapter 9
Multidimensional Euclidean Case

In this chapter we proceed immediately to the study of transmutation operators.
Harmonic analysis on SO(n)/SO(n − 1) is the starting point for the theory to be
developed here.

We have seen in Part I that the space L2(Sn−1) is the orthogonal direct sum of the
spaces Hn,k

1 , k ∈ Z+. By a passage to polar coordinates this enables us to expand
an arbitrary function f (x) ∈ L2(Rn) into a series analogous to (4.11), where the
coefficients fk,j depend on |x|. The restriction of the Fourier transform to each of
the summands can be identified with a classical Hankel transform. A generalization
of these arguments to distributions leads to the definition of the spaces E ′

k,j (R
n)

and the transform F k
j on E ′

k,j (R
n) (see Sects. 9.1–9.3). In Sect. 9.3 we formulate a

Paley–Wiener-type theorem for F k
j , which is of course a special case of the general

fact for the Fourier transform. Thereby the mapping Λ : E ′
�(R

n) → E ′
�(R

1) given
by

F 0
1 (T ) = Λ̂(T )

is a bijection, and

inf
{

r � 0 : supp T ⊂ •
Br

} = inf
{

r � 0 : supp Λ(T ) ⊂ [−r, r]}.
We use Λ to introduce some important classes of distributions for the study of
mean periodic functions in R

n. In Sect. 9.4, by means of the inversion formula
for the transform F k

j , we define the injective operator Ak,j : E ′
k,j (R

n) → D′
�(R

1)

which is a fundamental tool to reduce n-dimensional convolution equations to one-
dimensional ones. The key observation is the generalized transmutation property

Ak,j (f ∗ T ) = Ak,j (f ) ∗ Λ(T ).

We indicate the basic properties of Ak,j and compute the converse operator Bk,j . It
turns out that B0,1 coincides with the dual Abel transform. The results of Sect. 9.4
play an essential role in many of the proofs later. In particular, we apply them in
Sect. 9.5 to study Bessel-type expansions.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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9.1 Introductory Results

Throughout Chap. 9 we shall consider a real Euclidean space R
n of dimension n � 2

with inner product 〈·, ·〉R and Euclidean norm | · |. For 0 � R � +∞ and x ∈ R
n,

we set

BR(x) = {y ∈ R
n : |x − y| < R

}

, BR = BR(0).

If R < +∞, then
•
BR(x) and

•
BR denote the sets {y ∈ R

n : |x − y| � R} and
•
BR(0), respectively. Also let

SR = {x ∈ R
n : |x| = R

}

.

For 0 � r � R � +∞, r < +∞, let

Br,R = BR\ •
Br and

•
Br,R = •

BR\Br.

Denote by � and σ = {σ1, . . . , σn} the polar coordinates in R
n (for each x ∈ R

n,
we set � = |x|, and if x ∈ R

n\{0}, then we put σ = x/�). Let ωn−1 be the surface
area of the sphere S

n−1 = S1, that is,

ωn−1 = 2πn/2/�(n/2).

Following Sect. 4.1, we write Hn,k
1 for the space of all homogeneous complex-

valued harmonic polynomials on R
n of degree k. Let

Hn,k
1

(

S
n−1) = Hn,k

1

∣

∣

Sn−1,

and let d(n, k) be the dimension (over C) of Hn,k
1 (Sn−1). A simple calculation shows

that d(n, 0) = 1, d(n, 1) = n, and

d(n, k) =
(

n + k − 1

k

)

−
(

n + k − 3

k − 2

)

if k � 2

(see Stein and Weiss [203], Chap. 4). We note that Hn,k
1 (Sn−1) and Hn,k

1 have the

same dimension, since the map h → h|Sn−1 is a vector space isomorphism of Hn,k
1

onto Hn,k
1 (Sn−1).

We define Y 0
1 (σ ) = 1/

√
ωn−1 for all σ ∈ S

n−1. Next, for k � 1, let {Y k
j },

j ∈ {1, . . . , d(n, k)}, be a fixed orthonormal basis in the space Hn,k
1 (Sn−1) regarded

as a subspace of L2(Sn−1). We set Y k
j (x) = �kY k

j (σ ) for x = �σ ∈ R
n\{0},

k ∈ Z+. Using this relation, let us extend Y k
j to a polynomial on C

n.
Let T n

1 (τ ), τ ∈ O(n), be the quasi-regular representation of the group O(n)

in L2(Sn−1). As we already know from Sect. 4.1, T n
1 (τ ) is a direct sum of pair-

wise nonequivalent irreducible unitary representations T
n,k
1 (τ ) acting on the spaces
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Hn,k
1 (Sn−1). Let {tki,j (τ )} denote a representation matrix of T

n,k
1 (τ ), that is,

Y k
j

(

τ−1σ
) =

d(n,k)
∑

i=1

tki,j (τ )Y k
i (σ ), σ ∈ S

n−1. (9.1)

This relation yields

tki,j (τ ) =
∫

Sn−1
Y k

j

(

τ−1σ
)

Y k
i (σ ) dω(σ), τ ∈ O(n),

whence tki,j is real-analytic on O(n), and

tki,j
(

τ−1) = tkj,i (τ ). (9.2)

Let O be a nonempty open subset of R
n such that

τ O = O for each τ ∈ O(n).

We associate with each function f ∈ L1,loc(O) its Fourier series into spherical
harmonics

f (x) ∼
∞
∑

k=0

d(n,k)
∑

j=1

fk,j (�)Y k
j (σ ), x ∈ O, (9.3)

where
fk,j (�) =

∫

Sn−1
f (�σ)Y k

j (σ ) dω(σ).

By the Fubini theorem the functions fk,j are well defined for almost all � ∈
{r > 0 : Sr ⊂ O}. Moreover, the functions

f k,j,i (x) = fk,j (�)Y k
i (σ ) (9.4)

are in L1,loc(O). Owing to (1.80),

f k,j,i (x) = d(n, k)

∫

O(n)

f
(

τ−1x
)

tki,j (τ ) dτ, (9.5)

where dτ is the normalized Haar measure on the group O(n). Combining this
with (1.77), one obtains

∫

E

∣

∣f k,j,i (x)
∣

∣ dx �
√

d(n, k)

∫

E

|f (x)| dx (9.6)

for each nonempty O(n)-invariant compact set E ⊂ O. Next, for each ψ ∈ D(O),

it follows from (9.2) and (9.5) that
∫

O
f k,j,i (x)ψ(x) dx = d(n, k)

∫

O
f (x)

∫

O(n)

ψ
(

τ−1x
)

tkj,i (τ ) dτ dx

=
∫

O
f (x)(ψ)k,j (�) Y k

i (σ ) dx. (9.7)
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According to (9.7), we now extend the map f → f k,j,i and expansion (9.3) to dis-
tributions f ∈ D′(O) as follows:

〈

f k,j,i , ψ
〉 =
〈

f, d(n, k)

∫

O(n)

ψ
(

τ−1x
)

tkj,i (τ ) dτ

〉

= 〈f, (ψ)k,j (�) Y k
i (σ )
〉

, ψ ∈ D(O), (9.8)

and

f ∼
∞
∑

k=0

d(n,k)
∑

j=1

f k,j , where f k,j = f k,j,j . (9.9)

The following result summarizes basic properties of the distributions f k,j,i .

Proposition 9.1.

(i) The mapping f → f k,j,i is a continuous operator from D′(O) into D′(O).
(ii) ord f k,j,i � ord f .

(iii) If f ∈ Cm(O) for some m ∈ Z+, then f k,j,i ∈ Cm(O).
(iv) Let u be a radial distribution in E ′(Rn) such that the set U = {x ∈ R

n :
x − supp u ⊂ O} is nonempty. Then

(f ∗ u)k,j,i = f k,j,i ∗ u in U . (9.10)

In particular, (p(�)f )k,j,i = p(�)f k,j,i for each polynomial p.
(v) If x ∈ supp f k,j,i , then τx ∈ supp f k,j,i for all τ ∈ O(n).

(vi) Series (9.9) converges to f in the space D′(O) (respectively E (O)) for f ∈
D′(O) (respectively E (O)).

Proof. Parts (i)–(iii) are clear from the definition of f k,j,i and (9.5). Turning to (iv),
let ψ ∈ D(U ). Then

〈

(f ∗ u)k,j,i , ψ
〉 =
〈

f (x),

〈

u(y), d(n, k)

∫

O(n)

ψ
(

τ−1x + τ−1y
)

tkj,i (τ ) dτ

〉〉

=
〈

f (x), d(n, k)

∫

O(n)

〈

u(y), ψ
(

τ−1x + y
)〉

tkj,i (τ ) dτ

〉

= 〈f k,j,i ∗ u,ψ
〉

,

proving (9.10). In order to complete the proof of (iv), it is enough to substitute
u = p(�)δ0 into (9.10).

Part (v) is obvious from (9.4) if f ∈ L1,loc(O). The general case reduces to this
one by means of the standard smoothing trick (see Theorem 6.1) and (iv).

For the proof of (vi), we refer the reader to Helgason [122], Chap. 5, Sect. 3.1,
where a generalization of this statement is contained. 
�
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For an arbitrary set W(O) ⊂ D′(O), we shall write Wk,j (O) for the set

{

f ∈ W(O) : f = f k,j
}

.

Observe that W0,1(O) = W�(O), where, as usual, W�(O) is the set of all radial
distributions in W(O).

We end this section by quoting some relations concerning the action of the op-
erator � on C2

k,j (O). For a nonempty open set E ⊂ (0,+∞) and α ∈ R
1, let us

regard the differential operator D(α) defined on C1(E) by the formula

(

D(α)ϕ
)

(�) = �α d

d�

(

�−αϕ(�)
)

, ϕ ∈ C1(E). (9.11)

It can be verified that for each f ∈ C2
k,j (O),

(�f )(x) = (D(1 − n − k)D(k)fk,j

)

(�)Y k
j (σ )

= (D(k − 1)D(2 − n − k)fk,j

)

(�)Y k
j (σ )

=
(

f ′′
k,j (�) + n − 1

�
f ′

k,j (�) − k(n + k − 2)

�2
fk,j (�)

)

Y k
j (σ ) (9.12)

(see V.V. Volchkov [225], Part I, formula (5.20)).

9.2 Spherical Functions and Their Generalizations

Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}, η ∈ Z+. For λ ∈ C, we define

Φλ,η,k,j (x) = Φλ,η,k(�)Y k
j (σ ), x ∈ R

n\{0}, (9.13)

where

Φλ,η,k(�) = τn�
k

(

∂

∂z

)�
(

I n
2 +k−1(z�)

)∣

∣

z=λ
, (9.14)

τn = 2
n
2 −1�

(

n

2

)√
ωn−1 and � =

{

η if λ �= 0,

2η if λ = 0.
(9.15)

It is easy to see from (9.13)–(9.15) that the function Φλ,η,k,j admits continuous
extension to 0. As usual, we assume that Φλ,η,k,j is defined at 0 by continuity. Then
Φλ,η,k,j ∈ RA(Rn) and

Φλ,η,k,j (0) = δ0,ηδ0,k, (9.16)

(see (7.1)). In addition, relations (9.14) and (7.1) yield

Φ0,η,k,j (x) = (−1)η(2η)!�(n/2)
√

ωn−1

η!�(n
2 + k + η)22η+k

|x|2ηY k
j (x), x ∈ R

n. (9.17)
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The function Φλ,0,0,1 is called the spherical function on R
n.

Next, for λ ∈ C\(−∞; 0), we set

Ψλ,η,k,j (x) = Ψλ,η,k(�)Y k
j (σ ), x ∈ R

n\{0}, (9.18)

where

Ψλ,η,k(�) = τn�
k

(

∂

∂z

)η
(

N n
2 +k−1(z�)

)∣

∣

z=λ
if λ �= 0 (9.19)

and

Ψ0,η,k(�) =
{

�2η−n−k+2 if either n is odd or 2η < 2k + n − 2,

�2η−n−k+2 log � otherwise.
(9.20)

The aim of this section is to consider basic properties of Φλ,η,k,j and Ψλ,η,k,j

that we shall frequently use later.

Proposition 9.2.

(i) If λ ∈ C, then
D(k)Φλ,0,k = −λ2Φλ,0,k+1

and
D(1 − k − n)Φλ,0,k+1 = Φλ,0,k

(see (9.11)). Moreover, for the functions Ψλ,0,k , the same equalities are true,
provided that λ ∈ C\(−∞, 0].

(ii) If λ ∈ C\(−∞, 0], then

Φλ,0,k(�)
d

d�
Ψλ,0,k(�) − Ψλ,0,k(�)

d

d�
Φλ,0,k(�) = 2

π
τ 2
nλ2−2k−n�1−n.

Proof. Part (i) follows at once from (7.3). To prove (ii) it is enough to com-
bine (9.14), (9.19), and (7.6). 
�
Theorem 9.1.

(i) If q ∈ Z+ and q � η, then

�qΦ0,η,k,j =
{

(−1)q(−2η)2qΦ0,η−q,k,j if q � η,

0 if q > η.
(9.21)

(ii) If q ∈ Z+ and λ ∈ C\{0}, then

�qΦλ,η,k,j = (−1)q
η
∑

ν=max {0,η−2q}

(

η

ν

)

(2q)!λ2q−η+ν

(2q − η + ν)!Φλ,ν,k,j (9.22)
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and

(

� + λ2)qΦλ,η,k,j

=
η
∑

ν=max {0,η−2q}

η!22q−η+ν(−q)2q−η+ν

ν!(2q − η + ν)! (−1)q+ν−ηλ2q−η+νΦλ,ν,k,j . (9.23)

In addition, for the functions Ψλ,η,k,j , the same relations hold in R
n\{0}, pro-

vided that λ ∈ C\(−∞, 0].
(iii) If λ ∈ C\(−∞, 0), then Ψλ,0,0,1 ∈ L1,loc(Rn) and

(

� + λ2)Ψλ,0,0,1 =

⎧

⎪

⎨

⎪

⎩

2n�(n/2)π
n
2 −1λ2−nδ0 if λ ∈ C\(−∞, 0],

(2 − n)
√

ωn−1δ0 if λ = 0 and n > 2,√
2πδ0 if λ = 0, n = 2.

The proof starts with the following lemma.

Lemma 9.1. Let q,m ∈ Z+, q � m. Then

q
∑

l=m

(−1)l
(

q

l

)(

2l

2m − 1

)

= (−1)q+1 22q−2m+1

(2q − 2m + 1)! (−q)2q−2m+1 (9.24)

and
q
∑

l=m

(−1)l
(

q

l

)(

2l

2m

)

= (−1)q
22(q−m)

(2q − 2m)! (−q)2q−2m, (9.25)

where
( 2l

2m−1

)

is set to be equal to zero for m = 0, l ∈ Z+.

Proof. To verify (9.24) we set

bl,m =
l
∑

ν=m

(−1)ν
(

l

ν

)

aν,m, l ∈ Z+, l � m,

where

aν,m = (−1)ν+1 22ν−2m+1

(2ν − 2m + 1)! (−ν)2ν−2m+1.

Then

aq,m =
q
∑

l=m

(−1)l
(

q

l

)

bl,m

(see Riordan [183], Sect. 2.1). Hence, it is enough to show that

bl,m =
(

2l

2m − 1

)

. (9.26)
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For the case where l � 2m − 1, one has

bl,m =
l
∑

ν=m

22(ν−m)+1
(

l

ν

)(

ν

2(ν − m) + 1

)

=
l−m
∑

p=0

22p+1
(

l

m + p

)(

m + p

2p + 1

)

=
l−m
∑

p=0

4p

(

l

m + p

)(

m + p

2p

)

2m − 2p

2p + 1

=
l−m
∑

p=0

4p

(

l

m + p

)(

m + p

2p

)

2m + 1

2p + 1
−

l−m
∑

p=0

4p

(

l

m + p

)(

m + p

2p

)

=
l−m
∑

p=0

4p

(

l

l − m + p

)(

l − m + p

2p

)

2m + 1

2p + 1

−
l−m
∑

p=0

4p

(

l

l − m + p

)(

l − m + p

2p

)

.

Utilizing the equalities

(

2l + 1

2m

)

=
m
∑

ν=0

4ν 2m + 1

2ν + 1

(

m + ν

2ν

)(

l

m + ν

)

(9.27)

and
(

2l

2m

)

=
m
∑

ν=0

4ν

(

m + ν

2ν

)(

l

m + ν

)

(9.28)

(see Riordan [183], Chap. 1, Sect. 1.6, Exercise 16), we arrive at (9.26) for l �
2m − 1.

Suppose now that l � 2m. Then

bl,m =
2m−1
∑

ν=m

(−1)ν
(

l

ν

)

aν,m

=
2m−1
∑

ν=m

22(ν−m)+1
(

l

ν

)(

ν

2(ν − m) + 1

)

=
m−1
∑

p=0

22p+1
(

l

m + p

)(

m + p

2p + 1

)

=
m−1
∑

p=0

4p

(

l

m + p

)(

m + p

2p

)

2m + 1

2p + 1
−

m−1
∑

p=0

4p

(

l

m + p

)(

m + p

2p

)

.
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Combining this with (9.27) and (9.28), we get

bl,m =
(

2l + 1

2m

)

−
(

2l

2m

)

=
(

2l

2m − 1

)

,

so (9.24) is established. The proof of (9.25) is quite similar. 
�
Proof of Theorem 9.1. One deduces from (9.12) and Proposition 9.2(i) that

�Φλ,0,k,j = −λ2Φλ,0,k,j in R
n (9.29)

for each λ ∈ C. In addition, the same equality in which Φλ,0,k,j is replaced by
Ψλ,0,k,j is true in R

n\{0} when λ ∈ C\(−∞, 0]. For any λ ∈ C, formulae (9.29),
(9.13), and (9.14) imply

�qΦλ,η,k,j =
(

∂

∂z

)�
((−z2)qΦz,0,k,j

)

∣

∣

∣

∣

z=λ

,

where � is defined by (9.15). Now a straightforward calculation reveals that (9.21)
and (9.22) are valid. As for (9.23), one infers from (9.22) that

(

� + λ2)qΦλ,η,k,j

=
q
∑

l=0

(−1)l
(

q

l

)

∑

ν=max{0,η−2l}

(

η

ν

)

(2l)!
(2l − η + ν)!λ

2q−η+νΦλ,ν,k,j

=
η
∑

ν=max{0,η−2q}

η!
ν!λ

2q−η+νΦλ,ν,k,j

q
∑

l�(η−ν)/2

(−1)l
(

q

l

)(

2l

η − ν

)

.

Applying (9.24) and (9.25) with m = [(η − ν + 1)/2], we see that two expressions
in (9.23) actually coincide. The analogues of (9.22) and (9.23) for the functions
Ψλ,η,k,j in R

n\{0} can be obtained in the same way. Finally, the proof of (iii) can be
found in Treves [214, Sect. 5.3]. Hence the theorem. 
�
Corollary 9.1. For each λ ∈ C, one has

(

� + λ2)η+1
Φλ,η,k,j = 0 in R

n. (9.30)

Furthermore, if λ ∈ C\(−∞, 0), then

(

� + λ2)η+1
Ψλ,η,k,j = 0 in R

n\{0}. (9.31)

Proof. For λ = 0, relations (9.30) and (9.31) are consequences of (9.17), (9.20),
(9.18), and (9.12). In the remaining cases Theorem 9.1(ii) is applicable. 
�

As another application of Theorem 9.1, we deduce a result on the linear indepen-
dence of the functions Φλ,η,k,j and Ψλ,η,k,j .
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Proposition 9.3. Let {λ1, . . . , λm} be a set of complex numbers such that λl /∈
(−∞, 0) for each l ∈ {1, . . . , m} and the numbers λ2

1, . . . , λ
2
m are distinct. Assume

that O is a nonempty open subset of R
n and let ν ∈ Z+. Then the following asser-

tions hold.

(i) If 0 /∈ O and

m
∑

l=1

ν
∑

η=0

αl,ηΦλl,η,k,j + βl,ηΨλl,η,k,j = 0 in O (9.32)

for some αl,η, βl,η ∈ C, then αl,η = βl,η = 0 for all l, η.
(ii) If 0 ∈ O and there exists f ∈ C∞(O) such that

f =
m
∑

l=1

ν
∑

η=0

γl,ηΨλl,η,k,j in O\{0} (9.33)

for some γl,η ∈ C, then γl,η = 0 for all l, η.

Proof. For the case where m = 1 and λ1 = 0, the required statements are obvious
from (9.17), (9.18), and (9.20). Let m � 2, s ∈ {1, . . . , m}, and suppose that λs �= 0.
Write

ps,μ(z) = (λ2
s + z

)μ
∏

1�l�m

l �=s

(

λ2
l + z

)ν+1
, μ ∈ {0, . . . , ν}, z ∈ C.

To show (i), first assume that |αs,μ|+ |βs,μ| �= 0 for some μ and that μ is the largest
number with this property. Applying ps,μ(�) to (9.32), we get by Theorem 9.1 (ii),

(αs,μΦλs,0,k,j + βs,μΨλs,0,k,j )(−2λs)
μμ!

∏

1�l�m
l �=s

(

λ2
l − λ2

s

)ν+1 = 0 in O.

Going now to the definition of Φλ,0,k,j and Ψλ,0,k,j , we have a contradiction,
whence αs,η = βs,η = 0 for all η ∈ {0, . . . , ν}. Therefore, (i) is proved if
0 /∈ {λ1, . . . , λm}, and for otherwise the argument in the earlier case of m = 1
and λ1 = 0 is applicable.

Let us prove (ii). As before, it is enough to verify that γs,η = 0 for all
η ∈ {0, . . . , ν}. Proceeding by contradiction, we suppose that μ ∈ {0, . . . , ν} is
the largest number such that γs,μ �= 0. Applying ps,μ(�) to (9.33), one obtains

γs,μΨλs,0,k,j = cps,μ(�)f in O\{0},
where c ∈ C (see Theorem 9.1(ii)). However, this is impossible since 0 ∈ O and
f ∈ C∞(O). The proof is now complete. 
�
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For the rest of the section, we assume that α ∈ {−1, 1} and, for brevity, write

Hλ,η,α = Φλ,η,k,j + iαΨλ,η,k,j . (9.34)

The behavior of Hλ,η,α(x) for λ|x| → ∞ with Re λ � 0 is given in the following
proposition.

Proposition 9.4. Let λ ∈ C\{0}, |arg λ| � π/2, θ > 2. Suppose that x ∈ R
n and

|x| > (θη + 1)/|λ|. Then

Hλ,η,α(x) =
√

2

π

τn(iα)ηY k
j (σ )

λ
n−1

2 +k�
n−1

2 −η

(

exp

(

iα

(

λ� − π

4
(n + 2k − 1)

))

+ O
(

(1 + η)(|λ|�)−1e−α� Im λ
)

)

,

where the constant in O depends only on n, k, and θ .

Proof. According to (9.14), (9.19), and (9.34),

Hλ,η,α(x) = τn�
k+ηY k

j (σ )gη,α(λ�),

where

gη,α(z) =
(

∂

∂z

)η
(

I n
2 +k−1(z) + iαN n

2 +k−1(z)
)

. (9.35)

The required statement now follows by Proposition 7.1. 
�
In the sequel an important part is played by the following often used fact.

Proposition 9.5. Let 0 < r < R, q ∈ Z+, θ > 2, λ ∈ C\{0}, |arg λ| � π/2, and let
|λ| > (η + 1)θ/r . Then we have the following.

(i) ‖Φλ,η,k,j‖
Cq(

•
Br,R)

+ ‖Ψλ,η,k,j‖
Cq(

•
Br,R)

� γ1|λ|q− n−1
2 −kRηeR|Im λ|, where the

constant γ1 > 0 is independent of λ, η.

(ii) ‖�qΦλ,η,k,j‖
C(

•
Br,R)

+‖�qΨλ,η,k,j‖
C(

•
Br,R)

� γ2|λ|2q− n−1
2 −kRη exp

(

R|Im λ|+
2qη
|λ|
)

, where γ2 > 0 is independent of λ, η, q.

Proof. For (i), let β = (β1, . . . , βn) ∈ Z
n+, and let m = β1 + · · · + βn � q. We can

write

(

∂

∂x

)β

Hλ,η,α(x) =
m
∑

μ=0

fμ,α,β(x)

(

∂

∂z

)η
(

zμgμ,α(z�)
)

∣

∣

∣

∣

z=λ

, x ∈ •
Br,R, (9.36)

where fμ,α,β ∈ C∞(Rn\{0}), and gμ,α is defined by (9.35). Since

(

∂

∂z

)η
(

zμgμ,α(z�)
) =

η
∑

l=max {0,η−μ}

(

η

l

)

gμ+l,α(z�)
μ!�l

(μ − η + l)!z
μ−η+l ,
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one has the estimate

∣

∣

∣

∣

(

∂

∂z

)η
(

zμgμ,α(z�)
)

∣

∣

∣

∣

z=λ

∣

∣

∣

∣

� max
0�ν�η+q

|gν,α(λ�)|
η
∑

l=0

(

η

l

)

(|λ|�)l
(

q

|λ|
)η−l

.

Now (9.36), Proposition 7.1, and the inequality

(

� + q

|λ|
)η

� �η exp

(

qη

�|λ|
)

lead to (i).
Regarding (ii),

�qHλ,η,α = (−1)q
η
∑

ν=max {0,η−2q}

(

η

ν

)

(2q)!λ2q−η+ν

(2q − η + ν)!Hλ,ν,α

because of Theorem 9.1(ii). Therefore,

∣

∣�qHλ,η,α(x)
∣

∣ � max
0�μ�η

∣

∣Hλ,μ,α(x)
∣

∣

η
∑

m=0

(

η

m

)

(2q)m|λ|2q−m, x ∈ •
Br,R,

which, together with (i), brings us to (ii). 
�
We complement Proposition 9.5(ii) by the following result.

Proposition 9.6. Let 0 < r < R, q ∈ N, λ ∈ C\{0}. Then the following statements
are valid.

(i) If x ∈ •
BR , then

�qΦλ,η,k,j (x) = (−1)q(2q)ηλ2q−η
(

Φλ,0,k,j (x) + O
(

q−1)),

where the constant in O is independent of q, x.
(ii) If x ∈ •

Br,R and λ ∈ C\(−∞, 0], then

�qΨλ,η,k,j (x) = (−1)q(2q)ηλ2q−η
(

Ψλ,0,k,j (x) + O
(

q−1)),

where the constant in O does not depend of q and x.

Proof. This is immediate from Theorem 9.1(ii). 
�
To conclude this section we should mention an upper estimate for the function

( ∂
∂x

)βΦλ,η,k,j (x), where β ∈ Z
n+, x ∈ R

n.

Proposition 9.7. Let x ∈ R
n, λ ∈ C\{0}, β = (β1, . . . , βn) ∈ Z

n+. Then

∣

∣

∣

∣

(

∂

∂x

)β

Φλ,η,k,j (x)

∣

∣

∣

∣

� γ e�| Im λ|Aλ,η(�, β1 + · · · + βn), (9.37)
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where

Aλ,η(�, ν) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

|λ|ν−k

(

� + ν − k

|λ|
)η

if ν � k,

|λ|ν−k

(

� + η + k − ν

|λ|
)η

if ν < k,

and the constant γ > 0 depends only on n and k.

Proof. Putting ν = β1 + · · · + βn, we see from (9.13)–(9.15) and (5.2) that

(

∂

∂x

)β

Φλ,η,k,j (x) = γ1

(

∂

∂z

)η(∫

Sn−1
iνξβzν−keiz〈x,ξ〉RY k

j (ξ) dω(ξ)

)∣

∣

∣

∣

z=λ

,

where γ1 depends only on n, k. This yields

∣

∣

∣

∣

(

∂

∂x

)β

Φλ,η,k,j (x)

∣

∣

∣

∣

� |γ1|
∫

Sn−1

∣

∣

∣

∣

(

∂

∂z

)η
(

zν−keiz〈x,ξ〉R)∣∣
z=λ

Y k
j (ξ)

∣

∣

∣

∣

dω(ξ).

(9.38)
However,

(

∂

∂z

)η
(

zν−keiz〈x,ξ〉R) = eiz〈x,ξ〉R
η
∑

m=0

(

η

m

)

(i〈x, ξ 〉R)η−mzν−k−mam, (9.39)

where a0 = 1 and am = ∏m−1
l=0 (ν − k − l) if m � 1. The validity of (9.37) is now

obvious from (9.38) and (9.39). 
�

9.3 Hankel-Like Integral Transforms

Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}. For f ∈ E ′
k,j (R

n), we define

F k
j (f )(z) = 〈f,Φz,0,k,j

〉

, z ∈ C. (9.40)

Formulae (9.40) and (9.13)–(9.15) show that F k
j (f ) is an even entire function of

variable z. It follows by (9.40) and (5.2) that

F k
j (f )
(
√

ζ 2
1 + · · · + ζ 2

n

)

Y k
j (ζ ) = τnik

(2π)n/2
̂f (ζ ) (9.41)

for all f ∈ E ′
k,j (R

n), ζ = (ζ1, . . . , ζn) ∈ C
n, where τn is defined by (9.15). If

f ∈ E ′
�(R

n), then the function

˜f (z) = F 0
1 (f )(z), z ∈ C, (9.42)

is called the spherical transform of f .
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There is a close connection between F k
j and the well-known Hankel transform.

More precisely, for f ∈ (E ′
k,j ∩ C)(Rn), it follows from (9.40) and (9.13)–(9.15)

that

F k
j (f )(z) = τn

∫ ∞

0
fk,j (�)�n−1+kI n

2 +k−1(z�) d�, z ∈ C.

The integral in the right-hand part of this equality is the Hankel transform of the
function �1−kfk,j (�) (see Koornwinder [138], formula (5.4)).

We now establish some basic properties of F k
j .

Proposition 9.8. If f ∈ E ′
k,j (R

n) and T ∈ E ′
�(R

n), then

F k
j (f ∗ T )(z) = ˜T (z)F k

j (f )(z), z ∈ C. (9.43)

In particular,
F k

j

(

p(�)T
)

(z) = p
(−z2)F k

j (f )(z) (9.44)

for each polynomial p.

Proof. First, assume that z �= 0. Then there is ζ = (ζ1, . . . , ζn) ∈ C
n such that

Y k
j (ζ ) �= 0 and

√

ζ 2
1 + · · · + ζ 2

n = z. Appealing to (9.41), (9.42), and (6.35), we
arrive at (9.43) and (9.44). For the remaining value z = 0, the required equalities
are obtained by continuity. 
�

The following result contains the Paley–Wiener theorem and the inversion for-
mula for the transform F k

j .

Theorem 9.2.

(i) If f ∈ E ′
k,j (R

n), then

∣

∣F k
j (f )(z)

∣

∣ � γ1(1 + |z|)γ2 er(f )|Im z|, z ∈ C, (9.45)

where γ2 = ord f − k, and γ1 > 0 is independent of z. Moreover, if f ∈
(E ′

k,j ∩ Cm)(Rn) for some m ∈ Z+, then (9.45) holds with γ2 = −m − k.
(ii) Let w be an even entire function and suppose that

|w(z)| � γ1(1 + |z|)γ2 eR|Im z|, z ∈ C, (9.46)

where γ1 > 0, γ2 ∈ R
1, and R � 0 are independent of z. Then there exists

a unique f ∈ E ′
k,j (R

n) such that F k
j (f ) = w. In addition, r(f ) � R and

ord f � max {0, 1 + γ2 + k + n/2}. Next, if γ2 = −(k + n + 1 + l) for some
l ∈ Z+, then f ∈ (E ′

k,j ∩ Cl)(Rn) and

f (x) = 1

τ 2
n

∫ ∞

0
λn+2k−1Φλ,0,k,j (x)F k

j (f )(λ) dλ, x ∈ R
n. (9.47)
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Proof. Part (i) is clear from (9.41), (6.34), and Theorem 6.3. Turning to (ii), let
ζ = (ζ1, . . . , ζn) ∈ C

n. Then

∣

∣

∣ Im
√

ζ 2
1 + · · · + ζ 2

n

∣

∣

∣

2
�

n
∑

m=1

(Im ζm)2 (9.48)

because of the Schwarz inequality. By (9.46), (9.48), and Theorem 6.3 there is a

unique f ∈ E ′(Rn) such that ̂f (ζ ) = w(

√

ζ 2
1 + · · · + ζ 2

n )Y k
j (ζ ). Moreover, The-

orem 6.3, (9.46), and (9.41) ensure us that f ∈ E ′
k,j (R

n), r(f ) � R, ord f �
max {0, 1 + γ2 + k + n/2}, and F k

j (f ) = w. In order to complete the proof one
needs only Proposition 6.14 and (5.2). 
�

We are now in a position to prove the following statement needed in the sequel.

Proposition 9.9. Let E be an infinite bounded subset of C, and let A(E, k, j) be the
set of all finite linear combinations of the functions Φλ,0,k,j with λ ∈ E. Then, for
each R > 0, the set A(E, k, j) is dense in C∞

k,j (BR) with the topology induced by
C∞(BR).

Proof. Let u ∈ E ′(BR) and suppose that 〈u,Φλ,0,k,j 〉 = 0 for each λ ∈ E. Accord-
ing to (9.40) and (9.8), we can write

F k
j

(

(u)k,j
)

(z) = 0, z ∈ C,

since F k
j ((u)k,j ) is an entire function. So (u)k,j = 0, giving < u, f >= 0 for each

f ∈ C∞
k,j (BR) by (9.8). Thus, every u ∈ E ′(BR) which is orthogonal to A(E, k, j)

is also orthogonal to C∞
k,j (BR), and we conclude by the Hahn–Banach theorem. 
�

Next, let

conj
(

E ′
k,j

(

R
n
)) = {f ∈ E ′(

R
n
) : f ∈ E ′

k,j

(

R
n
)}

,

and let T ∈ conj (E ′
k,j (R

n)). Thanks to Theorems 6.3 and 9.2(i), there exists a

unique distribution Λk,j (T ) ∈ E ′
�(R

1) such that

Λ̂k,j (T )(z) = F k
j (T )(z) = 〈T ,Φz,0,k,j 〉, z ∈ C. (9.49)

Moreover, the transform Λk,j : T → Λk,j (T ) sets up a bijection between the
spaces conj (E ′

k,j (R
n)) and E ′

�(R
1). For future use, we note that

ord Λk,j (T ) � max {0, ord T − k + 1} and r
(

Λk,j (T )
) = r(T ) (9.50)

(see Theorems 6.3 and 9.2(i)). In the sequel the mapping Λ0,1 : E ′
�(R

n) → E ′
�(R

1)

will be denoted by Λ.
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If T ∈ E ′
�(R

n) and r(T ) > 0, then r(Λ(T )) > 0, and hence the set Z(Λ̂(T )) is
infinite (see Proposition 6.1 (iv) and Corollary 6.2). This ensures us that there is a
polynomial of degree 1 + ord T such that

p

(

−i
d

dt

)

u = Λ(T ) for some u ∈ E ′(
R

1).

This yields

û(z) = Λ̂(T )(z)

p(z)
= ˜T (z)

p(z)
, z ∈ C.

Using now Theorem 9.2(i), we see that û ∈ L2(R1). Thus, u ∈ L2(R1), and

dΛ(T ) � 1 + ord T if T ∈ E ′
�

(

R
n
)

, r(T ) > 0. (9.51)

Let α > 0, and let W(R1) denote one of the classes M(R1), N(R1), E(R1),
Gα(R1), Inv+(R1), R(R1) (see Sect. 8.1). We define the multidimensional analogs
of these classes by

W(Rn) = {T ∈ E ′
�

(

R
n
) : Λ(T ) ∈ W

(

R
1)}. (9.52)

Next, let I(Rn) (respectively Iα(Rn)) be the set of all nonzero distributions
T ∈ E ′

�(R
n) with the following property: T ∈ I(Rn) (respectively T ∈ Iα(Rn))

if and only if either the set Z(˜T ) is not infinite or

nλ

(

˜T
)(

1 + |Im λ| + log nλ

(

˜T
))+ log

(

1 + σλ

(

˜T
)) = O(log |λ|)

as λ → ∞, λ ∈ Z(˜T ) (respectively

nλ

(

˜T
)(

1 + |Im λ| + log nλ

(

˜T
))+ log

(

1 + σλ

(

˜T
)) = o

(|λ|1/α
)

as λ → ∞, λ ∈ Z(˜T )).

9.4 Transmutation Operators Induced by the Converse Hankel
Transform. Connection with the Dual Abel Transform

In this section we define an operator which allows one to reduce a number of prob-
lems concerning convolution equations in R

n, n � 2, to the one-dimensional case.
Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}. For f ∈ E ′

k,j (R
n) and ψ ∈ D(R1), we put

〈Ak,j (f ), ψ〉 = 1

τ 2
n

∫ ∞

0
λn+2k−1 F k

j (f )(λ)

∫

R1
ψ(t) cos(λt) dt dλ. (9.53)
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It is not hard to make sure that Ak,j (f ) ∈ D′
�(R

1). Consider the main properties of
the mapping Ak,j : f → Ak,j (f ).

Lemma 9.2.

(i) For f ∈ E ′
k,j (R

n) and T ∈ E ′
�(R

n), we have

Ak,j (f ∗ T ) = Ak,j (f ) ∗ Λ(T ). (9.54)

(ii) Suppose that f ∈ (E ′
k,j ∩ CN+n+k+2)(Rn) for some N ∈ Z+. Then Ak,j (f ) ∈

CN
� (R1) and

fk,j (�) = 21−k�(n/2)
√

ωn−1√
π�(n−1

2 + k)

∫ �

0
Ak,j (f )(t)

(�2 − t2)
n−3

2 +k

�n+k−2
dt. (9.55)

(iii) Let f ∈ E ′
k,j (R

n), r ∈ (0,+∞]. Then f = 0 in Br if and only if Ak,j (f ) = 0
on (−r, r).

Proof. Relation (9.54) can be easily derived with the aid of (9.53), (9.49), and (9.43).
Assume now that the conditions of part (ii) are satisfied. By Theorem 9.2(i),

λn+2k−1 F k
j (f )(λ) = O

(

λ−N−3) as λ → +∞.

Hence, Ak,j (f ) ∈ CN
� (R1) and

Ak,j (f )(t) = 1

τ 2
n

∫ ∞

0
λn+2k−1 F k

j (f )(λ) cos(λt) dλ. (9.56)

Using (9.56), (9.47), and (7.7), we obtain (9.55). Part (iii) follows from (9.55) by
the standard approximation argument (see (9.54), (9.50), and Theorem 6.1). 
�

Equality (9.56) shows that the mapping Ak,j is closely connected with the inver-
sion formula for the Hankel transform (see (9.47)).

Part (iii) of Lemma 9.2 makes it possible to extend Ak,j to the space D′
k,j (BR),

R ∈ (0,+∞]. We shall do this by the formula

〈Ak,j (f ), ψ〉 = 〈Ak,j (f η), ψ〉, f ∈ D′
k,j (BR), ψ ∈ D(−R,R), (9.57)

where η ∈ D�(BR) is selected so that η = 1 in Br0(ψ)+ε for some ε ∈ (0, R−r0(ψ)).
Then Ak,j (f ) ∈ D′

�(−R,R) and

Ak,j (f |Br ) = Ak,j (f )|(−r,r)

for all r ∈ (0, R].
Theorem 9.3. For R ∈ (0,+∞], N ∈ Z+, and ν = N + n + k + 2, the following
are true.
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(i) If f ∈ D′
k,j (BR), T ∈ E ′

�(R
n), and r(T ) < R, then (9.54) is valid on (r(T ) −

R,R − r(T )). In particular, we have the transmutation property

Ak,j

(

�Nf
) = Ak,j (f )(2N). (9.58)

(ii) Let f ∈ D′
k,j (BR), r ∈ (0, R]. Then f = 0 in Br if and only if Ak,j (f ) = 0

on (−r, r).
(iii) When f ∈ Cν

k,j (BR), then Ak,j (f ) ∈ CN
� (−R,R), and (9.55) holds for � ∈

(0, R). In addition,

Ak,j (f )(2μ)(0) = 2k(n/2)k√
ωn−1

lim
x→0

�μ(f )(x)(Y k
j (x/|x|))−1

|x|k (9.59)

if μ ∈ {0, . . . , [N/2]}.
(iv) The mapping Ak,j is continuous from D′

k,j (BR) into D′
�(−R,R) and from

Cν
k,j (BR) into CN

� (−R,R).
(v) If f ∈ D′

k,j (BR), then ord Ak,j (f ) � n + k + 2 + ord f .
(vi) Let f ∈ Cν

k,j (BR) have all derivatives of order � ν vanishing at 0. Then

Ak,j (f )(s)(0) = 0, s = 0, . . . , N.

(vii) For λ ∈ C and μ ∈ Z+, we have

Ak,j (Φλ,μ,k,j ) = uλ,μ, where

uλ,μ(t) =
⎧

⎨

⎩

1

2

(

eλ,μ(t) + eλ,μ(−t)
)

if λ �= 0,

(−1)μt2μ if λ = 0.

(9.60)

(viii) Suppose that T ∈ conj(E ′
k,j (R

n)), r(T ) < R and f ∈ Cs
k,j (BR), where s =

max {n + k + 2, ord T + n + 3}. Then

〈T , f 〉 = 〈Λk,j (T ),Ak,j (f )
〉

. (9.61)

Proof. The definition of Ak,j on D′
k,j (BR) and Lemma 9.2 imply (i), (ii), and the

first assertion in part (iii). To prove (9.59) it suffices to use (ii), (9.56), (9.47),
and (9.58). In (iv) assume first that {fq}∞q=1 ∈ D′

k,j (BR) and fq → 0 in D′(BR)

as q → +∞. Take ψ ∈ D(−R,R) and choose η ∈ D�(BR) such that η = 1 in
Br0(ψ)+ε for some ε ∈ (0, R − r0(ψ)). For λ > 0, set

ηλ(x) = Φλ,0,k,j (x)η(x).

Then the integral

1

τ 2
n

∫ ∞

0
λn+2k−1

∫ R

−R

ψ(t) cos(λt) dtηλ(x) dλ
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converges in D(BR) (see (9.37)). Denoting its value by ϕ(x), we have

〈Ak,j (fq), ψ〉 = 1

τ 2
n

∫ ∞

0
λn+2k−1

∫ R

−R

ψ(t) cos(λt) dt〈fq, ηλ〉 dλ = 〈fq, ϕ〉,

whence Ak,j (fq) → 0 in D′(−R,R). Now let {fq}∞q=1 ∈ Cν
k,j (BR) and fq → 0 in

Cν(BR). Fix r ∈ (0, R). Again pick up η ∈ D�(BR) such that η = 1 in Br+ε for
some ε ∈ (0, R − r). Using (9.56), (9.30), (9.37), and (1.44), we get

‖Ak,j (ηfq)‖CN [−r,r] � c‖ηfq‖Cν(E), (9.62)

where E = supp η, and the constant c > 0 does not depend on q. Because of (9.62)
and (ii),

lim
q→+∞ ‖Ak,j (fq)‖CN [−r,r] = 0.

Thus, Ak,j (fq) → 0 in CN(−R,R). Thereby (iv) is established. Moreover, the
proof of (iv) shows that (v) also holds. Part (vi) follows from (ii) and (iv) by [122,
Chap. 2, Lemma 1.3]. Next, owing to (9.55) and (7.7),

∫ �

0

(

Ak,j (Φλ,0,k,j )(t) − cos(λt)
)(

�2 − t2)
n−3

2 +k dt = 0

for all � ∈ (0, R). Therefore (see [225, Part I, Lemma 8.1]),

Ak,j (Φλ,0,k,j )(t) = cos(λt), t ∈ (−R,R). (9.63)

Differentiating (9.63) with respect to λ, we deduce (vii). Finally, by (9.63) and (9.49),

〈T ,Φλ,0,k,j 〉 = 〈Λk,j (T ),Ak,j (Φλ,0,k,j )
〉

, λ ∈ C.

On account of the arbitrariness of λ, the previous equality, part (iv), and (9.50)
give (9.61) (see Proposition 9.9). 
�
Remark 9.1. Let r ∈ (0,+∞) and f ∈ Cν

k,j (
•
Br), where ν is given in Theo-

rem 9.3. Clearly, there exists f1 ∈ Cν
k,j (R

n) for which f1| •
Br

= f . In addition,

if f2 ∈ Cν
k,j (R

n) and f2| •
Br

= f , then Ak,j (f1) = Ak,j (f2) on [−r, r] because

of Theorem 9.3(ii), (iii). So, Ak,j is well defined as a mapping from Cν
k,j (

•
Br) into

CN
� [−r, r] by Ak,j (f ) = Ak,j (f1)|[−r,r].

Theorem 9.4. Let r ∈ (0,+∞), k ∈ Z+, and j ∈ {1, . . . , d(n, k)}. Then there is a
constant c > 0 such that

∫ r

−r

∣

∣Ak,j (f )(M)(t)
∣

∣ dt � c

[(n+k)/2]+1
∑

i=0

∫

Br

∣

∣�[(M+1)/2]+i (f )(x)
∣

∣ dx (9.64)

for all M ∈ Z+ and f ∈ C
μ
k,j (

•
Br), where μ = 2+max {M +k+n, 2[(M +1)/2]+

2[(n + k)/2]}.
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Proof. Since C∞
k,j is dense in C

μ
k,j , it is enough to consider the case f ∈ C∞

k,j . First,

assume that M = 2N , N ∈ Z+. For brevity, we set h = (Ak,j (f ))(2N). Define

g(t) =

⎧

⎪

⎨

⎪

⎩

e−i arg h(t) if t ∈ [−r, r] and h(t) �= 0,

1 if t ∈ [−r, r] and h(t) = 0,

0 if |t | > r.

Then
|̂g(λ)| � 2rer| Im λ|, λ ∈ C, (9.65)

and
∫ r

−r

|h(t)| dt =
∫ r

−r

h(t)g(t) dt. (9.66)

Next, g = Λk,j (T ) for some T ∈ conj (E ′
k,j (R

n)) with r(T ) = r . We conclude

from (9.65), (9.49), and Theorem 9.2(ii) that ord T � 1+k+n

2
. Therefore, by (9.66)

and Theorem 9.3(i), (viii),
∫ r

−r

|h(t)| dt = 〈T ,�Nf
〉

. (9.67)

Let

αi = ωn−1λ
n+2k−2
i ĝ(λi)

2n−1πnr2J 2
n/2+k(λir)

, i = 1, . . . , [(n + k)/2] + 1,

where λ1, λ2, . . . is the sequence of all positive zeroes of Jn/2+k−1(rλ) arranged
in ascending order of magnitude (see Sect. 7.1). In view of (9.65) and (7.10), the
function

w(x) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[(n+k)/2]+1
∑

i=1

αiΦλi,0,k,j (x) if x ∈ Br,

0 if x ∈ R
n\Br,

(9.68)

possesses the following properties:

(a) the inequality
|w(x)| � c1, x ∈ R

n, (9.69)

holds, where the constant c1 depends only on n, k, and r;
(b) F k

j (T )(λi) = F k
j (w)(λi), i = 1, . . . , [(n + k)/2] + 1.

Introduce the even entire function

u(λ) = F k
j (T )(λ) − F k

j (w)(λ)

P (−λ2)
,

where

P
(−λ2) =

[(n+k)/2]+1
∏

i=1

(

λ2
i − λ2).
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Taking into account (9.65), (9.49), (9.69), and (9.37) and using the maximum-
modulus principle, we obtain

|u(λ)| � c2
er| Im λ|

(1 + |λ|)2[(n+k)/2]+2
, λ ∈ C, (9.70)

where the constant c2 depends only on n, k, r . Due to Theorem 9.2(ii), (9.70),
(9.47), (9.44), and Proposition 9.7, there exists T1 ∈ Ck,j (R

n) such that supp T1 ⊂
•
Br , T − w = P(�)T1, and

|T1(x)| � c3, x ∈ R
n, (9.71)

where the constant c3 depends only on n, k, r . In terms of T1 we can write (9.67) in
the form

∫ r

−r

|h(t)| dt = 〈T1, P (�)�Nf
〉+ 〈w,�Nf

〉

.

The previous part and estimates (9.69) and (9.71) yield (9.64) for M = 2N .
Now let M = 2N − 1, N ∈ N. Since

Ak,j (f )(2N−1)(t) =
∫ t

0
Ak,j (f )(2N)(u) du,

we have
∫ r

−r

∣

∣Ak,j (f )(2N−1)(t)
∣

∣ dt � r

∫ r

−r

∣

∣Ak,j (f )(2N)(t)
∣

∣ dt.

Hence, by the above we obtain (9.64) in the case under consideration. Thus, the
theorem is proved. 
�

We see from assertion (ii) of Theorem 9.3 that the mapping Ak,j is injective. Our
further purpose is to find the converse operator A

−1
k,j .

If F ∈ E ′
�(R

1), set

〈Bk,j (F ),w〉 = 1

π

∫ ∞

0

̂F(λ)F k
j

(

(w)k,j (�)Y k
j (σ )
)

(λ) dλ

= 1

π

∫ ∞

0

̂F(λ)〈w,Φλ,0,k,j 〉 dλ, w ∈ D
(

R
n
)

. (9.72)

Using (9.30), Proposition 9.7, and Theorem 6.3, we infer that Bk,j (F ) ∈ D′
k,j (R

n)

and the mapping Bk,j : E ′
�(R

1) → D′
k,j (R

n) is continuous.

Lemma 9.3.

(i) For F ∈ E ′
�(R

1) and T ∈ E ′
�(R

n), one has

Bk,j (F ) ∗ T = Bk,j

(

F ∗ Λ(T )
)

. (9.73)
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(ii) Assume that F ∈ (E ′
�∩Cs)(R1) with some s � 2. Then Bk,j (F ) ∈ Cs+k−2

k,j (R1)

and

Bk,j (F )(x) = 21−k�(n/2)
√

ωn−1√
π�((n − 1 + 2k)/2)

∫ �

0
F(t)

(�2 − t2)
n−3

2 +k

�n+k−2
dtY k

j (σ ).

(9.74)
(iii) Let F ∈ E ′

�(R
1) and r ∈ (0,+∞]. Then F = 0 on (−r, r) if and only if

Bk,j (F ) = 0 in Br .

Proof. Take w ∈ D(Rn) arbitrarily. Taking (9.49), (9.30), and Proposition 9.8 into
account, we get

〈Bk,j (F ) ∗ T ,w〉 = 〈Bk,j (F ),w ∗ T 〉
= 1

π

∫ ∞

0

̂F(λ)Λ̂(T )(λ)〈w,Φλ,0,k,j 〉 dλ

= 〈Bk,j

(

F ∗ Λ(T )
)

, w
〉

,

which is the formula (9.73). To verify (ii) observe that for F ∈ (E ′
�∩Cs)(R1), s � 2,

Bk,j (F )(x) = 1

π

∫ ∞

0

̂F(λ)Φλ,0,k,j (x) dλ, x ∈ R
n (9.75)

(see (9.72) and Proposition 9.7). Now applying (7.7) and the inversion formula for
the Fourier-cosine transform, we arrive at (ii). Part (iii) is immediate from (ii) by
regularization (see (9.50) and (9.73)). 
�

Thanks to Lemma 9.3(iii), the mapping Bk,j can be extended to the space
D′

�(−R,R), R ∈ (0,+∞], by

〈Bk,j (F ),w〉 = 〈Bk,j (Fη),w〉, F ∈ D′
�(−R,R),w ∈ D(BR), (9.76)

where η ∈ D�(−R,R) and η = 1 on (−r0(w) − ε, r0(w) + ε) with some ε ∈
(0, R − r0(w)). It is easy to show that Bk,j (F ) ∈ D′

k,j (BR) and

Bk,j (F |(−r,r)) = Bk,j (F )|Br

when r ∈ (0, R].
Theorem 9.5. For R ∈ (0,+∞], s ∈ {2, 3, . . .}, the following are true.

(i) Let F ∈ D′
�(−R,R), T ∈ E ′

�(R
n), and r(T ) < R. Then (9.73) holds in

BR−r(T ). In particular,

�N
(

Bk,j (F )
) = Bk,j

(

F (2N)
)

(9.77)

for all N ∈ Z+.
(ii) Let F ∈ D′

�(−R,R), r ∈ (0, R]. Then F = 0 on (−r, r) if and only if
Bk,j (F ) = 0 in Br .
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(iii) If F ∈ Cs
� (−R,R), then Bk,j (F ) ∈ Cs+k−2

k,j (BR), and (9.74) is valid in
BR\{0}. In this case

B0,1(F )(x) = 1

ωn−1

∫

Sn−1
F(〈x, η〉R) dω(η). (9.78)

Furthermore,
�N
(

B0,1(F )
)

(0) = F (2N)(0)

when N ∈ {0, . . . , [s/2] − 1}.
(iv) The map Bk,j is continuous from D′

�(−R,R) into D′
k,j (BR) and from

Cs
� (−R,R) into Cs+k−2

k,j (BR).
(v) If F ∈ D′

�(−R,R), then ord Bk,j (F ) � max {0, ord F − k + 3}.
(vi) Let F ∈ Cs

� (−R,R) and F (ν)(0) = 0 for ν = 0, . . . , s. Then Bk,j (F ) has all
derivatives of order � s + k − 2 vanishing at 0.

(vii) For F ∈ D′
�(−R,R), we have Ak,j (Bk,j (F )) = F .

(viii) Assume that T ∈ conj (E ′
k,j (R

n)), m = max {2, ord T − k + 2}, r(T ) < R,
and F ∈ Cm

� (−R,R). Then

〈T ,Bk,j (F )〉 = 〈Λk,j (T ), F
〉

. (9.79)

Proof. The argument of Theorem 9.3 is applicable with minor modification. In the
first place we use Lemma 9.3, (9.75), and the inversion formula for the Fourier-
cosine transform instead of Lemma 9.2, (9.56), and (9.47), respectively. Next, re-
lation (9.78) is an immediate consequence of (9.74) and the Funk–Hecke theorem
(see [225, Part I, Theorem 5.1]). Part (vii) follows from (9.75) and (9.60) by regu-
larization. The rest of the proof now duplicates Theorem 9.3. 
�
Corollary 9.2. For each R ∈ (0,+∞], the transform Ak,j sets up a homeomor-
phism between:

(i) D′
k,j (BR) and D′

�(−R,R);
(ii) C∞

k,j (BR) and C∞
� (−R,R).

Moreover,
A

−1
k,j = Bk,j . (9.80)

The proof is obvious from the above theorems.

Remark 9.2. Relation (9.78) shows that the mapping B0,1 coincides with the dual
Abel transform (see Koornwinder [139], formula (5.7)).

We now consider an application of the transform A0,1 in the theory of positive
definite functions.

Let E be a vector space over the field of real numbers. The function f : E → C

is said to be positive definite on E, written f ∈ Φ(E), if for any family {xk}mk=1 of
xk ∈ E for all k and for any number set {ξk}mk=1, ξk ∈ C for all k,
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m
∑

k,l=1

f (xk − xl)ξkξ l � 0.

The following result allows us to reduce the investigation of the class (C� ∩ Φ)(Rn)

to the investigation of (C� ∩ Φ)(R1).

Proposition 9.10. In order that f ∈ (C� ∩ Φ)(Rn), it is necessary and sufficient
that A0,1(f ) ∈ (C� ∩ Φ)(R1).

Proof. Let m ∈ N. By the Bochner–Khintchin theorem, f ∈ (C� ∩ Φ)(Rm) if and
only if there exists a finite positive measure μ+ on [0,+∞) such that

F(x) = 2
m
2 −1�

(

m

2

)∫ ∞

0
I m

2 −1(λ|x|) dμ+(λ), x ∈ R
m

(see Trigub and Belinsky [216], Chap. 6, Sect. 6.3). If m = n, this equality is equiv-
alent to

A0,1(f )(t) =
∫ ∞

0
cos(λt) dμ+(λ), t ∈ R

1

(see Corollary 9.2(i) and (9.60)). According to what has been said above, this con-
cludes the proof. 
�
Remark 9.3. Assume that F ∈ Cs

� [−r, r], s � 2, r ∈ (0,+∞). Take F1 ∈ Cs
� (R

1)

such that F1|[−r,r] = F . According to Theorem 9.5(ii), (iii), Bk,j is well defined as

a mapping from Cs
� [−r, r] into Cs+k−2

k,j (
•
Br) by Bk,j (F ) = Bk,j (F1)| •

Br
.

We present an analog of inequality (9.64) for the operator Bk,j .

Theorem 9.6. Let r ∈ (0,+∞). Then there exists a constant c > 0 such that for all
N ∈ Z+ and F ∈ C2N+2

� [−r, r],
∫

Br

∣

∣�N
(

Bk,j (F )
)

(x)
∣

∣ dx � c

∫ r

−r

(∣

∣F (2N)(t)
∣

∣+ ∣∣F (2N+2)(t)
∣

∣

)

dt. (9.81)

Proof. Denote by H the function �N(Bk,j (F )). Put

T (x) =
(∫

Sn−1
G(�ξ)Y k

j (ξ) dω(ξ)

)

Y k
j (σ ),

where

G(x) =

⎧

⎪

⎨

⎪

⎩

e−i arg H(x) if x ∈ •
Br and H(x) �= 0,

1 if x ∈ •
Br and H(x) = 0,

0 if |x| > r.

Passing to polar coordinates, we have
∫

Br

|H(x)| dx =
∫

Br

H(x)G(x) dx =
∫

Br

H(x)T (x) dx. (9.82)
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By (9.82), (9.77), and (9.79),
∫

Br

|H(x)| dx = 〈Λk,j (T ) − W,F (2N)
〉+ 〈W,F (2N)

〉

(9.83)

with

W(t) =
⎧

⎨

⎩

1

r
F k

j (T )
(π

r

)

cos
(π

r
t
)

if t ∈ [−r, r],
0 if t ∈ R

1\[−r, r].
Bearing in mind that (Λ̂k,j (T ) − ̂W)(±π/r) = 0, we deduce (9.81) from (9.83) in
the same way as in the case of the operator Ak,j . 
�
Corollary 9.3. Let R ∈ (0,+∞], f ∈ D′

k,j (BR), α > 0. Then f ∈ (D′
k,j ∩

Gα)(BR) if and only if Ak,j (f ) ∈ (D′
� ∩ Gα)(−R,R).

The proof follows from Theorems 9.6 and 9.4.
We consider now the mapping Ak

j : D′
k,j (BR) → D′

�(BR), R ∈ (0,+∞], de-
fined by

Ak
j = A

−1
0,1Ak,j . (9.84)

In accordance with (9.60),

Ak
j (Φλ,μ,k,j ) = Φλ,μ,0,1. (9.85)

Next, under the assumptions of Theorem 9.3(i),

Ak
j (f ∗ T ) = Ak

j (f ) ∗ T (9.86)

in BR−r(T ) (see (9.54), (9.73), and (9.80)).

Lemma 9.4. Let f ∈ Cn+k+4
k,j (BR), R ∈ (0,+∞]. Then

Ak
j (f ) =

⎧

⎨

⎩

f if k = 0,
1√

ωn−1
D(1 − n) · · · D(2 − k − n)(fk,j ) if k � 1,

where D(·) is given by (9.11).

Proof. We can assume, without loss of generality, that f ∈ (E ′
k,j ∩ Cn+k+4)(BR)

(see Theorems 9.3(ii) and 9.5(ii)). Represent f in the form (9.47) and apply to (9.47)
the operator Ak

j . Taking (9.85) and Proposition 9.2(i) into account, we obtain the
desired relation. 
�
Corollary 9.4. Let f ∈ D′

k,j (BR), R ∈ (0,+∞]. Suppose that f = 0 in Br1,r2 =
{x ∈ R

n : r1 < |x| < r2} for some r1 ∈ R
1, r2 ∈ (0, R]. Then Ak

j (f ) = 0 in Br1,r2 .

The proof follows from Lemma 9.4 by the standard smoothing trick.
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We extend now the map Ak
j to the space D′

k,j (O), where O is a nonempty open
O(n)-invariant subset of R

n. By analogy with (9.57) and (9.76) we put

〈

Ak
j (f ), w

〉 = 〈Ak
j (f η),w

〉

, f ∈ D′
k,j (O), w ∈ D(O),

where η ∈ D�(O) and η = 1 in some open set O1 ⊂ O such that supp w ⊂ O1.
Then Ak

j (f ) ∈ D′
�(O) and

Ak
j (f |U ) = Ak

j (f )|U (9.87)

for any nonempty open O(n)-invariant subset U ⊂ O (see Corollary 9.4).
The main properties of the mapping Ak

j can be deduced from the corresponding
ones of Ak,j in view of (9.84). They are collected in the following:

Theorem 9.7.

(i) The mapping Ak
j is continuous from D′

k,j (O) into D′
�(O) and from

CN+n+k+4
k,j (O) into CN

� (O), N ∈ Z+.
(ii) Let f ∈ D′

k,j (O) and Br ⊂ O for some r ∈ (0,+∞]. Then f = 0 in Br if and

only if Ak
j (f ) = 0 in Br .

(iii) For f ∈ D′
k,j (O), one has

supp Ak
j (f ) ⊂ supp f.

(iv) If f ∈ D′
k,j (O), T ∈ E ′

�(R
n), and the set OT = {x ∈ R

n : x − supp T ⊂ O} is

nonempty, then (9.86) is valid in OT . In particular,

Ak
j

(

p(�)f
) = p(�)

(

Ak
j (f )
)

for every polynomial p.
(v) Let 0 /∈ O. Then

Ak
j (Ψλ,μ,k,j ) = Ψλ,μ,0,1

for λ �= 0.

The proof follows from (9.87), Lemma 9.4, and Theorems 9.3 and 9.5.
Note also that (9.64) and (9.81) imply the inequality

∫

Br

∣

∣�N
(

Ak
j (f )
)

(x)
∣

∣ dx � c

[ n+k
2 ]+2
∑

i=0

∫

Br

∣

∣�N+i (f )(x)
∣

∣ dx,

valid for r ∈ (0,+∞), N ∈ Z+, and f ∈ C2N+n+k+4
k,j (

•
Br) with some constant

c > 0 not depending on N and f .
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9.5 Bessel-Type Decompositions for Some Classes of Functions
with Generalized Boundary Conditions

Assume that ν > −1, f ∈ C∞[0, 1], and let

f (l)(0) = f (l)(1) = 0 for all l ∈ Z+. (9.88)

Bearing (7.10) in mind, we assign to f its Fourier–Bessel series

f (t) =
∞
∑

m=1

cmJν(λmt), t ∈ [0, 1], (9.89)

where

cm = 2

J 2
ν+1(λm)

∫ 1

0
tJν(λmt)f (t) dt,

and {λm}∞m=1 is the sequence of all positive zeros of Jν numbered in the ascend-
ing order. It can be shown that the series in (9.89) converges to f in C∞[0, 1] (see
the proof of Theorem 7.1). For the case 2ν ∈ Z+, this statement admits various
far-reaching generalizations. Some of them will be considered in this section. More
precisely, we intend to show that under certain conditions a function can be ex-
panded into a generalized spherical function series. First, we introduce and study
some biorthogonal systems that will play an important role in the following.

Let T ∈ E ′
�(R

n), T �= 0, and let

ZT = {λ ∈ Z
(

˜T
) : Re λ � 0, iλ �∈ (0,+∞)

}

.

Throughout the section we suppose that ZT �= ∅. Now define

n(λ, T ) =
{

nλ(˜T ) − 1 if λ ∈ ZT \{0},
nλ(˜T )/2 − 1 if λ = 0 ∈ ZT .

Theorem 9.2(i) and Proposition 6.1(i), (iii) show that if ZT is infinite, then

n(λ, T ) = o(|λ|) as λ → +∞, λ ∈ ZT ,

and
∑

λ∈ZT

n(λ, T )

(1 + |λ|)1+ε
< +∞ for each ε > 0. (9.90)

Let λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}. Formulae (6.21) and (6.22) and Theo-
rem 9.2(i) show that

∣

∣bλ,η
(

˜T , z
)∣

∣ � γ (1 + |z|)ord T −2er(T )| Im z|, z ∈ C, (9.91)
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where γ > 0 is independent of z. Owing to Theorem 9.2(ii) and (9.91), for all
k ∈ Z+ and j ∈ {1, . . . , d(n, k)}, there exists Tλ,η,k,j ∈ conj(E ′

k,j (R
n)) such that

r(Tλ,η,k,j ) = r(T )

and
F k

j

(

Tλ,η,k,j

)

(z) = bλ,η
(

˜T , z
)

, z ∈ C. (9.92)

In addition,

ord Tλ,η,k,j � ord T + n

2
+ k − 1. (9.93)

In the sequel, for brevity, we shall write Tλ,η,0,1 = Tλ,η. Notice that Tλ,η ∈ E ′
�(R

n)

and
˜Tλ,η(z) = bλ,η

(

˜T , z
)

, z ∈ C. (9.94)

Next, by reasoning like that above one sees that there exists T λ,η ∈ E ′
�(R

n) such
that

r
(

T λ,η
) = r(T ), ord T λ,η � max {0, n/2 − 1 − 2η + ord T }, (9.95)

and
˜T λ,η(z)

(

z2 − λ2)η+1 = ˜T (z), z ∈ C. (9.96)

Let us now establish basic properties of the distributions Tλ,η,k,j and T λ,η.

Proposition 9.11.

(i) If μ ∈ ZT and ν ∈ {0, . . . , n(μ, T )}, then

〈Tλ,η,k,j , Φμ,ν,k,j 〉 = δλ,μδη,ν .

(ii) Tλ,η =∑n(λ,T )
p=0 b

λ,η
p (˜T )T λ,n(λ,T )−p.

(iii) If T ∈ R(Rn), then
∑

λ∈ZT

Tλ,0 = δ0, (9.97)

where the series converges unconditionally in the space D′(Rn).
(iv) Assume that T = (� + c)Q for some c ∈ C, Q ∈ E ′

�(R
n). Then ZQ ⊂ ZT and

Tλ,0 = Qλ,0 − b
λ,0
n(λ,T )(

˜T )T for all λ ∈ ZQ.

Proof. Part (i) is a consequence of (9.92) and (6.23). Utilizing (9.94), (9.96), (6.21),
and (6.22), we arrive at (ii). Next, to prove (iii) let f ∈ D(Rn). Applying (6.34) and
Proposition 6.14, one obtains

〈Tλ,0, f 〉 = 1

(2π)n

∫

Rn

̂f (x)˜Tλ,0(|x|) dx.

Now (6.34) and (8.12) imply that the series in (9.97) converges unconditionally in
D′(Rn) to some distribution g ∈ E ′

�(R
n). In addition,
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g̃(z) =
∑

λ∈ZT

bλ,0(
˜T , z
)

, z ∈ C,

and the function u = (g̃−1)/˜T is entire (see (6.23), (8.12), and Proposition 6.6(v)).
The rest of the proof of (iii) follows analogously to that of Proposition 8.9. Finally,
part (iv) is a consequence of (9.94), (6.21), (6.22), and Proposition 6.9. 
�
Proposition 9.12. Let l ∈ Z+ and assume that D is an arbitrary differential opera-
tor in R

n of order at most l. Then the following results are true.

(i) If T ∈ (E ′
� ∩ Cm)(Rn) where m = l + k + n − 1, then Tλ,η,k,j ∈ (E ′ ∩ Cl)(Rn)

and
|(DTλ,η,k,j )(x)| � γ1σ

λ,η
(

˜T
)

, x ∈ R
n,

where γ1 > 0 is independent of λ, η, x.
(ii) If T ∈ (E ′

� ∩ Cl+n−1)(Rn), then T λ,η ∈ (E ′
� ∩ Cl)(Rn) and

∣

∣D
(

T λ,η
)

(x)
∣

∣ � γ2, x ∈ R
n,

where γ2 > 0 is independent of λ, η, x.

The proof follows at once from (9.92), (9.96), (9.37), Theorem 9.2, and Proposi-
tion 6.6(ii).

Proposition 9.13. For each λ ∈ ZT , the following statements are valid.

(i) (� + λ2)T λ,0 = −T .
In addition, if n(λ, T ) � 1, then

(

� + λ2)T λ,η+1 = −T λ,η for all η ∈ {0, . . . , n(λ, T ) − 1}.

(ii) (� + λ2)Tλ,n(λ,T ) = −b
λ,n(λ,T )
n(λ,T ) (˜T )T .

(iii) If λ �= 0 and n(λ, T ) � 1, then

(

� + λ2)Tλ,n(λ,T )−1 + 2λn(λ, T )Tλ,n(λ,T ) = −b
λ,n(λ,T )−1
n(λ,T )

(

˜T
)

T .

(iv) If λ �= 0 and n(λ, T ) � 2, then

(

� + λ2)Tλ,η + 2λ(η + 1)Tλ,η+1 + (η + 2)(η + 1)Tλ,η+2 = −b
λ,η

n(λ,T )

(

˜T
)

T

for all η ∈ {0, . . . , n(λ, T ) − 2}.
(v) If 0 ∈ ZT and n(0, T ) � 1, then

�T0,η + (2η + 2)(2η + 1)T0,η+1 = −b
0,η

n(0,T )

(

˜T
)

T

for all η ∈ {0, . . . , n(0, T ) − 1}.
Proof. The desired statements can be obtained directly, by using (9.94), (9.96), and
Proposition 6.8. 
�
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Proposition 9.14. Let r(T ) > 0, and let m = n + k + 3 + ord T . Then

〈Tλ,η,k,j , f 〉 = 〈Tλ,η, Ak
j (f )
〉

if f ∈ C
m+[n/2]
k,j

( •
Br(T )

)

, (9.98)

and

〈Tλ,η,k,j , f 〉 =
{

2〈Λ(T )λ,η,Ak,j (f )〉 if λ ∈ ZT \{0},
〈Λ(T )0,2η,Ak,j (f )〉 if λ = 0 ∈ ZT ,

(9.99)

for f ∈ Cm−1
k,j (

•
Br(T )).

Proof. If f ∈ Φz,0,k,j , z ∈ C, then relations (9.98) and (9.99) are obvious from
(9.94), (9.85), (9.60), and (6.19). The general case reduces to this one by appealing
to Proposition 9.9 and Theorems 9.7(i) and 9.3(iv) (see also (9.93) and (9.50)). 
�

Relations (9.98) and (9.99) allow us to obtain a multidimensional analog of esti-
mate (8.51).

Proposition 9.15. Let s ∈ N, r(T ) > 0, and f ∈ Cm
k,j (

•
Br(T )), where m = 2n +

2s + k + 7 + ord T . Assume that

〈

T , Ak
j

(

�νf
)〉 = 0 (9.100)

for all ν ∈ {0, . . . , s}. Let λ ∈ ZT , |λ| > 1, and η ∈ {0, . . . , n(λ, T )}. Then

|〈Tλ,η,k,j , f 〉| � γ σλ,η(˜T )

(|λ| − 1)2s

l
∑

i=0

∥

∥�s+if
∥

∥

L1(Br(T ))
,

where
l = 2 + [(n + k)/2] + [ord T/2], (9.101)

and the constant γ > 0 is independent of λ, η, s, f .

Proof. Owing to (9.100), (9.58), (9.84), and Theorem 9.3(viii),

〈

Λ(T ),
(

Ak,j (f )
)(p)〉 = 0 (9.102)

for each even p ∈ {0, . . . , 2s}. Moreover, since Λ(T ) and Ak,j (f ) are even, equal-
ity (9.102) remains valid for all p ∈ {0, . . . 2s}. Collecting together the results given
by (9.99), (9.51), Theorem 9.3(iv), and Proposition 8.13, we deduce that

|〈Tλ,η,k,j , f 〉| � γ1σ
λ,η(Λ̂(T ))

(|λ| − 1)2s

2s+1+ord T
∑

p=2s

∥

∥

(

Ak,j (f )
)(p)∥
∥

L1[−r(T ),r(T )],

where γ1 > 0 is independent of λ, η, s, f . Now the required result is immediate
by Theorem 9.4. 
�

Our next task is to find analogs of Theorem 8.2 and its corollaries.
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Theorem 9.8. Let r(T ) > 0 and f ∈ Cm
k,j (

•
Br(T )), where m = n + k + 3 + ord T .

Suppose that

〈Tλ,η,k,j , f 〉 = 0 for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}. (9.103)

Then f = 0.

Proof. In view of (9.103) and (9.99),

〈Λ(T )λ,η,Ak,j (f )〉 = 0 (9.104)

for all λ ∈ ZT \{0} and η ∈ {0, . . . , n(λ, T )}. Assume now that 0 ∈ ZT . As before,
we have

〈Λ(T )0,ν ,Ak,j (f )〉 = 0

for each even ν ∈ {0, . . . , 2n(0, T )}. Because Ak,j (f ) is even and Λ(T )0,μ is
odd for each odd μ ∈ {0, . . . , m(0,Λ(T ))}, one concludes that (9.104) holds for
all λ ∈ Z(Λ̂(T )) and η ∈ {0, . . . , m(λ,Λ(T ))}. Corollary 8.4 and Remark 8.1
yield Ak,j (f ) = 0 (see (9.50), (9.51), and Theorem 9.3(iv)). A final ingredient is
Theorem 9.3(ii). 
�
Corollary 9.5. Let r(T ) > 0, let f ∈ Cm

� (
•
Br(T )), where m = n + 3 + ord T , and

let
〈

T λ,η, f
〉 = 0 for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}. (9.105)

Then f = 0.

Proof. Applying Theorem 9.8 with k = 0, j = 1, one sees from Proposition 9.11(ii)
and (9.105) that f must vanish. 
�
Theorem 9.9. Let R > r(T ), f ∈ D′(BR), and let

f ∗ T λ,n(λ,T ) = 0 for all λ ∈ ZT . (9.106)

Then f = 0. The same is true if (9.106) is replaced by

f ∗ Tλ,η = 0 for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}. (9.107)

Proof. First, assume that f ∈ D′
k,j (BR) for some k ∈ Z+ and j ∈ {1, . . . , d(n, k)}.

Using (9.106) and Theorem 9.3(i), one has Ak,j (f ) ∗ Λ(T λ,n(λ,T )) = 0 for all
λ ∈ ZT . Bearing in mind that Λ(T λ,n(λ,T )) = (Λ(T ))(λ) (see (8.64)), we conclude
from Corollary 8.6 that Ak,j (f ) = 0. Thus, f = 0 in view of Theorem 9.3(ii). The
general case reduces to this one by using Proposition 9.1(iv), (vi).

Suppose now that (9.107) is satisfied. Then (9.106) holds because of Proposi-
tion 9.11(ii), and the above argument shows that f = 0. 
�

Next, assume that m ∈ N, m � 2, and T1, . . . , Tm are nonzero distributions
in E ′

�(R
n) such that ZTl

�= ∅ for all l ∈ {1, . . . , m}. For l, p ∈ {1, . . . , m} and
λl ∈ ZTl

, let us define the distribution Tλ1,...,λm,p ∈ E ′
�(R

n) by the formula
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˜Tλ1,...,λm,p =
m
∏

l=1,
l �=p

(̃Tl)λl ,0

(see Theorem 9.2).

Proposition 9.16. Let
⋂m

l=1 ZTl
= ∅ and suppose that

Z(wl) ∩ Z(w′
l ) = ∅ for all l ∈ {1, . . . , m}, (9.108)

where wl(z) = ˜Tl(
√

z), z ∈ C. Let c1, . . . , cm ∈ C,
∑m

l=1 cl = 0, and
∑m

l=1 clλ
2
l =1.

Then

(T1)λ1,0 ∗ · · · ∗ (Tm)λm,0 = −
m
∑

l=1

clb
λl,0
0

(

˜Tl

)

Tl ∗ Tλ1,...,λm,l .

Proof. Once Proposition 9.13(ii) has been established, the proof of the desired
equality is identical to that of Proposition 8.15. 
�

Consider now an analog of Proposition 9.16 for m = 2 without assump-
tion (9.108). For λ1 ∈ ZT1 and λ2 ∈ ZT2 , we put

ν = ν(λ1, λ2) = n(λ1, T1) + n(λ2, T2) + 2.

Proposition 9.17. If ZT1 ∩ ZT2 = ∅, then

(T1)λ1,0 ∗ (T2)λ2,0 = (λ2
1 − λ2

2

)−2ν

(

ν
∑

p=0

(

2ν

ν + p

) n(λ1,T1)
∑

q=0

bλ1,0
q

(

˜T1
)

× (− � − λ2
1

)q+p+n(λ2,T2)+1(
� + λ2

2

)ν−p(
T1 ∗ (T2)λ2,0

)

+
ν
∑

p=1

(

2ν

ν − p

) n(λ2,T2)
∑

q=0

bλ2,0
q

(

˜T2
)

× (� + λ2
1

)ν−p(−� − λ2
2

)q+p+n(λ1,T1)+1(
T2 ∗ (T1)λ1,0

)

)

for all λ1 ∈ ZT1 , λ2 ∈ ZT2 .

Proof. Propositions 9.11(ii) and 9.13(i) yield

(−� − λ2
l

)n(λl ,Tl )+1
(Tl)λl ,0 =

n(λl ,Tl )
∑

q=0

bλl,0
q

(

˜Tl

)(−� − λ2
l

)q
Tl, l ∈ {1, 2}.

The rest of the proof follows analogously to that of Proposition 8.16. 
�
For the rest of the section, we assume that r(T ) > 0. Our next object is to show

that under certain conditions a function can be expanded into a series of the form
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∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΦλ,η,k,j , (9.109)

where cλ,η ∈ C, k ∈ Z+, j ∈ {1, . . . , d(n, k)}.
We shall begin with the following auxiliary results.

Proposition 9.18.

(i) Assume that

sup
λ∈ZT

|Im λ| + n(λ, T )

log(2 + |λ|) < +∞, (9.110)

and let

|cλ,η| � (2 + |λ|)γ for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, (9.111)

where γ > 0 is independent of λ, η. Then series (9.109) converges in D′
(Rn).

(ii) Let R > 0, q ∈ Z+, λ ∈ ZT \{0}, η ∈ {0, . . . , n(λ, T )}, and

Aλ,η(R, q) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

|λ|q−k

(

R + q − k

|λ|
)η

if q � k,

|λ|q−k

(

R + η + k − q

|λ|
)η

if q < k.

(9.112)

Suppose that

∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

|cλ,η|Aλ,η(R, ν)eR Im λ < +∞

for all ν ∈ {0, . . . , q}. Then series (9.109) converges in Cq(
•
BR). In particular,

if (9.110) holds and

max
0�η�n(λ,T )

|cλ,η| = O
(|λ|−γ

)

as λ → ∞ (9.113)

for each fixed γ > 0, then series (9.109) converges in E (Rn).

Proof. For any ϕ ∈ D(Rn), one has

〈Φλ,0,k,j , ϕ〉 = F k
j (ψ)(λ), (9.114)

where ψ = ϕk,j . Bearing (9.110) in mind, we see from Theorem 9.2(i), (6.24),
and (9.114) that

〈Φλ,η,k,j , ϕ〉 = O
(|λ|−γ

)

as λ → ∞
for each fixed γ > 0. This, together with (9.90) and (9.111), brings us to (i).

Assertion (ii) follows at once from Proposition 9.7. 
�
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Remark 9.4. It can be shown that Proposition 9.18(i) is no longer valid without as-
sumption (9.110). In addition, for a broad class of distribution T , conditions (9.111)
and (9.113) in Proposition 9.18 are necessary (see V.V. Volchkov [225], Part III,
Theorem 2.5).

Proposition 9.19. Suppose that (9.110) holds and let

max
0�η�n(λ,T )

|cλ,η| � Mq

(2 + |λ|)2q
, q = 1, 2, . . . , (9.115)

where the constants Mq > 0 are independent of λ, and

∞
∑

ν=1

1

infq�ν M
1/2q
q

= +∞. (9.116)

Then series (9.109) converges in E (Rn) to f ∈ QA(Rn).

Proof. For R > 0 and q ∈ Z+, estimate (9.37) yields

∣

∣�qΦλ,η,k,j (x)
∣

∣ � γ q(2 + |λ|)2q, x ∈ •
BR,

where γ > 0 is independent of λ, η, and q. Using now (9.115), (9.116), (9.90),
Lemma 8.1(i), and Proposition 9.18(ii), we arrive at the desired statement. 
�
Proposition 9.20. Let α > 0, let

|Im λ| + n(λ, T ) = o
(|λ|1/α

)

as λ → ∞, (9.117)

and assume that
|cλ,η| � γ1 exp

(−γ2|λ|1/α
)

, (9.118)

where the constants γ1, γ2 > 0 are independent of λ, η. Then series (9.109) con-
verges in E (Rn) to f ∈ Gα(Rn).

Proof. Let R > 0, x ∈ •
BR , q ∈ N. Applying (9.117), (9.118), and (9.37), we obtain

∑

λ∈ZT

n(λ,T )
∑

η=0

∣

∣cλ,η�
qΦλ,η,k,j (x)

∣

∣ � γ
q

3

∑

λ∈ZT

(1 + |λ|)−2+2q exp
(−γ4|λ|1/α

)

,

(9.119)
where γ3, γ4 > 0 depend only of R, T , α, γ1, γ2. Next,

(1 + |λ|)2q exp
(−γ4|λ|1/α

)

� γ
q

5 q2αq

for some γ5 > 0 independent of λ and q. The required conclusion now follows
from (9.119) and (9.90). 
�

In the sequel for numbers λ ∈ ZT \{0}, η ∈ {0, . . . , n(λ, T )}, q ∈ Z+, we define
Aλ,η(r(T ), q) by (9.112).
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Theorem 9.10. Let s, q ∈ N, q � n + k + 3 + ord T , and let f ∈ Cm
k,j (

•
Br(T )),

where m = 2n + 2s + k + 7 + ord T . Assume that

〈

T , Ak
j

(

�νf
)〉 = 0 (9.120)

for each ν ∈ {0, . . . , s} and that

∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

σλ,η(˜T )

(1 + |λ|)2s
Aλ,η(r(T ), μ)er(T )| Im λ| < +∞ (9.121)

for all μ ∈ {0, . . . , q}. Then

f =
∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΦλ,η,k,j , (9.122)

where cλ,η = 〈Tλ,η,k,j , f 〉, and the series converges in Cq(
•
Br(T )). In addition, if

|λ| > 1 and η ∈ {0, . . . , n(λ, T )}, then

|cλ,η| � γ σλ,η(˜T )

(|λ| − 1)2s

l
∑

i=0

∥

∥�s+if
∥

∥

L1(Br(T ))
, (9.123)

where l is defined by (9.101), and the constant γ > 0 is independent of λ, η, s, f .

Proof. Estimate (9.123) is a consequence of Proposition 9.15. Now property (9.121)
and Proposition 9.18(ii) tell us that the series in the right-hand part of (9.122) con-
verges in Cq(

•
Br(T )). Denoting its sum by g, we get cλ,η = 〈Tλ,η,k,j , g〉 (see Propo-

sition 9.11(i) and (9.93)). Hence, 〈Tλ,η,k,j , f − g〉 = 0 for all λ ∈ ZT and η ∈
{0, . . . , n(λ, T )}. To complete the proof it remains to apply Theorem 9.8. 
�
Corollary 9.6. If T ∈ M(Rn), then the following items are equivalent.

(i) f ∈ C∞
k,j (

•
Br(T )), and (9.120) holds for all ν ∈ Z+.

(ii) Equality (9.122) is true, where cλ,η = 〈Tλ,η,k,j , f 〉, and the series converges in

E (
•
Br(T )).

The proof follows from (9.85), Theorem 9.1(i), (ii), and Theorem 9.10.
We note that assumption (9.120) in Theorem 9.10 is an analog of boundary con-

ditions (9.88).

Corollary 9.7. If T ∈ M(Rn), then the following assertions are equivalent.

(i) f ∈ (C∞
k,j ∩ QA)(

•
Br(T )), and (9.120) is satisfied for each ν ∈ Z+.

(ii) Conditions (9.115) and (9.116) are fulfilled with cλ,η = 〈Tλ,η,k,j , f 〉, and the

series in (9.122) converges to f in E (
•
Br(T )).
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Proof. The implication (ii)→(i) is a consequence of Proposition 9.19, (9.85), and
Theorem 9.1(i), (ii). The proof that (i)→(ii) will be presented later (see Theo-
rems 14.20, 14.17(iii), and 14.11 and (14.32)). 
�

To continue, for f ∈ C∞
k,j (

•
Br(T )), λ ∈ ZT , and η ∈ {0, . . . , n(λ, T )}, we put

μλ,η(f ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

inf
s∈N

(|λ| − 1)−2s
l
∑

i=0

∥

∥�s+if
∥

∥

L1(Br(T ))
if |λ| > 1,

0 if |λ| � 1,

(9.124)

where l is defined by (9.101).

Theorem 9.11. Let f ∈ C∞
k,j (

•
Br(T )) and assume that (9.120) holds for all ν ∈ Z+.

Suppose that q ∈ N, q � n + k + 3 + ord T , and

∑

λ∈ZT

n(λ,T )
∑

η=0

σλ,η
(

˜T
)

Aλ,η

(

r(T ), τ
)

μλ,η(f )er(T )| Im λ| < +∞

for each τ ∈ {0, . . . , q}. Then relation (9.122) holds, where cλ,η = 〈Tλ,η,k,j , f 〉,
and the series converges in Cq(

•
Br(T )).

The proof nearly completely reproduces the proof of Theorem 9.10, and therefore
we omit it.

Corollary 9.8. Let α > 0 and T ∈ Gα(Rn). Then the following statements are
equivalent.

(i) f ∈ (C∞
k,j ∩ Gα)(

•
Br(T )), and (9.120) is fulfilled for each ν ∈ Z+.

(ii) Condition (9.118) is satisfied with cλ,η = 〈Tλ,η,k,j , f 〉, and the series in (9.122)

converges to f in E (
•
Br(T )).

This result can be proved in the same way as the corresponding statement for the
case n = 1 (see Corollary 8.10, Theorem 9.11, and Proposition 9.20).

To conclude we state results similar to Propositions 9.18–9.20 for series of the
form

∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΨλ,η,k,j . (9.125)

Proposition 9.21.

(i) Assume that conditions (9.110) and (9.111) are satisfied. Then series (9.125)
converges in D′

(Rn\{0}).
(ii) If conditions (9.110) and (9.113) hold, then series (9.125) converges in the

space E (Rn\{0}).
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(iii) Suppose that (9.110), (9.115), and (9.116) are valid. Then series (9.125) con-
verges in E (Rn\{0}) to f ∈ QA(Rn\{0}).

(iv) Let α > 0 and assume that (9.117) and (9.118) hold. Then series (9.125) con-
verges in E (Rn\{0}) to f ∈ Gα(Rn\{0}).

Proof. To prove (i), first observe that

〈Ψλ,0,k,j , ϕ〉 = 1

(−λ2)q

〈

Ψλ,0,k,j ,�
qϕ
〉

(9.126)

for all λ ∈ ZT \{0}, q ∈ Z+, and ϕ ∈ D(Rn\{0}). Having (9.110) in mind, one has

〈Ψλ,η,k,j , ϕ〉 = O
(|λ|−γ

)

as λ → ∞
for each γ > 0 (see Proposition 9.5, (6.24), and (9.126)). Thus, using esti-
mates (9.90) and (9.111), we arrive at (i). The proof of (ii)–(iv) is analogous to
the proof of Propositions 9.18(ii), 9.19, and 9.20, only instead of Proposition 9.7,
one applies Proposition 9.5. 
�



Chapter 10
The Case of Symmetric Spaces X = G/K
of Noncompact Type

The study of transmutation operators on symmetric spaces requires a much more
complicated technique. In this chapter we consider the case of symmetric spaces
X = G/K of noncompact type. Our constructions are based on three main ingre-
dients. The first is the Fourier decomposition on X, the second is the Eisenstein–
Harish-Chandra integrals and their generalizations, and the third is the Helgason–
Fourier transform. These themes and related questions are discussed in Sects.
10.1–10.5. In Sect. 10.6 we define and investigate the transmutation mapping Aδ

associated with the inversion formula for the δ-spherical transform. If rank X = 1,
we can work out our theory from Sect. 10.6 in more explicit and concrete form. This
is done in Sect. 10.8. To apply Aδ to the theory of mean periodic functions on X (see
Part III below), we introduce in Sect. 10.7 the class E ′

��(X) of K-invariant distribu-
tions on X with radial spherical transforms. It follows from the Paley–Wiener the-
orem for the spherical transform that E ′

��(X) is broad enough, and E ′
��(X) = E ′

�(X)

if rank X = 1. We characterize the class E ′
��(X) in terms of the mean value theorem

for eigenfunctions of the Laplace–Beltrami operator on X using the mapping Aδ . In
the case where the group G is complex we give very simple and explicit description
of E ′

��(X) in Theorem 10.17. In Sect. 10.9, for distributions in the class E ′
��(X), we

extend to X the principal results from Sect. 9.5.

10.1 Generalities

Here we list briefly the customary notation and facts from the theory of symmetric
spaces and refer, for example, to Helgason [121–123] for more explicit definitions
and for all unproved statements.

Let X = G/K be a symmetric space of noncompact type, G being a connected
semisimple Lie group with finite center, and K a maximal compact subgroup. Let
o = {K} be the origin in X and denote the action of G on X by (g, x) → gx for
g ∈ G, x ∈ X. The Lie algebras of G and K are respectively denoted by g and k.
The adjoint representations of g and G are respectively denoted by ad and Ad. Let

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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〈 , 〉 be the Killing form of gC, the complexification of g. The form 〈 , 〉 induces a
G-invariant Riemannian structure on X with the corresponding distance function
d(·,·) and the Riemannian measure dx. For 0 � r � R, y ∈ X, we set

BR(y) = {x ∈ X : d(x, y) < R}, BR = BR(o), B+∞ = X,

•
BR(y) = {x ∈ X : d(x, y) � R}, •

BR = •
BR(o),

SR = {x ∈ X : d(o, x) = R}, Br,R = {x ∈ X : r < d(o, x) < R},
•
Br,R = {x ∈ X : r � d(o, x) � R}.

Let D(G) denote the algebra of left-invariant differential operators on G and
D(X) the algebra of G-invariant differential operators on X. The Laplace–Beltrami
operator on X is denoted by L.

Let p be the orthogonal complement of k in g with respect to 〈, 〉, and let a ⊂ p be
any maximal abelian subspace (all such subspaces have the same dimension). The
dimension of a is called the real rank of G and the rank of the space X. We shall
write rank X = dim a.

Let a∗ be the dual of a, and a∗
C

and aC their respective complexifications. If
λ ∈ a∗

C
, λ = ξ + iη, where ξ, η ∈ a∗, we set Re λ = ξ , Im λ = η, λ = ξ − iη. Next,

let Aλ ∈ aC be determined by 〈H,Aλ〉 = λ(H) (H ∈ a) and put

〈λ,μ〉 = 〈Aλ,Aμ〉, λ, μ ∈ a
∗
C
.

For λ ∈ a∗ and P ∈ p, put |λ| = 〈λ, λ〉1/2, |P | = 〈P,P 〉1/2,

gλ = {U ∈ g : [H,U ] = λ(H)U for all H ∈ a},
where [·, ·] is the bracket operation in g. If λ �= 0 and gλ �= {0}, then λ is called a
(restricted) root, and mλ = dim gλ is called its multiplicity. The spaces gλ are called
root subspaces. The set of restricted roots will be denoted by Σ . A root λ ∈ Σ is
called indivisible if cλ ∈ Σ ⇒ c = ±1,±2. Let Σ0 denote the set of indivisible
roots. A point H ∈ a is called regular if λ(H) �= 0 for all λ ∈ Σ . The subset a′ ⊂ a

of regular elements consists of the complement of finitely many hyperplanes, and
its components are called Weyl chambers. Fix a Weyl chamber a+ ⊂ a and let

a
∗+ = {λ ∈ a

∗
C

: Aλ ∈ a
+}.

We call a root positive if it is positive on a+. Let Σ+ denote the set of positive roots;
for α ∈ Σ+, we will also use the notation α > 0 and put Σ+

0 = Σ0 ∩ Σ+. Now
define

ρ = 1

2

∑

α>0

mαα and n =
∑

α>0

gα.

Let exp denote the exponential mapping of g into G. As usual, we set Exp P =
(exp P)K ∈ X for each P ∈ p. Denote by log the inverse of the map exp : a → A.
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Putting N = exp n, A = exp a, and A+ = exp a+, we have the Iwasawa and
Cartan decompositions,

G = KAN, G = KA+K,

where A+ is the closure of A+ in G. The mapping

(k, a, n) → kan (k ∈ K, a ∈ A, n ∈ N)

is an analytic diffeomorphism of the product manifold K ×A×N onto G. If g ∈ G,
we write

g = k(g) exp H(g)n(g) = k1ak2,

where k(g) ∈ K , n(g) ∈ N , H(g) ∈ a, a ∈ A+, are uniquely determined, and
k1, k2 ∈ K . It can be shown that

|H(g)| � d(o, go) for each g ∈ G, (10.1)

and the equality in (10.1) holds if and only if g ∈ KA. This yields

|H(ak)| � |H(ka)| = |log a|, a ∈ A, k ∈ K. (10.2)

Let M and M ′, respectively, denote the centralizer and normalizer of A in K . The
factor group M ′/M is the Weyl group W . Denote by |W | the order of W . We point
out that |W | = 2 if rank X = 1.

Let B = K/M and denote the action of G on B by (g, b) → gb for g ∈ G,
b ∈ B. The mapping (kM, a) → kaK is an analytic diffeomorphism of B × A+
onto an open dense set in G/K , the polar-coordinate decomposition of X. We put

A(gK, kM) = −H
(

g−1k
)

, A(g) = −H
(

g−1), g ∈ G, k ∈ K.

Then exp A(x, b) is the complex distance from o to the horocycle in X through x

with normal b and

A(gx, gb) = A(x, b) + A(go, gb), x ∈ X, g ∈ G, b ∈ B. (10.3)

In particular,

A(kx, b) = A
(

x, k−1b
)

, x ∈ X, k ∈ K, b ∈ B. (10.4)

For all μ ∈ a∗
C

and b ∈ B, the function x → eμ(A(x,b)) is an eigenfunction of each
G-invariant differential operator on X. We point out that

L
(

e(iλ+ρ)(A(x,b))
) = −(〈λ, λ〉 + |ρ|2)e(iλ+ρ)(A(x,b)) (10.5)

if λ ∈ a∗
C

, x ∈ X, b ∈ B.
The Killing form 〈 , 〉 induces Euclidean measures on A, a and a∗. If l = dim A,

we multiply these measures by the factor (2π)−l/2 and thereby obtain invariant mea-
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sures da, dH , and dλ on A, a, and a∗, respectively. Then the Fourier transform

̂f (λ) =
∫

A

f (a)e−iλ(log a) da, f ∈ D(A), λ ∈ a
∗

is inverted by the formula

f (a) =
∫

a∗
̂f (λ)eiλ(log a) dλ, a ∈ A.

We normalize the Haar measure dk on K so that the total measure is 1. The Haar
measures dg on G and dn on N are normalized so that

∫

G

f (gK) dg =
∫

X

f (x) dx, f ∈ L1(X), (10.6)

∫

G

f (g) dg =
∫

KAN

f (kan)e2ρ(log a) dk da dn, f ∈ L1(G). (10.7)

Let Δ be defined on A by

Δ(exp H) = c
∏

α∈Σ+

(

sinh α(H)
)mα , H ∈ a,

the constant c > 0 being determined so that
∫

G

f (g) dg =
∫

K

∫

A+

∫

K

f (k1ak2)Δ(a) dk1 da dk2, f ∈ L1(G). (10.8)

Let db = dkM be the invariant measure on B = K/M defined by
∫

B

f (b) db =
∫

K

f (kM) dk, f ∈ L1(B).

Let O be a nonempty open subset of X. By analogy with the Euclidean case, for
T ∈ E ′(X), we set

r(T ) = inf{r > 0 : supp T ⊂ Br(x) for some x ∈ X},
r0(T ) = inf{r > 0 : supp T ⊂ Br},

OT = {x ∈ X : •
Br(T )(x) ⊂ O

}

.

(10.9)

Let ∗ and × denote the convolutions on a and X, respectively. We recall from
Sect. 1.4 that if f ∈ D′(X) and T ∈ E ′(X), then

〈f × T , u〉 =
〈

T (g2K),

〈

f (g1K),

∫

K

u(g1kg2K) dk

〉〉

, u ∈ D(X). (10.10)

Relations (10.9) and (10.10) show that if T is K-invariant and OT �= ∅, then for
each f ∈ D′(O), the convolution f × T is a well-defined distribution in D′(OT ).
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Let W(O) be an arbitrary subset of D′(O). If O is K-invariant, we shall write
W�(O) for the set of all K-invariant distributions in W(O).

For 0 < R � +∞, we denote BR = {H ∈ a : |H | < R}. Let D′
W(BR), E ′

W(BR),
DW(BR), and Cm

W(BR) with m ∈ Z+ or m = ∞ denote the sets of all W -invariant
distributions in the classes D′(BR), E ′(BR), D(BR), and Cm(BR), respectively.

For the rest of the section, we assume that rank X = 1. Denote by γ the unique
root in Σ+

0 and put

αX = 1

2
(mγ + m2γ − 1), βX = 1

2
(m2γ − 1),

where m2γ = 0 if 2γ �∈ Σ .
Let H0 be the vector in a+ such that γ (H0) = 1. We set

κ = 1/|H0|, ρX = κ(αX + βX + 1).

Notice that
κ = (2mγ + 8m2γ )−1/2.

Let λ ∈ a∗
C

. Writing λ(H0)Aλ = 〈λ, λ〉H0, we deduce

λ(H0)
2 = κ−2〈λ, λ〉, Aλ = κ2H0, (10.11)

whence
〈γ, γ 〉 = κ2. (10.12)

In addition, by (10.11) and (10.12),

〈λ, γ 〉 = λ(Aγ ) = κ2λ(H0).

For t ∈ R
1, we set at = exp(tH0) ∈ A. Then at1+t2 = at1at2 for all t1, t2 ∈ R

1.
Using (10.2), we obtain

d(o, ato) = κ−1|t |, t ∈ R
1. (10.13)

Consider now the function h : X → R
1 defined as follows: if x ∈ X and x = go,

g ∈ G, then h(x)H0 = κ−1A(g). Clearly, the so-defined function h(x) is indepen-
dent of our choice of g such that x = go.

Proposition 10.1.

(i) |h(x)| � d(o, x) for each x ∈ X.
(ii) h(nx) = h(x) for all x ∈ X, n ∈ N .

(iii) h(ao) = κ−1γ (log a) for each a ∈ A.
(iv) h(ax) = h(x) + h(ao) for all x ∈ X, a ∈ A.

Proof. Assertions (i)–(iii) follow immediately from (10.1) and the definition of h.
To prove (iv) write x = n1a1o for some n1 ∈ N and a1 ∈ A. Since A normalizes N ,
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there exists n2 ∈ N such that n2a = an1. Using (ii) and (iii), one has h(ax) =
h(an1a1o) = h(n2aa1o) = h(a1o) + h(ao), which brings us to (iv). ��

Let AX(R) denote the area of SR . A calculation shows that

AX(R) = 21−qπ(p+q+1)/2

�((p + q + 1)/2)κp+q
sinhp(κR) sinhq(2κR), (10.14)

where p = mγ , q = m2γ . If 0 � r < R � +∞ and f ∈ L1(Br,R), then

∫

Br,R

f (x) dx =
∫ R

r

AX(t)

∫

K

f (kaκto) dk dt (10.15)

because of (10.13). To conclude we note that if f ∈ C2(X) and f (x) = F(d(o, x))

for each x ∈ X, then

(Lf )(x) =
(

d2F

dr2
+ A

′
X(r)

AX(r)

dF

dr

)∣

∣

∣

∣

r=d(o,x)

. (10.16)

10.2 Fourier Decompositions on G/K

As in Sect. 1.5, we write ̂K for the set of equivalence classes of finite-dimensional
unitary irreducible representations of K . For each δ ∈ ̂K , denote by Vδ a vector
space (with inner product 〈 , 〉) on which a representation of class δ is realized; let
such a representation also be denoted by δ. Let ̂KM denote the set of elements δ ∈ ̂K
for which

V M
δ = {v ∈ Vδ : δ(m)v = v for all m ∈ M} �= {0}.

We put
d(δ) = dim Vδ, l(δ) = dim V M

δ ,

and fix an orthonormal basis

v1, . . . , vd(δ) of Vδ

such that
v1, . . . , vl(δ) span V M

δ .

As usual, let δ̌ denote the contragredient representation of K on the dual space
V ′

δ = V
δ̌
. We note that if δ ∈ ̂KM , then δ̌ also belongs to ̂KM .

Denote by Hom(Vδ, Vδ) (respectively Hom(Vδ, V
M
δ )) the vector space of linear

maps Vδ → Vδ (respectively Vδ → V M
δ ).

Throughout the section, O is a nonempty open K-invariant subset of X = G/K .
For f ∈ C(O) and δ ∈ ̂K , we define
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f δ(x) = d(δ)

∫

K

f (kx)δ
(

k−1x
)

dk, x ∈ O. (10.17)

Then f is a continuous map from O to Hom(Vδ, Vδ) satisfying

f δ(kx) = δ(k)f δ(x), k ∈ K, x ∈ O.

Next, we set

fδ(x) = Trace
(

f δ(x)
) = d(δ)

∫

K

χ
(

k−1)f (kx) dk, x ∈ O, (10.18)

where χ is the character of δ. If w ∈ D(O), this yields
∫

O
fδ(x)w(x) dx =

∫

O
f (x)(w)δ(x) dx.

We now extend the definition of fδ to distributions by the formula

〈fδ,w〉 = 〈f, (w)δ
〉

, f ∈ D′(O), w ∈ D(O). (10.19)

Proposition 10.2.

(i) If f ∈ D′(O) and u ∈ C∞
� (O), then (uf )δ = ufδ .

(ii) If f ∈ D′(X) and u ∈ E ′(X), then (f × u)δ = fδ × u.
(iii) If f ∈ D′(O) (respectively f ∈ E (O)), then

f =
∑

δ∈̂KM

fδ,

where the series converges unconditionally in D′(O) (respectively E (O)).

Proof. Part (i) is obvious from (10.19). To prove (ii), let w ∈ D(X). We define

ψ1(x, y) =
∫

K

(w)δ(gky) dk

and

ψ2(x, y) =
∫

K

w(gky) dk,

where x = go ∈ X, g ∈ G, y ∈ X. Then

ψ1(x, y) = d(δ)

∫

K

χ
(

τ−1)
∫

K

w(τgky) dk dτ,

and hence
〈

fδ(x), ψ2(x, y)
〉 = 〈f (x), ψ1(x, y)

〉

(10.20)

because of (10.18) and (10.19). Equalities (10.19), (10.18), and (10.10) yield
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〈

(f × u)δ, w
〉 = 〈f × u, (w)δ

〉 = 〈u(y),
〈

f (x), ψ1(x, y)
〉〉

. (10.21)

On the other hand,

〈fδ × u,w〉 = 〈u(y),
〈

fδ(x), ψ2(x, y)
〉〉

.

Combining this with (10.20) and (10.21), we obtain (ii).
For the proof of (iii), we refer the reader to [122, Chap. 5, Theorem 3.1]. ��
Let W(O) be an arbitrary subset of D′(O). For each δ ∈ ̂KM , we define the set

W
δ̌
(O) by letting

W
δ̌
(O) = {f ∈ W(O) : f = fδ}.

If δ is the trivial representation, then W
δ̌
(O) is just the set of all K-invariant distri-

butions in W(O).
Let D′

W(BR, Hom(Vδ, V
M
δ )) denote the set of all matrices u = (uμ,ν) with l(δ)

rows and d(δ) columns whose entries uμ,ν are distributions in D′
W(BR). The classes

E ′
W(BR, Hom(Vδ, V

M
δ )), DW(BR, Hom(Vδ, V

M
δ )), and Cm

W(BR, Hom(Vδ, V
M
δ ))

with m ∈ Z+ or m = ∞ are defined likewise.
Let u ∈ D′

W(BR, Hom(Vδ, V
M
δ )). We set

supp u =
⋃

μ,ν

supp uμ,ν.

If v ∈ E ′(BR), we write u ∗ v for the matrix (uμ,ν ∗ v). Also, for each nonempty
open subset G of BR , we denote by u|G the matrix with entries uμ,ν |G . Similarly, for
an arbitrary ψ ∈ D(BR), denote by 〈u,ψ〉 the matrix with entries 〈uμ,ν, ψ〉. Next,
for u ∈ E ′

W(BR, Hom(Vδ, V
M
δ )), the Euclidean Fourier transform û is the matrix

such that the (μν)th matrix entry of û is ûμ,ν .
For the rest of this section, we suppose that rank X = 1. Here we have Kostant’s

result, l(δ) = 1 (see [123, Chap. 2, Corollary 6.8] and [122, Chap. 5, Theorem 3.5]).
Every x ∈ X\{o} has the expression

x = kato, where k ∈ K, t > 0. (10.22)

Hence, there exists an open subset A+
O in A+ such that

O\{o} = {x = kao : k ∈ K, a ∈ A+
O
}

.

According to results of Sect. 1.5, we associate with each function f ∈ L1,loc(O) its
Fourier decomposition

f (x) ∼
∑

δ∈̂KM

d(δ)
∑

j=1

fδ,j (a)Y δ
j (kM), x = kao ∈ O\{o}, (10.23)

where
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fδ,j (a) = d(δ)

∫

K

f (kao)Y δ
j (kM) dk.

Thanks to the Fubini theorem, fδ,j ∈ L1,loc(A+
O). For δ ∈ ̂KM , i, j ∈ {1, . . . , d(δ)},

we set
f δ,j,i (x) = fδ,j (a)Y δ

i (kM), x ∈ O\{o}. (10.24)

Using (10.24) and (1.80), we obtain

f δ,j,i (x) = d(δ)

∫

K

f
(

τ−1x
)

tδi,j (τ ) dτ, x ∈ O\{o}. (10.25)

This, together with (1.77), shows that
∫

E

∣

∣f δ,j,i(x)
∣

∣ dx �
√

d(δ)

∫

E

|f (x)| dx (10.26)

for each nonempty K-invariant compact subset E of O.
Let us now consider the case of o ∈ O and f ∈ Cm(O) for some m ∈ Z+.

Formula (10.25) ensures us that f δ,j,i can be defined for x = o so that it becomes
a function in the class Cm(O). It what follows when considering expressions on the
left-hand side of (10.25) for f ∈ Cm(O), o ∈ O, we shall assume that they are
extended in O to functions in Cm(O).

Following Sect. 9.1, we now extend the map f → f δ,j,i and decomposition
(10.23) to distributions by the following way. For f ∈ D′(O) and δ ∈ ̂KM , i, j ∈
{1, . . . , d(δ)}, we set

〈

f δ,j,i , w
〉 =
〈

f, d(δ)

∫

K

w
(

τ−1x
)

tδj,i (τ ) dτ

〉

=
〈

f,
(

w
)

δ,j
(a)Y δ

i (kM)
〉

, w ∈ D(O), (10.27)

and associate with f the series

f ∼
∑

δ∈̂KM

d(δ)
∑

j=1

f δ,j , (10.28)

where f δ,j = f δ,j,j .
Relation (10.27) shows that the mapping f → f δ,j,i is a continuous operator

from D′(O) into D′(O) and that

ord f δ,j,i � ord f. (10.29)

Next, let T ∈ E ′(X) be such that the set OT is nonempty. Then (10.10) and (10.27)
give

(f × T )δ,j,i = f δ,j,i × T in OT (10.30)

for each f ∈ D′(O). In particular,
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(

p(L)f
)δ,j,i = p(L)f δ,j,i

for any polynomial p.
To go further, we point out that Y δ

j ∈ RA(K/M). This fact will be proved later

(see, for instance, Corollary 10.1). Now exactly as in the proof of Proposition 9.1 it
follows that for each f ∈ D′(O), the set supp f δ,j,i is K-invariant.

We note also that series (10.28) converges to f in D′(O) (respectively E (O)) for
each f ∈ D′(O) (respectively E (O)).

By analogy with the case of Euclidean space, for an arbitrary set W(O) ⊂
D′(O), we put

Wδ,j (O) = {f ∈ W(O) : f = f δ,j
}

.

Notice that if δ ∈ ̂KM is trivial, then d(δ) = 1 and Wδ,1(O) = W�(O).

10.3 Eisenstein–Harish-Chandra Integrals and Their Rank One
Generalizations

We recall that a function ϕ ∈ C∞(X) is called a spherical function if ϕ is
K-invariant, ϕ(o) = 1, and for each D ∈ D(X), there exists λD ∈ C such that
Dϕ = λDϕ.

The following Harish-Chandra’s result gives a complete description of the set of
all spherical functions on X.

Theorem 10.1. As λ runs through a∗
C

, the functions

ϕλ(gK) =
∫

K

e(iλ+ρ)(A(kg)) dk, g ∈ G, (10.31)

exhaust the class of spherical functions on X. Moreover, two such functions ϕμ and
ϕλ are identical if and only if μ = sλ for some s ∈ W .

The proof of this theorem can be found in Helgason [122], Chap. 4, Theorem 4.3.
The function ϕλ will play an important role later. It satisfies the identity

ϕλ

(

g−1hK
) =
∫

K

e(−iλ+ρ)(A(kg))e(iλ+ρ)(A(kg)) dk, g, h ∈ G, (10.32)

see [122, Chap. 4, Lemma 4.4]. In particular, putting h = e, one has

ϕλ

(

g−1K
) = ϕ−λ(gK), g ∈ G. (10.33)

Furthermore,
Lϕλ = −(〈λ, λ〉 + |ρ|2)ϕλ

because of (10.31) and (10.5).
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For Re(iλ) ∈ a∗+, the behavior of ϕλ at infinity is given by

lim
t→+∞ϕλ(exp tH0)e

(−iλ+ρ)(tH0) = c(λ), (10.34)

where c(λ) is Harish-Chandra’s c-function. This function extends to the meromor-
phic function

c(λ) = c0

∏

α∈∑+
0

2−〈iλ,α0〉�(〈iλ, α0〉)
�( 1

2 ( 1
2mα + 1 + 〈iλ, α0〉))�( 1

2 ( 1
2mα + m2α + 〈iλ, α0〉))

on a∗
C

, where α0 is the normalized root α/〈α, α〉, and the constant c0 is given by the
condition c(−iρ) = 1. Notice that

|c(λ)|2 = c(λ)c(−λ) = |c(sλ)|2, λ ∈ a
∗, s ∈ W. (10.35)

In addition, if Re(iλ) ∈ Cl(a∗+), then

|c(λ)|−1 � γ1 + γ2|λ|p, p = 1

2
dim M, (10.36)

where γ1, γ2 > 0 are independent of λ. If rank X = 1, we have

|c(λ)|−1 � γ3(1 + |λ|)αX+1/2, Re(iλ) ∈ Cl(a∗+), (10.37)

where γ3 > 0 is independent of λ. For a proof of the above results, see Helga-
son [122], Chap. 4, Proposition 7.2.

Next, if the group G is complex, then

ϕλ(Exp P) = J−1/2(P )

∫

K

ei〈Aλ,Ad(k)P 〉 dk, P ∈ p, (10.38)

where J is defined by

J (P ) = det

(

sinh adP

adP

)

(10.39)

(see [122, Chap. 4, Propositions 4.8 and 4.10]). We note also that
∫

X

f (x) dx =
∫

p

f (Exp P)J (P ) dP, f ∈ L1(X) (10.40)

(see [122, Chap. 2, §3, (69)]).
Our concern from now on will be with some generalizations of spherical func-

tions.
Let δ ∈ K̂M and λ ∈ a∗

C
. The mapping Φλ,δ : X → Hom(Vδ, Vδ) given by

Φλ,δ(x) =
∫

K

e(iλ+ρ)(A(x,kM))δ(k) dk (10.41)



280 10 The Case of Symmetric Spaces X = G/K of Noncompact Type

is called the generalized spherical function of class δ. This function is a special case
of Eisenstein integrals considered by Harish-Chandra [107, 109].

If δ is the identity representation, (10.41) shows that Φλ,δ and ϕλ coincide. In the
general case we see from (10.41) that

Φλ,δ(kx) = δ(k)Φλ,δ(x), k ∈ K, x ∈ X, (10.42)

and
Φλ,δ(x)δ(m) = Φλ,δ(x), m ∈ M, x ∈ X.

Next, relations (10.41) and (10.5) yield

LΦλ,δ = −(〈λ, λ〉 + |ρ|2)Φλ,δ

and

Φλ,δ(x)∗ =
∫

K

e(−iλ+ρ)(A(x,kM))δ
(

k−1) dk, (10.43)

where ∗ denotes the adjoint on Hom(Vδ, Vδ).
Following [123, p. 236], denote by S(p∗) the algebra of polynomial functions

on p. Then we have
S(p∗) = I (p∗)H(p∗),

where I (p∗) is the algebra of K-invariant polynomial functions on p, and H(p∗) is
the space of the corresponding harmonic polynomials (see [123, Chap. 3, §2, (8)]).
Let Hδ be the space of h ∈ H(p∗) of type δ, and let S(g) and S(p) denote the
(complex) symmetric algebras over g and p, respectively. Identifying S(p∗) and S(p)

via the Killing form of g, I (p∗), H(p∗) and Hδ become subspaces of S(g). Let H ∗
and H ∗

δ denote the images of H(p∗) and Hδ , respectively, under the symmetrization
mapping of S(g) onto D(G) (see [123, p. 237]). It can be shown that the vector
space

Eδ = HomK

(

Vδ,H
∗
δ

)

of linear maps Vδ → H ∗
δ commuting with the action of K (i.e., δ and Ad) has

dimension l(δ) [123, p. 238].
In view of the Iwasawa decomposition g = a+n+k, one has the following direct

decomposition of the universal enveloping algebra D(G):

D(G) = D(A) ⊕ (nD(G) + D(G)k
)

[123, Chap. 3, §2, (18)]. Let D → qD denote the corresponding projection of D(G)

onto D(A). Since the function

ζλ(g) = e(−iλ+ρ)(A(g)), g ∈ G,

satisfies

ζλ(ngk) = ζλ(g) = ζλ(mg), n ∈ N, k ∈ K, m ∈ M, (10.44)
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we obtain
(Dζλ)(e) = (qDζλ

)

(e) = qD(ρ − iλ). (10.45)

For λ ∈ a∗
C

, now define the linear map

Qδ(λ) : Eδ → V M

δ̌

by the formula

(

Qδ(λ)(ε)
)

(v) = qε(v)(ρ − iλ), ε ∈ Eδ, v ∈ Vδ. (10.46)

The right-hand side in (10.46) is indeed invariant under v → δ(m)v because of
(10.44) and (10.45).

Let ε1, . . . , εl(δ) be any basis of Eδ and, as before, v1, . . . , vl(δ) an orthonormal
basis of V M

δ . For convenience, we shall often represent Qδ(λ) by the l(δ) × l(δ)

matrix
Qδ(λ)i,j = qεj (vi )(ρ − iλ), (10.47)

whose entries are polynomial functions on a∗
C

. Denote by νδ the largest degree of

these polynomials. It is known that det(Qδ(λ)) �≡ 0 for each δ ∈ K̂M (see [123,
p. 240]). If we change the basis (εj ) to another one (ηξ ), where

ηξ =
l(δ)
∑

j=1

cj,ξ εj ,

then the matrix Qδ(λ) changes to Qδ(λ)C with C = (cj,ξ ).

There exists a simple relationship between Qδ̌(λ) and Qδ(λ), which is best ex-
pressed in the matrix form (10.47). Corresponding to the direct decomposition

D(G) = D(G)R + iD(G)R,

where D(G)R is the set of operators in D(G) with real coefficients, consider the
conjugation

D → D, D ∈ D(G).

It can be shown that (H ∗)− = H ∗ and (H ∗
δ )− = H ∗

δ̌
[123, p. 255]. For ε ∈ Eδ ,

define the map ε′ : V
δ̌

→ H ∗ by

ε′(v′) = ε(v)−, v ∈ Vδ.

Then ε → ε′ is a complex-linear bijection of Eδ onto E
δ̌
, and relative to the bases

(vi), (v′
i ), (εj ), (ε′

j ) it follows that

Qδ̌(λ)i,j = (Qδ
(−λ
)

i,j

)−
,

see [123, Chap. 3, Lemma 3.6].
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We now record one theorem which will be used later.

Theorem 10.2. Let a ∈ A, λ ∈ a∗
C

, and s ∈ W . Then

Φλ,δ(ao)Qδ̌(λ) = Φsλ(ao)Qδ̌(sλ)

and
Qδ̌(λ)−1Φλ,δ(ao)∗ = Qδ̌(sλ)−1Φsλ,δ(ao)∗. (10.48)

Moreover, both sides in (10.48) are holomorphic on all of a∗
C

; in other words,

Φλ,δ(ao)∗ is divisible by Qδ̌(λ).

The proof of Theorem 10.2 is contained in [123, p. 289].
For the rest of the section, we suppose rank X = 1. Let us introduce the function

ϕλ,δ(x) =
∫

K

e(−iλ+ρ)(A(x,kM))Y δ
1 (kM) dk, x ∈ X, λ ∈ a

∗
C
, δ ∈ K̂M.

The basic properties of ϕλ,δ are worth studying. To begin with, we quote a result
that determines ϕλ,δ in terms of the Jacobi function of the first kind (see Sect. 7.2).

As usual, let γ be the single root in Σ+
0 and γ0 = γ /〈γ, γ 〉. We determine

H0 ∈ a∗
C

by γ (H0) = 1 and put at = exp tH0 ∈ A+ for t � 0.

Theorem 10.3. For each δ ∈ ̂KM , there exist unique numbers s(δ), s1(δ) ∈ Z+
such that

ϕλ,δ(ato) = Rδ(λ)(sinh t)s(δ)(cosh t)s1(δ)ϕ
(ξ,η)

λ(H0)
(t), t � 0,

where
ξ = s(δ) + αX, η = s1(δ) + βX, (10.49)

Rδ(λ) = �(αX + 1)

�(ξ + 1)
pδ(λ)qδ(λ), (10.50)

and pδ and qδ are given by

pδ(λ) = �( 1
2 (s(δ) + s1(δ) + 〈iλ + ρ, γ0〉))

�( 1
2 〈iλ + ρ, γ0〉)

, (10.51)

qδ(λ) = �( 1
2 (s(δ) − s1(δ) + 〈iλ + ρ, γ0〉) − βX)

�( 1
2 〈iλ + ρ, γ0〉 − βX)

. (10.52)

In addition, if δ is identity representation, then s(δ) = s1(δ) = 0 and

ϕλ,δ(x) = ϕλ(x), x ∈ X.

The proof of Theorem 10.3 can be found in [123, p. 344] and [120].
Denote by P the set of all pairs (s(δ), s1(δ)) when δ runs through ̂KM . This set

can be described in the following way [120]:
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P =
{

{(p, q) : p ∈ Z+, q = 0} if m2γ = 0,

{(p, q) : p, q ∈ Z+ and p ± q ∈ 2Z+} if m2γ > 0.

This, together with (10.50)–(10.52), shows that if m2γ > 0, then pδ and qδ are
polynomials. Furthermore, if m2γ = 0, then Rδ is the polynomial

Rδ(λ) = �(αX + 1)�(s(δ) + 〈iλ + ρ, γ0〉)
2s(δ)�(ξ + 1)�(〈iλ + ρ, γ0〉) , (10.53)

see [123, p. 245].
It follows by Theorem 10.3 that

ϕ−λ,δ(ao) = ϕλ,δ(ao), a ∈ A. (10.54)

For future use, we note also that

ϕλ,δ(ao)Rδ(−λ) = ϕ−λ,δ(ao)Rδ(λ), a ∈ A. (10.55)

Proposition 10.3. If a ∈ A, τ ∈ K , and j ∈ {1, . . . , d(δ)}, then

ϕλ,δ(ao)Y δ
j (τM) =

∫

K

e(iλ+ρ)(A(τao,kM))Y δ
j (kM) dk

=
∫

K

e(iλ+ρ)(A(kao,τM))Y δ
j (kM) dk.

Proof. The first equality was obtained in [123, Chap. 3, Lemma 11.1]. The second
relation reduces to this one by means of (10.54) and Proposition 10.2(iii). ��
Corollary 10.1. Let R > 0 and f ∈ RA�(−Rκ,Rκ). Then the function

x → t s(δ)f (t)Y δ
j (kM), x = kato ∈ BR\{o},

is in the class RA(BR\{o}). Moreover, this function admits real analytic extension
to o.

Proof. It follows by Proposition 10.3 that for each λ ∈ a∗
C

, the function

x → ϕλ,δ(ato)Y δ
j (kM), x ∈ X\{o},

is in RA(X\{o}) and admits real analytic continuation to o (see [122, Chap. 4, the
proof of Lemma 2.1]). In addition, ϕλ ∈ RA(X) for all λ ∈ a∗

C
. Using now Theo-

rem 10.3, we arrive at the desired statement. ��
Next, let μ ∈ C, ν ∈ Z+, and

� = �(μ, ν) =
{

ν if μ �= 0,

2ν if μ = 0.
(10.56)
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Assume that δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and let ξ, η denote the numbers deter-
mined in Theorem 10.3. Having (10.22) and (10.49) in mind, we define

Φμ,ν,δ,j (x) =
(

∂

∂z

)�

Φz,0,δ,j (x)

∣

∣

∣

∣

z=μ

, x ∈ X\{o}, (10.57)

where

Φz,0,δ,j (x) = (sinh t)s(δ)(cosh t)s1(δ)ϕ
(ξ,η)
z/κ (t)Y δ

j (kM). (10.58)

Furthermore, we put

Φμ,ν,δ,j (o) =
{

1 if ν = 0 and δ is trivial,

0 otherwise.
(10.59)

Relations (10.57)–(10.59) and Corollary 10.1 ensure us that Φμ,ν,δ,j ∈ RA(X). If δ

is trivial and j = 1, we shall write Φμ,ν,triv instead of Φμ,ν,δ,j . We point out that

Φμ,0,triv = ϕλ,

where λ ∈ a∗
C

and λ(H0) = μ/κ .
Suppose now that iμ/κ /∈ N and define

Ψμ,ν,δ,j (x) =
(

∂

∂z

)�

Ψz,0,δ,j (x)

∣

∣

∣

∣

z=μ

, x ∈ X\{o}, (10.60)

where

Ψz,0,δ,j (x) = (sinh t)s(δ)(cosh t)s1(δ)Φ
(ξ,η)
z/κ (t)Y δ

j (kM), (10.61)

and Φ
(ξ,η)
z/κ is determined by (7.17).

The following result is the analog of Theorem 9.1.

Theorem 10.4.

(i) If q ∈ Z+ then

LqΦ0,ν,δ,j = (−1)q
ν
∑

l=max{0,ν−q}

(

2ν

2l

)(

q

ν − l

)

(2ν − 2l)!ρ2(q−ν+l)
X Φ0,l,δ,j

and

(

L + ρ2
X

)q
Φ0,ν,δ,j =

{

(−1)q(−2ν)2qΦ0,ν−q,δ,j if q � ν,

0 if q > ν.
(10.62)

Moreover, for the functions Ψ0,ν,δ,j , the same relations are true in X\{o}.
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(ii) If q ∈ Z+ and μ ∈ C\{0}, then

LqΦμ,ν,δ,j

= (−1)q
ν
∑

m=max{0,ν−2q}

∑

ν−m
2 �l�q

(

ν

m

)(

q

l

)

(2l)!ρ2(q−l)
X μ2l−ν+m

(2l − ν + m)! Φμ,m,δ,j ,

(10.63)

(

L + ρ2
X

)q
Φμ,ν,δ,j = (−1)q

min{ν,2q}
∑

l=0

(

l

ν

)

(2q)!
(2q − l)!μ

2q−lΦμ,ν−l,δ,j , (10.64)

and

(

L + ρ2
X + μ2)qΦμ,ν,δ,j

=
ν
∑

l=max{0,ν−2q}

ν!22q−ν+l (−q)2q−ν+l

l!(2q − ν + l)! (−1)q+l−νμ2q−ν+lΦμ,l,δ,j .

In addition, for the functions Ψμ,ν,δ,j , the same formulae are valid in X\{o},
provided that iμ/κ /∈ Z+.

(iii) If iμ/κ /∈ N and δ is identity representation, then Ψμ,0,δ,1 ∈ L1,loc(X) and

(

L + ρ2
X + μ2)Ψμ,0,δ,1 = iμ2αX+βX−1−iμ/κπαX+1κ−1−2αX�(−iμ/κ)δ0

�( 1
2 (ρX − iμ/κ))�( 1

2 (αX − βX + 1 − iμ/κ))
,

where δ0 is the Dirac measure supported at origin.

Proof. It follows by (10.58) and (7.12) that

(

L + ρ2
X + μ2)Φμ,0,δ,j = 0 in X

for each μ ∈ C (see [123, p. 346]). Similarly, the corresponding relation in which
Φμ,0,δ,j is replaced by Ψμ,0,δ,j is valid in X\{o}, provided that iμ/κ /∈ N

(see (10.61) and (7.12)). Hence,

LqΦμ,ν,δ,j =
(

∂

∂z

)�
((−ρ2

X − z2)qΦz,0,δ,j

)

∣

∣

∣

∣

z=μ

and
(

L + ρ2
X

)q
Φμ,ν,δ,j =

(

∂

∂z

)�
((−z2)qΦz,0,δ,j

)

∣

∣

∣

∣

z=μ

,

where � is given by (10.56). Similar relations for the functions Ψμ,ν,δ,j hold in
X\{o} if iμ/κ /∈ N. Now assertions (i) and (ii) follow just like the analogous state-
ments in Theorem 9.1.
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To prove (iii), first observe that Ψμ,0,δ,1 ∈ L1,loc(X) by virtue of (10.61), (10.14),
(10.15), and Proposition 7.5(iv). Let f ∈ D(X) and

f �(x) =
∫

K

f (kx) dk, x ∈ X.

Then f � ∈ D�(X) and f �(o) = f (o). For each r � 0, now define

u(r) = f �(x) where d(o, x) = r.

Using (10.15) and (10.16), we see that

〈LΨμ,0,δ,1, f 〉 = 〈Ψμ,0,δ,1, Lf �
〉

= lim
ε→0

∫

X\Bε

Ψμ,0,δ,1(x)
(

Lf �
)

(x) dx

= lim
ε→0

∫ ∞

ε

Φ
(αX,βX)
μ/κ (κr)

d

dr

(

AX(r)
d

dr
u(r)

)

dr.

Integrating by parts twice, we get

〈LΨμ,0,δ,1, f 〉 = −(ρ2
X + μ2)〈Ψμ,0,δ,1, f 〉

+ lim
ε→0

AX(ε)

(

u(ε)
d

dr
Φ

(αX,βX)
μ/κ (κr)

∣

∣

∣

∣

r=ε

−Φ
(αX,βX)
μ/κ (κε)u′(ε)

)

,

which, together with (10.14) and Proposition 7.5(iv), yields (iii). ��
Corollary 10.2. If μ ∈ C, then

(

L + ρ2
X + μ2)ν+1

Φμ,ν,δ,j = 0 in X.

In addition, if iμ/κ /∈ N, then

(

L + ρ2
X + μ2)ν+1

Ψμ,ν,δ,j = 0 in X\{o}.
Proof. This is immediate from Theorem 10.4(i), (ii). ��
Proposition 10.4. Let {μ1, . . . , μm} be a set of complex numbers such that iμl/κ /∈
N for each l ∈ {1, . . . , m} and the numbers μ2

1, . . . , μ
2
m are distinct. Suppose that

O is a nonempty open subset of X and let p ∈ Z+. Then the following statements
are valid.

(i) If o /∈ O and

m
∑

l=1

p
∑

ν=0

αl,νΦμl,ν,δ,j + βl,νΨμl,ν,δ,j = 0 in O

for some αl,ν, βl,ν ∈ C, then αl,ν = βl,ν = 0 for all l, ν.
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(ii) If o ∈ O and there is f ∈ C∞(O) such that

f =
m
∑

l=1

p
∑

ν=0

γl,νΨμl,ν,δ,j in O\{o}

for some γl,ν ∈ C, then γl,ν = 0 for all l, ν.

Proof. To show (i), first assume that m = 1 and μ1 = 0. If p = 0, the required
statement is obvious from (7.15) and Proposition 7.5(iv). The case p > 0 reduces to
this one in view of (10.62) and the corresponding relation for the functions Ψ0,ν,δ,j .
The rest of the proof of (i) follows analogously to that of Proposition 9.3(i).

Assertion (ii) can be proved in the same way as Proposition 9.3(ii) with attention
to Proposition 7.5(iv) and Theorem 10.4(i), (ii). ��

Important information concerning the asymptotic behavior of Φμ,ν,δ,j is con-
tained in the following propositions.

Proposition 10.5. Let 0 < ε < R, k ∈ K , at ∈ A+, x = kato ∈ Bε,R , and let
μ ∈ C, Re μ � 0, θ > 2. Suppose that ν ∈ Z+ and t |μ| > θν. Then

Φμ,ν,δ,j (x) = γ Y δ
j (kM)

(

cos(tμ/κ − π(2ξ − 2ν + 1)/4)

(μ/κ)ξ+1/2

+ O
(

e|Im μ|t/κ (1 + ν)|μ|−ξ−3/2)
)

,

where ξ is defined by (10.49),

γ = 2ξ+1/2�(ξ + 1)(t/κ)ν√
π(sinh t)αX+1/2(cosh t)βX+1/2

,

and the constant in O depends only on ε, R, θ , δ.

The proof follows from (10.57), (10.58), (7.20), and Proposition 6.13.
To continue, for t > 0, μ ∈ C\{0}, Im μ � 0, ν ∈ Z+, we set

ϕ(μ, ν, t) = 2−s(δ)−s1(δ)cξ,η(μ)

(

it

κ

)ν

exp

(

(iμ − ρX)t

κ

)

and

ψ(ν, t) = 21−s(δ)−s1(δ)

(2ν + 1)κ2ν
(it)ν+1 exp

(−ρXt

κ

)

(

zcξ,η(z)|z=0
)

,

where ξ , η, cξ,η are determined by (7.24) and (10.49).

Proposition 10.6. Let k ∈ K , at ∈ A+, and x = kato ∈ X. Assume that μ ∈ C\{0},
Im μ � 0, ν ∈ Z+. Then

Φμ,ν,δ,j (x) = Y δ
j (kM)
(

ϕ(μ, ν, t)
(

1 + O
(

t−1))

+ (−1)νϕ(−μ, ν, t)
(

1 + O
(

t−1))) as t → +∞.
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In addition,

Φ0,ν,δ,j (x) = Y δ
j (kM)ψ(ν, t)

(

1 + O
(

t−1)) as t → +∞.

The proof is obvious from (10.57), (10.58), and Corollary 7.1.
We end the consideration by presenting some results similar to Propositions 9.5–

9.7.

Proposition 10.7. Let R > 0, ε ∈ (0, 1), μ ∈ C, ν, q ∈ Z+. Then the following
assertions hold.

(i) If ν < R|μ|ε, then for each differential operator D of order q on X,

‖DΦμ,ν,δ,j‖
C(

•
BR)

� γ1
√

1 + ν(1 + |μ|)q−s(δ)RνeR|Im μ|, (10.65)

where γ1 > 0 is independent of μ, ν.
(ii) If ν < R|μ|ε, then

∥

∥LqΦμ,ν,δ,j

∥

∥

C(
•
BR)

� γ2
√

1 + ν(1 + ρX)2q(1 + |μ|)2q−s(δ)Rν

× exp

(

R|Im μ| + 2qν

|μ|
)

,

where γ2 > 0 is independent of μ, ν, q.
(iii) If x ∈ •

BR , μ �= 0, and q ∈ N, then

(

L + ρ2
X

)q
Φμ,ν,δ,j (x) = (−1)q(2q)νμ2q−ν

(

Φμ,0,δ,j (x) + O
(

q−1)),

where the constant in O is independent of q, x.

Proof. To prove (i) there is no loss of generality in assuming Rδ(λ) �= 0, where
λ ∈ a∗

C
is such that λ(H0) = μ. By virtue of Theorem 10.3 and Proposition 10.3,

Φμ,0,δ,j (x) = 1

Rδ(λ)

∫

K

e(iλ+ρ)(A(x,τM))Y δ
j (τM) dτ, x ∈ X. (10.66)

Then there exist functions fl ∈ C∞(X × K), l ∈ {0, . . . , q}, such that

DΦμ,0,δ,j (x) =
∫

K

Y δ
j (τM)

q
∑

l=0

((iλ + ρ)(A(x, τM)))l

Rδ(λ)

× e(iλ+ρ)(A(x,τM))fl(x, τ ) dτ.

Applying (10.1) and taking (10.50)–(10.52) into account, one has

|DΦμ,0,δ,j (x)| � γ3(1 + |μ|)q−s(δ)eR|Im μ|, x ∈ •
BR,

where γ3 > 0 is independent of x, μ. Now Proposition 6.11 leads us to (i).
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Turning to (ii), let

Mμ,ν(R) = max
0�m�ν

‖Φμ,m,δ,j‖
C(

•
BR)

. (10.67)

Relation (10.63) yields

∥

∥LqΦμ,ν,δ,j

∥

∥

C(
•
BR)

� Mμ,ν(R)

q
∑

l=0

(

q

l

)

ρ
2(q−l)
X

ν
∑

m=0

(

ν

m

)(

2q

|μ|
)ν−m

|μ|2q

� Mμ,ν(R)(1 + ρX)2q(1 + |μ|)2q

(

1 + 2q

|μ|
)ν

.

This, together with (10.67) and (10.65), gives (ii). Part (iii) results from using
(10.64), and we are done. ��
Proposition 10.8. Let 0 < r < R, μ ∈ C, iμ/κ /∈ N, ν, q ∈ Z+, ε ∈ (0, 1).

(i) If Im μ � 0 and ν � R|μ|ε, then for each differential operator D of order q

on X,

‖DΨμ,ν,δ,j‖
C(

•
Br,R)

� γ1
√

1 + ν(1 + |μ|)qRνeR|Im μ|, (10.68)

where γ1 > 0 is independent of μ, ν.
(ii) If Im μ � 0 and ν � R|μ|ε, then

∥

∥LqΨμ,ν,δ,j

∥

∥

C(
•
Br,R)

� γ2
√

1 + ν(1 + ρX)2q(1 + |μ|)2qRν

× exp

(

R|Im μ| + 2qν

|μ|
)

,

where γ2 > 0 is independent of μ, ν, q.
(iii) If x ∈ •

Br,R , iμ/κ /∈ Z+, and q ∈ N, then

(

L + ρ2
X

)q
Ψμ,ν,δ,j (x) = (−1)q(2q)νμ2q−ν

(

Ψμ,0,δ,j (x) + O
(

q−1)),

where the constant in O is independent of q, x.
(iv) If k ∈ K , at ∈ A+, and x = kato ∈ X, then

Ψμ,ν,δ,j (x) = 2−s(δ)−s1(δ)Y δ
j (kM)

(

it

κ

)�

exp

(

(iμ − ρX)t

κ

)

(

1 + O
(

t−1))

as t → +∞.

Proof. Regarding (i), first assume that

μ ∈
{

z ∈ C : Im z � − ε√
1 − ε2

|Re z|
}
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(we do not yet suppose that Im μ � 0). Owing to (10.61) and (7.22),

Ψμ,0,δ,j (x) = Y δ
j (kM)

∞
∑

m=0

Γm(μ)e(iμ−ρX−m)t (sinh t)s(δ)(cosh t)s1(δ)

for all x ∈ X\{o}. Then there are functions fl,m ∈ C∞(X\{o}), l ∈ {0, . . . , q},
m ∈ Z+, such that

DΨμ,0,δ,j (x) =
q
∑

l=0

∞
∑

m=0

Γm(μ)(iμ − ρX − m)le(iμ−ρX−m)tfl,m(x).

Using (7.21) and (10.13) for x ∈ •
Br,R , we obtain

|DΨμ,0,δ,j (x)| � γ3(1 + |μ|)qeR|Im μ|,

where γ3 > 0 is independent of x, μ. Therefore, part (i) is a consequence of Propo-
sition 6.11.

The proof of (ii) and (iii) now completely reproduces the proof of Proposi-
tion 10.7(ii), (iii). Finally, part (iv) immediately follows from (10.60), (10.61),
and (7.23). ��

10.4 The Helgason–Fourier Transform ˜f (λ, b)

For any distribution f ∈ E ′(X), we define the Fourier transform ˜f by letting

˜f (λ, b) = 〈f, e(−iλ+ρ)(A(x,b))
〉

, λ ∈ a
∗
C
, b ∈ B. (10.69)

This transform was introduced by Helgason [116].
Using (10.69) and (10.4), we obtain

f̃ ◦ k(λ, b) = ˜f (λ, kb) for each k ∈ K. (10.70)

In particular, if f is K-invariant, then the right-hand side of (10.70) is independent
of k. Integrating it over k, we see from (10.31) that

˜f (λ, b) = 〈f, ϕ−λ(x)
〉

(10.71)

for all f ∈ E ′
�(X), (λ, b) ∈ a∗

C
×B. We write ˜f (λ) for the right-hand side of (10.71).

This function is called the spherical transform of f ∈ E ′
�(X). Thus, the trans-

form (10.69) is an extension of the spherical transform from K-invariant compactly
supported distributions to arbitrary distributions in E ′(X).

We now establish some elementary properties of the Fourier transform.



10.4 The Helgason–Fourier Transform ˜f (λ, b) 291

Proposition 10.9.

(i) If f ∈ E ′(X) and T ∈ E ′
�(X), then

f̃ × T (λ, b) = ˜f (λ, b)˜T (λ). (10.72)

In particular,

p̃(L)f (λ, b) = p
(−〈λ, λ〉 − |ρ|2) ˜f (λ, b) (10.73)

for each polynomial p.
(ii) Let m ∈ Z+, f ∈ Cm(X), and assume that supp f ⊂ •

BR for some R > 0. Then
∣

∣ ˜f (λ, b)
∣

∣ < c(1 + |λ|)−meR|Im λ|, (10.74)

where the constant c > 0 is independent of λ, b. In addition, if m is even, then

∣

∣ ˜f (λ, b)
∣

∣ � eR(|Im λ|+|ρ|)

|〈λ, λ〉 + |ρ|2|m/2

∫

BR

∣

∣Lm/2f (x)
∣

∣ dx (10.75)

for all (λ, b) ∈ a∗
C

× B such that 〈λ, λ〉 �= −|ρ|2.

Proof. To prove (i), assume that x ∈ X and g ∈ G. By (10.3) we have

A(gx, b) = A(go, b) + A
(

x, u−1M
)

,

where u ∈ K is independent of x. This, together with (10.10), yields
〈

(f × T )(x), e(−iλ+ρ)(A(x,b))
〉

= 〈T (x),
〈

f (go), e(−iλ+ρ)(A(go,b))e(−iλ+ρ)(A(x,u−1M))
〉〉

.

Since T is K-invariant, relation (10.72) is obvious from (10.4).
Assume now that T = p(L)δ0, where δ0 is the Dirac measure supported at origin.

Because the Laplace–Beltrami operator is self-adjoint, by (10.5) we find ˜T (λ) =
p(−〈λ, λ〉 − |ρ|2). In view of (10.72), this gives (10.73).

As for (ii), first observe that for each k ∈ K ,

˜f (λ, kM) =
∫

N

∫

A

f (knao)e(−iλ−ρ)(log a) da dn (10.76)

(see (10.69), (10.6), and (10.7)). By assumption on f the function

(k, n, a) → f (knao)e−ρ(log a)

is in the class Cm
c (K×N ×A). Bearing in mind (10.1) and (10.2) and integrating the

integral over A in (10.76) by parts, we arrive at estimate (10.74). Finally, if m ∈ Z+
is even, then inequality (10.75) is an easy consequence of (10.73) and (10.1). ��

We now turn to the problem of inverting the Fourier transform.
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Theorem 10.5. Let f ∈ Cm
c (X) with m = dim M + rank X +1. Then for all x ∈ X,

the following equality holds:

f (x) = 1

|W |
∫

a∗

∫

B

e(iλ+ρ)(A(x,b))
˜f (λ, b)|c(λ)|−2 dλ db. (10.77)

Proof. For f ∈ D(X), the proof of (10.77) can be found in [123, Chap. 3, Theo-
rem 1.3]. Next, for each ε > 0, let ηε ∈ D�(X) be nonnegative, with

∫

X
ηε(x) dx = 1

and supp ηε ⊂ •
Bε. Then

η̃ε(λ) = 1 +
∫

Bε

ηε(x)
(

ϕ−λ(x) − 1
)

dx.

Given a compact set U ⊂ a∗
C

and ζ > 0, there exists ε > 0 such that |ϕ−λ(x) − 1|
< ζ for d(o, x) < ε, λ ∈ U. Thus, if ε → 0, then η̃ε → 1 uniformly on compact
sets. In addition, using (10.75), we see that

∣

∣η̃ε(λ)
∣

∣ � eε|ρ| for all λ ∈ a
∗, ε > 0. (10.78)

If f ∈ Cm
c (X), then f × ηε ∈ D(X), and we have (10.77) for f × ηε instead of f .

Observe that f̃ × ηε(λ, b) = ˜f (λ, b)̃ηε(λ) (see (10.72)) and suppose that ε → 0.
Applying (10.74), (10.78), and (10.36), by Lebesgue’s dominated convergence the-
orem we obtain (10.77) in the general case. ��
Remark 10.1. The proof of Theorem 10.5 shows that if f ∈ E ′(X), m = dim M +
rank X + 1, and

sup
(λ,b)∈a∗×B

(1 + |λ|)l+m
∣

∣ ˜f (λ, b)
∣

∣ < +∞ for some l ∈ Z+,

then f ∈ Cl
c(X) and (10.77) holds. For the rank one case, this is valid, provided that

m = 2αX + 3 (see (10.37)).

Remark 10.2. Assume that f ∈ (Cm∩E ′
�)(X) for m = dim M+rank X+1. Because

of (10.31), equality (10.77) can be written

f (x) = 1

|W |
∫

a∗
˜f (λ)ϕλ(x)|c(λ)|−2 dλ, x ∈ X.

Let us now consider the Plancherel formula for the Fourier transform.

Theorem 10.6. The Fourier transform defined on Cc(X) by (10.69) extends to an
isometry of L2(X) onto L2(a∗+ × B) (with the measure |c(λ)|−2 dλ db on a∗+ × B).
Moreover,

∫

X

f1(x)f2(x) dx = 1

|W |
∫

a∗×B

˜f1(λ, b)˜f2(λ, b)|c(λ)|−2 dλ db

for all f1, f2 ∈ L2(X).
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For the proof, we refer the reader to [123, p. 227].

Corollary 10.3. Let ηn ∈ L2(X), n = 1, 2, . . . , and assume that for almost all
(λ, b) ∈ a∗ × B (with respect to the measure dλ db on a∗ × B), the following
assumptions are satisfied:

(1) η̃n(λ, b) → 1 as n → ∞;
(2) |ηn(λ, b)| � (2 + |λ|)c, where the constant c > 0 is independent of n, λ, b.

Then 〈ηn, ψ〉 → ψ(o) as n → ∞ for any ψ ∈ D(X).

Proof. Let ψ ∈ D(X). It follows by (10.36) and Proposition 10.9(ii) that for each
m ∈ Z+, there exists cm > 0 such that

∣

∣˜ψ(λ, b)
∣

∣|c(λ)|−2 � cm(1 + |λ|)−m

for all (λ, b) ∈ a∗ × B. Applying Theorem 10.6, by Lebesgue’s dominated conver-
gence theorem and (10.77) we arrive at the desired result. ��

We shall now give an explicit description of the ranges D(X)˜ and E ′(X)˜ of
D(X) and E ′(X), respectively, under the Fourier transform.

Assume that R � 0. Let HR(a∗
C

×B) denote the set of all C∞ functions ψ(λ, b)

on a∗
C

× B, holomorphic in λ and satisfying

sup
λ∈a∗

C
,b∈B

e−R|Im λ|(1 + |λ|)α|ψ(λ, b)| < ∞ for each α > 0. (10.79)

We set H(a∗
C

× B) =⋃R�0 HR(a∗
C

× B). Also H(a∗
C

× B)W denotes the set of all
functions ψ ∈ H(a∗

C
× B) satisfying

∫

B

e(isλ+ρ)(A(x,b))ψ(sλ, b) db =
∫

B

e(iλ+ρ)(A(x,b))ψ(λ, b) db (10.80)

for all s ∈ W , λ ∈ a∗
C

, x ∈ X. Next, let HR(a∗
C

× B) denote the set of all C∞
functions ψ(λ, b) on a∗

C
× B, holomorphic in λ and satisfying

|ψ(λ, b)| � γ1(1 + |λ|)γ2 eR|Im λ|, λ ∈ a
∗
C
, b ∈ B, (10.81)

with constants γ1 > 0, γ2 ∈ R
1 independent of λ and b. We define

H
(

a
∗
C

× B
) =
⋃

R�0

HR
(

a
∗
C

× B
)

and denote by H(a∗
C
×B)W the set of all functions ψ ∈ H(a∗

C
×B) satisfying (10.80)

for all s ∈ W , λ ∈ a∗
C

, x ∈ X. Also let HW(a∗
C
) and HW(a∗

C
) be the spaces of

functions in H(a∗
C

× B) and H(a∗
C

× B), respectively, constant in b ∈ B and W -
invariant in λ ∈ a∗

C
.

The following result is an analog of Theorem 6.3.
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Theorem 10.7. Let F denote the mapping f → ˜f . Then the following assertions
hold.

(i) F is a bijection of D(X) onto H(a∗
C

× B)W . Furthermore, if f ∈ D(X), then

the function ψ = ˜f satisfies (10.79) if and only if supp f ⊂ •
BR . In particular,

F is a bijection of D�(X) onto HW(a∗
C
).

(ii) F is a bijection of E ′(X) onto H(a∗
C

× B)W . Moreover, for f ∈ E ′(X), the

function ψ = ˜f satisfies (10.81) if and only if supp f ⊂ •
BR . In particular, F is

a bijection of E ′
�(X) onto HW(a∗

C
).

The proof of this theorem can be found in [123, pp. 270, 281].

10.5 Action of ˜f (λ, b) on the Space E ′
δ̌
(X)

As mentioned in the previous section, the Fourier transform ˜f (λ, b) of f ∈ E ′
�(X)

is independent of b. In this section we shall investigate the Fourier transform on the
spaces E ′

δ̌
(X), δ ∈ ̂KM .

Let f ∈ E ′
δ̌
(X). By (10.18) we see that (10.69) can be written

˜f (λ, kM) = d(δ)

〈

f,

∫

K

e(−iλ+ρ)(A(x,τK))χ
(

kτ−1) dτ

〉

, λ ∈ a
∗
C
, k ∈ K.

(10.82)
This leads to the following definition of the δ-spherical transform.

For f ∈ E ′
δ̌
(X), the δ-spherical transform ˜f is defined by

˜f (λ) = d(δ)
〈

f,Φλ̄,δ(x)∗
〉

, λ ∈ a
∗
C
. (10.83)

If δ is the trivial representation, (10.43) shows that f → ˜f is just the spherical
transform of K-invariant distributions. In the general case, δ(m)˜f (λ) = ˜f (λ) for
all m ∈ M , λ ∈ a∗

C
. In addition, formulae (10.82), (10.83), and (10.43) yield

˜f (λ) = d(δ)

∫

K

˜f (λ, kM)δ
(

k−1) dk, λ ∈ a
∗
C
, (10.84)

and
˜f (λ, kM) = Trace

(

δ(k)˜f (λ)
)

, λ ∈ a
∗
C
, k ∈ K. (10.85)

Thus, we conclude from (10.84) and Theorem 10.7(ii) that ˜f belongs to the space
of entire functions on a∗

C
with values in Hom(Vδ, V

M
δ ). By Theorem 10.7(ii)

and (10.85) we infer that the δ-spherical transform is injective on E ′
δ̌
(X). Further-

more, (10.84), together with Theorem 10.6, defines ˜f on a∗ for each f ∈ L2
δ̌
(X).

Now we shall obtain the inversion formula and the Plancherel formula for the
δ-spherical transform.
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Theorem 10.8.

(i) Let f ∈ (E ′
δ̌
∩ Cm)(X) for m = dim M + rank X + 1. Then

f (x) = 1

|W | Trace

(∫

a∗
Φλ,δ(x)˜f (λ)|c(λ)|−2 dλ

)

for all x ∈ X. (10.86)

(ii) For each f ∈ L2
δ̌
(X),

∫

X

|f (x)|2 dx = 1

|W |d(δ)

∫

a∗
Trace
(

˜f (λ)˜f (λ)∗
)|c(λ)|−2 dλ, (10.87)

where ∗ denotes adjoint on Vδ .

Proof. Equality (10.86) follows immediately from Theorem 10.5 and (10.85). On
the other hand, (10.85), together with the orthogonality relations, implies

d(δ)

∫

K

∣

∣ ˜f (λ, kM)
∣

∣

2 dk = Trace
(

˜f (λ)˜f (λ)∗
)

on a
∗

for each f ∈ L2
δ̌
(X). Then by Theorem 10.5 we obtain (10.87). ��

To state the analog of Theorem 10.7 for the δ-spherical transform, it will be most

convenient to think of Hom(Vδ, V
M
δ ) in terms of d(δ)×l(δ) matrices. Then Qδ̌(λ) is

an l(δ)× l(δ) matrix whose entries are polynomial functions on a∗
C

(see Sect. 10.3).
Assume that R � 0. Denote by HR,δ(a∗

C
) the set of all entire functions ψ on a∗

C

with values in Hom(Vδ, V
M
δ ) such that (Qδ̌)−1ψ is W -invariant and every matrix

entry ψi,j of ψ satisfies

sup
λ∈a∗

C

e−R|Im λ|(1 + |λ|)α|ψi,j (λ)| < +∞ for each α > 0.

Now define Hδ(a∗
C
) = ⋃R�0 HR,δ(a∗

C
). Next, let HR,δ(a∗

C
) be the set of all en-

tire functions ψ : a∗
C

→ Hom(Vδ, V
M
δ ) such that (Qδ̌)−1ψ is W -invariant and each

matrix entry ψi,j of ψ satisfies the estimate

|ψi,j (λ)| � γ1(1 + |λ|)γ2 eR|Im λ|, λ ∈ a
∗
C
,

with constants γ1, γ2 > 0 independent of λ. Also let Hδ(a∗
C
) =⋃R�0 HR,δ(a∗

C
).

Theorem 10.9.

(i) The δ-spherical transform is a bijection of D
δ̌
(X) onto Hδ(a∗

C
). The same is

true for the spaces E ′
δ̌
(X) and Hδ(a∗

C
).

(ii) Let f ∈ E ′
δ̌
(X) (respectively f ∈ D

δ̌
(X)). Then ˜f ∈ HR,δ(a∗

C
) (respectively

˜f ∈ HR,δ(a∗
C
)) if and only supp f ⊂ •

BR .
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Proof. For the proof of (i) in the case of D
δ̌
(X) and Hδ(a∗

C
), we refer the reader

to [123, p. 285], where a refinement of this result is obtained. For the spaces E ′
δ̌
(X)

and Hδ(a∗
C
), the proof is similar.

Assertion (ii) is clear from (10.84), (10.85), and Theorem 10.7. ��
We now extend the definitions of the Fourier transform and the δ-spherical trans-

form on the class

L1
δ̌
(X) + L2

δ̌
(X) = {f1 + f2 : f1 ∈ L1

δ̌
(X), f2 ∈ L2

δ̌
(X)
}

.

First, assume that f ∈ L1
δ̌
(X) and put

˜f (λ) = d(δ)

∫

X

f (x)Φλ,δ(x)∗ dx, λ ∈ a
∗. (10.88)

Using [123, Chap. 3, Theorem 2.7], we see that the right-hand side of (10.88) is well
defined. Relation (10.88) shows that for f ∈ (E ′

δ̌
∩C)(X) and λ ∈ a∗, this definition

of ˜f (λ) coincides with (10.84). Moreover, Theorem 10.6 gives the same statement
for f ∈ (L1

δ̌
∩ L2

δ̌
)(X).

Now define ˜f (λ, kM) by (10.85) for all f ∈ L1
δ̌
(X), λ ∈ a∗, k ∈ K . We see

from (10.85), (10.88), and [123, Chap. 3, Theorem 2.7] that for all f ∈ L1
δ̌
(X),

k ∈ K , the function λ → ˜f (λ, kM) is in the class (C ∩ L∞)(a∗).
Assume now that f = f1 +f2, where f1 ∈ L1

δ̌
(X), f2 ∈ L2

δ̌
(X). We define ˜f on

a∗ by
˜f = (f1 + f2)

˜= ˜f1 + ˜f2. (10.89)

Notice that for any other representation f = g1 +g2 with g1 ∈ L1
δ̌
(X), g2 ∈ L2

δ̌
(X),

we have f1 − g1 = g2 − f2 ∈ (L1
δ̌
∩ L2

δ̌
)(X), and the above arguments show that

˜f1 + ˜f2 = g̃1 + g̃2 on a∗. Thus, ˜f is well defined on a∗ by (10.89). As before, we

define ˜f (λ, kM) on a∗ by (10.85) for all k ∈ K . By this definition we conclude
that the function λ → ˜f (λ, kM) belongs to L2,loc(a∗) for all f ∈ L1

δ̌
(X) + L2

δ̌
(X),

k ∈ K .
It is easy to see that L

p

δ̌
(X) ⊂ L1

δ̌
(X) + L2

δ̌
(X) for each p ∈ [1, 2]. Therefore,

˜f (λ) and ˜f (λ, b) are well defined on a∗ and a∗ × B, respectively, for each f ∈
L

p

δ̌
(X), p ∈ [1, 2].
We shall now obtain the following useful result.

Proposition 10.10.

(i) If f ∈ E ′
δ̌
(X) and T ∈ E ′

�(X), then f × T ∈ E ′
δ̌
(X) and

f̃ × T (λ) = ˜f (λ)˜T (λ) (10.90)

for all λ ∈ a∗
C

.
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(ii) If f ∈ L1
δ̌
(X) + L2

δ̌
(X) and T ∈ (E ′

� ∩ L1)(X), then f × T ∈ L1
δ̌
(X) + L2

δ̌
(X).

In addition, (10.90) holds on a∗, and (10.72) holds on a∗ × B.
(iii) The Fourier transform and the δ-spherical transform are injective on L1

δ̌
(X) +

L2
δ̌
(X).

Proof. The first statement follows from Proposition 10.2(ii), (10.84), and (10.72).
Next, let p ∈ {1, 2}, and let T ∈ (E ′

� ∩ L1)(X). It is easy to see that f ×T ∈ L
p

δ̌
(X)

for each f ∈ L
p

δ̌
(X). Since (E ′

δ̌
∩ C)(X) is dense in L

p

δ̌
(X), this, together with (i)

and (10.72), proves (ii).
It is enough to prove the last statement for the δ-spherical transform (see (10.84)).

Assume that f = f1 + f2, where f1 ∈ L1
δ̌
(X), f2 ∈ L2

δ̌
(X), and ˜f = 0 on a∗.

Using (ii), for each η ∈ D�(X), we find that f̃1 × η(λ, b) = −f̃2 × η(λ, b) on
a∗ × B. In addition, f1 × η ∈ L2(X) and f2 × η ∈ L2(X). Now Theorem 10.6
yields f1 × η = −f2 × η. Since η ∈ D�(X) could be arbitrary, we have f = 0. This
concludes the proof. ��

For the rest of this section, we assume that rank X = 1 and that δ ∈ ̂KM , j ∈
{1, . . . , d(δ)}, are fixed. We now consider the action of the Fourier transform on the
space E ′

δ,j (X).
For each f ∈ E ′

δ,j (X), we define

Fδ
j (f )(λ) = d(δ)

〈

f, ϕ−λ,δ(ao)Y δ
j (kM)

〉

, λ ∈ a
∗
C
, (10.91)

where
x = kao, k ∈ K, a ∈ A+.

By (10.91) and Theorem 10.3 we conclude that the function

F δ
j (f )(λ) = Fδ

j (f )(λ)

d(δ)Rδ(−λ)
= 〈f,Φz,0,δ,j

〉

, λ ∈ a
∗
C
, z = κλ(H0), (10.92)

is entire and even. The following result relates Fδ
j to the Fourier transform.

Theorem 10.10.

(i) If f ∈ E ′
δ,j (X), then

˜f (λ, b) = Fδ
j (f )(λ)Y δ

j (b), (λ, b) ∈ a
∗
C

× B. (10.93)

(ii) Assume that f ∈ E ′(X) and

˜f (λ, b) = ψ(λ)Y δ
j (b), (λ, b) ∈ a

∗
C

× B, (10.94)

where the function ψ is independent of b. Then f ∈ E ′
δ,j (X).
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Proof. Let f ∈ E ′
δ,j (X), and let λ ∈ a∗

C
, b = kM , k ∈ K . Then (10.69) yields

˜f (λ, b) = d(δ)

〈

f,

∫

K

e(−iλ+ρ)(A(τ−1x,kM))tδj,j (τ ) dτ

〉

.

Using (10.91), (1.80), and Proposition 10.3, we see that both sides in (10.93) actu-
ally coincide.

Assume now that f ∈ E ′(X) and let f satisfy (10.94). For each ε > 0, let
ηε ∈ D�(X) be nonnegative, with

∫

X
ηε(x) dx = 1 and supp ηε ⊂ •

Bε. By (10.72)
and Theorem 10.5,

(f × ηε)(kao) = 1

2

∫

a∗
ψ(λ)̃ηε(λ)|c(λ)|−2

∫

B

e(iλ+ρ)(A(kao,b))Y δ
j (b) db dλ

for all k ∈ K , a ∈ A. Because of Proposition 10.3, this equality can be written

(f × ηε)(kao) = 1

2

∫

a∗
ψ(λ)̃ηε(λ)ϕλ,δ(ao)|c(λ)|−2 dλY δ

j (kM).

This means that f × ηε ∈ E ′
δ,j (X). However, by assumptions on ηε we deduce that

f × ηε → f in D′(X) as ε → 0. Assertion (ii) is thereby established. ��
The Plancherel formula and the Paley–Wiener theorem for the transform Fδ

j are
contained in the corresponding result for the Fourier transform (see Theorems 10.6
and 10.7 and (10.93)). We restrict ourselves to only the following analog of Theo-
rem 10.7 for the transform F δ

j .

Theorem 10.11.

(i) If f ∈ E ′
δ,j (X), then

∣

∣F δ
j (f )(λ)

∣

∣ � γ1(1 + |λ|)γ2 er(f )|Im λ|, λ ∈ a
∗
C
, (10.95)

where γ2 = ord f − s(δ), and γ1 > 0 is independent of λ. Moreover, if f ∈
Cm

δ,j (X) for some m ∈ Z+, then (10.95) holds with γ2 = −m − s(δ).
(ii) Let w : a∗

C
→ C be an even entire function and suppose that

|w(λ)| � γ1(1 + |λ|)γ2 eR|Im λ|, λ ∈ a
∗
C
, (10.96)

where γ1 > 0, γ2 ∈ R
1, and R � 0 are independent of λ. Then there exists

a unique f ∈ E ′
δ,j (X) such that F δ

j (f ) = w. In addition, r(f ) � R and

ord f � max{0, γ2 + 2αX + 5 + s(δ)}. Next, if γ2 = −(2αX + 3 + s(δ) + l) for
some l ∈ Z+, then f ∈ Cl

δ,j (X) and

f (x) = 1

2
Y δ

j (kM)

∫

a∗
Fδ

j (f )(λ)ϕλ,δ(ao)|c(λ)|−2 dλ (10.97)

for each x = kao ∈ X.
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Proof. For f ∈ E ′
δ,j (X), estimate (10.95) follows from (10.92) and (10.65). Next,

if f ∈ Cm
δ,j (X), relations (10.92), (10.93), and (10.74) ensure us that (10.95) is

satisfied with γ2 = −m − s(δ). Thus, part (i) is established.
To prove (ii), first assume that w : a∗

C
→ C is an even entire function satisfy-

ing (10.96). Putting
ψ(λ, b) = w(λ)Rδ(−λ)Y δ

j (b),

we see that ψ ∈ C∞(a∗
C

× B) and (10.81) holds. In addition, Proposition 10.3
and (10.55) yield (10.80). Then it follows by Theorem 10.7(ii) that ψ(λ, b) =
˜f (λ, b) for some f ∈ E ′(X) with supp f ⊂ •

BR . Applying now Theorem 10.10,
we deduce that

f ∈ E ′
δ,j (X) and F δ

j (f ) = w. (10.98)

Furthermore, the proof of Theorem 10.10, together with Remark 10.1, implies that
if (10.96) holds with γ2 = −(2αX+3+s(δ)+l) for some l ∈ Z+, then f ∈ Cl

δ,j (X)

and (10.97) is fulfilled. Next, if (10.96) and (10.98) hold, then the above argument
shows that there are functions ϕ ∈ Dδ,j (X) and Φ ∈ Cδ,j (X) such that

F δ
j (f + ϕ)(λ) = F δ

j (Φ)(λ)p
(−〈λ, λ〉 − |ρ|2)

for some polynomial p of degree at most max{0, αX + (s(δ) + 5 + γ2)/2}. This
means that f = p(L)Φ − ϕ, and therefore ord f � max{0, γ2 + 2αX + 5 + s(δ)}.
Hence the theorem. ��
Corollary 10.4.

(i) If f ∈ E ′
δ,j (X), ε > 0, and f ∈ C(Bε), then for each d ∈ Z+, there exists a

polynomial q of degree d such that q(L)F = f for some F ∈ E ′
δ,j (X).

(ii) If R > 0 and f ∈ E ′
δ,j (BR), then for each polynomial q, there exists F ∈

E ′
δ,j (X) such that q(L)F = f in BR .

Proof. To show (i) it is enough to consider the case r(f ) > 0. Then the function
F δ

j (f ) has infinitely many zeros. Hence, for each d ∈ Z+, there is a a polynomial q

of degree d such that the function

w(λ) = F δ
j (f )(λ)

/

q
(−〈λ, λ〉 − |ρ|2)

is entire. Define F ∈ E ′
δ,j (X) by the relation F δ

j (f ) = w (see Theorem 10.11(ii)).

Then q(L)F = f , and (i) is proved.
Turning to (ii), we select ϕ ∈ Dδ,j (X) so that supp ϕ ⊂ X\ •

BR and the function
u(λ) = F δ

j (f + ϕ)(λ)/q(−〈λ, λ〉 − |ρ|2) is entire. Then F δ
j (F ) = u for some

F ∈ E ′
δ,j (X) because of Theorem 10.11(ii). By the definition of ϕ we conclude that

q(L)F = f in BR , as contended. ��
The following result is an analog of Proposition 9.9.
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Proposition 10.11. Let E be an infinite subset of C, and let A(E, δ, j) be the set
of all finite linear combinations of the functions Φμ,0,δ,j with μ ∈ E. Then for
each R > 0, the set A(E, δ, j) is dense in C∞

δ,j (BR) with the topology induced by
C∞(BR).

Proof. The argument in the proof of Proposition 9.9 is applicable with minor mod-
ifications (see (10.92) and (10.27)). ��

By analogy with Sect. 9.3 we put

conj
(

E ′
δ,j (X)
) = {f ∈ E ′(X) : f ∈ E ′

δ,j (X)
}

.

Theorems 6.3 and 10.11(i) show that for each T ∈ conj(E ′
δ,j (X)), there is a unique

distribution Λδ,j (T ) ∈ E ′
�(R

1) such that

Λ̂δ,j (T )(z) = 〈T ,Φz,0,δ,j 〉, z ∈ C.

Moreover,

ord Λδ,j (T ) � max{0, ord T − s(δ) + 1}, r
(

Λδ,j (T )
) = r(T ), (10.99)

and the transform Λδ,j : T → Λδ,j (T ) sets up a bijection between conj(E ′
δ,j (X))

and E ′
�(R

1). If δ is the trivial representation and j = 1, we shall write Λ instead of

Λδ,j . For future use, we note also that

dΛ(T ) � 2 + ord T , provided that r(T ) > 0, (10.100)

because of (10.99) and (8.3).

10.6 The Transmutation Mapping Aδ Related to the Inversion
Formula for the δ-Spherical Transform

As before, assume that δ ∈ ̂KM . For an arbitrary f ∈ E ′
δ̌
(X), we define Aδ(f ) ∈

D′
W(a, Hom(Vδ, V

M
δ )) by the formula

〈

Aδ(f ), ψ
〉 = 1

|W |
∫

a∗
Qδ̌(λ)∗ ˜f (λ)|c(λ)|−2

∫

a

ψ(H)vλ(H) dH dλ, ψ ∈ D(a),

(10.101)
where ˜f is the δ-spherical transform of f , and

vλ(H) = 1

|W |
∑

s∈W

eiλ(sH), λ ∈ a
∗
C
, H ∈ a. (10.102)

We now establish some elementary but basic properties of the mapping Aδ .
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For T ∈ E ′
�(X), we define the distributions Λ+(T ), Λ_(T ) ∈ E ′

W(a) by

Λ̂+(T )(λ) = 〈Λ+(T ), e−iλ(H)
〉 = ˜T (λ) = Λ̂_(T )(−λ), λ ∈ a

∗
C
. (10.103)

Theorems 6.3 and 10.7 show that the mappings Λ+ and Λ_ are bijections of E ′
�(X)

onto E ′
W(a) and

r(T ) = r
(

Λ+(T )
) = r
(

Λ_(T )
)

. (10.104)

Assume now that a ∈ A+. Let C(log a) denote the convex hull of the set {H ∈
a : sH = log a for some s ∈ W }. Because of Theorems 10.2 and 6.3, there exists a
matrix ma,δ = (ma,δ,μ,ν) with d(δ) rows and l(δ) columns whose entries ma,δ,μ,ν

are distributions in E ′
W(a) with the following properties:

(a) supp ma,δ,μ,ν ⊂ C(log a) for all μ, ν;

(b) Φλ,δ(ao)(Qδ̌(λ)∗)−1 = 〈ma,δ, eiλ(H)〉, λ ∈ a∗
C

,

where the right-hand side is the matrix with entries 〈ma,δ,μ,ν, eiλ(H)〉.
Also let νδ be defined as in Sect. 10.3.

Proposition 10.12.

(i) Let l ∈ Z+ and suppose that f ∈ (E ′
δ̌

∩ Cm)(X) with m = νδ + dim M +
rank X + l + 1. Then Aδ(f ) ∈ Cl

W (a, Hom(Vδ, V
M
δ )) and

Aδ(f )(H) = 1

|W |
∫

a∗
Qδ̌(λ)∗f̃ (λ)|c(λ)|−2vλ(H) dλ, H ∈ a. (10.105)

(ii) Let f ∈ E ′
δ̌
(X), and let u1, u2 ∈ D�(X). Then

(f × u1 × u2)(ao) = Trace

(∫

a+

(

ma,δ ∗ Λ_(u1)
)

(H)Aδ(f × u2)(H) dH

)

(10.106)

for all a ∈ A+.
(iii) If f ∈ E ′

δ̌
(X) and T ∈ E ′

�(X), then

Aδ(f × T ) = Aδ(f ) ∗ Λ+(T ). (10.107)

Proof. To prove (i), first observe that
∣

∣ ˜f (λ, b)
∣

∣ � c(1 + |λ|)−m for all (λ, b) ∈ a
∗ × B,

where the constant c > 0 is independent of λ, b (see Proposition 10.9(ii)). The first
assertion is now clear from (10.101), (10.102), (10.36), and (10.84).

Turning to (ii), we have by (10.90) and Theorem 10.8(i)

(f × u1 × u2)(ao)

= 1

|W |Trace

(∫

a∗
Φλ,δ(ao)̃u1(λ)f̃ × u2(λ)|c(λ)|−2 dλ

)

, a ∈ A+. (10.108)



302 10 The Case of Symmetric Spaces X = G/K of Noncompact Type

It follows by the definition of ma,δ and (10.102), (10.103) that

Φλ,δ(ao)
(

Qδ̌(λ)∗
)−1

ũ1(λ) =
∫

a+

(

ma,δ ∗ Λ_(u1)
)

(H)vλ(H) dH, λ ∈ a
∗.

(10.109)
Using (10.109) together with (10.108) and (10.105), we obtain (10.106).

As for (iii), note that

〈

Aδ(f ) ∗ Λ+(T ), ψ
〉 = 〈Aδ(f )(H),

〈

Λ+(T )(·), ψ(· + H)
〉〉

(10.110)

for each ψ ∈ D(a). On the other hand, relations (10.101), (10.90), and (10.103)
yield

〈

Aδ(f × T ), ψ
〉 = 1

|W |
∫

a∗
Qδ̌(λ)∗ ˜f (λ)Λ̂+(T )(λ)|c(λ)|−2

∫

a

ψ(H)vλ(H) dH dλ.

(10.111)
Comparing (10.110) with (10.111) and using (10.101), we arrive at (10.107). This
completes the proof. ��

We now prove that the mapping Aδ is injective on E ′
δ̌
(X).

Proposition 10.13. Let f ∈ E ′
δ̌
(X) and let r ∈ (0,+∞]. Then the following state-

ments are equivalent.

(i) f = 0 in Br .
(ii) Aδ(f ) = 0 in Br .

Proof. (i)→(ii). Let ε ∈ (0, r/2) and suppose that u1, u2 ∈ D�(Bε). By assumption
on f we infer that f ×u1 ×u2 = 0 in Br−2ε. Using Theorem 10.8(i), [123, Chap. 3,
Proposition 5.10], (10.42), and (10.90), we find

∫

a∗
Φλ,δ(x)̃u1(λ)f̃ × u2(λ)|c(λ)|−2 dλ = 0, x ∈ Br−2ε.

This gives, by (10.109) and (10.105), that
∫

a+

(

ma,δ ∗ Λ_(u1)
)

(H)Aδ(f × u2)(H) dH = 0, |log a| < r − 2ε. (10.112)

Let ψ ∈ D′
W(a, Hom(Vδ, V

M
δ )) with supp ψ ⊂ Br−2ε. Then there exists ζ ∈ D

δ̌
(X)

such that supp ζ ⊂ Br−2ε and

˜ζ (λ) = Qδ̌(λ)̂ψ(λ), λ ∈ a
∗
C

(10.113)

(see Theorems 6.3 and 10.9). It follows by (10.83) and (10.8) that

˜ζ (λ) =
∫

A+
Φλ,δ(ao)∗ζ δ(ao)Δ(a) da, (10.114)
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where, as usual, ζ δ is defined by (10.17). Comparing (10.113) with (10.114), we
find

̂ψ∗(−λ) =
∫

A+
ζ δ(ao)∗Φλ,δ(ao)

(

Qδ̌(λ)∗
)−1

Δ(a) da. (10.115)

Now (10.115) and the properties of ma,δ yield

(

ψ ∗ Λ_(u1)
)

(H)∗ =
∫

A+
ζ δ(ao)∗

(

ma,δ ∗ Λ_(u1)
)

(H)Δ(a) da.

In view of (10.112), this gives
∫

a+

(

ψ ∗ Λ_(u1)
)

(H)Aδ(f × u2)(H) dH = 0. (10.116)

Since ε, u1, u2, ψ above were arbitrary, relations (10.116) and (10.107) imply that
Aδ(f ) = 0 in Br .

(ii)→(i). As above, assume that u1, u2 ∈ D�(Bε) for some ε ∈ (0, r/2).
By (10.107), Aδ(f × u2) = Aδ(f ) ∗ Λ+(u2). Then (10.104) and the assumption
on Aδ(f ) show that Aδ(f × u2) = 0 in Br−ε. Using (10.106), (10.104), and the
properties of ma,δ , we have (f × u1 × u2)(ao) = 0 when |log a| < r − 2ε. Since
f × u1 × u2 ∈ D

δ̌
(X) (see Proposition 10.2(ii)), we obtain f × u1 × u2 = 0 in

Br−2ε. Again, ε, u1, u2 being arbitrary, this shows that f = 0 in Br . ��
We shall now extend the mapping Aδ to the space D′

δ̌
(BR), R ∈ (0,+∞]. For

ψ ∈ E ′(a), we set r0(ψ) = sup{r > 0 : supp ψ ⊂ Br}.
Let f ∈ D′

δ̌
(BR). We define Aδ(f ) ∈ D′

W(BR, Hom(Vδ, V
M
δ )) by the relation

〈

Aδ(f ), ψ
〉 = 〈Aδ(f η), ψ

〉

, ψ ∈ D(BR), (10.117)

where η ∈ D�(BR) and η = 1 in Br0(ψ)+ε for some ε ∈ (0, R − r0(ψ)). Propo-
sitions 10.2(i) and 10.13 show that f η ∈ E ′

δ̌
(X) and that the right-hand side

in (10.117) is independent of our choice of η. Moreover, for each r ∈ (0, R], we
have f |Br ∈ D′

δ̌
(Br) and

Aδ(f |Br ) = Aδ(f )|Br
.

We shall now obtain the following basic result concerning the properties of the map-
ping Aδ .

Theorem 10.12. Let R ∈ (0,+∞]. Then the following assertions hold.

(i) The mapping Aδ : D′
δ̌
(BR) → D′

W(BR, Hom(Vδ, V
M
δ )) is continuous.

(ii) If f ∈ D′
δ̌
(BR), T ∈ E ′

�(X) and r(T ) < R, then (10.107) holds in BR−r(T ).

(iii) Assume that f1, f2 ∈ D′
δ̌
(BR) and let r ∈ (0, R]. Then f1 = f2 in Br if and

only if Aδ(f1) = Aδ(f2) in Br .
(iv) Let l ∈ Z+, and let f ∈ Cm

δ̌
(BR) with m = νδ + dim M + rank X + l + 1. Then

Aδ(f ) ∈ Cl
W (BR, Hom(Vδ, V

M
δ )).
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(v) Let f ∈ D′
δ̌
(BR) be a distribution of finite order. Then every matrix entry of

Aδ(f ) is a distribution of finite order.

Proof. For (i), assume that ψ ∈ D(BR), η ∈ D�(BR), and η = 1 in Br0(ψ)+ε for
some ε ∈ (0, R − r0(ψ)). By (10.36) and (6.34), for each α > 0, there exists c1 > 0
such that

|c(λ)|−2
∣

∣

∣

∣

∫

a

ψ(H)vλ(H) dH

∣

∣

∣

∣

� c1(1 + |λ|)−α for all λ ∈ a
∗. (10.118)

Suppose that fn ∈ D′
δ̌
(BR), n = 1, 2, . . . , and let fn → 0 in D′(BR) as n → ∞.

Formulae (10.117) and (10.101) yield

〈

Aδ(fn), ψ
〉 = 1

|W |
∫

a∗
Qδ̌(λ)∗˜fnη(λ)|c(λ)|−2

∫

a

ψ(H)vλ(H) dH dλ. (10.119)

By assumption on fn one has˜fnη(λ) → 0 for each λ ∈ a∗. In addition, there exist
differential operators D1, . . . , Dq on X such that for each (λ, b) ∈ a∗ × B,

∣

∣˜fnη(λ, b)
∣

∣ � c2

q
∑

ν=1

sup
x∈Br0(ψ)

∣

∣Dν

(

η(x)e(−iλ+ρ)(A(x,b))
)∣

∣,

where c2 > 0 and q ∈ N are independent of n, λ, b (see [126, Theorem 2.1.8]).
Then

∣

∣˜fnη(λ, b)
∣

∣ � (2 + |λ|)c3 , (10.120)

where c3 > 0 is independent of n, λ, b. Bearing (10.119) in mind and using (10.118),
(10.120), and (10.84), by Lebesgue’s dominated convergence theorem we obtain
〈Aδ(fn), ψ〉 → 0 as n → ∞. This brings us to assertion (i).

The second assertion is an easy consequence of the definition of Aδ(f ) for
f ∈ D′

δ̌
(BR) and Proposition 10.12(iii).

To prove (iii) we define f = f1 − f2. Applying (10.117) together with Proposi-
tion 10.13, we arrive at the desired result.

Turning to (iv), let ε ∈ (0, R). We set f1 = f ηε, where ηε ∈ D�(BR) and ηε = 1
in BR−ε. Owing to (iii), Aδ(f1) = Aδ(f ) in BR−ε. Therefore,

Aδ(f ) ∈ Cl
W

(

BR−ε, Hom
(

Vδ, V
M
δ

))

(see Proposition 10.12(i)). Since ε ∈ (0, R) could be arbitrary, this proves (iv).
Finally, it is not difficult to adapt the argument in the proof of (i) to show (v). ��

For the rest of this section, we assume that δ is the trivial representation. In this
case, for brevity, we shall write A instead of Aδ . We now turn the problem of invert-
ing the mapping A.

Theorem 10.13. For each R ∈ (0,+∞], the following statements are valid.

(i) Let f ∈ D′
�(BR), m ∈ Z+, and assume that A(f ) ∈ Cm

W(BR). Then f ∈
Cm

� (BR) and
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f (gK) =
∫

K

A(f )
(

H(gK)
)

e−ρ(H(gK)) dk (10.121)

for each g ∈ G such that gK ∈ BR .
(ii) Let l ∈ Z+, and let f ∈ Cm

� (BR) with m = dim M + rank X + l + 1. Then

A(f ) ∈ Cl
W (BR), and (10.121) holds.

(iii) A(ϕλ) = vλ for each λ ∈ a∗
C

.

To prove the theorem we begin with the following auxiliary statement.

Lemma 10.1. Let R > 0, u ∈ CW(BR), and let
∫

K

u
(

H
(

a−1k
))

e−ρ(H(a−1k)) dk = 0, a ∈ A+, |log a| < R. (10.122)

Then u = 0.

Proof. Let ε ∈ (0, R) and assume that ψ1, ψ2 ∈ DW(a) have the following proper-
ties:

(a) supp ψ1 ⊂ BR and ψ1 = 1 in BR−ε/2;
(b) supp ψ2 ⊂ BR−ε.

We define u1 ∈ CW(a) by letting u1(x) = u(x)ψ1(x) if x ∈ BR and u1(x) = 0
if x /∈ BR . Owing to Theorems 6.3 and 10.7, there exists v ∈ D�(X) such that
supp v ⊂ BR−ε and

ṽ(λ) =̂ψ2(λ) for all λ ∈ a
∗
C
.

Next, if λ ∈ a∗, then

ṽ(λ) =
∫

A+
v(ao)Δ(a)

∫

K

e(−iλ−ρ)(H(a−1k)) dk da

because of (10.8) and (10.31). Hence,
∫

a∗
û1(λ)̂ψ2(λ) dλ =

∫

A+
v(ao)Δ(a)

×
∫

K

∫

a∗
û1(λ)eiλ(H(a−1k))e−ρ(H(a−1k)) dλ dk da

=
∫

A+
v(ao)Δ(a)

∫

K

u1
(

H
(

a−1k
))

e−ρ(H(a−1k)) dk da.

Since v(ao) = 0 for |log a| > R − ε, this, together with (10.122) and the Plancherel
formula for the Fourier transform on a∗, yields

∫

a∗
u1(H)ψ2(H) dH = 0.
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Bearing in mind that u1 and ψ2 are W -invariant, one obtains u1 = 0 in BR−ε from
the arbitrariness of ψ2. As u1 = u in BR−ε/2 and ε ∈ (0, R) is arbitrary, the desired
conclusion follows. ��
Proof of Theorem 10.13. To prove (i), suppose that η ∈ D�(BR) and η = 1 in BR−ε/2
for some ε ∈ (0, R). Assume that ψn ∈ DW(a) and

ψn � 0,

∫

a

ψn(H) dH = 1, n ∈ N. (10.123)

Now define fn = f η × wn, where wn = Λ−1+ (ψn). Then fn ∈ D�(X) and, by
Proposition 10.12(i),

A(fn)(H) = 1

|W |
∫

a∗
˜fn(λ)|c(λ)|−2vλ(H) dλ, H ∈ a.

Thus, in view of Theorem 10.1,
∫

K

A(fn)
(

H(gk)
)

e−ρ(H(gk)) dk = 1

|W |
∫

a∗
˜fn(λ)|c(λ)|−2ϕλ(gK) dλ, g ∈ G.

Now Remark 10.2 and this last equality give us
∫

K

(

A(f η) ∗ ψn

)(

H(gk)
)

e−ρ(H(gk)) dk = ((f η) × wn

)

(gK), g ∈ G. (10.124)

By assumption on A(f ), Theorem 10.12(iii), and (10.123), we see that A(f η) ∗
ψn converges to A(f ) uniformly on BR−ε. In addition, |w̃n(λ)| = |̂ψn(λ)| �
̂ψn(0) = 1 for each λ ∈ a∗, whence f η × wn → f η in D′(X) as n → ∞ (see
Corollary 10.3). Thus, (10.124) and (10.1) imply (10.121) for each g ∈ G such that
gK ∈ BR−ε. In particular, f ∈ Cm

� (BR−ε). Since ε ∈ (0, R) above was arbitrary,
this proves (i).

Assertion (ii) is a direct consequence of (i) and Theorem 10.12(iv).
As for (iii), observe that for all g ∈ G and λ ∈ a∗

C
,

ϕλ(gK) =
∫

K

A(ϕλ)
(

H(gk)
)

e−ρ(H(gk)) dk =
∫

K

vλ

(

H(gk)
)

e−ρ(H(gk)) dk

(see (10.121) and Theorem 10.1). Assertion (iii) is now obvious from Lemma 10.1.
��

To continue, for each F ∈ E ′
W(a), we define the distribution B(F ) ∈ D′

�(X)

acting in D(X) by the formula

〈

B(F ),w
〉 =
∫

a∗
̂F(λ)w̃(−λ) dλ, w ∈ D(X), (10.125)

where w̃(λ) = ∫
X

w(x)ϕ−λ(x) dx. Theorems 10.7 and 6.3 show that the right-hand
side in (10.125) is well defined. In addition, if F ∈ DW(a), then B(F ) ∈ C∞

� (X)
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and

B(F )(x) =
∫

a∗
̂F(λ)ϕλ(x) dλ, x ∈ X (10.126)

(see Theorem 10.1).

Proposition 10.14. (i) Let F ∈ E ′
W(a) and T ∈ E ′

�(X). Then

B(F ) × T = B
(

F ∗ Λ+(T )
)

. (10.127)

(ii) Let F ∈ DW(a). Then

B(F )(gK) =
∫

K

F
(

H(gk)
)

e−ρ(H(gk)) dk (10.128)

for all g ∈ G.
(iii) Assume that F ∈ E ′

W(a) and let R ∈ (0,+∞]. Then F = 0 in BR if and only
if B(F ) = 0 in BR .

Proof. Using (10.10), (10.125), and (10.6), we have in (i)

〈

B(F ) × T ,w
〉 =
∫

a∗
̂F(λ)

〈

T ,

∫

G

ϕλ(gK)w(gx) dg

〉

dλ (10.129)

for each w ∈ D(X). Next, taking (10.31) and (10.32) into account, we find
〈

T ,

∫

G

ϕλ(gK)w(gx)dg

〉

=
∫

K

〈

T (hK), e(iλ+ρ)(A(kh−1))
〉

×
∫

G

w(gK)e(−iλ+ρ)(A(kg−1)) dg dk

= w̃(−λ)

∫

K

〈

T (hK), e(iλ+ρ)(A(kh−1))
〉

dk

= w̃(−λ)˜T (λ).

Now (10.129) and (10.125) yield

〈

B(F ) × T ,w
〉 =
∫

a∗
̂F(λ)˜T (λ)w̃(−λ) dλ = 〈B(F ∗ Λ+(T )

)

, w
〉

,

as contended.
In (ii), first note that

F(H) =
∫

a∗
̂F(λ)eiλ(H) dλ, H ∈ a.

Therefore, by (10.31) we obtain
∫

K

F
(

H(gk)
)

e−ρ(H(gk)) dk =
∫

a∗
̂F(λ)ϕλ(gK) dλ, g ∈ G.
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This, together with (10.126), implies (10.128).
To prove (iii) it is enough to consider the case where F ∈ DW(a). The general

case reduces to this one by means of the standard smoothing trick (see (10.127)).
Now if F = 0 in BR , then (10.128) and (10.1) give us B(F ) = 0 in BR . The
converse statement follows by (10.128) and Lemma 10.1. ��

Now we can extend the mapping B to the space D′
W(BR), R ∈ (0,+∞].

Let F ∈ D′
W(BR). We define B(F ) ∈ D′

�(BR) by the relation

〈

B(F ),w
〉 = 〈B(Fη),w

〉

, w ∈ D(BR), (10.130)

where η ∈ DW(BR) and η = 1 in Br0(w)+ε for some ε ∈ (0, R − r0(w)). Owing to
Proposition 10.14(iii), the right-hand side in (10.130) is independent of our choice
of η. Furthermore, we see that

B(F |Br
) = B(F )|Br for any r ∈ (0, R].

Theorem 10.14. For each R ∈ (0,+∞], the following statements are true.

(i) The mapping B : D′
W(BR) → D′

�(BR) is continuous.
(ii) If F ∈ D′

W(BR), T ∈ E ′
�(X), and r(T ) < R, then (10.127) holds in BR−r(T ).

(iii) Assume that F1, F2 ∈ D′
W(BR) and let r ∈ (0, R]. Then F1 = F2 in Br if and

only if B(F1) = B(F2) in Br .
(iv) Let F ∈ Cm

W(BR) for some m ∈ Z+. Then B(F ) ∈ Cm
� (BR), and (10.128)

holds for each g ∈ G such that gK ∈ BR .

Proof. The proof of (i) is analogous to that of a similar result about the mapping
Aδ (see Theorem 10.12(i)). Assertions (ii) and (iii) follow by the definition of B on
D′

W(BR) and Proposition 10.14(i), (iii). Let us prove (iv). Assume that ε ∈ (0, R),
η ∈ DW(BR), and η = 1 in BR−ε/2. We set

Fn = Fη ∗ ψn,

where the functions ψn ∈ DW(Bε/n) satisfy (10.123). Then Fn ∈ DW(a), and by
Proposition 10.14(ii),

B(Fn)(gK) =
∫

K

Fn

(

H(gk)
)

e−ρ(H(gk)) dk (10.131)

for all g ∈ G. It follows by (10.123) that Fn converges to F as n → ∞ uniformly on
BR−ε. Using now (i), (iii), (10.1), and (10.131), we obtain (10.128) for every g ∈ G

such that gK ∈ BR−ε. Since ε ∈ (0, R) is arbitrary, this, together with (10.1),
gives (iv). Hence the theorem. ��

The following result relates the mapping A to the mapping B.

Theorem 10.15. Let R ∈ (0,+∞]. Then the transform A sets up a homeomorphism
between:
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(i) D′
�(BR) and D′

W(BR);

(ii) C∞
� (BR) and C∞

W (BR).

In addition, A−1 = B.

Proof. Let F ∈ D′
W(BR), and let ε ∈ (0, R). We define

Fn = F ∗ ψn,

where the functions ψn ∈ DW(Bε/n) satisfy (10.123). It is clear that Fn ∈
C∞

W (BR−ε/n) and Fn → F in D′(BR) as n → ∞. Because of Theorem 10.14(iv),
equality (10.131) holds for all g ∈ G such that gK ∈ BR−ε/n. Combining this with
Theorem 10.13(ii), we deduce

∫

K

(

Fn

(

H(gk)
)− A
(

B(Fn)
)(

H(gk)
))

e−ρ(H(gk)) dk = 0

for any g ∈ G such that gK ∈ BR−ε/n. Then Lemma 10.1 ensures us that
A(B(Fn)) = Fn in BR−ε/n. Letting n → ∞ and applying Theorem 10.14(i) and
Theorem 10.12(i), we get A(B(F )) = F in BR . Since A is injective on D′

�(BR), this
gives the desired result for the spaces D′

�(BR) and D′
W(BR). The case of C∞

� (BR)

and C∞
W (BR) can be proved by an obvious modification of the above argument. ��

10.7 The Class E ′
��(X) of Distributions with Radial Spherical

Transform. Mean Value Characterization.
Explicit Form for X = G/K (G Complex)

Let E ′
��(X) be the set of all distributions T ∈ E ′

�(X) with the following property:

˜T (λ) = ˜T (μ) for all λ,μ ∈ a
∗ such that |λ| = |μ|. (10.132)

From the Paley–Wiener theorem for the spherical transform (see Theorem 10.7) it
follows that the class E ′

��(X) is broad enough (see also Theorem 10.17 below). We
point out that

E ′
��(X) = E ′

�(X), provided that rank X = 1.

The class E ′
��(X) will play an important role later on in this book. In particular, in

Part III we shall see that for the equation f × T = 0 with T ∈ E ′
��(X), there exist

natural analogs of some Euclidean results from Sect. 14.2 and [225, Part III].
Let us give the following characterization of the class E ′

��(X).

Theorem 10.16. If T ∈ E ′
�(X), then the following assertions are equivalent.

(i) T ∈ E ′
��(X).
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(ii) For each λ ∈ a∗, every solution f ∈ C∞(X) of the equation

Lf = −(|λ|2 + |ρ|2)f (10.133)

satisfies the equality
f × T = ˜T (λ)f. (10.134)

We note that if rank X = 1, then this result is the well-known mean value theorem
for eigenfunctions of the operator L. In the general case equality (10.134) holds for
each T ∈ E ′

�(X) if f belongs to the corresponding joint eigenspace of all G-invariant
differential operators on X (see Proposition 1.3).

Proof of Theorem 10.16. For brevity, we set n = rank X. In view of what has been
said above, it is enough to consider the case n � 2. We choose a basis of a such
that for each H = (H1, . . . , Hn) ∈ a, it follows that |H |2 = ∑n

i=1 H 2
i . Then the

Laplace–Beltrami operator La on a has the form La = ∑n
i=1

∂2

∂x2
i

, the Riemannian

structure on a being defined by the Killing form 〈, 〉 restricted to a. If δ ∈ ̂KM , then

Aδ(Lu) = (La − |ρ|2)Aδ(u) (10.135)

for each u ∈ D′
δ̌
(X) (see Theorem 10.12(ii)).

Assume now that (i) is true and let f ∈ C∞(X) satisfy (10.133) with some
λ ∈ a∗. For δ ∈ ̂KM , relation (10.133) yields

Lu = −(|λ|2 + |ρ|2)u,

where u = fδ . Bearing (10.135) in mind, we obtain LaAδ(u) = −|λ|2Aδ(u). Us-
ing (10.132) and (10.103), one sees that Λ+(T ) is radial, whence

Aδ(u) ∗ Λ+(T ) = ˜T (λ)Aδ(u)

(see [225, Part I, (7.10)]). Thus, u × T = ˜T (λ)u because of Theorem 10.12(iii).
Since δ ∈ ̂KM above was arbitrary, this, together with Proposition 10.2(iii), gives
(10.134).

The proof of the implication (ii)→(i) requires the following auxiliary fact.

Lemma 10.2. Let U ∈ E ′(Rn), n � 2, and assume that for each μ > 0, there exists
cμ ∈ C such that Φμ,0,0,1 ∗ U = cμΦμ,0,0,1 (see (9.13)). Then U ∈ E ′

�(R
n).

Proof. For τ ∈ O(n) and μ > 0, we define the distribution uτ,μ ∈ E ′(Rn) by the
formula

〈uτ,μ, ψ〉 = 〈U,ψ
(

τ−1x
)〉− cμψ(0), ψ ∈ D

(

R
n
)

.

Then Φμ,0,0,1 ∗uτ,μ = 0 for all τ ∈ O(n). Applying [225, Part I, Proposition 5.7(1)]
together with recursion relations for the Bessel functions (see (7.3)), we infer that
Φμ,0,k,j ∗ uτ,μ = 0 for all k ∈ Z+, j ∈ {1, . . . , d(n, k)}. In particular,

(Φμ,0,k,j ∗ U)(0) = 0, provided that k � 1. (10.136)
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Let η ∈ S
n−1, and let f (x) = ei〈μη,x〉R , where x ∈ R

n, and 〈·, ·〉R is the inner
product in R

n. According to (5.2), every term of decomposition (9.9) has the form
f k,j = γk,j,μ,ηΦμ,0,k,j for some γk,j,μ,η ∈ C. Therefore, ̂U(μη) = (f ∗ U)(0) =
(f 0,1∗U)(0) in view of (10.136). Hence, ̂U(μη) is independent of η, and the lemma
is thereby established. ��

Coming back to the proof of the implication (ii)→(i), we define f ∈ C∞
� (X)

by the relation A(f ) = Φμ,0,0,1, where μ = |λ| for some λ ∈ a∗ (see Theo-
rem 10.14(iv)). Owing to (9.30), LaA(f ) = −|λ|2A(f ). Hence, (10.133) is sat-
isfied because of (10.135) and Theorem 10.12(iii). Equality (10.134) and Theo-
rem 10.12(ii) imply that A(f ) ∗ Λ+(T ) = ˜T (λ)A(f ). Since λ ∈ a∗ could be
arbitrary, Lemma 10.2 shows that Λ+(T ) is radial. Taking (10.103) into account,
we obtain (10.132). Thus, T ∈ E ′

��(X), and the proof of Theorem 10.16 is complete.
��

To continue, let T ∈ E ′
��(X). Condition (10.132) and Theorem 10.7 ensure us

that there exists an even entire function
◦
T : C → C such that

˜T (λ) = ◦
T
(
√〈λ, λ〉 ) for all λ ∈ a

∗
C
. (10.137)

As an application of Theorem 10.7, we now obtain the following analog of Corol-
lary 6.2.

Proposition 10.15. Let T ∈ E ′
��(X). Then the following statements are equivalent.

(i) r(T ) = 0.

(ii)
◦
T is a polynomial.

(iii) T = p(L)δ0 for some polynomial p, where δ0 is the Dirac measure supported
at origin.

Proof. (i)→(ii). By Theorem 10.7(ii), | ◦
T (z)| � γ1(1 + |z|)γ2 , z ∈ C, where the

constants γ1, γ2 > 0 are independent of z. Now it follows by Liouville’s theorem
that assertion (ii) is valid.

(ii)→(iii). Define the polynomial p by p(z) = ◦
T (
√−z − |ρ|2). Then (10.73)

and Theorem 10.7(ii) imply (iii).
Since the implication (iii)→(i) is trivial, this concludes the proof. ��
In the case where the group G is complex, the following result gives an explicit

form for distributions in the class (E ′
�� ∩ L1)(X).

Theorem 10.17. Let X = G/K be a symmetric space of noncompact type with
complex group G, and let T ∈ (E ′

� ∩ L1)(X). Then the following assertions are
equivalent.

(i) T has the form

T (x) = (J (Exp−1 x
))−1/2

u
(

d(o, x)
)

, x ∈ X,
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for some function u : [0,+∞) → C (see (10.39)).
(ii) T ∈ E ′

��(X).

Proof. First, observe that for each T ∈ (E ′
� ∩ L1)(X), formulae (10.40) and (10.38)

yield

˜T (λ) =
∫

p

T (Exp P)ϕ−λ(Exp P)J (P ) dP

=
∫

K

∫

p

T (Exp P)
(

J (P )
)1/2

e−i〈Aλ,Ad(k)P 〉 dP dk

=
∫

K

∫

p

T
(

Exp Ad(k)P
)(

J
(

Ad(k)P
))1/2e−i〈Aλ,Ad(k)P 〉 dP dk

=
∫

p

T (Exp P)
(

J (P )
)1/2e−i〈Aλ,P 〉 dP, λ ∈ a

∗. (10.138)

If (i) is true, relation (10.138) can be written

˜T (λ) =
∫

a

e−iλ(H)

∫

q

u(|H + Q|) dQ dH,

where q is the orthogonal complement to a in p. Since |H + Q| = √|H |2 + |Q|2,
this, together with (10.132), implies (ii).

Let us prove the implication (ii)→(i). By regularization we may assume that
T ∈ (E ′

�� ∩ D)(X). In view of (10.132), there exists a function u : [0,+∞) → C

such that
˜T (λ) =

∫

p

u(|P |)e−i〈Aλ,P 〉 dP, λ ∈ a
∗.

Combining this with (10.138) and using the fact that T (Exp P)(J (P ))1/2 − u(|P |)
is a K-invariant function, we arrive at (i). Hence the theorem. ��

Assume that T ∈ E ′
��(X), T �= 0 and Z(

◦
T ) �= ∅. We set n(λ, T ) = nλ(

◦
T ) − 1

if λ �= 0 and n(λ, T ) = nλ(
◦
T )/2 − 1 if λ = 0 ∈ Z(

◦
T ), where nλ(

◦
T ) is the

multiplicity of λ ∈ Z(
◦
T ). Thanks to Theorem 10.7, for each λ ∈ Z(

◦
T ), there exists

T(λ) ∈ E ′
��(X) such that r(T(λ)) = r(T ) and

◦
T (λ)(z)

(

z2 − λ2)n(λ,T )+1 = ◦
T (z), z ∈ C. (10.139)

Using (10.139), one sees that

(−L − λ2 − |ρ|2)n(λ,T )+1
T(λ) = T .

Our next task is to prove the following analog of Corollary 8.6.
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Theorem 10.18. Let T ∈ E ′
��(X), T �= 0, Z(

◦
T ) �= ∅, R > r(T ), f ∈ D′(BR), and

let

f × T(λ) = 0 in BR−r(T ) for all λ ∈ Z
( ◦
T
)

. (10.140)

Then f = 0.

Proof. By regularization it is enough to consider the case f ∈ C∞(BR). It follows
by (10.140), (10.18), and Theorem 10.12(ii), (iii) that

Aδ(fδ) ∗ Λ+(T(λ)) = 0 in BR−r(T )

for all δ ∈ ̂KM and λ ∈ Z(
◦
T ). Since Λ+(T(λ)) = (Λ+(T ))(λ), this, together with

Corollary 8.6, Theorem 10.12(iii), and [123, Chap. 3, Proposition 5.10], brings us
to the desired result. ��

We now define the mapping Λ : E ′
��(X) → E ′

�(R
1) by the relation

◦
T (z) = Λ̂(T )(z), T ∈ E ′

��(X), z ∈ C. (10.141)

It follows by Theorems 10.7 and 6.3 that the transform Λ : T → Λ(T ) sets up a
bijection between E ′

��(X) and E ′
�(R

1).

Suppose that α > 0 and let W(R1) denote one of the classes M(R1), U(R1),
N(R1), E(R1), Gα(R1), Inv+(R1) (see Sect. 8.1). Set

W(X) = {T ∈ E ′
��(X) : Λ(T ) ∈ W

(

R
1)}.

In addition, we put Oα(X) = (Gα ∩ U)(X).
The introduced classes of distributions play an important role in the theory of

mean periodic functions (see Chap. 15 in Part III).

10.8 Some Rank One Results on the Mapping Aδ

Throughout the section we assume that rank X = 1 and that δ ∈ ̂KM and j ∈ {1, . . . ,

d(δ)} are fixed. We shall now investigate the mapping Aδ in greater detail.
According to results in Sect. 10.3, we define the differential operator Dδ of order

s(δ) by the relation

Dδeiλ′t = Rδ(λ)eiλ′t , λ ∈ a
∗
C
, t ∈ R

1, (10.142)

where λ′ = λ(H0)/|H0|. For r > 0, ζ ∈ (−r, r), let

cδ(r) = κ21/2−ξ�(ξ + 1)√
πΓ (ξ + 1/2)

(sinh r)s(δ)−2ξ (cosh r)−s(δ)−αX−βX

and
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wδ(r, ζ ) = cδ(r)(cosh 2r − cosh 2ζ )ξ−1/2

× F

(

ξ + η, ξ − η; ξ + 1/2; cosh r − cosh ζ

2 cosh r

)

, (10.143)

where ξ and η are given by (10.49).
As a preparatory of development in this section, we now prove existence and

uniqueness results for solutions of integral equations of a special form.

Theorem 10.19. Let R > 0, u ∈ Cs(δ)(−R,R), k0 ∈ K , and Y δ
j (k0M) �= 0. Then

the following items are equivalent.

(i) The function Dδu is odd.
(ii) For each t ∈ (0, κR),

∫

K

u
(

h
(

τ−1k0ato
))

eρXh(τ−1k0at o)Y δ
j (τM) dτ = 0,

where at = exp(tH0), and h is defined as in Sect. 10.1.

The proof starts with the following auxiliary result.

Lemma 10.3. Let x = karo where k ∈ K and r > 0. Then

∫

K

u
(

h
(

τ−1x
))

eρXh(τ−1x)Y δ
j (τM) dτ = Y δ

j (kM)

∫ r/κ

−r/κ

(

Dδu
)

(ζ )wδ(r, κζ ) dζ

(10.144)
for each u ∈ Cs(δ)[−r/κ, r/κ].
Proof. As λ runs trough a∗

C
, the set of all linear combinations of the functions

uλ(t) = eiλ′t , t ∈ [−r/κ, r/κ]
is dense in Cs(δ)[−r/κ, r/κ]. Hence, there is no loss of generality in assuming that
u = uλ for λ ∈ a∗

C
. Then the left-hand side of (10.144) changes into the function

ϕλ,δ(aro)Y δ
j (kM) (see Proposition 10.3). The desired statement now follows from

Theorem 10.3, (10.142), (10.143), and Proposition 7.3(ii). ��
Proof of Theorem 10.19. The implication (i)→(ii) is obvious from Lemma 10.3.
Suppose now that (ii) is true. Let v+ and v− be functions in the class Cs(δ)(−R,R)

such that

(

Dδv±
)

(ζ ) = 1

2

((

Dδu
)

(ζ ) ± (Dδu
)

(−ζ )
)

, ζ ∈ (−R,R). (10.145)

Since Dδv− is odd, we infer from (ii), Lemma 10.3, and (10.145) that
∫

K

u
(

h
(

τ−1xt

))

eρXh(τ−1xt )Y δ
j (τM) dτ =

∫

K

v+
(

h
(

τ−1xt

))

eρXh(τ−1xt )Y δ
j (τM) dτ,

(10.146)
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where xt = k0ato, t ∈ (0, κR). Let ε ∈ (0, R) and suppose that ψ1 ∈ D�(R
1),

supp ψ1 ⊂ (−R,R), and ψ1 = 1 in (−R + ε/2, R − ε/2). We define v ∈ (E ′ ∩
Cs(δ))(R1) by letting

v(ζ ) = v+(ζ )ψ1(ζ )

if ζ ∈ (−R,R) and v(ζ ) = 0 if ζ ∈ R
1\[−R,R]. Next, let ψ2 ∈ D�(R

1) with
supp ψ2 ⊂ (−R + ε, R − ε). Owing to Theorem 10.11(i) and (6.34), there exists
f ∈ Dδ,j (X) such that supp f ⊂ BR−ε and

F δ
j (f )(−λ) = ̂ψ2(λ

′)

for each λ ∈ a∗. Hence,

Rδ(λ)̂ψ2(λ′) =
∫

A+
ψ(a)ϕλ,δ(ao) da (10.147)

for some ψ ∈ L1(A+) with supp ψ ⊂ {a ∈ A+ : d(ao, o) � R − ε} (see (10.91),
(10.92) and (10.8)). Assume now that ψ3 ∈ D�(R

1) and supp ψ3 ⊂ (−ε/2, ε/2).
Using (10.142), (10.147), and Proposition 10.3, one has
∫

a∗
̂Dδv(λ′)̂ψ2(λ′)̂ψ3(λ

′) dλ =
∫

a∗
Rδ(λ)̂v(λ′)̂ψ2(λ′)̂ψ3(λ

′) dλ

=
∫

A+
ψ(a)

∫

a∗
v̂ ∗ ψ3(λ

′)ϕλ,δ(ao) dλ da

=
∫

A+
ψ(a)

Y δ
j (k0M)

∫

K

(v ∗ ψ3)
(

h
(

τ−1k0ao
))

× eρXh(τ−1k0ao)Y δ
j (τM) dτ da.

As ψ3 is arbitrary, we conclude from (ii), (10.146), and the properties of ψ1 that
∫

R1

̂Dδv(ζ )̂ψ2(ζ ) dζ = 0.

This yields
∫ R−ε

0

(

Dδv
)

(ζ )ψ2(ζ ) dζ = 0

by virtue of the Plancherel formula and the evenness of Dδv and ψ2. Now, from the
arbitrariness of ψ2 it follows that Dδv = Dδv+ = 0 in (−R + ε, R − ε). Next,
ε ∈ (0, R) being arbitrary, this shows that Dδv+ = 0 in (−R,R). Therefore, Dδu is
odd because of (10.145). Hence the theorem. ��
Remark 10.3. It is essential in Theorem 10.19 that Y δ

j (k0M) �= 0. Otherwise, it
follows by Proposition 10.3 that (ii) holds for each u ∈ C(−R,R) (see the proof of
Lemma 10.3).

One corollary of Theorem 10.19 is worth recording.
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Corollary 10.5. Let R > 0, u ∈ Cs(δ)(−R,R), assume that Dδu is even, and let
∫

K

u
(

h
(

τ−1x
))

eρXh(τ−1x)Y δ
j (τM) dτ = 0

for all x ∈ BR . Then Dδu = 0.

The proof follows at once from Theorem 10.19.
To continue, let m ∈ N, m � 2αX + 3, and f ∈ (E ′

δ,j ∩ Cm)(X). In view of
(10.74) and (10.93),

∣

∣Fδ
j (f )(λ)

∣

∣ � γ (1 + |λ|)−m, λ ∈ a
∗, (10.148)

where the constant γ > 0 is independent of λ. Let us now define the function
Uf : R

1 → C by the formula

Uf (t) = 1

2

∫

a∗
Fδ

j (f )(λ)eiλ′t |c(λ)|−2 dλ, t ∈ R
1. (10.149)

Estimates (10.148) and (10.37) show that Uf ∈ Cm−2αX−3(R1). If m � s(δ) +
2αX + 3, then

(

DδUf

)

(t) = 1

2

∫

a∗
F δ

j (f )(λ)Rδ(−λ)Rδ(λ)eiλ′t |c(λ)|−2dλ, (10.150)

which, together with (10.35), implies that DδUf is even. Next, we have

∫

K

Uf

(

h
(

τ−1x
))

eρXh(τ−1x)Y δ
j (τM) dτ = f (x) (10.151)

because of (10.149), Proposition 10.3, (10.92), and Theorem 10.11.

Theorem 10.20. Let R ∈ (0,+∞] and f ∈ Cm
δ,j (BR), where m � s(δ) + 2αX + 3.

Then there exists u ∈ Cm−2αX−3(−R,R) such that Dδu is even and
∫

K

u
(

h
(

τ−1x
))

eρXh(τ−1x)Y δ
j (τM) dτ = f (x), x ∈ BR.

Proof. Let r1, r2, . . . be an increasing sequence of positive numbers such that
limn→∞ rn = R. For each n ∈ N, we set fn = f ηn, where η1, η2, . . . is a sequence
of functions in the class D�(BR) such that ηn = 1 in Brn . Then fn ∈ (E ′

δ,j ∩Cm)(BR)

and
lim

n→∞ fn(x) = f (x) for each x ∈ BR. (10.152)

We put un = Ufn . Using (10.151), one derives from the definition of fn and Corol-
lary 10.5 that

Dδun = Dδun+1 in (−rn, rn), n ∈ N.
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Then there exist vn ∈ C∞(R1) such that Dδvn = 0 and vn = un+1−un in (−rn, rn).
Now relations (10.151), (10.152) and Corollary 10.5 ensure us that the function

u(ζ ) = lim
n→∞

(

un+1(ζ ) −
n
∑

q=1

vq(ζ )

)

, ζ ∈ (−R,R),

has all the properties stated in the theorem. ��
To go further, for f ∈ E ′

δ,j (X), we define the distribution Aδ,j (f ) ∈ D′(R1) by
the formula

〈

Aδ,j (f ), ψ
〉 = 1

2

∫

a∗
Fδ

j (f )(λ)Rδ(λ)̂ψ(λ′)|c(λ)|−2 dλ, ψ ∈ D(R1) (10.153)

(see Theorems 10.11 and 6.3). It is evident from (10.153) and (10.35) that Aδ,j (f )

is even. In addition,

Aδ,j (f ) = DδUf for f ∈ (E ′
δ,j ∩ Cs(δ)+2αX+3)(X) (10.154)

in view of (10.153), (10.149), and (10.142).
The distributions Aδ,j (f ) can be interpreted as the matrix entries for Aδ(f ) (see

(10.153), (10.101), and Helgason [123], Chap. III, Corollary 11.3). On the other
hand, the operator Aδ,j in an analogue of the operator Ak,j from the Euclidean case
(see Sect. 9.4). It has a number of important applications in the theory of mean
periodic functions on domains in X (see Parts III and IV). Our main purpose in this
section is to investigate basic properties of Aδ,j .

Lemma 10.4. For f ∈ E ′
δ,j (X), the following assertions are true.

(i) If T ∈ E ′
�(X), then

Aδ,j (f × T ) = Aδ,j (f ) ∗ Λ(T ). (10.155)

(ii) If l ∈ Z+, m = l + s(δ) + 2αX + 3, and f ∈ (E ′
δ,j ∩ Cm)(X), then Aδ,j (f ) ∈

Cl(R1) and

fδ,j (ato) = 2
∫ t/κ

0
Aδ,j (f )(ζ )wδ(t, κζ ) dζ (10.156)

for each t > 0.
(iii) Let r ∈ (0,+∞]. Then f = 0 in Br if and only if Aδ,j (f ) = 0 in (−r, r).

Proof. To verify (i) it is enough to combine (10.153), (10.72), (10.93), and (10.141).
Part (ii) is a direct consequence of (10.154), (10.151), and Lemma 10.3.

In (iii), first assume that f ∈ (E ′
δ,j ∩ C∞)(X). Then the required conclusion

follows by (ii) and Theorem 10.19. The general case can be reduced to this one by
means of the standard regularization (see (i)). Thus, the proof is complete. ��

According to Lemma 10.4(iii), we can extend Aδ,j (f ) to the space D′
δ,j (BR),

R ∈ (0,+∞], by the relation
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〈

Aδ,j (f ), ψ
〉 = 〈Aδ,j (f η), ψ

〉

, f ∈ D′
δ,j (BR), ψ ∈ D(−R,R),

where η ∈ D�(BR) is an arbitrary function such that η = 1 in Br0(ψ)+ε for some
ε ∈ (0, R − r0(ψ)). Then Aδ,j (f ) ∈ D′

�(−R,R) and

Aδ,j (f |Br ) = Aδ,j (f )|(−r,r)

for each r ∈ (0, R].
The following result generalizes Lemma 10.4 and corresponds to Theorem 9.3.

Theorem 10.21. Let R ∈ (0,+∞], l ∈ Z+, and m = l + s(δ) + 2αX + 3. Then the
following statements hold.

(i) If f ∈ D′
δ,j (BR), T ∈ E ′

�(X), and r(T ) < R, then (10.155) is true on (r(T )−
R,R − r(T )). In particular,

Aδ,j (p(L)f ) = p

(

d2

dt2
− ρ2

X

)

Aδ,j (f )

for any polynomial p.
(ii) Let f ∈ D′

δ,j (BR), r ∈ (0, R]. Then f = 0 in Br if and only if Aδ,j (f ) = 0
in (−r, r).

(iii) If f ∈ Cm
δ,j (BR), then Aδ,j (f ) ∈ Cl(−R,R), and (10.156) is valid for

t ∈ (0, κR). In addition,

Aδ,j (f )(0) = lim
t→0

fδ,j (ato)t−s(δ). (10.157)

(iv) The mapping Aδ,j is continuous from D′
δ,j (BR) into D′

�(−R,R) and from

Cm
δ,j (BR) into Cl

�(−R,R).
(v) If f ∈ D′

δ,j (BR) and ord f = l, then ord Aδ,j (f ) � m.
(vi) Let f ∈ Cm

δ,j (BR) have all derivatives of order � m vanishing at 0. Then

Aδ,j (f )(q)(0) = 0 for each q ∈ {0, . . . , l}.
(vii) If μ ∈ C and ν ∈ Z+, then

Aδ,j (Φμ,ν,δ,j ) = uμ,ν,

where

uμ,ν(t) =
⎧

⎨

⎩

1

2

(

eμ,ν(t) + eμ,ν(−t)
)

, μ �= 0,

(−1)νt2ν, μ = 0.

(viii) Assume that T ∈ conj(E ′
δ,j (X)), r(T ) < R, and f ∈ C

q
δ,j (BR), where q =

max{s(δ) + 2αX + 3, ord T + 2αX + 4}. Then

〈T , f 〉 = 〈Λδ,j (T ),Aδ,j (f )
〉

.
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Proof. Parts (i), (ii) and the first assertion in (iii) are clear from the definition of
Aδ,j on D′

δ,j (BR) and Lemma 10.4. Equality (10.157) is a consequence of (10.156)

and (10.143). Next, it is not difficult to adapt the argument in the proof of Theo-
rem 9.3(iv), (v) to verify (iv) and (v); we just have to use (10.93), (10.74), (10.37),
and (10.153). Part (vi) follows from (ii) and (iv), taking [122, Chap. 2, Lemma 1.3]
into account. Concerning (vii), first observe that

Φμ,0,δ,j (x) = 2Y δ
j (kM)

∫ t/κ

0
cos(μζ )wδ(t, κζ ) dζ, (10.158)

where x = kato, k ∈ K , t > 0. To prove (10.158) it is enough to combine
Proposition 10.3 with (10.144), where u(t) = eiμt . Bearing (iii) in mind, we see
from (10.158) that

∫ t/κ

0

(

Aδ,j (Φμ,0,δ,j )(ζ ) − cos(μζ )
)

wδ(t, κζ ) dζ = 0

for all t ∈ (0, κR). Lemma 10.3 and Corollary 10.5 now give

Aδ,j (Φμ,0,δ,j )(ζ ) = cos μζ, ζ ∈ (−R,R). (10.159)

Differentiating (10.159) with respect to μ, we obtain (vii). Finally, part (viii) follows
like in the proof of Theorem 9.3(viii) (see (10.159), Proposition 10.11, part (iv),
and (10.99)). ��
Remark 10.4. Let R ∈ (0,+∞), l ∈ Z+, and m = l + s(δ) + 2αX + 3. For each
f ∈ Cm

δ,j (
•
BR), we set

Aδ,j (f ) = Aδ,j (f1)|[−R,R],

where f1 ∈ Cm
δ,j (X) is selected so that f1| •

BR
= f . Theorem 10.21(ii), (iii) shows

that Aδ,j (f ) is independent of the choice of f1 and Aδ,j (f ) ∈ Cl
�[−R,R]. More-

over, the mapping Aδ,j : Cm
δ,j (

•
BR) → Cl

�[−R,R] is continuous.

Theorem 10.22. Let R ∈ (0,+∞) and q = 2 + [αX + s(δ)/2]. Then there exists a
constant c > 0 such that

∫ R

−R

∣

∣Aδ,j (f )(l)(t)
∣

∣ dt � c

q
∑

i=0

∫

BR

∣

∣

(

L + ρ2
X

)[(l+1)/2]+i
f (x)
∣

∣ dx

for all l ∈ Z+ and f ∈ Cν
δ,j (

•
BR), where ν = 2q + 2[(l + 1)/2].

Proof. We can essentially use the same arguments as in the proof of Theorem 9.4
with the mappings Λk,j and F k

j replaced by Λδ,j and F δ
j , respectively (see Theo-

rems 10.21(viii) and 10.11). The change is that, instead of (7.10) and (9.68), we
now use Lemma 7.2 and the function
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w(x) =

⎧

⎪

⎨

⎪

⎩

q
∑

i=1

ciΦμi,0,δ,j (x) if x ∈ BR,

0 if x ∈ X\BR

for suitable ci ∈ C, μi > 0. We leave for the reader to examine the details of the
proof. ��

Let us now turn to the problem of inverting the mapping Aδ,j .
Following Sect. 9.4, for F ∈ E ′

�(R
1), we set

〈

Bδ,j (F ),w
〉 = 1

π

∫ ∞

0

̂F(μ)〈w,Φμ,0,δ,j 〉 dμ, w ∈ D(X).

Together, (10.92), (10.27), and Theorem 10.11(i) show that Bδ,j (F ) ∈ D′
δ,j (X) and

the mapping Bδ,j : E ′
�(R

1) → D′
δ,j (X) is continuous. Now we prove a result

similar to Lemma 9.3.

Lemma 10.5.

(i) If F ∈ E ′
�(R

1) and T ∈ E ′
�(X), then

Bδ,j (F ) × T = Bδ,j

(

F ∗ Λ(T )
)

. (10.160)

(ii) Let F ∈ (E ′
� ∩ Cl)(R1) for some l � 2. Then Bδ,j (F ) ∈ C

l+s(δ)−2
δ,j (X) and

Bδ,j (F )(kato) = 2Y δ
j (kM)

∫ t/κ

0
F(ζ )wδ(t, κζ ) dζ (10.161)

for all k ∈ K , t > 0.
(iii) Let F ∈ E ′

�(R
1) and r ∈ (0,+∞]. Then F = 0 in (−r, r) if and only if

Bδ,j (F ) = 0 in Br .

Proof. Relation (10.160) can be easily verified by using (10.92) and (10.30). Next,
by the definition of Bδ,j and (10.65) one sees that

Bδ,j (F )(x) = 1

π

∫ ∞

0

̂F(μ)Φμ,0,δ,j (x) dμ

for all F ∈ (E ′
� ∩ C2)(R1), x ∈ X. Combining this with (10.158), we obtain (ii).

To prove (iii) there is no loss of generality in assuming F ∈ (E ′
� ∩ C∞)(R1)

(see (10.160)). Now part (iii) follows from (ii), Lemma 10.3, and Corollary 10.5.
��

Having Lemma 10.5(iii) in mind, we extend the mapping Bδ,j to the space
D′

�(−R,R), R ∈ (0,+∞] by the formula

〈

Bδ,j (F ),w
〉 = 〈Bδ,j (Fη),w

〉

, F ∈ D′
�(−R,R), w ∈ D(BR),
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where η ∈ D�(−R,R) and η = 1 on (−r0(w) − ε, r0(w) + ε) for some
ε ∈ (0, R − r0(w)). Then Bδ,j (F ) ∈ D′

δ,j (BR) and

Bδ,j (F |(−r,r)) = Bδ,j (F )|Br

for each r ∈ (0, R]. For the case where δ is trivial and j = 1, we set

Bδ,j = Btriv.

As in the Euclidean case, Lemma 10.5 and Theorem 10.21 lead to the following
analog of Theorem 9.5.

Theorem 10.23. For R ∈ (0,+∞] and l ∈ {2, 3, . . .}, the following assertions are
valid.

(i) Let F ∈ D′
�(−R,R), r ∈ (0, R]. Then F = 0 on (−r, r) if and only if

Bδ,j (F ) = 0 in Br .

(ii) If F ∈ Cl
�(−R,R), then Bδ,j (F ) ∈ C

l+s(δ)−2
δ,j (BR), and (10.161) holds for

all k ∈ K , t ∈ (0, κR). In addition,

lim
t→0

t−s(δ)
Bδ,j (F )(kato) = Y δ

j (kM)F(0).

(iii) The map Bδ,j is continuous from D′
�(−R,R) into D′

δ,j (BR) and from

Cl
�(−R,R) into C

l+s(δ)−2
δ,j (BR).

(iv) Let F ∈ D′
�(−R,R). Then ord Bδ,j (F ) � max{0, ord F − s(δ) + 3}.

(v) Suppose that F ∈ Cl
�(−R,R) and F (ν)(0) = 0 for all ν ∈ {0, . . . , l}. Then

Bδ,j (F ) has all derivatives of order � l + s(δ) − 2 vanishing at 0.
(vi) For F ∈ D′

�(−R,R), one has

Aδ,j

(

Bδ,j (F )
) = F.

(vii) Assume that T ∈ conj(E ′
δ,j (X)), r(T ) < R and F ∈ C

q
� (−R,R), where

q = max{2, ord T − s(δ) + 2}. Then

〈

T ,Bδ,j (F )
〉 = 〈Λδ,j (T ), F

〉

.

(viii) Let F ∈ D′
�(−R,R), T ∈ E ′

�(X), and r(T ) < R. Then (10.160) is true in
BR−r(T ). In particular,

p(L)Bδ,j (F ) = Bδ,j

(

p

(

d2

dt2
− ρ2

X

)

f

)

for each polynomial p.

Theorems 10.21 and 10.23 imply the following consequence.
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Corollary 10.6. For each R ∈ (0,+∞], the transform f → Aδ,j (f ) defines a
homeomorphism between:

(i) D′
δ,j (BR) and D′

�(−R,R).

(ii) C∞
δ,j (BR) and C∞

� (−R,R).

In addition,
A

−1
δ,j = Bδ,j .

Remark 10.5. For F ∈ Cl
�[−R,R], l � 2, R ∈ (0,+∞), we set Bδ,j (F ) =

Bδ,j (F1)| •
BR

, where F1 ∈ Cl
�(R

1) and F1|[−R,R] = F . Theorem 10.23(i), (ii) shows

that Bδ,j (F ) is independent of the choice of F1 and Bδ,j (F ) ∈ C
l+s(δ)−2
δ,j (

•
BR).

Moreover, the mapping F → Bδ,j (F ) is continuous from Cl
�[−R,R] into

C
l+s(δ)−2
δ,j (

•
BR) because of Theorem 10.23(iii).

The following is an analogue of Theorem 9.6.

Theorem 10.24. Let R ∈ (0,+∞). Then there exists a constant c > 0 such that for
all l ∈ Z+ and F ∈ C2l+2

� [−R,R],
∫

BR

∣

∣

(

L + ρ2
X

)l
Bδ,j (F )(x)

∣

∣ dx � c

∫ R

−R

(∣

∣F (2l)(t)
∣

∣+ ∣∣F (2l+2)(t)
∣

∣

)

dt.

Proof. The proof runs like the one for Theorem 9.6 (see Theorem 10.23(vii), (viii)).
��

Corollary 10.7. Let R ∈ (0,+∞], f ∈ D′
δ,j (BR), and α > 0. Then f ∈

(D′
δ,j ∩ Gα)(BR) if and only if Aδ,j (f ) ∈ (D′

� ∩ Gα)(−R,R).

The proof is obvious from Theorems 10.24 and 10.22.
To continue, let f ∈ E ′

δ,j (X). Taking (10.91), (10.55), Theorem 10.7, and Theo-

rem 10.10 into account, we infer that there exists Aδ
j (f ) ∈ E ′

�(X) such that

˜f (λ, b)Rδ(λ) = ˜Aδ
j (f )(λ)Y δ

j (b)

= Fδ
j (f )(λ)Rδ(λ)Y δ

j (b), (λ, b) ∈ a
∗
C

× B. (10.162)

Next, bearing in mind that the polynomials Rδ(λ) and Rδ(−λ) are relatively prime
(see [123, p. 348]), we define Bδ

j (f ) ∈ E ′
�(X) by the formula

˜Aδ
j (f )(λ) = Rδ(λ)Rδ(−λ)˜Bδ

j (f )(λ), λ ∈ a
∗
C
. (10.163)

Let us now investigate basic properties of the mappings Aδ
j and Bδ

j .

Proposition 10.16. For each f ∈ E ′
δ,j (X), the following statements are valid.

(i) r(Aδ
j (f )) = r(Bδ

j (f )) = r(f ).
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(ii) For all u ∈ E ′
�(X),

Aδ
j (f × u) = Aδ

j (f ) × u (10.164)

and
Bδ

j (f × u) = Bδ
j (f ) × u. (10.165)

(iii) If w ∈ D(X), then

〈

Aδ
j (f ), w

〉 = 1

2

∫

a∗
Fδ

j (f )(λ)Rδ(λ)|c(λ)|−2
∫

X

w(x)ϕλ(x) dx dλ.

In particular, if l ∈ Z+ and f ∈ (E ′
δ,j ∩ Cm)(X) with m = l + s(δ) + 2αX + 3,

then Aδ
j (f ) ∈ (E ′

� ∩ Cl)(X) and

Aδ
j (f )(x) = 1

2

∫

a∗
Fδ

j (λ)Rδ(λ)ϕλ(x)|c(λ)|−2 dλ (10.166)

for all x ∈ X.
(iv) Aδ

j = p(L)Bδ
j for some polynomial p of degree s(δ).

Proof. Part (i) follows from (10.162), (10.163), and Theorem 10.7(ii). As for (ii),
note that by (10.162), (10.163), and Proposition 10.9(i) both sides in (10.164)
and (10.165) have the same Fourier transform. This yields (ii). To prove (iii), first
consider the case f ∈ (E ′

δ,j ∩ Cm)(X). Using Remarks 10.1 and 10.2, we deduce

from (10.148) and (10.162) that Aδ
j (f ) ∈ (E ′

� ∩ Cl)(X) and (10.166) holds. In the
general case there is obviously no loss of generality in assuming that w ∈ D�(X).
For each ε > 0, let ηε ∈ D�(X) be nonnegative, with

∫

X
ηε(x) dx = 1 and

supp ηε ⊂ •
Bε. Using now (10.10), (10.164), (10.72), and (10.166), we obtain

〈

Aδ
j (f ), w × ηε

〉 = 〈Aδ
j (f × ηε), w

〉

= 1

2

∫

a∗
Fδ

j (f )(λ)Rδ(λ)̃ηε(λ)w̃(λ)|c(λ)|−2 dλ. (10.167)

The proof of Theorem 10.5 shows that (10.78) holds and η̃ε(λ) → 1 as ε → 0
for any λ ∈ a∗. In addition, if ε → 0, then w × ηε → w in D(X). Applying
Theorem 10.11, (10.37), (10.74), and (10.167), by Lebesgue’s dominated conver-
gence theorem we arrive at (iii). Part (iv) follows from (10.163), (10.50)–(10.52),
and (10.53). ��

The following corollary relates Aδ
j to the transform Aδ,j .

Corollary 10.8. If f ∈ (E ′
δ,j ∩ Cs(δ)+2αX+3)(X), then

Aδ
j (f )(x) =

∫

K

Aδ,j (f )
(

h(τx)
)

eρXh(τx) dτ (10.168)

for all x ∈ X.
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The proof follows at once from (10.166), (10.31), (10.154), and (10.150).

Lemma 10.6. Let f ∈ E ′
δ,j (X). Then the following assertions hold.

(i) If Aδ
j (f ) = 0 in Br for some r ∈ (0,+∞], then f = 0 in Br .

(ii) Assume that f = 0 in Br1,r2 = {x ∈ X : r1 < d(o, x) < r2} for some r1 ∈ R
1,

r2 ∈ (0,+∞]. Then Aδ
j (f ) = 0 in Br1,r2 .

(iii) If Bδ
j (f ) = 0 in Br for some r ∈ (0,+∞], then f = 0 in Br .

Proof. We can assume, without loss of generality, that f ∈ Dδ,j (X). The gen-
eral case reduces to this one by means of the standard smoothing procedure (see
(10.164)). Corollaries 10.8 and 10.5 now lead to the conclusion that Aδ

j (f ) = 0 in
Br if and only if f = 0 in Br proving (i). Next, for r1 < 0 or r2 = +∞, part (ii)
is a direct consequence of (i) and Proposition 10.16(i). Let 0 � r1 < r2 < +∞.
Writing f = f1 + f2 where f1, f2 ∈ E ′

δ,j (X) such that supp f1 ⊂ •
Br1 and

supp f2 ⊂ X\Br2 , we find Aδ
j (f ) = Aδ

j (f1) + Aδ
j (f2). Again, part (i) and Propo-

sition 10.16(i) yield Aδ
j (f ) = 0 in Br1,r2 . Finally, part (iii) is a consequence of (i)

and Proposition 10.16(iv). Hence the lemma. ��
For the rest of the section, we assume that O is a nonempty open K-invariant

subset of X. Let us extend the mapping Aδ
j (f ) to the space D′

δ,j (O).

For f ∈ D′
δ,j (O), we define the distribution Aδ

j (f ) ∈ D′
�(O) acting in D(O) by

the formula
〈

Aδ
j (f ), w

〉 = 〈Aδ
j (f η),w

〉

, w ∈ D(O), (10.169)

where η ∈ D�(O) and η = 1 in some open set O1 ⊂ O containing the support of w.
Notice that f η ∈ E ′

δ,j (X) and the right-hand side in (10.169) is independent of our
choice of η (see Lemma 10.6). In addition, for each nonempty open K-invariant
subset U of O, one has

Aδ
j (f |U) = Aδ

j (f )|U . (10.170)

Theorem 10.25. Let f ∈ D′
δ,j (O), r ∈ (0,+∞], l ∈ Z+, and m = l + s(δ) +

2αX + 3. Then the following results are true.

(i) If T ∈ E ′
�(X) and OT �= ∅ (see (10.9)) then (10.164) holds with u = T . In

particular,
Aδ

j

(

p(L)f
) = p(L)

(

Aδ
j (f )
)

for each polynomial p.
(ii) Assume that Br ⊂ O. Then f = 0 in Br if and only if Aδ

j (f ) = 0 in Br .

(iii) supp Aδ
j (f ) ⊂ supp f .

(iv) If f ∈ (D′
δ,j ∩ Cm)(O), then Aδ

j (f ) ∈ (D′
� ∩ Cl)(O). In addition, if Br ⊂ O,

then (10.168) is satisfied for all x ∈ Br .
(v) The mapping Aδ

j is continuous from D′
δ,j (O) into D′

�(O) and from Cm
δ,j (O)

into Cl
�(O).

(vi) Aδ
j (Φμ,ν,δ,j ) = Φμ,ν,triv for all μ ∈ C, ν ∈ Z+.
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(vii) If f ∈ Cs(δ)(O\{o}) and f (x) = ψ(t)Y δ
j (kM) for x = kato ∈ O\{o}, then

Aδ
j (f )(x) =

s(δ)
∑

ν=0

aδ
ν(t)ψ

(ν)(t), x ∈ O\{o}, (10.171)

where the functions aδ
ν ∈ RA(0,+∞) are independent of f and j . In addition,

aδ
s(δ)(t) �= 0 for each t > 0.

(viii) If O = Br , then
Aδ

j (f ) = Btriv
(

Aδ,j (f )
)

. (10.172)

Proof. Assertions (i) and (ii) are easy consequences of Proposition 10.16(ii), Lem-
ma 10.6, and the definition of Aδ

j on D′
δ,j (O). Next, since supp f is K-invariant,

part (iii) is obvious from (10.170) and Lemma 10.6(ii). Next, using (10.170), Propo-
sition 10.16(ii), and Corollary 10.8, we see that (iv) is true. The argument in (v) is
quite parallel to the proof of Theorem 10.21(iv) (see Proposition 10.16). Turning
to (vi), it can be supposed that O = X in view if (10.170). The required equality
then follows by Theorem 10.21(vii) and (iv). To show (vii) and (viii), first observe
that (10.171) and (10.172) are fulfilled with f = Φμ,0,δ,j for each μ ∈ C (see (vi),
[73, 2.8 (22)–2.8 (24)], and Theorem 10.21(vii)). Applying now (v) and Proposi-
tion 10.11, we obtain parts (vii) and (viii) in the general case. This completes the
proof. ��

The previous theorem shows that Aδ
j is an analogue of the mapping Ak

j from the
Euclidean case (see Sect. 9.4). We note also that Theorems 10.22 and 10.24 yield
the inequality

∫

BR

∣

∣

(

L + ρ2
X

)l(Aδ
j (f )
)

(x)
∣

∣ dx � c

q
∑

i=0

∫

BR

∣

∣

(

L + ρ2
X

)l+i
f (x)
∣

∣ dx,

where R ∈ (0,+∞), l ∈ Z+, q = 3 + [αX + s(δ)/2], f ∈ C
2(q+l)
δ,j (

•
BR), and the

constant c > 0 is independent of l and f .
We conclude this section with the following result.

Theorem 10.26. Let m ∈ Z+, f ∈ E ′
δ,j (X), and f ∈ C∞(Bε) for some ε > 0.

Then the following assertions hold.

(i) If f ∈ L
1,loc
m (X), then Bδ

j (f ) ∈ (L
1,loc
m+s(δ) ∩ E ′

�)(X).

(ii) If f ∈ Cm(X), then Bδ
j (f ) ∈ (Cm+s(δ) ∩ E ′

�)(X).

The proof starts with the following lemma.

Lemma 10.7. Let m ∈ Z+, R > ε > 0, f ∈ D′
δ,j (BR) ∩ C∞(Bε), and let q is

a polynomial of degree d . Assume that F ∈ D′
δ,j (BR) and q(L)F = f . Then the

following statements are valid.
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(i) If f ∈ L
1,loc
m (BR), then F ∈ L

1,loc
m+2d(BR).

(ii) If f ∈ Cm(BR), then F ∈ Cm+2d(BR).

Proof. By assumption on f we infer that F ∈ C∞(Bε) since p(L) is an elliptic
differential operator. Using now [123, Chap. 3, the proof of Theorem 11.2] and
[126, the proof of Corollary 3.1.6], one sees that (i) and (ii) hold. ��

We now embark on the proof of Theorem 10.26. Let d ∈ Z+, d > s(δ)/2, and
assume that f ∈ (E ′

δ,j ∩ L
1,loc
m )(X) ∩ C∞(Bε). By Corollary 10.4 and Lemma 10.7

there exists F ∈ (E ′
δ,j ∩ L

1,loc
m+2d)(X) ∩ C∞(Bε) such that q(L)F = f for some

polynomial q of degree d . In view of Theorem 10.25(v), (vii),

Aδ
j (F ) ∈ (E ′

� ∩ L
1,loc
m+2d−s(δ)

)

(X) ∩ C∞(Bε).

Taking Proposition 10.16(iv) into account, we deduce from Lemma 10.7 that
Bδ

j (F ) ∈ (E ′
� ∩ L

1,loc
m+2d+s(δ))(X). Using now (10.165), one obtains

Bδ
j (f ) = q(L)Bδ

j (F ),

which establishes (i). The proof of (ii) is quite similar. �

10.9 Ideas and Methods of Sect. 9.5 Applied in Analogous
Problems for G/K

Here we intend to study analogues of results in Sect. 9.5. Let T ∈ E ′
��(X), T �= 0,

and let

ZT = {λ ∈ Z
( ◦
T
) : Im λ � 0, λ �∈ (−∞, 0)

}

.

Throughout the section we suppose that ZT �= ∅.
Let λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}. By an appeal to Proposition 6.6(ii) and

Theorem 10.7(ii) we find that

∣

∣bλ,η
( ◦
T , z
)∣

∣ � γ1(1 + |z|)γ2 er(T )|Im z|, z ∈ C, (10.173)

where γ1, γ2 > 0 are independent of z. Because of (10.173) and Theorem 10.7,
there exist Tλ,η ∈ E ′

��(X) and T λ,η ∈ E ′
��(X) such that

r(Tλ,η) = r
(

T λ,η
) = r(T ) (10.174)

and

◦
T λ,η(z) = bλ,η

( ◦
T , z
)

,
◦
T λ,η(z)

(

z2 − λ2)η+1 = ◦
T (z), z ∈ C. (10.175)
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Proposition 10.17.

(i) Tλ,η =
n(λ,T )
∑

p=0

bλ,η
p

( ◦
T
)

T λ,n(λ,T )−p.

(ii)
(

L+λ2+|ρ|2)n(λ,T )+1
Tλ,η =

n(λ,T )
∑

p=0

bλ,η
p

( ◦
T
)

(−1)n(λ,T )+1−p
(

L+λ2+|ρ|2)pT .

(iii) If T ∈ R(X), then
∑

λ∈ZT

Tλ,0 = δ0, (10.176)

where the series converges unconditionally in the space D′(X).
(iv) Assume that T = (L + c)Q for some c ∈ C, Q ∈ E ′

��(X). Then ZQ ⊂ ZT and

Tλ,0 = Qλ,0 − b
λ,0
n(λ,T )(

◦
T )T for all λ ∈ ZQ.

Proof. Part (i) is clear from (10.175), (6.21), and (6.22). To prove (ii) we have only
to combine (i), (10.175), and (10.73). As for (iii), assume that f ∈ D(X). Then
using Proposition 10.9(ii), (10.36), and Theorem 10.5, we get

〈Tλ,0, f 〉 = 1

|W |
∫

a∗

∫

B

˜f (ζ, b) db
◦
T λ,0(ζ )|c(ζ )|−2 dζ.

This, together with (10.74) and (8.12), allows us to tell that the series
∑

λ∈ZT
〈Tλ,0, f 〉 converges absolutely. Hence, the series

∑

λ∈ZT
Tλ,0 converges in

D′(X). To end the proof of (iii) it suffices to apply the argument in the proof of
Proposition 9.11(iii). Finally, part (iv) follows from (10.175), (6.21), (6.22), and
Proposition 6.9. ��
Proposition 10.18. For each λ ∈ ZT , the following assertions hold.

(i) (L + λ2 + |ρ|2)T λ,0 = −T .
In addition, if n(λ, T ) � 1, then

(

L + λ2 + |ρ|2)T λ,η+1 = −T λ,η

for all η ∈ {0, . . . , n(λ, T ) − 1}.
(ii) (L + λ2 + |ρ|2)Tλ,n(λ,T ) = −b

λ,n(λ,T )
n(λ,T ) (

◦
T )T .

(iii) If λ �= 0 and n(λ, T ) � 1, then

(

L + λ2 + |ρ|2)Tλ,n(λ,T )−1 + 2λn(λ, T )Tλ,n(λ,T ) = −b
λ,n(λ,T )−1
n(λ,T )

( ◦
T
)

T .

(iv) If λ �= 0 and n(λ, T ) � 2, then
(

L + λ2 + |ρ|2)Tλ,η + 2λ(η + 1)Tλ,η+1 + (η + 2)(η + 1)Tλ,η+2

= −b
λ,η

n(λ,T )

( ◦
T
)

T

for all η ∈ {0, . . . , n(λ, T ) − 2}.
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(v) If 0 ∈ ZT and n(0, T ) � 1, then

(

L + |ρ|2)T0,η + (2η + 2)(2η + 1)T0,η+1 = −b
0,η

n(0,T )

( ◦
T
)

T

for all η ∈ {0, . . . , n(0, T ) − 1}.
Proof. Taking (10.175) with Proposition 6.8, we have the desired results. ��

Assume now that m ∈ N, m � 2, and T1, . . . , Tm are nonzero distributions
in E ′

��(X) such that ZTl
�= ∅ for all l ∈ {1, . . . , m}. For l, p ∈ {1, . . . , m} and

λl ∈ ZTl
, let us define the distribution Tλ1,...,λm,p ∈ E ′

��(X) by

˜Tλ1,...,λm,p =
m
∏

l=1,
l �=p

(̃Tl)λl ,0

(see Theorem 10.7(ii)).
The analog of Proposition 9.16 goes as follows.

Proposition 10.19. Let
⋂m

l=1 ZTl
= ∅ and suppose that

Z(wl) ∩ Z(w′
l ) = ∅ for all l ∈ {1, . . . , m},

where wl(z) = ◦
T l(

√
z ), z ∈ C. Let c1, . . . , cm ∈ C,

∑m
l=1 cl = 0, and

∑m
l=1 clλ

2
l = 1. Then

(T1)λ1,0 × · · · × (Tm)λm,0 = −
m
∑

l=1

clb
λl,0
0

( ◦
T l

)

Tl ∗ Tλ1,...,λm,l .

Proof. This result is proved similarly to Proposition 9.16 by using Proposi-
tion 10.18(ii). ��

As in Sect. 9.5 for the case m = 2, we have the following.

Proposition 10.20. Let ZT1 ∩ ZT2 = ∅ and

ν = ν(λ1, λ2) = n(λ1, T1) + n(λ2, T2) + 2, λ1 ∈ ZT1 , λ2 ∈ ZT2 .

Then

(T1)λ1,0 × (T2)λ2,0

= (λ2
1 − λ2

2

)−2ν

(

ν
∑

p=0

(

2ν

ν + p

) n(λ1,T1)
∑

q=0

bλ1,0
q

( ◦
T 1
)

× (−L − λ2
1 − |ρ|2)q+p+n(λ2,T2)+1
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× (L + λ2
2 + |ρ|2)ν−p(

T1 × (T2)λ2,0
)+

ν
∑

p=1

(

2ν

ν − p

) n(λ2,T2)
∑

q=0

bλ2,0
q

( ◦
T 2
)

× (L + λ2
1 + |ρ|2)ν−p(−L − λ2

2 − |ρ|2)q+p+n(λ1,T1)+1(
T2 × (T1)λ1,0

)

)

.

This statement can be proved in the same way as Proposition 9.17 with attention
to Propositions 10.18(i) and 9.13(i).

For the rest of the section, we assume that rank X = 1, δ ∈ ̂KM , and
j ∈ {1, . . . , d(δ)}.

As before, let T ∈ E ′
�(X), T �= 0, λ ∈ ZT , and η ∈ {0, . . . , n(λ, T )}. Owing to

Theorem 10.11(ii), there exists Tλ,η,δ,j ∈ conj(E ′
δ,j (X)) such that

r(Tλ,η,δ,j ) = r(T )

and

F δ
j

(

Tλ,η,δ,j

)

(ζ ) = bλ,η
( ◦
T , z
)

, z ∈ C, (10.177)

where ζ ∈ a∗
C

and ζ(H0)/|H0| = z. Notice that if δ is trivial and j = 1, then the
distributions Tλ,η,δ,j and Tλ,η coincide. It follows from (10.177), (6.21), (6.22), and
Theorem 10.11 that

ord Tλ,η,δ,j � ord T + 2αX + 3 + s(δ). (10.178)

Formulae (10.177) and (6.23) give the condition of bi-orthogonality

〈Tλ,η,δ,j , Φμ,ν,δ,j 〉 = δλ,μδη,ν (10.179)

for μ ∈ ZT and ν ∈ {0, . . . , n(μ, T )}.
Consider now the case where T ∈ (E ′

� ∩ Cm)(X) with m = 2αX + s(δ) + 3 + l

for some l ∈ Z+. Theorem 10.11 implies that Tλ,η,δ,j ∈ (E ′ ∩ Cl)(X) (see (6.21)
and (6.22)). Moreover, if λ �= 0, then, in view of Proposition 6.6(ii) and (10.97),
(10.65), and (10.37), one has

max
x∈X

∣

∣(DTλ,η,δ,j )(x)
∣

∣ � γ σλ,η
( ◦
T
)

, (10.180)

where D is an arbitrary differential operator of order at most l, and the constant
γ > 0 is independent of λ, η.

Proposition 10.21. Suppose that r(T ) > 0 and let f ∈ Cm
δ,j (

•
Br(T )), where m =

ord T + 4αX + 6 + s(δ). Then

〈Tλ,η,δ,j , f 〉 = 〈Tλ,η, Aδ
j (f )
〉

(10.181)

and

〈Tλ,η,δ,j , f 〉 =
{

2〈Λ(T )λ,η,Aδ,j (f )〉 if λ ∈ ZT \{0},
〈Λ(T )0,2η,Aδ,j (f )〉 if λ = 0 ∈ ZT .

(10.182)



330 10 The Case of Symmetric Spaces X = G/K of Noncompact Type

Proof. It is enough to prove (10.181) and (10.182) for the case f = Φz,0,δ,j , z ∈ C

(see Proposition 10.11, (10.99), (10.178), Proposition 8.5(iii), Corollary 8.1, and
Theorems 10.21(iv) and 10.25(v)). However, this case can be treated directly, by
using Theorem 10.21(vii), Theorem 10.25(vi), (6.19), and (10.177). ��
Proposition 10.22. Let p ∈ N, r(T ) > 0, and f ∈ Cm

δ,j (
•
Br(T )), where m = ord T +

2αX + 8 + s(δ) + 2p. Suppose that

〈

T ,Aδ
j (L

νf )
〉 = 0

for all ν ∈ {0, . . . , p}. Let λ ∈ ZT , |λ| > 1, and η ∈ {0, . . . , n(λ, T )}. Then

|〈Tλ,η,δ,j , f 〉| � γ σλ,η(
◦
T )

(|λ| − 1)2p

l
∑

i=0

∥

∥

(

L + ρ2
X

)p+i
f
∥

∥

L1(Br(T ))
,

where
l = [(ord T )/2] + [(2αX + s(δ)

)

/2
]+ 4, (10.183)

and the constant γ > 0 is independent of λ, η, p, f .

Proof. It is not difficult to adapt the argument in the proof of Proposition 9.15 to
show that

〈

Λ(T ),
(

Aδ,j (f )
)(μ)〉 = 0

for all μ ∈ {0, . . . , 2p} (see (10.172), Theorem 10.21(i), (iv), and (10.99)). To com-
plete the proof we have only to combine (10.182), Theorem 10.21(iii), Proposi-
tion 8.13, (10.100), and Theorem 10.22. ��

The analogues of Theorems 9.8 and 9.9 run as follows.

Theorem 10.27. Let r(T ) > 0 and f ∈ Cm
δ,j (

•
Br(T )), where m = ord T + 4αX +

6 + s(δ). Assume that

〈Tλ,η,δ,j , f 〉 = 0 for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}.
Then f = 0.

Once (10.182), (10.99), and Theorem 10.21(ii), (iii) were established, the proof
of this theorem is so close to that of Theorem 9.8 that we leave it for the reader.

Theorem 10.28. Let R > r(T ), f ∈ D′(BR), and let

f × T λ,n(λ,T ) = 0 for all λ ∈ ZT . (10.184)

Then f = 0. The same is valid if (10.184) is replaced by

f × Tλ,η = 0 for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}.
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Proof. The proof of this result is similar to that of Theorem 9.9; we just have to use
Theorem 10.21(i), (ii). ��

For the remainder of the section, we suppose that r(T ) > 0. Consider now some
analogies of results in Sect. 9.5 for a series of the form

∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΦλ,η,δ,j , (10.185)

where cλ,η ∈ C, δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}.
Proposition 10.23.

(i) Assume that

sup
λ∈ZT

Im λ + n(λ, T )

log(2 + |λ|) < +∞, (10.186)

and let

|cλ,η| � (2 + |λ|)γ for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, (10.187)

where γ > 0 is independent of λ, η. Then series (10.185) converges in D′
(X).

(ii) Let R > 0, q ∈ Z+, λ ∈ ZT \{0}, η ∈ {0, . . . , n(λ, T )}, and

Bλ,η(R, q) = |λ|q−s(δ)

(

R + n(λ, T ) + q

|λ|
)η

. (10.188)

Suppose that

∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

|cλ,η|Bλ,η(R, q)eR Im λ < +∞.

Then series (10.185) converges in Cq(
•
BR). In particular, if (10.186) holds and

max
0�η�n(λ,T )

|cλ,η| = O
(|λ|−γ
)

as λ → ∞ (10.189)

for each fixed γ > 0, then series (10.185) converges in E (X).
(iii) Assume that (10.186) holds and let

max
0�η�n(λ,T )

|cλ,η| � Mq

(2 + |λ|)2q
, q = 1, 2, . . . , (10.190)

where the constants Mq > 0 are independent of λ, and

∞
∑

ν=1

1

infq�ν M
1/2q
q

= +∞. (10.191)

Then series (10.185) converges in E (X) to f ∈ QA(X).
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(iv) Let α > 0, let

Im λ + n(λ, T ) = o
(|λ|1/α
)

as λ → ∞, (10.192)

and suppose that
|cλ,η| � γ1 exp

(−γ2|λ|1/α
)

, (10.193)

where the constants γ1, γ2 > 0 are independent of λ, η. Then series (10.185)
converges in E (X) to f ∈ Gα(X).

Proof. We can essentially use the same arguments as in the proof of Proposi-
tions 9.18–9.20 taking into account Proposition 10.7 and Theorem 10.11. ��

The following is the analogue of Theorem 9.10.

Theorem 10.29. Let p, q ∈ N, q � ord T +4αX+6+s(δ), and let f ∈ Cm
δ,j (

•
Br(T )),

where m = ord T + 4αX + 8 + s(δ) + 2p. Suppose that

〈

T , Aδ
j

(

Lνf
)〉 = 0 (10.194)

for each ν ∈ {0, . . . , p} and

∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

σλ,η(
◦
T )

(1 + |λ|)2p
Bλ,η(r(T ), q)er(T ) Im λ < +∞

(see (10.188)). Then

f =
∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΦλ,η,δ,j , (10.195)

where cλ,η = 〈Tλ,η,δ,j , f 〉, and the series converges in Cq(
•
Br(T )). In addition, if

|λ| > 1, then

|cλ,η| � γ σλ,η(
◦
T )

(|λ| − 1)2p

l
∑

i=0

∥

∥

(

L + ρ2
X

)p+i
f
∥

∥

L1(Br(T ))
(10.196)

where l is defined by (10.183), and the constant γ > 0 is independent of λ, η, p, f .

Proof. Inequality (10.196) is evident from Proposition 10.22. Once we have Propo-
sition 10.23, Theorem 10.27, (10.179), and (10.178), we can finish the proof by
arguing in the same way as in the proof of the Theorem 9.10. ��
Corollary 10.9. If T ∈ M(X), then the following statements are equivalent.

(i) f ∈ C∞
δ,j (

•
Br(T )), and (10.194) is fulfilled for all ν ∈ Z+.

(ii) Relation (10.195) is valid with cλ,η = 〈Tλ,η,δ,j , f 〉, and the series converges in

E (
•
Br(T )).
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The proof is clear from Theorem 10.25(vi), Proposition 10.7(ii), and Theo-
rem 10.29.

Corollary 10.10. If T ∈ M(X), then the following statements are equivalent.

(i) f ∈ (C∞
δ,j ∩ QA)(

•
Br(T )), and (10.194) holds for each ν ∈ Z+.

(ii) Conditions (10.190) and (10.191) are satisfied with cλ,η = 〈Tλ,η,δ,j , f 〉, and the

series in (10.195) converges to f in E (
•
Br(T )).

Proof. The proof of the implication (i)→(ii) can be found in Chap. 15 (see The-
orems 15.19, 15.15(iii), and 15.9 and Proposition 15.9(iii)). The converse result
follows by Proposition 10.23(iii), Theorem 10.25(vi), and Proposition 10.7(ii). ��

In analogy with (9.124), for f ∈ C∞
δ,j (

•
Br(T )), λ ∈ ZT , and η ∈ {0, . . . , n(λ, T )},

we define

μλ,η(f ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

inf
p∈N

(|λ| − 1)−2p

l
∑

i=0

‖(L + ρ2
X)p+if ‖L1(Br(T ))

if |λ| > 1,

0 if |λ| � 1,

where l is defined by (10.183). Then we have the following version of the previous
theorem, which is proved in the same way.

Theorem 10.30. Let f ∈ C∞
δ,j (

•
Br(T )) and suppose that (10.194) is satisfied for

each ν ∈ Z+. Let q ∈ N, q � ord T + 4αX + 6 + s(δ), and

∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

σλ,η
( ◦
T
)

Bλ,η(r(T ), q)μλ,η(f )er(T ) Im λ < +∞.

Then relation (10.195) holds with cλ,η = 〈Tλ,η,δ,j , f 〉, and the series converges in

Cq(
•
Br(T )).

One corollary of this theorem is worth recording.

Corollary 10.11. Let α > 0 and T ∈ Gα(X). Then the following statements are
equivalent.

(i) f ∈ (C∞
δ,j ∩ Gα)(

•
Br(T )), and (10.194) holds for all ν ∈ Z+.

(ii) Condition (10.193) is satisfied with cλ,η = 〈Tλ,η,δ,j , f 〉, and the series in

(10.195) converges to f in E (
•
Br(T )).

Proof. The argument is quite parallel to the proof of Corollary 8.10, while we now
use Theorem 10.30 and Proposition 10.23(iv). ��

We end the consideration by reporting an analog of Proposition 10.23 for a series
of the form
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∑

λ∈ZT

n(λ,T )
∑

η=0

cλ,ηΨλ,η,δ,j , (10.197)

which can be useful in Parts III and IV.

Proposition 10.24.

(i) If conditions (10.186) and (10.187) hold, then series (10.197) converges in
D′(X\{o}).

(ii) If (10.186) and (10.189) are valid, then series (10.197) converges in E (X\{o}).
(iii) If (10.186), (10.190), and (10.191) are fulfilled, then series (10.197) converges

in E (X\{o}) to f ∈ QA(X\{o}).
(iv) If (10.192) and (10.193) are satisfied for some α > 0, then series (10.197)

converges in E (X\{o}) to f ∈ Gα(X\{o}).
The proof is identical to that of Proposition 9.21. We just have to use Proposi-

tion 10.8.



Chapter 11
The Case of Compact Symmetric Spaces

Having in the last chapter dealt with transmutation operators on symmetric spaces of
noncompact type, we shall now study the case of compact symmetric spaces U/K

of rank one.
Some new features arise when we pass to the compact case. Firstly, we use sub-

stantially the realizations of symmetric spaces of Chap. 3, and the theory of spher-
ical harmonics developed in Chap. 4. All the necessary material of these chapters
is summarized in Sect. 11.1. Secondly, the set of spherical functions in this case is
discrete. Accordingly, we need continuous analogues of the spherical transform and
corresponding Paley–Wiener-type theorems. The method we adopt to define these
analogues is based on the following argument for S

1. Consider a smooth function
f : S

1 = R/2πZ → C and suppose that f has support in [−r, r] + 2πZ, where
0 < r < π . We denote the space of such functions by C∞

r (S1). The Fourier trans-
form of f is the Fourier coefficient map n → ̂f (n) on Z, where

̂f (n) = 1

2π

∫ π

−π

f
(

eit)e−int dt,

and it extends to a holomorphic function on C, defined by the same formula with n

replaced by λ ∈ C. By the classical Paley–Wiener theorem for R
1 this holomorphic

extension has at most exponential growth of type r , and every holomorphic func-
tion on C of this type arises in this fashion from a unique function f ∈ C∞

r (S1).
Analogously, the Fourier coefficients of a smooth K-invariant function on U/K

are given by integration of the function against the spherical functions. For func-
tions with support in a ball, we describe the size of the support by means of the
exponential type of a holomorphic extension of the Fourier coefficients (see Theo-
rem 11.2 in Sect. 11.3). The proof of Theorem 11.2 requires a detailed discussion of
local eigenfunctions of the Laplace–Beltrami operator. Various properties of these
eigenfunctions are presented in Sect. 11.2. Next, we construct and investigate trans-
mutation operators on U/K . In contrast to the noncompact case, we treat here two
cases. Section 11.4 considers the case of a ball in U/K . The operators Ak,m,j de-

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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fined in Sect. 11.4 are closely related to the Jacobi polynomials expansion. Finally,
Sect. 11.5 is devoted to the study of analogues of Ak,m,j in exterior of a ball.

11.1 Compact Symmetric Spaces of Rank One from the Point
of View of Realizations

Let X be a rank one symmetric space of compact type. We shall assume everywhere
that the diameter of X is equal to π/2 and that X is realized in the same manner as
in Chap. 3. By SO(n + 1)/ SO(n) we understand Rn with the metric

gij (x) = δi,j

(1 + |x|2)2
.

According to (3.7), (3.27), (3.39), and (3.50), X = R
aX ∪ Ant {0}, where aX =

dimR X ,

Ant {0} =

⎧

⎪

⎨

⎪

⎩

∞, X = Rn,

P
n−1
K

, X = P
n
K

(K = R, C, Q),

S8, X = P
2
Ca

.

The set Ant {0} is the antipodal manifold of the point 0 ∈ R
aX . The distance d on X

is defined by

d(0, p) =
{

arctan |p|, p ∈ R
aX ,

π/2, p ∈ Ant {0}, (11.1)

and the condition of invariance under the isometry group I (X ). Because of (11.1),
the geodesic ball Br = {p ∈ X : d(0, p) < r} (0 < r � π/2) is the open
Euclidean ball in R

aX of radius tan r centered at 0. The set Br1,r2 = {p ∈ X :
r1 < d(0, p) < r2} (0 � r1 < π/2, 0 < r2 � π/2) coincides with the annular
region {p ∈ R

aX : tan r1 < |p| < tan r2}.
Put αX = aX /2 − 1, γX = αX + βX , where

βX =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

n/2 − 1, X = Rn,

−1/2, X = P
n
R
,

0, X = P
n
C
,

1, X = P
n
Q
,

3, X = P
2
Ca.

Let X = X \Ant {0}. The Riemannian measure on X has the form

dμ(p) = dp

(1 + |p|2)γX +2
, (11.2)
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where dp is the Lebesgue measure on R
aX . The area AX (r) of the sphere Sr =

{p ∈ X : d(0, p) = r} (0 < r < π/2) is calculated by

AX (r) = bX (sin r)2αX +1(cos r)2βX +1,

where

bX =
∫

S
aX −1

dω(σ) = 2παX +1


(αX + 1)
. (11.3)

For the radial part L0 of the Laplace–Beltrami operator L, on X we have the equal-
ities

L0 = ∂2

∂r2
+ A

′
X (r)

AX (r)

∂

∂r
= ∂2

∂r2
+ (

(2αX + 1) cot r − (2βX + 1) tan r
) ∂

∂r
.

Spherical functions on X are given by

ϕj (p) = R
(αX ,βX )
j

(

cos
(

2d(0, p)
)) = ϕ2j+1+γX ,αX ,βX

(

d(0, p)
)

, j ∈ Z+
(11.4)

(see (7.48)). The function ϕj satisfies the equation

Lϕj = −4j (j + ρX )ϕj

with ρX = γX + 1. The orthogonal decomposition

L2(X ) =
∞
⊕

j=0

Ej (11.5)

holds, where
Ej = {

f ∈ C∞(X ) : Lf = −4j (j + ρX )f
}

(11.6)

(see Besse [10], Chap. 8).
Take k ∈ Z+ and m ∈ {0, . . . ,MX (k)

}

, where

MX (k) =
{

0, X = Rn, P
n
R
,

[k/2], X = P
n
C
, P

n
Q
, P

2
Ca

.

Preserving the notation from Chap. 4, we set

Hk,m
X =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Hn,k
1 , X = Rn, P

n
R
,

Hn,k,m
3 , X = P

n
C
,

Hn,k,m
5 , X = P

n
Q
,

Hk,m
6 , X = P

2
Ca

,

d
k,m

X = dim Hk,m
X .
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The space Hk,m
X is an invariant subspace of the quasi-regular representation TX (τ )

of the group KX on L2(SaX −1), where

KX =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

O(n), X = Rn, P
n
R
,

OC(n), X = P
n
C
,

OQ(n), X = P
n
Q
,

OCa(2), X = P
2
Ca.

Moreover, as we have seen in Chap. 4, TX (τ ) is the orthogonal direct sum of the
pairwise nonequivalent irreducible unitary representations

T
k,m

X (τ ) = TX (τ )|Hk,m
X

,

i.e.,

TX (τ ) =
∞
⊕

k=0

MX (k)
⊕

m=0

T
k,m

X (τ ). (11.7)

Consider a nonempty open set O ⊂ X such that

τ O = O for all τ ∈ KX .

(For the action of KX on Ant {0}, see Chap. 3). Every point p ∈ O \ ({0} ∪ Ant {0})
can be represented as

p = �σ with � = |p|, σ = p

|p| . (11.8)

To any function f ∈ L1,loc(O) there corresponds the Fourier series

f (p) ∼
∞
∑

k=0

MX (k)
∑

m=0

d
k,m

X
∑

j=1

fk,m,j (�)Y
k,m
j (σ ), (11.9)

where {Y k,m
j }, j ∈ {1, . . . , d

k,m
X }, is a fixed orthonormal basis in Hk,m

X , Y
0,0
1 (σ ) =

1/
√

bX , and

fk,m,j (�) =
∫

S
aX −1

f (�σ)Y
k,m
j (σ ) dω(σ). (11.10)

The function fk,m,j is locally summable on the set {t > 0 : Sarctan t ⊂ O} by the
Fubini theorem. Analogously, the function

f k,m,j (p) = fk,m,j (�)Y
k,m
j (σ )

is in the class L1,loc(O).
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Let {tk,m
i,j (τ )}, i, j ∈ {1, . . . , d

k,m
X }, be the matrix of the representation T

k,m
X (τ )

in the basis {Y k,m
j }, that is,

T
k,m

X (τ )Y
k,m
j =

d
k,m

X
∑

i=1

t
k,m
i,j (τ )Y

k,m
i . (11.11)

Then

t
k,m
i,j (τ ) =

∫

S
aX −1

Y
k,m
j

(

τ−1σ
)

Y
k,m
i (σ ) dω(σ).

In particular, we see that t
k,m
i,j are real-analytic functions on the group KX .

Denote by dτ the Haar measure on KX normalized by the condition
∫

KX
dτ = 1.

Using (11.9), (11.11), and the orthogonality relations for t
k,m
i,j (τ ) on KX , we derive

f k,m,i,j (p) = d
k,m

X

∫

KX
f
(

τ−1p
)

t
k,m
i,j (τ ) dτ, (11.12)

where
f k,m,i,j (p) = fk,m,j (�)Y

k,m
i (σ ).

We conclude from (11.12) that if f ∈ Cs(O) for some s ∈ Z+ ∪ {∞}, then f k,m,i,j

coincides almost everywhere with a function in the class Cs(O). In addition, for-
mula (11.12) gives
∫

O
f k,m,i,j (p)ψ(p) dμ(p) = d

k,m
X

∫

O
f (p)

∫

KX
ψ
(

τ−1p
)

t
k,m
j,i (τ ) dτ dμ(p)

=
∫

O
f (p)

(

ψ
)

k,m,i
(�)Y

k,m
j (σ ) dμ(p)

for each function ψ ∈ D(O). Now we can extend the mapping f → f k,m,i,j and
decomposition (11.9) to distributions f ∈ D′(O) as follows:

〈

f k,m,i,j , ψ
〉 =

〈

f, d
k,m

X

∫

KX
ψ
(

τ−1p
)

t
k,m
j,i (τ ) dτ

〉

= 〈

f,
(

ψ
)

k,m,i
(�)Y

k,m
j (σ )

〉

, ψ ∈ D(O),

f ∼
∞
∑

k=0

MX (k)
∑

m=0

d
k,m

X
∑

j=1

f k,m,j , (11.13)
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where
f k,m,j = f k,m,j,j .

One can prove that series (11.13) converges in D′(O) (respectively E (O)) for f ∈
D′(O) (respectively f ∈ E (O)).

The mapping f → f k,m,i,j is a continuous operator from D′(O) into D′(O). For
f ∈ D′(O) and T ∈ D′(X ) such that the set U = {g0 : g ∈ I (X ), g supp T ⊂ O}
is nonempty, we have

(f × T )k,m,i,j = f k,m,i,j × T in U (11.14)

(see (1.56) and the proof of (9.10)). By substituting T = P(L)δ0 in (11.14), where
P is an algebraic polynomial on R

1, and δ0 is the Dirac measure supported at 0, we
obtain

(

P(L)f
)k,m,i,j = P(L)f k,m,i,j .

Let W(O) be a certain class of distributions on O. We write

Wk,m,j (O) = {

f ∈ W(O) : f = f k,m,j
}

.

Note that W0,0,1(O) = W�(O), where W�(O) is the set of all f ∈ W(O) for which

〈f,ψ〉 = 〈f,ψ ◦ τ 〉, ψ ∈ D(O), τ ∈ KX . (11.15)

It is not difficult to verify that the support of a distribution f ∈ D′
k,m,j (O) is KX -

invariant. For f ∈ D′
k,m,j (O), we define r(f ) = inf {r � 0 : supp f ⊂ •

Br}, where
•
Br = {p ∈ X : d(0, p) � r}.

We now discuss the action of the operator L on C2
k,m,j (O). Put

NX (k) =
{

(k + 1)/2, X = P
n
R
,

k, X �= P
n
R
.

For an open set E ⊂ (0,+∞), E �= ∅, we introduce the differential operator
D(α, β) : C1(E) → C(E) by the rule

(

D(α, β)ϕ
)

(�) = (1 + �2)β+1

�α

d

d�

(

�α

(1 + �2)β
ϕ(�)

)

, ϕ ∈ C1(E). (11.16)

A simple calculation shows that
(

D(γ, δ)D(α, β)ϕ
)

(�)

= (

1 + �2)2ϕ′′(�) + 1 + �2

�

(

α + γ + (α + γ − 2β − 2δ + 2)�2)ϕ′(�)

+ ϕ(�)

�2

((

1 + �2)(−α + (α − 2β)�2)

+ (

α + (α − 2β)�2)(γ + (γ − 2δ)�2)) (11.17)

when ϕ ∈ C2(E).
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Proposition 11.1. For f ∈ C2
k,m,j (O), we have the following relations:

(

D
(

k + 1 + 2αX , NX (k + 1) + γX − m
)

D
(−k,m + 1 − NX (k + 1)

)

fk,m,j

)

(�)

× Y
k,m
j (σ ) = (

L + 4
(

N X (k + 1) − m − 1
)(

NX (k + 1) + γX − m
)

Id
)

f (p),

(

D
(

1 − k,m + 1 − NX (k)
)

D
(

k + 2αX , NX (k) + γX − m
)

fk,m,j

)

(�)Y
k,m
j (σ )

= (

L + 4
(

N X (k) − m − 1
)(

N X (k) + γX − m
)

Id
)

f (p).

Furthermore, if X �= P
n
R

, then

(

D(k + 1 + 2αX , αX + m + 1)D(−k, βX − m
)

fk,m,j )(�)Y
k,m
j (σ )

= (

L + 4(m − βX )(αX + m + 1) Id
)

f (p)

and

(

D(1 − k, βX − m + 1)D(k + 2αX , αX + m)fk,m,j

)

(�)Y
k,m
j (σ )

= (

L + 4(m − βX − 1)(αX + m) Id
)

f (p).

Proof. Applying the formulae for the operator L from Chap. 3, we find

(Lf )(p) = (Lk,mfk,m,j )(�)Y
k,m
j (σ ), (11.18)

where

Lk,m = (

1 + �2)2 d2

d�2
+ 1 + �2

�

(

2αX + 1 + (1 − 2βX )�2) d

d�

+ 1 + �2

�2

(−k(k + 2αX ) + (−k(k − 2βX ) + λX ,k,m

)

�2) Id (11.19)

with

λX ,k,m = 4
(

N X (k) − m
)(

k + m − βX − NX (k)
)

.

Combining (11.17) and (11.18), we deduce the desired statement. ��
In the final of this section we present a result on the smoothness of some functions

in X .

Lemma 11.1.

(i) The function

f (p) =
{

(

1 + �2
)−1

, p ∈ X,

0, p ∈ Ant{0},
belongs to C∞(X ).
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(ii) Let X �= P
n
R

. Then there is g ∈ C∞(X ) such that

g(p) = �k
(

1 + �2)m−k
Y

k,m
j (σ ) for p ∈ X\{0}.

Proof. (i) In dependence on X the function f can be regarded as the mapping F :
X → R

1 defined as follows (see Chap. 3):

• X = Rn:

F(x) =
{

(

1 + |x|2)−1
, x ∈ R

n,

0, x = ∞.

• X = P
n
R
, P

n
C

:

F
([(ω0, . . . , ωn)]

) = |ω0|2
|ω0|2 + · · · + |ωn|2 .

• X = P
n
Q

:

F
([(ω0, . . . , ω2n+1)]

) = |ω0|2 + |ωn+1|2
|ω0|2 + · · · + |ω2n+1|2 .

• X = P
2
Ca

:

F
(

(ξ1, ξ2, ξ3, a1, a2, a3)
) = a3.

This makes (i) clear.
(ii) The space L2

k,m,j (X ) is infinite-dimensional and has an orthogonal basis
{ei}∞i=0 consisting of functions in

⋃∞
i=0 Ei (see (11.5) and (11.6)). Next, as we

already know, ϕλ,α,β(t) is the solution of (7.41) which satisfies (7.43). All this, to-
gether with Proposition 11.1, allows us to conclude that for some l ∈ Z+, c ∈ C\{0}
and h ∈ {ei}∞i=0,

h(p) = c�k
(

1 + �2)m−k
R

(α,β)
l

(

1 − �2

1 + �2

)

Y
k,m
j (σ ), p ∈ X\{0},

where α = k + αX and β = k − 2m + βX . Since R
(α,β)
l (±1) �= 0 (see Erdélyi

(ed.) [73, 10.8 (13)]), we complete the proof using (i). ��

11.2 Continuous Family of Eigenfunctions
of the Laplace–Beltrami Operator

As we know, spherical functions on X are, up to normalization, Jacobi polynomials
of the variable cos(2d(0, p)) (see (11.4)). However, the set of radial eigenfunctions
of the Laplace–Beltrami operator on X is a continuous family if we allow local
eigenfunctions. Here we study this family and its generalizations.
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Let η, k ∈ Z+,m ∈ {0, . . . ,MX (k)
}

, z ∈ C, and let � ∈ (0,+∞). Put

νX (z) = ρX + z

2
,

a = νX (z) + NX (k + 1) − m − 1, b = νX (−z) + NX (k + 1) − m − 1,

(11.20)

c = k + αX + 1, (11.21)

x = �2

1 + �2
, y = �k

(

1 + �2)m+1−N X (k+1)
. (11.22)

For λ ∈ C, j ∈ {1, . . . , d
k,m

X } and p ∈ X, we define

Φλ,η,k,m,j (p) =
{√

bX Φ
k,m
λ,η (�)Y

k,m
j (σ ) if p = �σ ∈ X\{0},

δ0,ηδ0,k if p = 0,
(11.23)

where

Φ
k,m
λ,η (�) =

(

∂

∂z

)�
(

yF(a, b; c; x)
)

∣

∣

∣

∣

z=λ

(11.24)

with

� =
{

η if λ �= 0,

2η if λ = 0.
(11.25)

It is not hard to make sure that Φλ,η,k,m,j ∈ RA(X).
Next, in the case where c /∈ N, set

Ψ
k,m
λ,η (�) =

(

∂

∂z

)�
(

yx1−cF (a−c+1, b−c+1; 2−c; x)
)

∣

∣

∣

∣

z=λ

, λ ∈ C. (11.26)

If c ∈ N, we introduce Ψ
k,m
λ,η (�) by the formula

Ψ
k,m
λ,η (�) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

∂

∂z

)�
(

yF (a, b, c, x)
)

∣

∣

∣

∣

z=λ

, λ ∈ C\EX ,k,m,

(

∂

∂z

)�
(

yF(a, b; a + b + 1 − c; 1 − x)
)

∣

∣

∣

∣

z=λ

, λ ∈ EX ,k,m,

(11.27)
where

F (a, b, c, x) = ∂

∂γ
F (a, b; γ ; x)

∣

∣

∣

∣

γ=c

− 
(c)

(a − c + 1)c−1(b − c + 1)c−1

× ∂

∂γ

(

x1−γ F (a − γ + 1, b − γ + 1; 2 − γ ; x)


(2 − γ )

)∣

∣

∣

∣

γ=c

and
EX ,k,m = {

z ∈ C : (a − c + 1)c−1(b − c + 1)c−1 = 0
}

.
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Finally, for p ∈ X\{0}, we define

Ψλ,η,k,m,j (p) = Ψ
k,m
λ,η (�)Y

k,m
j (σ ). (11.28)

Consider the basic properties of the functions Φλ,η,k,m,j and Ψλ,η,k,m,j .

Proposition 11.2.

(i) For all k ∈ Z+ and m ∈ {0, . . . ,MX (k)}, we have the equality

D
(−k,m + 1 − N X (k + 1)

)

Φ
k,m
z,0 = 2ab

c
Φ

k+1,m
z,0 . (11.29)

(ii) If m � MX (k + 1) − 1, then

D(−k, βX − m)Φ
k,m
z,0 = 2(νX (z) + m − βX )(νX (−z) + m − βX )

c
Φ

k+1,m+1
z,0 .

(11.30)
(iii) If k � 1 and m � MX (k − 1), then

D(k + 2αX , NX (k) + γX − m)Φ
k,m
z,0 = 2(c − 1)Φ

k−1,m
z,0 . (11.31)

(iv) If m � 1, then

D(k + 2αX , αX + m)Φ
k,m
z,0 = 2(c − 1)Φ

k−1,m−1
z,0 . (11.32)

Proof. From Erdélyi (ed.) [73], Chap. 2, Sect. 2.8, one has

(

d

dt

)l

F (α, β; γ ; t) = (α)l(β)l

(γ )l
F (α + l, β + l; γ + l; t), (11.33)

(

d

dt

)l
(

tγ−1F(α, β; γ ; t)
) = (γ − l)l t

γ−l−1F(α, β; γ − l; t), (11.34)

(

d

dt

)l
(

(1 − t)α+β−γ F (α, β; γ ; t)
)

= (γ − α)l(γ − β)l

(γ )l
(1 − t)α+β−γ−lF (α, β; γ + l; t), (11.35)

(

d

dt

)l
(

tγ−1(1 − t)α+β−γ F (α, β; γ ; t)
)

= (γ − l)l t
γ−l−1(1 − t)α+β−γ−lF (α − l, β − l; γ − l; t). (11.36)

Applying (11.33)–(11.36) with l = 1 and bearing in mind that

F(α, β; γ ; t) = (1 − t)γ−α−βF (γ − α, γ − β; γ ; t),

we derive (11.29)–(11.32) by a direct calculation. ��
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We set c1(k,m, z) = 2(1 − c) if c /∈ N,

c1(k,m, z) = 2(−1)c−1(
(c))2

(a − c + 1)c−1(b − c + 1)c−1
if c ∈ N, z ∈ C \ EX ,k,m,

and

c1(k,m, z) = (−2)
(a + b + 1 − c)
(c)


(a)
(b)
if c ∈ N, z ∈ EX ,k,m.

Theorem 11.1.

(i) If q ∈ Z+ and μ ∈ C\{0}, then in X the following equalities are valid:

LqΦ0,η,k,m,j =
η
∑

l=max {0,η−q}
(−1)η−l

(

2η

2l

)(

q

η − l

)

(2η − 2l)!ρ2(q−η+l)

X Φ0,l,k,m,j ,

(11.37)

(

L − ρ2
X
)q

Φ0,η,k,m,j =
{

(−1)q(−2η)2qΦ0,η−q,k,m,j if q � η,

0 if q > η,
(11.38)

LqΦμ,η,k,m,j

=
η
∑

ν=max {0,η−2q}

∑

η−ν
2 �l�q

(−1)l
(

η

ν

)(

q

l

)

(2l)!ρ2(q−l)

X μ2l−η+ν

(2l − η + ν)! Φμ,ν,k,m,j , (11.39)

(

L − ρ2
X
)q

Φμ,η,k,m,j = (−1)q
η
∑

l=max {0,η−2q}

(

η

l

)

(2q)!μ2q−η+l

(2q − η + l)!Φμ,l,k,m,j , (11.40)

(

L + μ2 − ρ2
X
)q

Φμ,η,k,m,j

=
η
∑

l=max {0,η−2q}
(−1)q+l−η η!22q−η+l (−q)2q−η+l

l!(2q − η + l)! μ2q−η+lΦμ,l,k,m,j . (11.41)

In particular, for λ ∈ C,

(

L + λ2 − ρ2
X
)η+1

Φλ,η,k,m,j = 0. (11.42)

(ii) In (11.37)–(11.42) the functions Φλ,η,k,m,j may be replaced by the correspond-
ing functions Ψλ,η,k,m,j . In this case the relations remain true in X\{0}. Fur-
thermore, Ψλ,0,0,0,1 ∈ L1,loc(X) and

(

L + λ2 − ρ2
X
)

Ψλ,0,0,0,1 = √

bX c1(0, 0, λ)δ0, λ ∈ C.

Proof. In view of (11.18), the equation

(

L + z2 − ρ2
X
)(

u(�)Y
k,m
j (σ )

) = 0
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reduces to

0 = u′′(�) +
(

2αX + 1 + (1 − 2βX )�2

�(1 + �2)

)

u′(�)

+
(−k(k + 2αX ) + (λX ,k,m − k(k − 2βX ))�2

�2(1 + �2)
− ρ2

X − z2

(1 + �2)2

)

u(�).

(11.43)

By substituting u(�) = yv(x) into (11.43) a hypergeometric differential equa-
tion is obtained with parameters a, b, c. This implies (11.42) for η = 0 and the
same relation for the function Ψλ,0,k,m,j in X\{0} (see Nikiforov and Uvarov [161],
Chap. 4, Sect. 17.4). The rest of the proof now duplicates Theorem 10.4 (see Propo-
sition 11.1). ��
Proposition 11.3. Let � ∈ (0,+∞) and z ∈ C. Then

Φ
k,m
z,0 (�)

d

d�
Ψ

k,m
z,0 (�) − Ψ

k,m
z,0 (�)

d

d�
Φ

k,m
z,0 (�) = c1(k,m, z)

(

1 + �2
)γX

�2αX +1
. (11.44)

Proof. Denote by f (�) the expression on the left-hand side of (11.44). Since
the functions Φ

k,m
z,0 (�) and Ψ

k,m
z,0 (�) satisfy (11.43), by means of the Liouville–

Ostrogradsky formula we find

f (�) = c2(1 + �2)γX

�2αX +1
,

where c2 = lim�→0 �2αX +1f (�). It remains to compute the constant c2. First, sup-
pose that c /∈ N. Then from the expansion of the hypergeometric function into
a power series about the origin we obtain c2 = 2(1 − c). Next, let c ∈ N and
z ∈ C\EX ,k,m. In this case we have (see [161, 17.4 (32)])

F (a, b, c, x) =
c−1
∑

l=1

(−1)l−1(c − l)l(l − 1)!
(a − l)l(b − l)l

x−l

+
∞
∑

l=0

(a)l(b)l

l!(c)l xl
(

log x + ψ(a + l) − ψ(a − c + 1) + ψ(b + l)

− ψ(b − c + 1) + ψ(c) − ψ(c + l) − ψ(l + 1)
)

, (11.45)

where ψ is the logarithmic derivative of the gamma function (the first sum in (11.45)
is set to be equal to zero for c = 1). Hence,

c2 = 2(−1)c−1(
(c))2

(a − c + 1)c−1(b − c + 1)c−1
.
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Finally, if c ∈ N and z ∈ EX ,k,m, we conclude from the relation [73, 2.10 (14)]

F(a, b; a + b + 1 − c; 1 − x)


(a + b + 1 − c)

= 
(c − 1)


(a)
(b)

c−2
∑

l=0

(a + 1 − c)l(b + 1 − c)l

(2 − c)ll! xl+1−c + (−1)c−1


(a + 1 − c)
(b + 1 − c)

×
∞
∑

l=0

(a)l(b)l

(l + c − 1)!l!
(

ψ(l + 1) + ψ(l + c) − ψ(a + l) − ψ(b + l) − log x
)

xl

that

c2 = (−2)
(a + b + 1 − c)
(c)


(a)
(b)
.

This finishes the proof. ��
Remark 11.1. Let {μ1, . . . , μr } be a set of complex numbers such that the numbers
{μ2

1, . . . , μ
2
r } are distinct, and let O be a nonempty open subset in X. Then The-

orem 11.1, Proposition 11.3, and the proof of Proposition 10.4 show that, for the
functions Φμi,ν,k,m,j and Ψμi,ν,k,m,j , an exact analogue of statements (i) and (ii) in
Proposition 10.4 holds.

Next, we present useful integral representations for functions (11.23), (11.24).
Denote

QX ,k,m(t, θ) = 2c−1/2
(c)
√

bX√
π
(c − 1/2)

(sin θ)−k−2αX (cos θ)−βX −1/2

× (cos t − cos θ)c−3/2vX ,k,m

(

cos θ − cos t

2 cos θ

)

, (11.46)

where

vX ,k,m(z) = F

(

1

2
+ βX + k − 2m,

1

2
− βX − 2N X (k) + k + 2m; c − 1

2
; z

)

.

Proposition 11.4. For θ ∈ (0, π/2), one has

Φ
k,m
λ,0 (tan θ) = 1√

bX

∫ θ

0
cos(λt)QX ,k,m(t, θ) dt. (11.47)

The proof of (11.47) follows from formula (7.47).
Set

eX ,λ,ξ (p) =
(

1 + |p|2
1 − 2i〈p, ξ 〉R − FX (p, ξ)

)νX (λ)

, p ∈ Bπ/4, ξ ∈ S
aX −1,
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where

FX (p, ξ) =

⎧

⎪

⎨

⎪

⎩

|p|2, X = Rn,

|〈p, ξ 〉K|2, X = P
n
K
(K = R, C, Q),

ΦCa(p, ξ), X = P
2
Ca

(see Sect. 1.1).

Proposition 11.5. The integral representation

Φλ,0,k,m,j (p) = √

bX c3(λ)

∫

S
aX −1

eX ,λ,ξ (p)Y
k,m
j (ξ) dωnorm(ξ), p ∈ Bπ/4,

(11.48)
holds, where

c3(λ) = (−i)k
(

aX /2
)

k
(

νX (λ)
)

k−m

(

νX (λ) − βX
)

m

if X �= P
n
R

and

c3(λ) = (−2i)k(n/2)k
(

2νX (λ)
)

k

if X = P
n
R
.

Proof. Identity (7.52) gives

Φ
k,m
λ,η (�) =

(

∂

∂z

)�
(

�k
(

1 + �2)νX (z)
F
(

a, c − b; c; −�2))
∣

∣

∣

∣

z=λ

.

Therefore, (11.48) follows from relations (5.9), (5.24), (5.40), and (5.42) by analytic
continuation with respect to �. ��

We now turn to the asymptotic behavior of the functions Φ
k,m
λ,0 (�) and Ψ

k,m
λ,0 (�).

For brevity, we put

c4 =
{−2c+1/2
(c)/

√
π if c ∈ N,

23/2−c
(2 − c)/
√

π if c /∈ N,

c5 =
{

1 if c ∈ N,

0 if c /∈ N,
c6 =

{

c − 1/2 if c ∈ N,

3/2 − c if c /∈ N.

Fix r, R ∈ (0, π/2), r < R.

Proposition 11.6. Let � ∈ [tan r, tan R]. Then for every ε ∈ (0, π), as λ → ∞,
|arg λ| � π − ε, the asymptotic expansions

Φ
k,m
λ,0 (�) = 2c−1/2
(c)√

π

(1 + �2)ρX /2

�αX +1/2

cos(λ arctan � − π(2c − 1)/4)

λc−1/2

+ O

(

e(arctan �)|Im λ|

|λ|c+1/2

)

(11.49)
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and

Ψ
k,m
λ,0 (�) = c4

(1 + �2)ρX /2

�αX +1/2
(log λ)c5

cos(λ arctan � − c6π/2)

λc6

+ O

(

e(arctan �)|Im λ|

|λ|c6−c5+1

)

(11.50)

hold, where the constants in O depend only on X , r, R, k,m, and ε.

Proof. Applying Proposition 7.8, we obtain (11.50) with c /∈ N and (11.49). Let us
prove (11.50) when c ∈ N. In this case we have [161, 17.4 (30)]

F (a, b, c, x) = (−1)c
(a − c + 1)
(b − c + 1)
(c)


(a + b − c + 1)

× F(a, b; a + b − c + 1; 1 − x)

− (

ψ(a − c + 1) + ψ(b − c + 1) − ψ(c)
)

F(a, b; c; x).

Hence (see Erdélyi (ed.) [73, 1.2 (5) and 1.7 (11)]),

F (a, b, c, x) = (−1)cπ
(c)


(a + b − c + 1)


(a − c + 1)


(c − b) sin(π(c − b))

× F(a, b; a + b − c + 1; 1 − x)

− (

ψ(a − c + 1) + ψ(c − b) + π cot
(

π(c − b)
)− ψ(c)

)

× F(a, b; c; x).

Next, the inequality

|sin z| � 1

2πe
e|Im z|, z ∈ D, (11.51)

is valid, where D = {z ∈ C : |z − πl| � 1/2 for all l ∈ Z} (see Berenstein,
Gay, and Yger [28]). Taking (11.51) into account, we conclude from (7.61) and the
asymptotic behavior of 
 and ψ [73, 1.18 (4) and 1.18 (7)] that

Ψ
k,m
λ,0 (�) = −2c+1/2
(c)√

π

(1 + �2)ρX /2

�αX +1/2
log λ

cos
(

λarctan � − π(2c − 1)/4
)

λc−1/2

+ O

(

e(arctan �)|Im λ|

|λ|c−1/2

)

(11.52)

as λ → ∞, |arg λ| � π −ε, λ /∈ D. Since the function Ψ
k,m
λ,0 (�) is holomorphic with

respect to the variable λ for λ /∈ EX ,k,m, development (11.52) is valid as λ → ∞,

|arg λ| � π −ε, by the maximum-modulus principle. Thus, (11.50) holds for c ∈ N.
Thereby the proposition is established. ��



350 11 The Case of Compact Symmetric Spaces

Corollary 11.1. Let � ∈ [tan r, tan R], Re λ � 0, and θ > 2. Assume that η ∈ Z+
and ηθ < (arctan �)|λ|. Then

Φ
k,m
λ,η (�) = 2c−1/2
(c)(1 + �2)ρX /2

√
π�αX +1/2

(arctan �)η

×
(

cos(λ arctan � − π(2c − 2η − 1)/4)

λc−1/2

+ O

(

(1 + η)
e(arctan �)|Im λ|

|λ|c+1/2

))

,

where the constant in O depends only on X , r, R, θ, k,m.

Proof. Combine (11.49) with Proposition 6.13. ��
We set •

Br,R = {p ∈ X : r � d(0, p) � R}.
Proposition 11.7. Let λ ∈ C, η, q ∈ Z+, ε ∈ (0, 1), η < εR|λ|. Then for every
differential operator D of order q on X, we have the following estimates:

‖DΦλ,η,k,m,j‖
C(

•
Br,R)

� γ1
√

1 + η(1 + |λ|)q−c+1/2RηeR|Im λ|, (11.53)

‖DΦλ,η,k,m,j‖
C(

•
BR)

� γ2
√

1 + η(1 + |λ|)q−kRηeR|Im λ|, (11.54)

where γ1, γ2 > 0 do not depend on λ, η. In addition, if max {|z| : z ∈ EX ,k,m} <

|λ| − 1, then

‖DΨλ,η,k,m,j‖
C(

•
Br,R)

� γ3
√

1 + η(1 + |λ|)q−c6+1/2(log(2 + |λ|))c5RηeR|Im λ|,
(11.55)

where γ3 > 0 does not depend on λ, η.

Proof. Estimates (11.53) and (11.55) with η = 0 can be obtained from Propo-
sition 11.6 and (11.33) by induction on |q|. Using now Proposition 6.11, we de-
duce (11.53) and (11.55) for an arbitrary η ∈ Z+. Let us prove (11.54). Set

f (p, ξ) = 1 + |p|2
1 − 2i〈p, ξ 〉R − FX (p, ξ)

, p ∈ Bπ/4, ξ ∈ S
aX −1. (11.56)

By (11.56) and (1.24), 1 � |f (p, ξ)| � (1 + |p|2)/(1 − |p|2). In addition,

|arg f (p, ξ)| =
∣

∣

∣

∣

arctan
2〈p, ξ 〉R

1 − FX (p, ξ)

∣

∣

∣

∣

� arctan
2|p|

1 − |p|2 = 2 arctan |p|.

Hence,

|eX ,λ,ξ (p)| �
(

1 + |p|2
1 − |p|2

)ρX /2

e(arctan |p|)|Im λ|, (11.57)
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provided that Re λ � 0. Since Φλ,0,k,m,j (p) is an even function in λ, (11.57),
(11.48), and (11.53) give

|DΦλ,0,k,m,j (p)| � γ4(1 + |λ|)q−keR|Im λ|, p ∈ •
BR,

where γ4 > 0 is independent of p, λ. Then appealing to Proposition 6.11, we arrive
at (11.54). ��

To close this section we consider expansions in the functions Φ
k,m
λ,0 (�). According

to (11.24) and (7.42),

Φ
k,m
λ,0 (�) = �k

(

1 + �2)m+1−N X (k+1)
ϕλ,α(k),β(k,m)(arctan �),

where

α(k) = αX + k, β(k,m) = βX + 2N X (k + 1) − k − 2m − 2. (11.58)

In particular,
Nα(k),β(k,m)(r) = {

λ > 0 : Φ
k,m
λ,0 (tan r) = 0

}

(see (7.63)). For λ,μ ∈ Nα(k),β(k,m)(r), we set

ξ(λ, μ) =
∫ tan r

0

�2αX +1

(1 + �2)ρX +1
Φ

k,m
λ,0 (�)Φ

k,m
μ,0 (�) d�.

By Lemma 7.7,
ξ(λ, μ) = 0 if λ �= μ, (11.59)

and ξ(λ, λ)λ2α(k)+2 > c7, where c7 > 0 does not depend on λ. Next, the proof of
Lemma 7.6 shows that if v ∈ L1[0, tan r] and

∫ tan r

0

�2αX +1

(1 + �2)ρX +1
v(�)Φ

k,m
λ,0 (�) d� = 0

for all λ ∈ Nα(k),β(k,m)(r), then v = 0. Hence, as in Sect. 7.3, we obtain the follow-
ing:

Proposition 11.8. Let r ∈ (0, π/2), ζ ∈ N, ζ > α(k) + (3 − c(α(k)))/2, where
c(α(k)) is given by (7.57). Let Lk,m be the operator defined by (11.19) and assume
that a function u satisfies the following conditions:

(1) Ls
k,mu ∈ C2[0, tan r] if s = 0, 1, . . . , ζ − 1, and L

ζ
k,mu ∈ C[0, tan r].

(2) (Ls
k,mu)(tan r) = 0, s = 0, 1, . . . , ζ − 1.

For λ ∈ Nα(k),β(k,m)(r), put

cλ(u) = (

ξ(λ, λ)
)−1

∫ tan r

0

�2αX +1

(1 + �2)ρX +1
u(�)Φ

k,m
λ,0 (�) d�.
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Then cλ(u) = O(λ−2ζ−c(α(k))+2α(k)+2) as λ → +∞ and

u(�) =
∑

λ∈Nα(k),β(k,m)(r)

cλ(u)Φ
k,m
λ,0 (�), � ∈ [0, tan r], (11.60)

where the series in (11.60) converges to u in the space Cs[0, tan r] with s < ζ −
α(k) − (3 − c(α(k)))/2.

For l ∈ Z+, put
λl = 2l + α + β + 1, (11.61)

μl = 2λl

bX l!

(α + l + 1)
(λl − l)


(β + l + 1)(
(α + 1))2
, (11.62)

where α = α(k), β = β(k,m). Note that the function

Φλl,0,k,m,j (p) = √

bX �k
(

1 + �2)m+1−N X (k+1)
R

(α,β)
l

(

1 − �2

1 + �2

)

Y
k,m
j (σ )

belongs to C∞(X ) if X �= P
n
R

(see Lemma 11.1), and

μl = O
(

l2α+1) as l → +∞. (11.63)

Proposition 11.9. The system of functions {Φλl,0,k,m,j }∞l=0 forms an orthogonal ba-
sis in L2

k,m,j (X ). In addition,

∫

X
|Φλl,0,k,m,j (p)|2 dμ(p) = 1

μl

. (11.64)

Proof. The mapping

g → G(p) = �k
(

1 + �2)m+1−N X (k+1)
g

(

1 − �2

1 + �2

)

Y
k,m
j (σ )

is an isomorphism of the space L2((−1, 1), 2−α−β−2(1 − t)α(1 + t)β dt) onto the
space L2

k,m,j (X ), since

∫

X
|G(p)|2 dμ(p) =

∫

R
aX

�2k
(

1 + �2)2m−2N X (k+1)−γX

×
∣

∣

∣

∣

g

(

1 − �2

1 + �2

)∣

∣

∣

∣

2
∣

∣Y
k,m
j (σ )

∣

∣

2 dp

=
∫ ∞

0
�2α+1(1 + �2)−α−β−2

∣

∣

∣

∣

g

(

1 − �2

1 + �2

)∣

∣

∣

∣

2

d�

= 2−α−β−2
∫ 1

−1
(1 − t)α(1 + t)β |g(t)|2 dt.
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Bearing in mind that the polynomials R
(α,β)
l , l ∈ Z+, form an orthogonal basis in

L2((−1, 1), (1 − t)α(1 + t)βdt) and

∫ 1

−1
(1 − t)α(1 + t)β

(

R
(α,β)
l (t)

)2 dt = 2α+β+2

μlbX

(see [73, 10.8 (3) and 10.8 (4)]), we obtain the desired statement. ��
Remark 11.2. Equality (11.64) shows that the Fourier coefficients cl of a function
f ∈ L2

k,m,j (X ) with respect to the system {Φλl,0,k,m,j }∞l=0 are calculated by the
formula

cl = μl

∫

R
aX

f (p)Φλl,0,k,m,j (p) dμ(p). (11.65)

11.3 Analytic Extension of the Discrete Fourier–Jacobi
Transform

Let k ∈ Z+, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }. For f ∈ E ′
k,m,j (X), we

put

F k,m
j (f )(λ) = 〈

f,Φλ,0,k,m,j

〉 = √

bX
〈

f,Φ
k,m
λ,0 (�)Y

k,m
j (σ )

〉

, λ ∈ C, (11.66)

where the distribution f acts with respect to the variable p = �σ (see (11.8)).
By (11.24) and (11.25), F k,m

j (f ) is an even entire function of λ. It is the analytic
continuation of the corresponding discrete Fourier–Jacobi transform (see (11.65)).

Consider some properties of the transform F k,m
j . If f ∈ E ′

�(X), we shall often

write ˜f (λ) instead of F 0,0
1 (f )(λ), that is,

˜f (λ) = 〈f,Φλ,0,0,0,1〉.
Proposition 11.10. Let T ∈ E ′

�(X) and R ∈ (r(T ), π/2]. Suppose that f ∈ D′(BR)

and
Lf = (

ρ2
X − λ2)f (11.67)

for some λ ∈ C. Then
f × T = ˜T (λ)f (11.68)

in the ball BR−r(T ).

Proof. Since L is an elliptic operator, f ∈RA(BR) (see Hörmander [126], Chap. 8.6).
Fix g ∈ I (X ) such that g

•
Br(T ) ⊂ BR . For p ∈ Br(T )+ε0 , where ε0 = sup {ε > 0 :

g
•
Br(T ) ⊂ BR−ε}, we set

fg(p) =
∫

KX
f (gτp) dτ.
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The definition of fg shows that

fg ∈ RA�(Br(T )+ε0) and fg(0) = f (g0). (11.69)

In addition, in view of (11.67),

(Lfg)(p) = (

ρ2
X − λ2)fg(p), p ∈ Br(T )+ε0 . (11.70)

From (11.69), (11.70), and (11.18) we get

fg(p) = f (g0)Φ
0,0
λ,0(�).

Now, according to (11.15),

˜T (λ)f (g0) = 〈T , fg〉 =
〈

T ,

∫

KX
f (gτp) dτ

〉

= 〈T , f (gp)〉 = (f × T )(g0),

which proves (11.68). ��
Proposition 11.11. Assume that f ∈ E ′

k,m,j (X), T ∈ E ′
�(X) and let r(f ) + r(T ) <

π/2. Then
F k,m

j (f × T )(λ) = F k,m
j (f )(λ)˜T (λ). (11.71)

In particular,
F k,m

j

(

P(L)f
)

(λ) = P
(

ρ2
X − λ2)F k,m

j (f )(λ) (11.72)

for each polynomial P .

Proof. Owing to (11.42) and (11.68),
〈

f × T ,Φλ,0,k,m,j

〉 = 〈

f,Φλ,0,k,m,j × T
〉 = ˜T (λ)

〈

f,Φλ,0,k,m,j

〉

.

This, together with (11.14), gives (11.71). By substituting T = P(L)δ0 into (11.71),
we obtain (11.72). ��
Proposition 11.12. The transform F k,m

j is injective on E ′
k,m,j (X).

Proof. Let f ∈ E ′
k,m,j (X) and F k,m

j (f ) = 0. Take ψ ∈ D�(X) for which r(ψ) <

π/2 − r(f ). By (11.71), (11.66), (11.2), and (11.47) we have

0 = F k,m
j (f × ψ)(λ)

= 1

bX

∫ π/2

0
cos(λt)

∫ π/2

t

AX (θ)(f × ψ)k,m,j (tan θ)QX ,k,m(t, θ) dθ dt.

(11.73)

From (11.73) we infer that

0 =
∫ x

0

(

1 − y2)−k/2
yβX +1/2(f × ψ)k,m,j

(
√

1 − y2/y
)

× (x − y)k+αX −1/2vX ,k,m

(

(y − x)/2y
)

dy
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for x ∈ (0, 1). Then, thanks to Corollary 6.1, f × ψ = 0. Since ψ can be chosen
arbitrary, we obtain f = 0. Hence the proposition. ��
Proposition 11.13.

(i) Assume that f ∈ (Cs ∩ E ′
k,m,j )(X) for some s ∈ Z+. Then

∣

∣F k,m
j (f )(λ)

∣

∣ � c
er(f )|Im λ|

(1 + |λ|)s+k
, λ ∈ C, (11.74)

where the constant c does not depend on λ.
(ii) If f ∈ E ′

k,m,j (X) and for some s ∈ Z+,

F k,m
j (f )(λl) = O

(

l−s−k−2αX −3) as l → +∞,

where λl is given by (11.61), then f ∈ Cs(X).

Proof. (i) By (11.2) and the definition of F k,m
j ,

F k,m
j (f )(λ) = √

bX

∫ ∞

0

�2αX +1

(1 + �2)γX +2
fk,m,j (�)Φ

k,m
λ,0 (�) d�.

Integrating by parts using Proposition 11.2, we find

F k,m
j (f )(λ) = κ

∫ tan r(f )

0

�2αX +1

(1 + �2)γX +2

(

D
s−2[s/2]
2 (D1D2)

[s/2]fk,m,j

)

(�)

× Φ
k+s−2[s/2],m
λ,0 (�) d�, (11.75)

where

D1 = D
(

k+1+2αX , NX (k+1)+γX −m
)

, D2 = D
(−k,m+1−NX (k+1)

)

,

κ =
√

bX
((ρX + 2(N X (k + 1) − m − 1))2 − λ2)[s/2]

( −1

2
(

k + αX + 1
)

)s−2[s/2]
.

Combining (11.75) with (11.54), we deduce (11.74).
(ii) The required assertion follows easily from Proposition 11.9, (11.65), (11.66),

(11.63), and (11.54). ��
We now state and prove an analogue of Theorem 9.2 for the transform F k,m

j .

Theorem 11.2.

(i) Let f ∈ E ′
k,m,j (X) and supp f ⊂ •

Br . Then

∣

∣F k,m
j (f )(λ)

∣

∣ � c1(1 + |λ|)c2 er|Im λ| for all λ ∈ C, (11.76)
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where c1, c2 > 0 do not depend on λ. Conversely, for every even entire function
w(λ) satisfying the estimate of the form (11.76) with some r ∈ [0, π/2), there is
a distribution f ∈ E ′

k,m,j (X) such that

supp f ⊂ •
Br and F k,m

j (f ) = w. (11.77)

(ii) If f ∈ Dk,m,j (X) and supp f ⊂ •
Br , then for each N ∈ Z+, there exists a

constant cN > 0 such that
∣

∣F k,m
j (f )(λ)

∣

∣ � cN(1 + |λ|)−N er|Im λ| for all λ ∈ C. (11.78)

Conversely, for every even entire function w(λ) satisfying the estimate of the
form (11.78) with some r ∈ [0, π/2) and all N ∈ Z+, there is a function f ∈
Dk,m,j (X) such that (11.77) holds.

Proof. (i) By (11.54) and the definition of ord f , for any ε > 0, there exists �ε > 0
such that

∣

∣F k,m
j (f )(λ)

∣

∣ � �εe(r+ε)|Im λ|(1 + |λ|)ord f −k, λ ∈ C. (11.79)

Using (11.79) and the Phragmén–Lindelöf principle, we derive (11.76) (see, for
example, the proof of Lemma 4.3 in Stein and Weiss [203], Chap. 3). Let us prove
the converse statement. We shall distinguish two cases.

(a) The number of zeroes of the function w is finite. In this situation w is an even
polynomial by virtue of Proposition 6.1(iv). We write w in the form

w(λ) = c
(

λ2 − z2
1

) · · · (λ2 − z2
l

)

.

Consider the differential operator Y
k,m
j (∂) associated with the polynomial Y

k,m
j (p)

= �kY
k,m
j (σ ). By means of relations (4.2), (5.10), (5.19), and (11.3) we have

Y
k,m
j (∂)∗δ0 ∈ E ′

k,m,j (X) and

F k,m
j

(

Y
k,m
j (∂)∗δ0

)

(λ) = 2k
(

αX + 1
)

k√
bX

, (11.80)

where Y
k,m
j (∂)∗ is the adjoint to the operator Y

k,m
j (∂). Hence, it follows from (11.72)

that conditions (11.77) hold for the distribution f = cP1(L)Y
k,m
j (∂)∗δ0 with

P1(t) =
√

bX
2k
(

αX + 1
)

k

(−t + ρ2
X − z2

1

) · · · (−t + ρ2
X − z2

l

)

.

(b) The function w has infinitely many zeroes. Let c2 be the constant from
estimate (11.76) for the function w, and let s = 2αX . Pick a natural number
l � (s + c2 + 6)/2 and introduce the entire even function

W(λ) = w(λ)

(λ2 − z2
1) · · · (λ2 − z2

l )
,
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where z1, . . . , zl ∈ Z(w). By hypothesis on w and the Paley–Wiener theorem for
the Fourier-cosine transform, there is an even function ϕ ∈ Cs+2(R1) such that
supp ϕ ⊂ [−r, r] and

W(λ) =
∫ r

0
ϕ(t) cos(λt) dt, λ ∈ C.

We now find h ∈ L
1,loc
� (X) for which

supp h ⊂ •
Br and ˜h(λ) = W(λ). (11.81)

Let δ � y � x < 1, where δ = (cos r)/2. Put

h1(x, y) = vX ,0,0

(

y − x

2y

)

,

h2(x, y) = 1

2s

∫ 1

−1

(

1 − t2)(s−1)/2
h1

(

x + y − (x − y)t

2
, y

)

dt,

K(x, y) = ( ∂
∂x

)s+1((x − y)sh2(x, y))

s!h2(x, x)

and define

K1(x, y) = K(x, y),

Kq+1(x, y) =
∫ x

y

K(x, t)Kq(t, y) dt, q ∈ N,

R(x, y) =
∞
∑

q=1

(−1)q−1Kq(x, y).

Also set
ψ1(x) = v(x) −

∫ x

δ

R(x, y)v(y) dy, (11.82)

where

v(x) = 1

s!h2(x, x)

(

d

dx

)s+1(∫ x

δ

ϕ(arccos t)(x − t)(s−1)/2 dt

)

. (11.83)

As is well known, ψ1 ∈ C[δ, 1) and

ψ1(x) +
∫ x

δ

K(x, y)ψ1(y) dy = v(x) (11.84)

(see Vladimirov [221], Chap. 4, Sect. 17.3). We claim that (11.81) is valid for the
function h(p) = H(�) with

H(tan θ) =

⎧

⎪

⎨

⎪

⎩

√
π

(

αX + 1/2
)

2αX +1/2

(

αX + 1
)

bX

ψ1(cos θ)

(cos θ)βX +1/2
, 0 < θ < arccos δ,

0, arccos δ � θ < π/2.
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Since supp ϕ ⊂ [−r, r], then ψ1 = 0 on [δ, cos r] and supp h ⊂ •
Br . In addition, it

is not difficult to verify that

|v(x)| �

⎧

⎨

⎩

c3(1 − x)−s/2, s ∈ N,

c4 log
1

1 − x
, s = 0,

(11.85)

where c3, c4 > 0 are independent of x. By (11.85) and (11.82), h ∈ L
1,loc
� (X). Next,

we write

ψ2(x) =
∫ x

δ

ψ1(y)(x − y)(s−1)/2h1(x, y) dy. (11.86)

We have
∫ x

δ

ψ1(y)

∫ x

y

(

(t − y)(x − t)
)(s−1)/2

h1(t, y) dt dy =
∫ x

δ

ψ2(t)(x − t)(s−1)/2 dt,

whence
∫ x

δ

ψ1(y)(x − y)sh2(x, y) dy =
∫ x

δ

ψ2(t)(x − t)(s−1)/2 dt. (11.87)

Differentiating (11.87) s + 1 times with respect to x, we obtain

ψ1(x)+
∫ x

δ

ψ1(y)K(x, y) dy = 1

s!h2(x, x)

(

d

dx

)s+1(∫ x

δ

ψ2(t)(x−t)(s−1)/2 dt

)

.

(11.88)
Relations (11.83), (11.84), and (11.88) yield

∫ x

δ

(

ϕ(arccos t) − ψ2(t)
)

(x − t)(s−1)/2 dt = P2(x) (11.89)

for some polynomial P2. Taking the equality

ϕ(arccos t) = ψ2(t) = 0, δ � t � cos r,

into account, we conclude that P2 ≡ 0. Then, as before, (11.89) and (11.86) imply

ϕ(arccos x) =
∫ x

δ

ψ1(y)(x − y)(s−1)/2h1(x, y) dy. (11.90)

By (11.66), (11.2), (11.47), and (11.90),

˜h(λ) = 2αX +1/2
(αX + 1)bX√
π
(αX + 1/2)

∫ π/2

0
cos(λt)

∫ π/2

t

(sin θ)(cos θ)βX +1/2H(tan θ)

× (cos t − cos θ)αX −1/2h1(cos t, cos θ) dθ dt

=
∫ r

0
cos(λt)ϕ(t) dt

= W(λ),
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as contended. Finally, from (11.81), (11.80), and Proposition 11.11 we see that
the distribution f = Y

k,m
j (∂)∗δ0 × P1(L)h satisfies (11.77). Thus, assertion (i) is

proved.
Part (ii) is a straightforward consequence of (i) and Proposition 11.13. ��

Remark 11.3. Let S ′(Z+) (respectively, S(Z+)) be the space of slowly increasing
(respectively, rapidly decreasing) sequences (see Besse [10], Chap. 8, Sect. D). Then
by the technique developed in the proof of Theorem 11.2 we infer that for X �= P

n
R

,
the mapping

f → {〈

f,Φλl,0,k,m,j

〉}∞
l=0

(see (11.61)) defines a bijection between:

(i) D′
k,m,j (X ) and S ′(Z+);

(ii) C∞
k,m,j (X ) and S(Z+).

This is the analog of a Paley–Wiener-type theorem for compact Riemannian man-
ifolds [10, Propositions 8.27 and 8.29].

Remark 11.4. The proofs of Theorem 11.2(i) and Propositions 11.13 and 11.11 show
that the constant c2 in (11.76) is associated with ord f as follows:

(i) The estimate

F k,m
j (f )(λ) = O

(

(1 + |λ|)ordf −ker(f )|Im λ|), λ ∈ C, (11.91)

holds.
(ii) Inequality (11.76) implies that ord f � max

{

0, c2 + k + 2αX + 5
}

.

Let T ∈ conj(E ′
k,m,j (X)) = {f : f ∈ E ′

k,m,j (X)}. Utilizing Theorems 6.3 and

11.2, we introduce the distribution Λk,m,j (T ) ∈ E ′
�(−π/2, π/2) according to the

rule
̂Λk,m,j (T )(λ) = F k,m

j (T )(λ) = 〈T ,Φλ,0,k,m,j 〉, λ ∈ C. (11.92)

The correspondence Λk,m,j : T → Λk,m,j (T ) is a bijection of conj (E ′
k,m,j (X))

onto E ′
�(−π/2, π/2) and r(Λk,m,j (T )) = r(T ). From (11.91) and Theorem 6.3 we

have

ord Λk,m,j (T ) � max {0, ord T − k + 1}.
Note also that Λ0,0,1, or shortly Λ, acts from E ′

�(X) onto E ′
�(−π/2, π/2). Now we

can define

W(X ) = {

T ∈ E ′
�(X) : Λ(T ) ∈ W

(

R
1)},

where W(R1) denotes one of the classes M(R1), N(R1), Inv+(R1), R(R1) (see
Sect. 8.1).

In closing, we give the inversion formula for the transform F k,m
j .
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Proposition 11.14. Suppose that f ∈ (E ′
k,m,j ∩ Cs)(X) with some s � 2αX + 3.

Then
μl F k,m

j (f )(λl) = O
(

lk+2αX +1−s
)

as l → +∞ (11.93)

and

f =
∞
∑

l=0

μl F k,m
j (f )(λl)Φλl,0,k,m,j (11.94)

in X, where λl and μl are given by (11.61) and (11.62).

Proof. Estimate (11.93) is immediate from (11.63) and (11.74). To prove (11.94) it
suffices to use Proposition 11.9 and (11.54). ��

11.4 The Transmutation Operators Ak,m,j Associated
with the Jacobi Polynomials Expansion

In this section we construct and investigate transmutation operators closely con-
nected with expansion (11.94).

Let k ∈ Z+, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }. For f ∈ E ′
k,m,j (X),

we put

Ak,m,j (f )(t) =
∞
∑

l=0

μl F k,m
j (f )(λl) cos(λlt), t ∈ (−π/2, π/2), (11.95)

where μl and λl are given by (11.62) and (11.61). In view of (11.63) and (11.91),
Ak,m,j (f ) is well defined by (11.95) as a distribution in D′

�(−π/2, π/2). We shall
now see that the mapping f → Ak,m,j (f ) is an analogue of operators (9.53)
and (10.101) for the spaces X .

Lemma 11.2.

(i) Let f ∈ E ′
k,m,j (X), T ∈ E ′

�(X), and suppose that r(f ) + r(T ) < π/2. Then

Ak,m,j (f × T ) = Ak,m,j (f ) ∗ Λ(T ) (11.96)

on the interval (−π/2 + r(T ), π/2 − r(T )).
(ii) Let f ∈ (E ′

k,m,j ∩ C2αX +k+4+N)(X) with some N ∈ Z+. Then Ak,m,j (f ) is in

CN
� (−π/2, π/2), and for θ ∈ (0, π/2),

fk,m,j (tan θ) =
∫ θ

0
Ak,m,j (f )(t)QX ,k,m(t, θ) dt, (11.97)

where QX ,k,m(t, θ) is given by (11.46).
(iii) Let f ∈ E ′

k,m,j (X) and r ∈ (0, π/2]. Then f = 0 in Br if and only if
Ak,m,j (f ) = 0 on (−r, r).
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The proof is an immediate extension of that of Lemma 9.2 (see Propositions 11.4
and 11.14).

Let us extend the operator Ak,m,j to the space D′
k,m,j (BR), R ∈ (0, π/2]. For

f ∈ D′
k,m,j (BR), we set

〈

Ak,m,j (f ), ψ
〉 = 〈

Ak,m,j (f η), ψ
〉

, ψ ∈ D(−R,R), (11.98)

where η ∈ D�(BR) and η = 1 in Br0(ψ)+ε for some ε ∈ (

0, R − r0(ψ)
)

. By
virtue of Lemma 11.2(iii), Ak,m,j (f ) is well defined by (11.98) as a distribution in
D′

�(−R,R), and
Ak,m,j

(

f |Br

) = Ak,m,j (f )|(−r,r)

for each r ∈ (0, R].
Theorem 11.3. For R ∈ (0, π/2], N ∈ Z+, and ν = 2αX + k + 3 + N , the follow-
ing are true.

(i) Let f ∈ D′
k,m,j (BR) and r ∈ (0, R]. Then f = 0 in Br if and only

if Ak,m,j (f ) = 0 on (−r, r).
(ii) If f ∈ Cν

k,m,j (BR), then Ak,m,j (f ) ∈ CN
� (−R,R), and (11.97) is valid for

θ ∈ (0, R). Furthermore,

Ak,m,j (f )(0) = 1√
bX

lim
�→0

fk,m,j (�)�−k. (11.99)

(iii) The mapping Ak,m,j is continuous from D′
k,m,j (BR) into D′

�(−R,R) and from

Cν
k,m,j (BR) into CN

� (−R,R).
(iv) Let f ∈ D′

k,m,j (BR) and ord f = N . Then ord Ak,m,j (f ) � ν.

(v) Suppose that f ∈ Cν
k,m,j (BR) has all derivatives of order � ν vanishing at 0.

Then
Ak,m,j (f )(s)(0) = 0, s = 0, . . . , N.

(vi) For λ ∈ C and μ ∈ Z+, one has

Ak,m,j (Φλ,μ,k,m,j ) = uλ,μ, (11.100)

where uλ,μ is given by (9.60).

(vii) If T ∈ conj (E ′
k,m,j (X)), r(T ) < R, and f ∈ Cs

k,m,j (BR) with s = max{ord T +
2αX + 4, 2αX + k + 3}, then

〈T , f 〉 = 〈

Λk,m,j (T ),Ak,m,j (f )
〉

.

(viii) Let f ∈ D′
k,m,j (BR), T ∈ E ′

�(X), and r(T ) < R. Then (11.96) holds on the
interval (r(T ) − R,R − r(T )). In particular,

Ak,m,j

(

P(L)f
) = P

(

d2

dt2
+ ρ2

X

)

Ak,m,j (f ) (11.101)

for every polynomial P .
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Proof. Using (11.94), (11.95), (11.92), and Lemma 11.2 and repeating the argument
of Theorem 9.3, we obtain (i)–(vii). In (viii) we can assume that f ∈ Dk,m,j (BR).
In this case

f × T =
∞
∑

l=0

μl F k,m
j (f )(λl)˜T (λl)Φλl,0,k,m,j ,

where the series converges in C∞(X) (see Propositions 11.14 and 11.10). Hence,
by (11.92) and (11.100),

Ak,m,j (f × T )(t) =
∞
∑

l=0

μl F k,m
j (f )(λl)Λ̂(T )(λl) cos(λlt). (11.102)

Comparing Ak,m,j (f ) ∗ Λ(T ) with (11.102), we infer that (11.96) holds on the
interval (r(T ) − R,R − r(T )). By substituting T = P(L)δ0 in (11.96) we de-
rive (11.101). ��
Remark 11.5. Let r ∈ (0, π/2) and f ∈ Cν

k,m,j (
•
Br). We set

Ak,m,j (f ) = Ak,m,j (f1)|[−r,r],

where f1 ∈ Cν
k,m,j (X) is selected so that f1| •

Br
= f . Then Ak,m,j (f ) ∈ CN

� [−r, r].
Theorem 11.3(i), (ii) ensures the correctness of this definition.

Theorem 11.4. Let r ∈ (0, π/2). Then there exists a constant c > 0 such that

∫ r

−r

∣

∣Ak,m,j (f )(M)(t)
∣

∣ dt � c

[(k+2αX +5)/2]
∑

i=0

∫

Br

∣

∣

(

L − ρ2
X
)[(M+1)/2]+i

f (p)
∣

∣ dμ(p)

for all M ∈ Z+ and f ∈ Cs
k,m,j (

•
Br), where s = 2([(M+1)/2]+[(k+2αX +5)/2]).

The proof of this theorem reproduces the proof of Theorem 9.4 (see Theo-
rem 11.3, Proposition 11.13, Remark 11.4, and (11.59)).

We construct now an analog of operator (9.72). Let F ∈ E ′
�(−π/2, π/2). For

w ∈ D(X), we put

〈

Bk,m,j (F ),w
〉 = 1

π

∫ ∞

0

̂F(λ)F k,m
j

(

(w)k,m,j (�)Y
k,m
j (σ )

)

(λ) dλ

= 1

π

∫ ∞

0

̂F(λ)〈w,Φλ,0,k,m,j 〉 dλ.

It is not hard to prove that Bk,m,j (F ) ∈ D′
k,m,j (X).
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Lemma 11.3.

(i) Let F ∈ E ′
�(−π/2, π/2), T ∈ E ′

�(X), and r(F ) + r(T ) < π/2. Then

Bk,m,j (F ) × T = Bk,m,j

(

F ∗ Λ(T )
)

(11.103)

in the ball Bπ/2−r(T ).
(ii) If F ∈ (E ′

� ∩ Cs)(−π/2, π/2) for some s � 2, then Bk,m,j (F ) ∈ Cs+k−2
k,m,j (X)

and

Bk,m,j (F )(p) =
∫ arctan �

0
F(t)QX ,k,m(t, arctan �) dtY

k,m
j (σ ). (11.104)

(iii) Let F ∈ E ′
�(−π/2, π/2) and r ∈ (0, π/2]. Then F = 0 on (−r, r) if and only

if Bk,m,j (F ) = 0 in Br .

The proof of this statement is the same as that of Lemma 9.3.
Owing to Lemma 11.3(iii), we can extend the mapping Bk,m,j to the space

D′
�(−R,R), R ∈ (0, π/2]. Namely, for F ∈ D′

�(−R,R), define

〈

Bk,m,j (F ),w
〉 = 〈

Bk,m,j (Fη),w
〉

, w ∈ D(BR),

where η ∈ D�(−R,R) and η = 1 on (−r0(w)− ε, r0(w)+ ε) for some ε ∈ (0, R −
r0(w)) (r0(w) = inf {r > 0 : supp w ⊂ Br}). Then Bk,m,j (F ) ∈ D′

k,m,j (BR), and

Bk,m,j (F |(−r,r)) = Bk,m,j (F )|Br

for every r ∈ (0, R].
Theorem 11.5. For R ∈ (0, π/2] and s ∈ {2, 3, . . .}, the following statements hold.

(i) Let F ∈ D′
�(−R,R), r ∈ (0, R]. Then F = 0 on (−r, r) if and only if

Bk,m,j (F ) = 0 in Br .
(ii) If F ∈ Cs

� (−R,R), then Bk,m,j (F ) ∈ Cs+k−2
k,m,j (BR), and (11.104) holds for

p ∈ BR\{0}. In addition,

lim
p→0

Bk,m,j (F )(p)(Y
k,m
j (p/|p|))−1

|p|k = √

bX F(0).

(iii) The mapping Bk,m,j is continuous from D′
�(−R,R) into D′

k,m,j (BR) and from

Cs
� (−R,R) into Cs+k−2

k,m,j (BR).
(iv) If F ∈ D′

�(−R,R), then ord Bk,m,j (F ) � max{0, ord F − k + 3}.
(v) Assume that F ∈ Cs

� (−R,R) and F (ν)(0) = 0 for ν = 0, . . . , s. Then
Bk,m,j (F ) has all derivatives of order � s + k − 2 vanishing at 0.

(vi) For F ∈ D′
�(−R,R), we have

Ak,m,j

(

Bk,m,j (F )
) = F.



364 11 The Case of Compact Symmetric Spaces

(vii) Suppose that T ∈ conj (E ′
k,m,j (X)), r(T ) < R and F belongs to Cl

�(−R,R),
l = max{2, ord T − k + 2}. Then

〈

T ,Bk,m,j (F )
〉 = 〈

Λk,m,j (T ), F
〉

.

(viii) Let F ∈ D′
�(−R,R), T ∈ E ′

�(X), and r(T ) < R. Then (11.103) is valid in
BR−r(T ). In particular,

P(L)Bk,m,j (F ) = Bk,m,j

(

P

(

ρ2
X + d2

dt2

)

F

)

for each polynomial P .

Proof. Lemma 11.3 and the proof of Theorem 9.5 show that assertions (i)–(vii)
hold. To prove (viii) it suffices to use (vi) and Theorem 11.3(i), (viii). ��

An immediate consequence of Theorems 11.3 and 11.5 is the following:

Corollary 11.2. Let R ∈ (0, π/2]. Then the transform f → Ak,m,j (f ) defines a
homeomorphism between:

(i) D′
k,mj (BR) and D′

�(−R,R);
(ii) C∞

k,mj (BR) and C∞
� (−R,R).

In addition,
A

−1
k,m,j = Bk,m,j . (11.105)

Remark 11.6. If F ∈Cs
� [−r, r], s �2, r ∈ (0, π/2), put Bk,m,j (F )=Bk,m,j (F1)| •

Br
,

where F1 ∈ Cs
� (−π/2, π/2) and F1|[−r,r] = F . By Theorem 11.5(i), (ii), Bk,m,j (F )

does not depend on the choice of F1 and Bk,m,j (F ) ∈ Cs+k−2
k,m,j (

•
Br).

Theorem 11.6. Let r ∈ (0, π/2). Then there is a constant c > 0 such that for all
N ∈ Z+ and F ∈ C2N+2

� [−r, r],
∫

Br

∣

∣

(

L − ρ2
X
)N

Bk,m,j (F )(p)
∣

∣ dμ(p) � c

∫ r

−r

(∣

∣F (2N)(t)
∣

∣+ ∣

∣F (2N+2)(t)
∣

∣

)

dt.

The proof of Theorem 11.6 is performed as that of Theorem 9.6 with attention to
Theorem 11.5(vii), (viii).

Now define the map Ak,m
j : D′

k,m,j (BR) → D′
�(BR), R ∈ (0, π/2], by

Ak,m
j = A

−1
0,0,1Ak,m,j . (11.106)

Then
Ak,m

j (Φλ,μ,k,m,j ) = Φλ,μ,0,0,1 (11.107)

and
Ak,m

j (f × T ) = Ak,m
j (f ) × T in BR−r(T ) (11.108)



11.5 Analogues of Ak,m,j in Exterior of a Ball. The Zaraisky Theorem 365

if f ∈ D′
k,m,j (BR), T ∈ E ′

�(X), and r(T ) < R (see (11.100), (11.96), (11.103),
and (11.105)).

Proposition 11.15. Let D(·, ·) be the differential operator given by (11.16), and let

ck =
(

√

bX 2k

k−1
∏

l=0

(

k − l + αX
)

)−1

, k ∈ N.

Then for f ∈ C
2αX +k+6
k,m,j (BR), R ∈ (0, π/2], we have:

Ak,m
j (f ) = f if k = 0,

Ak,m
j (f ) = ckD

(

1 + 2αX , NX (1) + γX
) · · · D(k + 2αX , NX (k) + γX

)

(fk,m,j )

if k � 1, m = 0, and

Ak,m
j (f ) = ckD

(

1 + 2αX , NX (1) + γX
) · · · D(k − m + 2αX , NX (k − m) + γX

)

× D(k − m + 1 + 2αX , αX + 1) · · ·D(k + 2αX , αX + m
)(

fk,m,j )

if m � 1.

The proof of Proposition 11.15 is almost identical to that of Lemma 9.4. How-
ever, we now use (11.94), (11.107), (11.31), and (11.32).

Remark 11.7. Let O be an arbitrary nonempty open KX -invariant subset of X. Be-
cause of Proposition 11.15, we can extend the operator Ak,m

j to the space D′
k,m,j (O)

just as we did in Sect. 9.4. In this case Theorem 9.7 has an obvious analogue for the
operator Ak,m

j , which we leave for the reader to state and prove.

11.5 Analogues of Ak,m,j in Exterior of a Ball.
The Zaraisky Theorem

The purpose of this section is to construct the analog of the operator Ak,m,j for
Bπ/2−R,∞ = {p ∈ X : d(0, p) > π/2 − R}, 0 < R � π/2. All the spaces X
considered here will be assumed to be simply connected. For the notation below,
see Sects. 11.2 and 11.3.

Let D′(T) be the space of distributions on the unit circle T = {λ ∈ C : |λ| = 1}.
Denote by 〈u,ψ〉T the value of u ∈ D′(T) on an element ψ ∈ D(T). We shall freely
identify D′(T) with the space of 2π-periodic distributions on R

1.
Put

Πν = {

u ∈ D′
�

(

R
1) : u(t − π) = (−1)νu(t)

}

if ν = 0, 1
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and

Πν = {

u ∈ Π2{ν/2} : 〈u(t), cos
(

(ν − 2μ)t
)〉

T
= 0, μ = 1, . . . , [ν/2]}

if ν = 2, 3, . . . , where {ν/2} = ν/2 − [ν/2]. Suppose that ν ∈ {0, 1}, r ∈ [0, π/2).
Then, clearly, the following conditions are equivalent:

(a) u ∈ Πν and supp u ⊂ [−r, r] + πZ;
(b) u has the form

u =
( ∞
∑

l=−∞
(−1)νlδπl

)

∗ V for some V ∈ D′
�(R

1) with supp V ⊂ [−r, r].
(11.109)

Furthermore,

〈

u(t), cos
(

(ν + 2l)t
)〉

T
= 2̂V (ν + 2l), l ∈ Z, (11.110)

provided that u is given by (11.109). Here δπl is the Dirac measure supported at πl.
Take f ∈ D′

k,m,j (X ) and define (see (11.61), (11.62), and (11.58))

Λk,m,j (f )(t) = (−1)[(α+β)/2]+1
∞
∑

l=0

2λ1−ε
l (α + β + l)!


(α + 1)
(β + 1)l!
〈

f,Φλl,0,k,m,j

〉

cos(λlt),

(11.111)
where

ε = 2 {(α + β + 1)/2} .

Utilizing Remark 11.3, it is easy to check that Λk,m,j is a homeomorphism of
D′

k,m,j (X ) (respectively, C∞
k,m,j (X )) onto Πα+β+1 (respectively, onto Πα+β+1 ∩

C∞(R1)). For f ∈ E ′
k,m,j (X),

Λk,m,j (f )(t) = (−1)[(α+β)/2]+1

2α+β−1
(α + 1)
(β + 1)

∞
∑

l=0

ω(λl)F k,m
j (f )(λl) cos(λlt)

(11.112)
with

ω(λ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[(α+β+1)/2]
∏

μ=1

(

λ2 − (α + β + 1 − 2μ)2) if α + β � 1,

1 otherwise.

We also note the equality

Λk,m,j (f )

(

t + π

2

)

= (−1)εΛk,m,j (f )

(

π

2
− t

)

. (11.113)
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Lemma 11.4. Let r ∈ [0, π/2) and f ∈ D′
k,m,j (X ). Then supp f ⊂ •

Br if and only
if

supp Λk,m,j (f ) ⊂ [−r, r] + πZ. (11.114)

Proof. Assume that supp f ⊂ •
Br . According to Theorems 11.2 and 6.3, there exists

V ∈ D′
�(R

1) with supp V ⊂ [−r, r] such that

̂V (λ) = (−1)[(α+β)/2]+1π

2α+β
(α + 1)
(β + 1)
ω(λ)F k,m

j (f )(λ), λ ∈ C.

If we define u by (11.109), where ν = ε, we have
〈

u(t), cos
(

(ε + 2l)t
)〉

T
= 〈

Λk,m,j (f )(t), cos
(

(ε + 2l)t
)〉

T
, l ∈ Z+

because of (11.110) and (11.112). This gives u = Λk,m,j (f ). Hence the “only if”
part of the lemma. Conversely, let (11.114) be satisfied. Then the distribution u =
Λk,m,j (f ) has the form (11.109), where ν = ε, and ̂V /ω is an even entire function
of exponential type at most r , since

̂V (α + β + 1 − 2μ) = 1

2

〈

Λk,m,j (f )(t), cos
(

(α + β + 1 − 2μ)t
)〉

T

= 0, μ = 1, . . . , [(α + β + 1)/2]
in the case α + β � 1. By Theorem 11.2,

̂V (λ) = (−1)[(α+β)/2]+1π

2α+β
(α + 1)
(β + 1)
ω(λ)F k,m

j (f0)(λ), λ ∈ C, (11.115)

for some f0 ∈ D′
k,m,j (X ) supported in

•
Br . Relations (11.115) and (11.111) and

equality (11.110) with ν = ε imply

F k,m
j (f0)(λl) = 〈

f,Φλl,0,k,m,j

〉

, l ∈ Z+,

which means f = f0. Thus, supp f ⊂ •
Br , and Lemma 11.4 is proved. ��

Let 0 < R � π/2. Introduce the mapping Ck,m,j : D′
k,m,j (Bπ/2−R,∞) →

D′
�(−R,R) as follows. If f ∈ D′

k,m,j (Bπ/2−R,∞), we set

Ck,m,j (f ) = 1√
bX

(

d

dt

)ε

Λk,m,j (f η)

(

t + π

2

)

on (−R′, R′) for all R′ ∈ (0, R),

(11.116)
where η ∈ D�(Bπ/2−R,∞) is selected so that η = 1 in Bπ/2−R′,∞. Lemma 11.4
and (11.113) assure the correctness of definition (11.116). In addition, Ck,m,j (f ) ∈
C∞

� (−R,R) if f ∈ C∞
k,m,j (Bπ/2−R,∞).
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With the help of (11.116), (11.111), (11.64), and the identity

R
(α,β)
l (−1) = (−1)l


(α + 1)
(β + l + 1)


(α + l + 1)
(β + 1)

(see Erdélyi (ed.) [73, 10.8 (3) and 10.8 (13)]), one finds

Ck,m,j (Φλl,0,k,m,j )(t) = √

bX R
(α,β)
l (−1) cos(λlt). (11.117)

We shall use (11.117) in order to establish the analog of (11.99) for the operator
Ck,m,j .

Lemma 11.5. Let g ∈ C∞[0, 1]. Then the function

G(p) = �k
(

1 + �2)m−k
g

(

1

1 + �2

)

Y
k,m
j (σ )

is in C∞(X ), and
Ck,m,j (G)(0) = g(0). (11.118)

Proof. The first statement of the lemma is a consequence of Lemma 11.1. To
prove (11.118) we expand g on [0, 1] into a uniformly convergent series:

g(t) =
∞
∑

l=0

clR
(α,β)
l (2t − 1), (11.119)

where cl ∈ C and cl = O(l−N) as l → +∞ for any N ∈ N (see Suetin [206],
Chap. 7, Theorem 7.6). Then

G =
∞
∑

l=0

cl√
bX

Φλl,0,k,m,j . (11.120)

Combining (11.120), (11.117), and (11.119), we obtain (11.118). ��
For λ ∈ C and p ∈ X\{0}, we define

Θλ,η,k,m,j (p) =
(

∂

∂z

)�
(

yF(a, b; a + b + 1 − c; 1 − x)
)

∣

∣

∣

∣

z=λ

Y
k,m
j (σ ),

where a, b, c, x, y, and � are given in (11.20)–(11.22) and (11.25). By Lemma 11.1
the function Θλ,η,k,m,j admits continuous extension to Ant {0} and belongs to
C∞(X \{0}). In addition, the proof of Theorem 11.1 and [73, 2.9 (5)] show that

(

L + λ2 − ρ2
X
)

Θλ,0,k,m,j = 0. (11.121)

We are now able to state and prove the Zaraisky theorem (unpublished), which is
similar to Theorem 11.3.
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Theorem 11.7.

(i) The mapping Ck,m,j is a homeomorphism of D′
k,m,j (Bπ/2−R,∞) onto

D′
�(−R,R) (respectively, C∞

k,m,j (Bπ/2−R,∞) onto C∞
� (−R,R)).

(ii) The equality
Ck,m,j (f |Bπ/2−R′,∞) = Ck,m,j (f )|(−R′,R′)

holds for all R′ ∈ (0, R].
(iii) Let f ∈ D′

k,m,j (Bπ/2−R,∞), T ∈ E ′
�(X), and r(T ) < R. Then

Ck,m,j (f × T ) = Ck,m,j (f ) ∗ Λ(T ) (11.122)

on (r(T ) − R,R − r(T )). In particular,

Ck,m,j

(

P(L)f
) = P

(

d2

dt2
+ ρ2

X

)

Ck,mj (f ) (11.123)

for each polynomial P .
(iv) For λ ∈ C and μ ∈ Z+, one has

Ck,m,j (Θλ,μ,k,m,j ) = uλ,μ, (11.124)

where uλ,μ is the function on the right of (9.60).

Proof. (i) We treat the case of D′. (In C∞-category the proof can be carried out
along the same lines.) The injectivity of Ck,m,j follows from Lemma 11.4. We claim
that Ck,m,j is surjective. Suppose that α + β � 1. As the functions cos((α + β +
1 − 2ν)t), ν = 1, . . . , [(α + β + 1)/2], are linearly independent on every interval,
there exist gν ∈ Πε with the supports in (R − π/2, π/2 − R) + πZ satisfying
〈

gμ(t), cos
(

(α + β + 1 − 2ν)t
)〉

T
= δμ,ν, μ, ν = 1, . . . , [(α + β + 1)/2].

Fix R′ ∈ (0, R) and pick ψ ∈ D�(−R,R) which equals 1 on (−R′, R′). If g ∈
D′

�(−R,R), put

h =
( ∞
∑

−∞
(−1)εlδπ/2+πl

)

∗
(

ψ

(

d

dt

)−ε

g

)

,

where ( d
dt

)0 = Id and ( d
dt

)−1 is the inverse operator to d
dt

: D′
odd(−R,R) →

D′
�(−R,R). Now define

f =
(

Λ−1
k,m,j

(

h −
[(α+β+1)/2]

∑

ν=1

〈

h(t), cos
(

(α + β + 1 − 2ν)t
)〉

T
gν

))∣

∣

∣

∣

∣

Bπ/2−R′,∞
(11.125)
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on Bπ/2−R′,∞ for all R′ ∈ (0, R). By equation (11.125) and Lemma 11.4,
f ∈ D′

k,m,j (Bπ/2−R,∞) and Ck,m,j (f ) = g. For α + β = 0, the above argument
is applicable with obvious modifications, which finishes the proof of the claim. So,
Ck,m,j is a bijection between D′

k,m,j (Bπ/2−R,∞) and D′
�(−R,R). Finally, it is not

hard to make sure that the mappings

f → Ck,m,j (f )|(−R′,R′) and g → C
−1
k,m,j (g)

∣

∣

Bπ/2−R′,∞

are continuous. In view of the arbitrariness of R′ ∈ (0, R), we arrive at the desired
conclusion.

(ii) This is a straightforward consequence of the definition of Ck,m,j .
(iii) The dependence on f in (11.122) is linear and continuous. Therefore, we

can assume that f = Φλl,0,k,m,j , l ∈ Z+, but then (11.122) becomes apparent by
taking Proposition 11.10 into account.

(iv) Owing to (11.121) and (11.123),

(

d2

dt2
+ λ2

)

Ck,m,j (Θλ,0,k,m,j )(t) = 0. (11.126)

In addition,
Ck,m,j (Θλ,0,k,m,j )(0) = 1 (11.127)

(see Lemma 11.4). Together, (11.126) and (11.127) yield (11.124) if μ = 0. The
general case is verified by differentiation with respect to λ. ��



Chapter 12
The Case of Phase Space

This chapter completes our study of transmutation operators, focusing on the case
of the phase space associated to the Heisenberg group.

The Heisenberg group Hn, n ∈ N, is the Cartesian product C
n × R

1 with the
operation

(z, t)(w, s) =
(

z + w, t + s + 1

2
Im〈z,w〉C

)

,

where z,w ∈ C
n and t, s ∈ R

1. Under this multiplication, Hn becomes a nilpo-
tent unimodular Lie group, the Haar measure being the Lebesgue measure dz dt on
C

n × R
1.

Many problems about functions and operators on Hn respond very well to the
technique of taking the Fourier transform in the t variable. In this way the study of
convolution equations on Hn is closely related to the study of twisted convolution
equations on the phase space C

n.
Relevant facts about twisted convolution are collected in Sect. 12.1. In particular,

we give here the relationship between the twisted convolution on C
n and the special

Hermite operator L. This operator plays for the phase space a role analogous to that
of the Euclidean Laplacian on R

n.
The twisted convolution operator f → f � T (f ∈ D′(Cn), T ∈ E ′

�(C
n))

commutes with the unitary group U(n). In this connection we shall need spherical
harmonic expansions in C

n which are well adapted to the action of U(n). Such
expansions are discussed in Sect. 12.2.

The study of transmutation operators on the phase space heavily depends on
many properties of Laguerre functions. They arise as eigenfunctions of the opera-
tor L. In Sect. 12.3 we prove some important properties of Laguerre functions and
their generalizations. Among these properties, we point out the analog of the Koorn-
winder integral representation for Jacobi functions (Proposition 12.8).

A holomorphic extension of the discrete Fourier–Laguerre transform leads to the
transform F (p,q)

l which is an analog of the spherical transform in the case under
consideration. The basic properties of this transform are studied in Sect. 12.4. In

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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particular, we prove a Paley–Wiener theorem for F (p,q)
l using the above-mentioned

integral representation for Laguerre functions.
In the last section we introduce transmutation operators on C

n associated with
the Laguerre polynomials expansion. We then present their properties which will be
needed for the study of twisted mean periodic functions in Part III.

12.1 The Twisted Convolution of Distributions on C
n.

Special Hermite Operator

Let T1, T2 ∈ D′(Cn), n ∈ N, and let T1 ⊗ T2 be the tensor product of T1, T2 (see
Sect. 6.2). Recall that T1 ⊗ T2 ∈ D′(C2n) and

supp(T1 ⊗ T2) = supp T1 × supp T2, (12.1)

where × on the right-hand side of (12.1) denotes the Cartesian product. If T1 or T2
belongs to E ′(Cn), put

〈T1 � T2, ψ〉 = 〈

T1(z) ⊗ T2(w), ψ(z + w)e
i
2 Im〈z,w〉C 〉

(12.2)

for all ψ ∈ D(Cn), z,w ∈ C
n. It is not hard to make sure that T1 � T2 is well

defined by (12.2) as a distribution in D′(Cn). This distribution is called the twisted
convolution of T1 with T2.

Let us consider important particular cases of the definition (12.2).
Since the tensor product possesses the Fubini rule,

〈T1 � T2, ψ〉 = 〈

T1(z),
〈

T2(w), ψ(z + w)e
i
2 Im〈z,w〉C 〉〉

= 〈

T2(w),
〈

T1(z), ψ(z + w)e
i
2 Im〈z,w〉C 〉〉

. (12.3)

Relation (12.3) implies that T1 � T2 ∈ C∞(Cn), provided that T1 or T2 is in D(Cn).
In this situation

(T1 � T2)(z) = 〈

T2(w), T1(z − w)e
i
2 Im〈z,w〉C 〉

for T1 ∈ D
(

C
n
)

(12.4)

and

(T1 � T2)(w) = 〈

T1(z), T2(w − z)e
i
2 Im〈z,w〉C 〉

for T2 ∈ D
(

C
n
)

. (12.5)

In view of (12.3)–(12.5), equality (12.2) can be rewritten in the form

〈T1 � T2, ψ〉 = 〈

T1, Ť2 � ψ
〉 = 〈

T2, ψ � Ť1
〉

, ψ ∈ D
(

C
n
)

, (12.6)

where
Ťi (z) = Ti(−z), i = 1, 2.
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By means of (12.6) we see that (12.4) (respectively (12.5)) remains valid when
T1 ∈ C∞(Cn), T2 ∈ E ′(Cn) (respectively T1 ∈ E ′(Cn), T2 ∈ C∞(Cn)). In addition,

(T1 � T2)(z) =
∫

Cn

T1(z − w)T2(w)e
i
2 Im〈z,w〉C dmn(w)

if T1 ∈ L1,loc(Cn) and T2 ∈ (L1,loc ∩ E ′)(Cn).
We now establish some elementary but basic properties of the twisted convolu-

tion.
For z = (z1, . . . , zn) ∈ C

n, we put z̄ = (z̄1, . . . , z̄n).

Proposition 12.1. Let Ti ∈ D′(Cn), i = 1, 2, 3, and suppose that at least two of the
distributions Ti have compact supports. Then

(i) (λT1 + μT2) � T3 = λ(T1 � T3) + μ(T2 � T3), λ,μ ∈ C;
(ii) (T1 � T2)̌ = Ť1 � Ť2;

(iii) supp(T1 � T2) ⊂ supp T1 + supp T2;
(iv) T1 � T2 = T2 � T1;
(v) (T1 � T2)(z) = (T2 � T1)(z) if Ti(z) = Ti(z), i = 1, 2. In particular,

T1 � T2 = T2 � T1

for radial distributions T1, T2;
(vi) (T1 � T2) � T3 = T1 � (T2 � T3);

(vii) (T1(z + w)e
i
2 Im〈z,w〉C) � T2(z) = (T1 � T2)(z + w)e

i
2 Im〈z,w〉C ;

(viii) T1 � δ0 = δ0 � T1 = T1;
(ix) L(T1 � T2) = T1 � LT2, L∗(T1 � T2) = (L∗T1) � T2, (LT1) � T2 = T1 � L∗T2,

where

L = 1

4
|z|2 +

n
∑

k=1

(

zk

∂

∂zk

− zk

∂

∂zk

− 4
∂2

∂zk∂zk

)

,

L
∗ = 1

4
|z|2 +

n
∑

k=1

(

zk

∂

∂zk

− zk

∂

∂zk

− 4
∂2

∂zk∂zk

)

.

(12.7)

Proof. Relations (i)–(viii) follow from (12.1)–(12.6) with the help of simple trans-
formations. As for (ix), it is enough to use (12.4) and (12.6) and the formula

L
(

ψ(z − w)e
i
2 Im〈w,z〉C) = (Lψ)(z − w)e

i
2 Im〈w,z〉C , (12.8)

which can be obtained by a direct calculation. 
�
Remark 12.1. It is easy to see that L∗ is the adjoint of the special Hermite operator L,
i.e.,

〈

L
∗T ,ψ

〉 = 〈T ,Lψ〉, T ∈ D′(
C

n
)

, ψ ∈ D
(

C
n
)

. (12.9)

We have the equality
L

∗(T
) = LT .
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Furthermore,
L

∗T = LT (12.10)

for any radial distribution T ∈ D′(Cn).

Proposition 12.2. Let T , Tk ∈ D′(Cn), k ∈ N. Assume that Tk → 0 in D′(Cn) and
at least one of the following conditions hold: 1) T ∈ E ′(Cn); 2) there exists R > 0
such that supp Tk ⊂ BR for all k ∈ N, where BR = {z ∈ C

n : |z| < R}. Then
Tk � T → 0 in D′(Cn).

Proof. For any ψ ∈ D(Cn), we have

〈Tk � T ,ψ〉 = 〈

Tk(z),
〈

T (w),ψ(z + w)e
i
2 Im〈z,w〉C 〉〉

. (12.11)

Moreover, if supp Tk ⊂ BR , k ∈ N, then for every η ∈ D(Cn) such that η = 1
on BR ,

〈Tk � T ,ψ〉 = 〈

Tk(z), η(z)
〈

T (w),ψ(z + w)e
i
2 Im〈z,w〉C 〉〉

. (12.12)

Since Tk → 0 in D′(Cn), (12.11) and (12.12) give limk→∞〈Tk � T ,ψ〉 = 0. This
finishes the proof. 
�

Note, in conclusion, that if O1, O2 are nonempty open subsets of C
n, T1 ∈

D′(O1), T2 ∈ E ′(Cn), and O2 – supp T2 ⊂ O1, then the convolution T1 � T2 is
well defined by (12.2) as a distribution in D′(O2). In this case the map T1 → T1 �T2
is continuous from D′(O1) into D′(O2).

12.2 Expansions over Bigraded Spherical Harmonics

In this section we discuss expansions of functions and distributions which are well
adapted to the action of the unitary group U(n). They play an important role for the
further study in Sects. 12.3–12.5. For the rest of Chap. 12, it is assumed that n � 2.
The case n = 1 requires minor changes.

Let Hn,p,q

2 be the space of spherical harmonics of bidegree p, q on S
2n−1 re-

garded as a subspace of L2(S2n−1) (see Sect. 4.2). Denote by d(n, p, q) the dimen-
sion of Hn,p,q

2 . As is well known (see Smith [201]),

d(n, p, q) = (p + n − 2)!(q + n − 2)!(p + q + n − 1)

p!q!(n − 1)!(n − 2)! .

Let {Sp,q
l }, l ∈ {1, . . . , d(n, p, q)}, be a fixed orthonormal basis in Hn,p,q

2 , S
0,0
1 =

1/
√

ω2n−1. Each function f ∈ L1,loc(O), where O is a nonempty open U(n)-
invariant subset of C

n, has a Fourier expansion of the form
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f (z) ∼
∞
∑

p,q=0

d(n,p,q)
∑

l=1

f(p,q),l(
)S
p,q
l (σ ), z = 
σ, σ ∈ S

2n−1, (12.13)

where

f(p,q),l(
) =
∫

S2n−1
f (
σ)S

p,q
l (σ ) dω(σ). (12.14)

By the Fubini theorem the function f(p,q),l is locally summable on the set {r > 0 :
Sr ⊂ O}, where Sr = {z ∈ C

n : |z| = r}. Similarly, the function f (p,q),l(z) =
f(p,q),l(
)S

p,q
l (σ ) belongs to the class L1,loc(O).

Let {t (p,q)
k,l (τ )} (k, l ∈ {1, . . . , d(n, p, q)}, τ ∈ U(n)) be the matrix of the repre-

sentation T
n,p,q

2 (τ ) (see Sect. 4.2) in the basis {Sp,q
l }, that is,

T
n,p,q

2 (τ )S
p,q
l =

d(n,p,q)
∑

k=1

t
(p,q)
k,l (τ )S

p,q
k .

In view of the orthonormality of {Sp,q
l },

t
(p,q)
k,l (τ ) =

∫

S2n−1
S

p,q
l

(

τ−1σ
)

S
p,q
k (σ ) dω(σ).

We require the following statement.

Proposition 12.3. The relation

f(p,q),l(
)S
p,q
k (σ ) = d(n, p, q)

∫

U(n)

f
(

τ−1z
)

t
(p,q)
k,l (τ ) dτ, (12.15)

where dτ is the normalized Haar measure on the group U(n), holds for almost all

 ∈ {r > 0 : Sr ⊂ O} and all σ ∈ S

2n−1.

Proof. Using Theorem 4.3, we conclude that (12.15) follows just like equality (1.80).

�

Formula (12.15) shows that if f ∈ Cm(O) for some m ∈ Z+ ∪ {∞}, then the
function

f (p,q),k,l(z) = f(p,q),l(
)S
p,q
k (σ )

coincides almost everywhere with a function in the class Cm(O). Furthermore, for
each ψ ∈ D(O), one has

∫

O
f (p,q),k,l(z)ψ(z) dmn(z)

= d(n, p, q)

∫

O
f (z)

∫

U(n)

ψ
(

τ−1z
)

t
(p,q)
l,k (τ ) dτ dmn(z)

=
∫

O
f (z)(ψ)(p,q),k(
)S

p,q
l (σ ) dmn(z).
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Now we can extend the map f → f (p,q),k,l and expansion (12.13) to distributions
f ∈ D′(O) as follows:

〈

f (p,q),k,l , ψ
〉 =

〈

f, d(n, p, q)

∫

U(n)

ψ
(

τ−1z
)

t
(p,q)
l,k (τ ) dτ

〉

=
〈

f, (ψ)(p,q),k(
)S
p,q
l (σ )

〉

, ψ ∈ D(O), (12.16)

f ∼
∞
∑

p,q=0

d(n,p,q)
∑

l=1

f (p,q),l , (12.17)

where
f (p,q),l = f (p,q),l,l .

It can be proved that series (12.17) converges in D′(O) (respectively C∞(O)) for
f ∈ D′(O) (respectively f ∈ C∞(O)). Owing to (12.16), the mapping f →
f (p,q),k,l is a continuous operator from D′(O) into D′(O).

Proposition 12.4. Let f ∈ D′(O), and let T be a radial distribution in E ′(Cn).
Assume that the set U = {z ∈ C

n : z − supp T ⊂ O} is nonempty. Then

(f � T )(p,q),k,l = f (p,q),k,l � T in U . (12.18)

In particular,
(

P(L)f
)(p,q),k,l = P(L)f (p,q),k,l

for every polynomial P .

Proof. The argument is quite parallel to the proof of (9.10) (see (12.3), (12.16), and
Proposition 12.1(ix)). 
�

Let W(O) be a given class of distributions on O. Set

W(p,q),l(O) = {

f ∈ W(O) : f = f (p,q),l
}

.

Clearly, W(0,0),1(O) = W�(O), where

W�(O) = {

f ∈ W(O) : 〈f,ψ〉 = 〈f,ψ ◦ τ 〉 for all ψ ∈ D(O), τ ∈ U(n)
}

.

It is easy to see that the support of a distribution f ∈ D′
(p,q),l(O) is U(n)-invariant.

For f ∈ D′
(p,q),l(O), we put r(f ) = inf{r � 0 : supp f ⊂ •

Br}, where
•
Br = {z ∈

C
n : |z| � r}.
To close this section we present some formulas concerning the action of the op-

erator L on the space C2
(p,q),l(O). Let E be a nonempty open subset of (0,+∞).

For any s ∈ Z, we consider the differential operators Di(s), i = 1, 2, defined on
C1(E) as follows:

(

Di(s)ϕ
)

(
) = 
se(−1)i+1
2/4 d

d


(


−se(−1)i
2/4ϕ(
)
)

, ϕ ∈ C1(E). (12.19)
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Proposition 12.5. Suppose that f ∈ C2
(p,q),l(O). Then

(i)
(

L + (n + 2q) Id
)

f (z)

= −(

D2(1 − 2n − p − q)D1(p + q)f(p,q),l

)

(
)S
p,q
l (σ );

(ii)
(

L − (n + 2p) Id
)

f (z)

= −(

D1(1 − 2n − p − q)D2(p + q)f(p,q),l

)

(
)S
p,q
l (σ );

(iii)
(

L + (n + 2q − 2) Id
)

f (z)

= −(

D1(p + q − 1)D2(2 − 2n − p − q)f(p,q),l

)

(
)S
p,q
l (σ );

(iv)
(

L − (n + 2p − 2) Id
)

f (z)

= −(

D2(p + q − 1)D1(2 − 2n − p − q)f(p,q),l

)

(
)S
p,q
l (σ ).

Proof. By a straightforward computation using (12.7) we find that

(Lf )(z) = (Lp,qf(p,q),l)(
)S
p,q
l (σ ), (12.20)

where

Lp,q = − d2

d
2
− 2n − 1




d

d

+

(

(p + q)(2n + p + q − 2)


2
+ 1

4

2 + p − q

)

Id .

(12.21)
Our result now follows from (12.19). 
�
Remark 12.2. Equalities (12.20) and (12.7) show that

L − L
∗ = (2p − 2q) Id (12.22)

on the space C2
(p,q),l(O).

12.3 Derivatives of Generalized Laguerre Functions

Laguerre functions on the phase space C
n appear as radial eigenfunctions of the

special Hermite operator L. In this section we investigate their generalizations which
are analogues of functions (9.13) and (9.18) in the case under consideration.

Let η, p, q ∈ Z+, ζ ∈ C, and 
 ∈ (0,+∞). Put

a = p + n − ζ 2

2
, b = n + p + q,

x = 
2

2
, y = 
p+qe−
2/4.

(12.23)

For λ ∈ C, l ∈ {1, . . . , d(n, p, q)}, and z ∈ C
n, we define
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φλ,η,p,q,l(z) =
{√

ω2n−1φλ,η,p,q(
)S
p,q
l (σ ) if z = 
σ ∈ C

n\{0},
δ0,ηδ0,p+q if z = 0,

(12.24)

where

φλ,η,p,q(
) =
(

∂

∂ζ

)�
(

y1F1(a; b; x)
)

∣

∣

∣

∣

ζ=λ

(12.25)

with

� =
{

η if λ �= 0,

2η if λ = 0.

It can easily be checked that φλ,η,p,q,l ∈ RA(Cn).
Next, we set

g(a, b, x) = �(a)

(

(−1)bΨ (a, b; x) − ψ(a)

�(b)�(a − b + 1)
1F1(a; b; x)

)

,

where ψ(a) = �′(a)/�(a), and Ψ (a, b; x) is the Tricomi confluent hypergeometric
function. Since for k ∈ Z+,

lim
λ→−k

�(λ)(λ + k) = (−1)k

�(k + 1)
, lim

λ→−k
ψ(λ)(λ + k) = −1,

and

Ψ (−k, b; x) = (−1)k
�(b + k)

�(b)
1F1(−k; b; x)

(see Erdélyi (ed.) [73, 1.17 (11), 1.17 (12) and 6.9 (36)]), g(a, b, x) is an even entire
function with respect to the variable ζ . Now for z ∈ C

n \ {0}, λ ∈ C, we introduce
ψλ,η,p,q,l(z) by the formula

ψλ,η,p,q,l(z) = ψλ,η,p,q(
)S
p,q
l (σ ), (12.26)

where

ψλ,η,p,q(
) =
(

∂

∂ζ

)�
(

yg(a, b, x)
)

∣

∣

∣

∣

ζ=λ

. (12.27)

Let us study basic properties of functions (12.24)–(12.27).

Proposition 12.6. Let Di(s), i = 1, 2, be the differential operators defined by
(12.19). Then

(i) D1(b − n)φλ,0,p,q = −n + 2q + λ2

2b
φλ,0,p,q+1, p, q ∈ Z+; (12.28)

(ii) D2(b − n)φλ,0,p,q = n + 2p − λ2

2b
φλ,0,p+1,q , p, q ∈ Z+; (12.29)

(iii) D1(2 − b − n)φλ,0,p,q = 2(b − 1)φλ,0,p−1,q , p ∈ N, q ∈ Z+; (12.30)

(iv) D2(2 − b − n)φλ,0,p,q = 2(b − 1)φλ,0,p,q−1, p ∈ Z+, q ∈ N. (12.31)
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Proof. Apply formula (7.72) with k = 1. Taking (7.70) and (7.71) into account, we
arrive at (12.28)–(12.31). 
�
Theorem 12.1.

(i) If k ∈ Z+ and μ ∈ C\{0}, then in C
n the following relations are true:

L
kφ0,η,p,q,l =

{

(−2η)2kφ0,η−k,p,q,l if k � η,

0 if k > η,
(12.32)

L
kφμ,η,p,q,l =

η
∑

ν=max{0,η−2k}

(

η

ν

)

(2k)!μ2k−η+ν

(2k − η + ν)!φμ,ν,p,q,l , (12.33)

(

L − μ2)k
φμ,η,p,q,l

=
η

∑

ν=max{0,η−2k}
(−1)ν−η η!22k−η+ν(−k)2k−η+ν

ν!(2k − η + ν)! μ2k−η+νφμ,ν,p,q,l . (12.34)

In particular, for λ ∈ C,

(

L − λ2)η+1
φλ,η,p,q,l = 0. (12.35)

(ii) In (12.32)–(12.35) the functions φλ,η,p,q,l may be replaced by the functions
ψλ,η,p,q,l . In this case the equalities remain valid in C

n\{0}. Furthermore,
ψλ,0,0,0,1 ∈ L1,loc(Cn) and

(

L − λ2)ψλ,0,0,0,1 = √
ω2n−1(−1)n(n − 1)!2nδ0, λ ∈ C.

Proof. By virtue of (12.20), the equation
(

L − ζ 2)(f (
)S
p,q
l (σ )

) = 0

can be rewritten in the form

0 = f ′′(
) + f ′(
)



(2n − 1)

− f (
)


2

(

(p + q)(2n + p + q − 2) + (

p − q − ζ 2)
2 + 1

4

4

)

. (12.36)

A substitution f (
) = yu(x) (see (12.23)) reduces (12.36) to confluent hyperge-
ometric equation (7.67). This implies (12.35) for η = 0 and the same equality for
ψλ,0,p,q,l in C

n\{0}. Now we obtain the desired assertion in the same way as in the
proof of Theorem 10.4 (see Proposition 12.6). 
�
Proposition 12.7. For 
 ∈ (0,+∞) and ζ ∈ C, we have

φζ,0,p,q(
)
d

d

ψζ,0,p,q(
) − ψζ,0,p,q(
)

d

d

φζ,0,p,q(
) = (−1)b+1�(b)2b


2n−1
.

(12.37)
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Proof. Denote by fζ (
) the function on the left-hand side of (12.37). Because fζ (
)

is analytic in ζ , it suffices to show that equality (12.37) is true for a /∈ Z\N. In
view of (12.35), the functions φζ,0,p,q(
) and ψζ,0,p,q(
) satisfy equation (12.36).
Therefore, by the Liouville–Ostrogradsky formula,

fζ (
) = c


2n−1
,

where c is independent of 
. From (7.65) and (7.66) we find c = (−1)b+1�(b)2b,
whence (12.37) follows. 
�
Remark 12.3. Let {μ1, . . . , μr } be a set of complex numbers such that the numbers
{μ2

1, . . . , μ
2
r } are distinct, and let O be a nonempty open subset in C

n. Then exactly
as in Proposition 10.4 (but now working with Theorem 12.1 and Proposition 12.7)
we see that the assertions of Proposition 10.4 remain true for the functions φμi,ν,p,q,l

and ψμi,ν,p,q,l .

Proposition 12.8. The integral representation

φλ,0,p,q(
) = 1√
ω2n−1

∫ 


0
cos(λt)Kn,p,q(
, t) dt (12.38)

holds, where Kn,p,q(
, ·) ∈ L1[0, 
]. In addition,

Kn,p,p(
, t) = 4n+2p−1√ω2n−1
(
2 − t2)n+2p−3/2


2n+2p−2

× (

kn+2p(u, v)
(

4u − v2)3/2−n−2p)∣

∣

u=
2/2, v=√
2t

,

where kn+2p(u, v) is defined by (7.81).

Proof. According to Proposition 7.11,

φλ,0,p,q(
) = 1


n+b−2

∫ 


0
cos

(

√

λ2 + q − pt
)(


2 − t2)b−3/2 Kn,p,q(
, t) dt

(12.39)
with

Kn,p,q(
, t) = 4b−1kb(u, v)
(

4u − v2)3/2−b∣
∣

u=
2/2,v=√
2t

.

Using (12.39) and (7.87) and the Paley–Wiener theorem for the Fourier-cosine trans-
form, we complete the proof. 
�
Remark 12.4. The proof of Proposition 12.8 shows that

Kn,p,q(
, ·) ∈ L2[0, 
], provided that b > 1.

For 0 � r < R � +∞, we put Br,R = {z ∈ C
n : r < |z| < R}. Denote by

•
Br,R

the closure of Br,R .
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Proposition 12.9. Let 0 < r < R < +∞, λ ∈ C, η, k ∈ Z+, and ε ∈ (0, 1).
If η < εR|λ|, then the following estimates hold:

‖φλ,η,p,q,l‖
Ck(

•
BR)

� γ1
√

1 + η(1 + |λ|)k−p−qRηeR|Im λ|, (12.40)

‖φλ,η,p,q,l‖
Ck(

•
Br,R)

� γ2
√

1 + η(1 + |λ|)k−b+1/2RηeR|Im λ|, (12.41)

‖ψλ,η,p,q,l‖
Ck(

•
Br,R)

� γ3
√

1 + η(1 + |λ|)k+b−3/2 log(2 + |λ|)RηeR|Im λ|, (12.42)

where γ1, γ2, γ3 > 0 are independent of λ, η.

Proof. Let α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ Z
n+, and let l(α, β) = α1 +· · ·+

αn + β1 + · · · + βn. Put

f (t) = e−t/4
1F1

(

p + n − λ2

2
; b; t

2

)

.

By induction it is easy to make sure that

∂l(α,β)

∂zα∂zβ
φλ,0,p,q,l(z) =

l(α,β)
∑

k�max{0,m/2}
f (k)

(|z|2)Q2k−m(z), (12.43)

where m = l(α, β) − p − q, and Q2k−m is a homogeneous polynomial in C
n of

degree 2k − m. In view of (7.72), equality (12.43) can be written in the form

∂l(α,β)

∂zα∂zβ
φλ,0,p,q,l(z) =

l(α,β)
∑

k�max{0,m/2}

k
∑

j=0

(−1)k−j

(

j

k

)

2j

4k

(p + (n − λ2)/2)j

(b)j

× 1F1

(

p + j + n − λ2

2
; b + j ; |z|2

2

)

Q2k−m(z)e−|z|2/4.

(12.44)

Suppose that |λ|−1 � |z| � R. Then applying (7.90), we conclude from (12.44) that

∂l(α,β)

∂zα∂zβ
φλ,0,p,q,l(z) = O

(|λ|l(α,β)−p−qeR|Im λ|). (12.45)

Similarly, for |z| � |λ|−1, relations (12.44) and (7.91) give

∂l(α,β)

∂zα∂zβ
φλ,0,p,q,l(z) = O

(|λ|l(α,β)−p−q
)

. (12.46)

Combining (12.45) and (12.46), we arrive at (12.40) if η = 0 and, hence, by Propo-
sition 6.11, in general. Estimates (12.41) and (12.42) follow from Propositions 6.11
and 7.12, (7.72), (7.73), and the Stirling asymptotic formula (see the proof of Propo-
sition 11.6). 
�
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Proposition 12.10. For fixed p, q ∈ Z+ and r ∈ (0,+∞), the following statements
are valid.

(i) The function φλ,0,p,q(r) has infinitely many zeroes. All the zeroes of φλ,0,p,q(r)

are real and simple and are located symmetrically relative to the point λ = 0.
(ii) Let zl = zl(p, q, r, n), l ∈ N, be the sequence of all positive zeroes of φλ,0,p,q(r)

numbered in the ascending order and suppose that 0 < r1 � r � r2 < +∞.
Then

rzl = π

(

2b + 1

4
+ l + j (p, q, r, n)

)

+
(

r3

12
+ (p − q)r − (2b − 3)(2b − 1)

4r

)

1

2zl

+ O

(

1

z3
l

)

,

where j (p, q, r, n) belongs to Z and does not depend on l, and the constant in
O depends only on p, q, n, r1, r2.

Proof. From (7.74) we have

(

λ2 − μ2)
∫ r

0

2n−1φλ,0,p,q(
)φμ,0,p,q(
)d


= r2n−1(φλ,0,p,q(r)φ′
μ,0,p,q (r) − φμ,0,p,q(r)φ′

λ,0,p,q(r)
)

. (12.47)

The rest of the proof now duplicates Proposition 7.6 (see (12.39) and (7.87)). 
�
Denote

Np,q(r) = {

λ > 0 : φλ,0,p,q(r) = 0
}

.

For λ,μ ∈ Np,q(r), define

η(λ, μ) =
∫ r

0

2n−1φλ,0,p,q(
)φμ,0,p,q(
) d
.

Using (7.90), (12.47), (12.39), Proposition 12.10, and the proofs from Lemmas 7.1
and 7.2, we obtain the following statements.

Lemma 12.1. Let λ,μ ∈ Np,q(r). Then η(λ, μ) = 0 if λ �= μ, and η(λ, λ)λ2b > c,
where c > 0 is independent of λ.

Lemma 12.2. Assume that v ∈ L1[0, r] and
∫ r

0

2n−1v(
)φλ,0,p,q(
) d
 = 0

for all λ ∈ Np,q(r). Then f = 0.

Next, if u ∈ L1[0, r] and λ ∈ Np,q(r), put

cλ(u) = (

η(λ, λ)
)−1

∫ r

0

2n−1u(
)φλ,0,p,q(
) d
.

Also let Lp,q be the differential operator given by (12.21).
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Proposition 12.11. Suppose that for some ζ > n+ (p+q +1)/2, ζ ∈ N, a function
u enjoys the following properties:

(1) Ls
p,qu ∈ C2[0, r] if s = 0, 1, . . . , ζ − 1, and L

ζ
p,qu ∈ C[0, r].

(2) (Ls
p,qu)(r) = 0, s = 0, 1, . . . , ζ − 1.

Then cλ(u) = O(λ−2ζ+b+n) as λ → +∞, and the expansion

u(
) =
∑

λ∈Np,q (r)

cλ(u)φλ,0,p,q (
), 
 ∈ [0, r],

holds in which the series converges in Cs[0, r] with s < ζ − n − (p + q + 1)/2.

The proof of this statement is an immediate extension of that of Theorem 7.1
(see (7.90), (7.91), (7.72), Proposition 12.6, and Lemmas 12.1 and 12.2).

For j ∈ Z+, we set
λj = √

2p + n + 2j, (12.48)

μj = 21−b

ω2n−1(b − 1)!
(

b + j − 1

b − 1

)

. (12.49)

In terms of the Laguerre polynomials Lα
j (see Erdélyi (ed.) [73, 6.9 (36)]), we can

write
(

b + j − 1

b − 1

)

φλj ,0,p,q(
) = 
p+qe−
2/4Lb−1
j

(


2/2
)

.

Proposition 12.12. The system of functions {φλj ,0,p,q,l}∞j=0 forms an orthogonal

basis in L2
(p,q),l(C

n). In addition,

∫

Cn

|φλj ,0,p,q,l(z)|2 dmn(z) = 1

μj

.

Proof. Let g ∈ L2((0,+∞), tb−1e−t dt) and G(z) = 
p+qe−
2/4g(
2/2)S
p,q
l (σ ).

Then
∫

Cn

|G(z)|2 dmn(z) =
∫ ∞

0

∫

S2n−1

2b−1e−
2/2

∣

∣g
(


2/2
)∣

∣

2∣
∣S

p,q
l (σ )

∣

∣

2 d
 dω(σ)

= 2b−1
∫ ∞

0
tb−1e−t |g(t)|2 dt.

This relation shows that the mapping g → G is an isomorphism between the space
L2((0,+∞), (2t)b−1e−tdt) and L2

(p,q),l(C
n). As the polynomials Lα

j , j ∈ Z+, form

an orthogonal basis in L2((0,+∞), tαe−tdt) and
∫ ∞

0
tαe−t

(

Lα
j (t)

)2 dt = �(α + j + 1)

j !
(see [73, 10.12 (2)]), we complete the proof. 
�
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12.4 Analogues of the Spherical Transform

Let p, q ∈ Z+ and l ∈ {1, . . . , d(n, p, q)}. For each f ∈ E ′
(p,q),l(C

n), we set

F (p,q)
l (f )(λ) = 〈

f, φλ,0,p,q,l

〉 = √
ω2n−1

〈

f, φλ,0,p,q(
)S
p,q
l (σ )

〉

, λ ∈ C,

(12.50)
where the distribution f acts with respect to the variable z = 
σ . According
to (12.25), F (p,q)

l (f ) is an even entire function of λ. If f ∈ E ′
�(C

n), we shall write
˜f (λ) for F (0,0)

1 (f )(λ), i.e.,

˜f (λ) = 〈f, φλ,0,0,0,1〉. (12.51)

We are going to study basic properties of the transform F (p,q)
l .

Proposition 12.13. Let T ∈ E ′
�(C

n). Assume that R ∈ (r(T ),+∞], f ∈ D′
(BR)

and
Lf = λ2f (respectively, L

∗f = λ2f ) (12.52)

for some λ ∈ C. Then

f � T = ˜T (λ)f (respectively, T � f = ˜T (λ)f ) (12.53)

in the ball BR−r(T ).

Proof. We treat the case where Lf = λ2f . (If L∗f = λ2f , the statement is proved
analogously.) As L is an elliptic operator, the distribution f belongs to RA(BR) (see
Hörmander [126], Chap. 8.6). Fix w ∈ BR−r(T ) and introduce the function

fw(z) =
∫

U(n)

f (τz + w)e
i
2 Im〈τz,w〉C dτ, z ∈ BR−|w|.

From the definition of fw we see that

fw ∈ RA�(BR−|w|) and fw(0) = f (w). (12.54)

Furthermore, because of (12.52) and (12.8),

(Lfw)(z) = λ2fw(z), z ∈ BR−|w|. (12.55)

By means of (12.54), (12.55), and (12.20) we have

fw(z) = f (w)φλ,0,0,0,1(z).

This, together with the assumption on T , gives

˜T (λ)f (w) = 〈

T (z), fw(z)
〉

= 〈

T (z), f (z + w)e
i
2 Im〈z,w〉C 〉
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= 〈

T (z), f (w − z)e
i
2 Im〈w,z〉C 〉

= (f � T )(w),

as required. 
�
Proposition 12.14. If f ∈ E ′

(p,q),l(C
n) and T ∈ E ′

�(C
n), then

F (p,q)
l (f � T )(λ) = F (p,q)

l (f )(λ)˜T (λ) (12.56)

and

F (p,q)
l (T � f )(λ) = F (p,q)

l (f )(λ)˜T
(

√

λ2 + 2q − 2p
)

. (12.57)

In particular, for an arbitrary polynomial P,

F (p,q)
l

(

P(L)f
)

(λ) = P
(

λ2)F (p,q)
l (f )(λ) (12.58)

and
F (p,q)

l

(

P
(

L
∗)f

)

(λ) = P
(

λ2 + 2q − 2p
)

F (p,q)
l (f )(λ). (12.59)

Proof. In view of (12.6), Proposition 12.1(iv), (12.35), and (12.53),

〈

f � T , φλ,0,p,q,l

〉 =
〈

f, φλ,0,p,q,l � T
〉

=
〈

f,˜T
(

λ
)

φλ,0,p,q,l

〉

= ˜T (λ)
〈

f, φλ,0,p,q,l

〉

,

which proves (12.56). Similarly, one deduces (12.57) (see (12.22)). Put T = P(L)δ0
in (12.56) (respectively, T = P(L∗)δ0 in (12.57)). Taking (12.9), (12.10), (12.35),
and Proposition 12.1(viii), (ix) into account, we obtain (12.58) and (12.59). 
�
Proposition 12.15. The transform F (p,q)

l is injective on E ′
(p,q),l(C

n).

Proof. Let f ∈ E ′
(p,q),l(C

n) and F (p,q)
l (f ) = 0. By (12.56),

F (p,q)
l (f � ϕ)(λ) = 0, λ ∈ C, (12.60)

for every function ϕ ∈ D�(C
n). Relations (12.60), (12.18), and (12.39) imply that

∫ a

0
cos

(

√

λ2 + q − px
)

∫ a

x


1−p−q(f � ϕ)(p,q),l(
)
(


2 − x2)n+p+q−3/2

× Kn,p,q(
, x) d
 dx = 0,

where a = r(f � ϕ). Hence,
∫ a

x


1−p−q(f � ϕ)(p,q),l(
)
(


2 − x2)n+p+q−3/2 Kn,p,q(
, x) d
 = 0. (12.61)

From (12.61) we have
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∫ a2

u

(√
s
)−p−q

(f � ϕ)(p,q),l

(√
s
)

(s − u)n+p+q−3/2 Kn,p,q

(√
s,

√
u
)

ds = 0

(12.62)
for 0 < u < a2. Take t ∈ (0, a2). Multiply (12.62) by (u − t)n+p+q−3/2 and
integrate with respect to u from t to a2. Changing the order of integration, we get

∫ a2

t

(√
s
)−p−q

(f � ϕ)(p,q),l

(√
s
)

∫ s

t

(

(s − u)(u − t)
)n+p+q−3/2

× Kn,p,q

(√
s,

√
u
)

du ds = 0.

The substitution (s − t)x = s + t − 2u in the inner integral yields

∫ a2

t

(√
s
)−p−q

(f � ϕ)(p,q),l

(√
s
)

(s − t)2n+2p+2q−2g(s, t) ds = 0, (12.63)

where

g(s, t) =
∫ 1

−1

(

1 − x2)n+p+q−3/2 Kn,p,q

(√
s,

√

s + t − (s − t)x

2

)

dx ∈ C∞(

R
2).

Differentiating 2n + 2p + 2q − 1 times with respect to t in (12.63), we find

(f � ϕ)(p,q),l(
√

t)

(
√

t)p+q
−

∫ a2

t

(f � ϕ)(p,q),l(
√

s)

(
√

s)p+q
k(s, t) ds = 0,

where

k(s, t) = 2n+p+q−2

(2n + 2p + 2q − 2)!
(

∂

∂t

)2n+2p+2q−1
(

(s − t)2n+2p+2q−2g(s, t)
)

.

Thus, (
√

t)−p−q(f �ϕ)(p,q),l(
√

t) is a solution of the homogeneous integral Volterra
equation of the second kind with kernel k ∈ C∞(R2). Therefore, (f � ϕ)(p,q),l = 0
and f � ϕ = 0. Since ϕ can be chosen arbitrary, it follows that f = 0. 
�
Proposition 12.16.

(i) Suppose that f ∈ (Cs ∩ E ′
(p,q),l)(C

n) for some s ∈ Z+. Then

∣

∣F (p,q)
l (f )(λ)

∣

∣ � c
er(f )|Im λ|

(1 + |λ|)s+p+q
, λ ∈ C, (12.64)

where the constant c is independent of λ.
(ii) Let f ∈ E ′

(p,q),l
(Cn) and s ∈ Z+. Assume that

F (p,q)
l (f )(λj ) = O

(

j−n− p+q+s
2 −1) as j → +∞,

where λj is defined by (12.48). Then f ∈ Cs(Cn).
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Proof. (i) By (12.50),

F (p,q)
l (f )(λ) = √

ω2n−1

∫ ∞

0

2n−1f(p,q),l(
)φλ,0,p,q(
) d
. (12.65)

For the function φλ,0,p,q , we have differentiation formulas (12.28)–(12.31). There-
fore, repeated integration by parts in (12.65) gives

F (p,q)
l (f )(λ) = κ

∫ r(f )

0

2n−1(d

s−2[s/2]
2 (d1d2)

[s/2]f(p,q),l

)

(
)

× φλ,0,p+s−2[s/2],q (
) d
,

where d1 = D1(1 − 2n − p − q), d2 = D2(p + q),

κ =
√

ω2n−1

(2p + n − λ2)[s/2]

( −1

2(n + p + q)

)s−2[s/2]
.

Now (i) follows from (12.40).
(ii) This can be proved directly with the aid of Proposition 12.12, (12.50),

and (12.40). 
�
We now prove an analogue of the Paley–Wiener theorem for the transform

F (p,q)
l .

Theorem 12.2.

(i) Let f ∈ E ′
(p,q),l(C

n) and supp f ⊂ •
Br . Then

∣

∣F (p,q)
l (f )(λ)

∣

∣ � c1(1 + |λ|)c2 er|Im λ|, λ ∈ C, (12.66)

where c1, c2 > 0 are independent of λ. Conversely, for each even entire function
w(λ) satisfying the estimate of the form (12.66), there exists a distribution f ∈
E ′

(p,q),l(C
n) such that

supp f ⊂ •
Br and F (p,q)

l (f ) = w. (12.67)

(ii) If f ∈ D(p,q),l(C
n) and supp f ⊂ •

Br , then for every N ∈ Z+, there exists a
constant cN > 0 such that

∣

∣F (p,q)
l (f )(λ)

∣

∣ � cN(1 + |λ|)−N er|Im λ|, λ ∈ C. (12.68)

Conversely, for each even entire function w(λ) satisfying the estimate of the
form (12.68) for all N ∈ Z+, there exists a function f ∈ D(p,q),l(C

n) such that
conditions (12.67) hold.

Proof. (i) Using (12.40) and the definition of ord f , we obtain that for each ε > 0,

∣

∣F (p,q)
l (f )(λ)

∣

∣ � �εe(r+ε)|Im λ|(1 + |λ|)ord f −p−q, λ ∈ C,
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where �ε > 0 does not depend on λ. Applying the Phragmén–Lindelöf principle,
we arrive at (12.66).

Let us prove the converse assertion. First assume that the number of zeros of the
function w is finite. Then, by Proposition 6.1(iv), w is an even polynomial. Consider
the differential operator S

p,q
l (∂) associated with S

p,q
l (z) = 
p+qS

p,q
l (σ ) (i.e., we

replace each monomial z
α1
1 · · · zαn

n z
β1
1 · · · zβn

n by

2p+q

(

∂

∂z1

)α1

. . .

(

∂

∂zn

)αn
(

∂

∂z1

)β1

. . .

(

∂

∂zn

)βn

in S
p,q
l (z)). By virtue of (5.10) and (5.19), S

p,q
l (∂)

∗
δ0 ∈ E ′

(p,q),l(C
n) and

F (p,q)
l

(

S
p,q
l (∂)

∗
δ0

)

(λ) = 2p+q(n)p+q√
ω2n−1

, (12.69)

where S
p,q
l (∂)

∗
is the adjoint to the operator S

p,q
l (∂). Combining (12.69) with

Proposition 12.14, we infer that conditions (12.67) hold for the distribution f =
P1(L)S

p,q
l (∂)

∗
δ0, where

P1(λ) =
√

ω2n−1

2p+q(n)p+q

w
(
√

λ
)

.

Next, let the function w have infinitely many zeroes. Pick an even polynomial P2
for which the function w/P2 is entire and

sup
λ∈C

(1 + |λ|)2n+3

er|Im λ|

∣

∣

∣

∣

w(λ)

P2(λ)

∣

∣

∣

∣

< ∞.

By the Paley–Wiener theorem for the Fourier-cosine transform, there exists an even
function ϕ ∈ C2n(R1) such that supp ϕ ⊂ [−r, r] and

w(λ)

P2(λ)
=

∫ r

0
cos(λt)ϕ(t) dt, λ ∈ C. (12.70)

Let ψ ∈ C(0, r] be a function satisfying

ϕ(t) = ω2n−1

∫ r

t


ψ(
)
(


2 − t2)n−3/2 Kn,0,0(
, t) d
, 0 < t < r (12.71)

(as above, this equation reduces to a Volterra integral equation of the second kind).
Put

h(z) =
{

ψ(|z|), z ∈ Br,

0, z ∈ C
n\Br.

In the same manner as in the proof of Theorem 11.2(i), we see that h ∈ L
1,loc
� (Cn).

In addition, owing to (12.51), (12.39), (12.70), and (12.71), ˜h(λ) = w(λ)/P2(λ).
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Now, as in the first case, we conclude that conditions (12.67) hold for the distribution
f = P3(L)S

p,q
l (∂)

∗
δ0 � h, where

P3(λ) =
√

ω2n−1

2p+q(n)p+q

P2
(
√

λ
)

.

So part (i) is proved. Part (ii) is immediate from (i) and Proposition 12.16. 
�
Corollary 12.1. Let r > 0, u ∈ L1[0, r], and suppose that

∫ 


0
u(t)Kn,p,q(
, t) dt = 0

for almost all 
 ∈ (0, r), where Kn,p,q(
, t) is given by (12.38). Then u = 0.

Proof. Let ψ ∈ D�(−r, r). By Theorem 12.2 there exists h ∈ D(p,q),1(C
n) such

that supp h ⊂ Br and ̂ψ = F (p,q)

1 (h). Using (12.50) and (12.38), we find

ψ(t) = 1

2

∫ r

t


2n−1h(p,q),1(
)Kn,p,q(
, t) d
, t ∈ (0, r).

Then by hypothesis
∫ r

0
u(t)ψ(t) dt = 0.

Since ψ can be chosen arbitrarily, it follows that u = 0. 
�
Remark 12.5. From Theorem 12.2(i) and Propositions 12.16 and 12.14 we can con-
clude:

(i) If f ∈ E ′
(p,q),l(C

n), then

F (p,q)
l (f )(λ) = O

(

(1 + |λ|)ordf −p−qer(f )|Im λ|), λ ∈ C.

(ii) For the order of a distribution f ∈ E ′
(p,q),l(C

n) satisfying (12.66), one has
ordf � max{0, c2 + 2n + p + q + 4}.

Because of Theorems 12.2 and 6.3, the mapping Λ(p,q),l : conj(E ′
(p,q),l(C

n)) →
E ′

�(R
1) given by

̂Λ(p,q),l(T )(λ) = F (p,q)
l (T )(λ) = 〈T , φλ,0,p,q,l〉, λ ∈ C,

is a bijection and r(Λ(p,q),l(T )) = r(T ). Furthermore (see Remark 12.5 and Theo-
rem 6.3),

ord Λ(p,q),l(T ) � max{0, ord T − p − q + 1}.
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In the special case p = q = 0, l = 1, we write Λ instead of Λ(0,0),1. If W(R1)

denotes one of the classes M(R1), N(R1), E(R1), Inv+(R1), or Inv(R1), we set

W
(

C
n
) = {

T ∈ E ′
�

(

C
n
) : Λ(T ) ∈ W

(

R
1)}.

We conclude this section with the inversion formula for the transform F (p,q)
l .

Proposition 12.17. Let f ∈ (E ′
(p,q),l ∩ Cs)(Cn) for some s � 2n + 2. Then

μj F (p,q)
l (f )(λj ) = O(j

1
2 (2n+p+q−2−s)) as j → +∞ (12.72)

and

f (z) =
∞
∑

j=0

μj F (p,q)
l (f )(λj )φλj ,0,p,q,l(z) (12.73)

for z ∈ C
n, where λj and μj are defined by (12.48) and (12.49).

Proof. Estimate (12.72) follows from (12.64). Relation (12.73) is essentially a spe-
cial case of an expansion in Laguerre polynomials (see Proposition 12.12 and esti-
mate (12.40)). 
�

12.5 Transmutation Mappings Generated by the Laguerre
Polynomials Expansion

Let p, q ∈ Z+ and l ∈ {1, . . . , d(n, p, q)}. In this section we introduce and study
the operator A(p,q),l , which is an analogue of the operator Ak,m,j from Sect. 11.4
for the twisted convolution on C

n. It is closely related to the Laguerre polynomial
expansion obtained in Proposition 12.17.

Let R ∈ (0,+∞] and f ∈ D′
(p,q),l(BR). For ψ ∈ D(−R,R), we select η ∈

D�(BR) so that η = 1 in Br0(ψ)+ε with some ε ∈ (0, R − r0(ψ)). Put

〈

A(p,q),l(f ), ψ
〉 =

∞
∑

j=0

μj F (p,q)
l (f η)(λj )

∫ R

−R

ψ(t) cos(λj t) dt (12.74)

(for notation, see Sects. 12.3 and 12.4). Taking Propositions 12.8, 12.14, and
12.17 into account, we see from Corollary 12.1 and the proof of Lemma 9.2 that
A(p,q),l(f ) is well defined by (12.74) as a distribution in D′

�(−R,R), and

A(p,q),l

(

f |Br

) = A(p,q),l(f )|(−r,r)

for every r ∈ (0, R]. In addition, using (12.40), (12.35), Remark 12.1, and Proposi-
tion 12.13 and repeating the arguments in the proof of Theorem 9.3, we obtain the
following:
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Theorem 12.3. For R ∈ (0,+∞], N ∈ Z+, and ν = 2 + 2n + p + q + N , the
following statements hold.

(i) Let f ∈ D′
(p,q),l(BR) and r ∈ (0, R]. Then f = 0 in Br if and only if

A(p,q),l(f ) = 0 on (−r, r).
(ii) If f ∈ Cν

(p,q),l(BR), then A(p,q),l(f ) ∈ CN
� (−R,R). Furthermore,

f(p,q),l(
) =
∫ 


0
A(p,q),l(f )(t)Kn,p,q(
, t) dt, 0 < 
 < R,

where Kn,p,q(
, t) is given by (12.38), and

A(p,q),l(f )(0) = 1√
ω2n−1

lim

→0

f(p,q),l(
)
−p−q .

(iii) The mapping A(p,q),l is continuous from D′
(p,q),l(BR) into D′

�(−R,R) and

from Cν
(p,q),l(BR) into CN

� (−R,R).
(iv) Let f ∈ D′

(p,q),l(BR) and ord f = N . Then ord A(p,q),l(f ) � ν.
(v) Assume that f ∈ Cν

(p,q),l(BR) has all derivatives of order � ν vanishing at 0.
Then

A(p,q),l(f )(s)(0) = 0, s = 0, . . . , N.

(vi) For λ ∈ C and μ ∈ Z+, we have

A(p,q),l(φλ,μ,p,q,l) = uλ,μ,

where uλ,μ is defined in (9.60).
(vii) Let T ∈ conj(E ′

(p,q),l(C
n)), r(T ) < R, and F ∈ Cs

(p,q),l
(BR) with s =

max{2n + p + q + 2, ord T + 2n + 3}. Then

〈T , f 〉 = 〈

Λ(p,q),l(T ),A(p,q),l(f )
〉

.

(viii) If f ∈ D′
(p,q),l(BR), T ∈ E ′

�(C
n), and r(T ) < R, then

A(p,q),l(f � T ) = A(p,q),l(f ) ∗ Λ(T )

on (r(T ) − R,R − r(T )). In particular,

A(p,q),l

(

P(L)f
) = P

(

− d2

dt2

)

A(p,q),l(f )

for each polynomial P .

Remark 12.6. If f ∈ Cν
(p,q),l(

•
Br), r ∈ (0,+∞), put A(p,q),l(f )= A(p,q),l(f1)|[−r,r],

where f1 is a continuation of f on C
n belonging to Cν

(p,q),l(C
n). In view of Theo-

rem 12.3(i), (ii), A(p,q),l(f ) does not depend on the choice of f1, and A(p,q),l(f ) ∈
CN

� [−r, r].
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Theorem 12.4. Let r ∈ (0,+∞). Then there is a constant c > 0 such that

∫ r

−r

∣

∣A(p,q),l(f )(M)(t)
∣

∣ dt � c

n+2+[(p+q)/2]
∑

i=0

∫

Br

∣

∣L
[(M+1)/2]+if (z)

∣

∣ dmn(z)

for all M ∈ Z+ and f ∈ Cs
(p,q),l(

•
Br), where s = 2([(M + 1)/2] + n + 2 + [(p +

q)/2]).
Owing to Theorem 12.3, Proposition 12.16, Remark 12.5, and Lemma 12.1, the

proof of Theorem 12.4 does not essentially differ from the proof of Theorem 9.4, so
we omit it.

Next, let F ∈ D′
�(−R,R) and w ∈ D(BR). Consider η ∈ D�(−R,R) such that

η = 1 on (−r0(w) − ε, r0(w) + ε) for some ε ∈ (0, R − r0(w)), where r0(w) =
inf{r > 0 : supp w ⊂ Br}. Then, as above, we see from the proof of Lemma 9.3 and
Theorem 9.5 that the relation

〈

B(p,q),l(F ),w
〉 = 1

π

∫ ∞

0

̂Fη(λ)F (p,q)
l

(

(w)(p,q),l(
)S
(p,q)
l (σ )

)

(λ) dλ

= 1

π

∫ ∞

0

̂Fη(λ)〈w,φλ,0,p,q,l〉 dλ

defines B(p,q),l(F ) as a distribution in D′
(p,q),l(BR), and we have the following

result.

Theorem 12.5.

(i) Let F ∈ D′
�(−R,R), r ∈ (0, R]. Then F = 0 on (−r, r) if and only if

B(p,q),l(F ) = 0 in Br .

(ii) If F ∈ Cs
� (−R,R), s � 2, then B(p,q),l(F ) ∈ C

s+p+q−2
(p,q),l (BR). In addition,

B(p,q),l(F )(z) =
∫ 


0
F(t)Kn,p,q(
, t) dtS

(p,q)
l (σ )

for z ∈ BR\{0}, and

lim
z→0

B(p,q),l(F )(z)(S
(p,q)
l (z/|z|))−1

|z|p+q
= √

ω2n−1F(0).

(iii) The mapping B(p,q),l is continuous from D′
�(−R,R) into D′

(p,q),l(BR) and

from Cs
� (−R,R), s � 2, into C

s+p+q−2
(p,q),l (BR).

(iv) If F ∈ D′
�(−R,R), then ord B(p,q),l(F ) � max{0, ord F − p − q + 3}.

(v) Suppose that s ∈ {2, 3, . . .}, F ∈ Cs
� (−R,R), and F (ν)(0) = 0 with ν =

0, . . . , s. Then all derivatives of B(p,q),l(F ) of order � s + p + q − 2 vanish
at 0.

(vi) For F ∈ D′
�(−R,R), one has A(p,q),l(B(p,q),l(F )) = F .
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(vii) If T ∈ conj(E ′
(p,q),l(C

n)), r(T ) < R, m = max{2, ord T − p − q + 2}, and
F ∈ Cm

� (−R,R), then

〈

T ,B(p,q),l(F )
〉 = 〈

Λ(p,q),l(T ), F
〉

.

(viii) If F ∈ D′
�(−R,R), T ∈ E ′

�(C
n), and r(T ) < R, then

B(p,q),l(F ) � T = B(p,q),l

(

F ∗ Λ(T )
)

in BR−r(T ). In particular,

P(L)B(p,q),l(F ) = B(p,q),l

(

P

(

− d2

dt2

)

F

)

for every polynomial P .

Remark 12.7. Theorems 12.3 and 12.5 show that the mapping A(p,q),l is a homeo-
morphism of D′

(p,q),l(BR) onto D′
�(−R,R) and C∞

(p,q),l(BR) onto C∞
� (−R,R). In

addition, A
−1
(p,q),l = B(p,q),l .

In complete analogy with Remark 9.3 we can now define B(p,q),l on Cs
� [−r, r],

s � 2, r ∈ (0,+∞). Then by Theorem 12.5(vii), (viii) and the method developed
in the proof of Theorem 9.6 we have the following:

Theorem 12.6. There exists a constant c > 0 such that for all N ∈ Z+ and F ∈
C2N+2

� [−r, r],
∫

Br

∣

∣L
N

B(p,q),l(F )(z)
∣

∣ dmn(z) � c

∫ r

−r

(∣

∣F (2N)(t)
∣

∣ + ∣

∣F (2N+2)(t)
∣

∣

)

dt.

To go further, we set
A(p,q)

l = A
−1
(0,0),1A(p,q),l .

The operator A(p,q)
l possesses the following properties:

(a)
A(p,q)

l (φλ,μ,p,q,l) = φλ,μ,0,0,1; (12.75)

(b)
A(p,q)

l (f � T ) = A(p,q)
l (f ) � T in BR−r(T ) (12.76)

for f ∈ D′
(p,q),l(BR), T ∈ E ′

�(C
n), and r(T ) < R.

Relations (12.75), (12.30), and (12.31) lead to the following:

Lemma 12.3. Let f ∈ C
p+q+2n+4
(p,q),l (BR), and let

cs = 1√
ω2n−1

2−s (n − 1)!
(n + s − 1)! , s ∈ Z+.



394 12 The Case of Phase Space

Then
A(p,q)

l (f ) = f (12.77)

if p = q = 0,

A(p,q)
l (f ) = cpD1(1 − 2n) · · ·D1(2 − p − 2n)(f(p,q),l) (12.78)

if p � 1, q = 0,

A(p,q)
l (f ) = cqD2(1 − 2n) · · · D2(2 − q − 2n)(f(p,q),l) (12.79)

if p = 0, q � 1, and

A(p,q)
l (f ) = cp+qD1(1 − 2n) · · ·D1(2 − p − 2n)D2(1 − p − 2n) · · ·

× D2(2 − p − q − 2n)
(

f(p,q),l

)

(12.80)

if p � 1, q � 1.

The proof of this lemma is similar to that of Lemma 9.4, the only change being
that instead of using (9.47) we now use (12.73).

To close we note that equalities (12.77)–(12.80) allow one to extend the operator
A(p,q)

l on D′
(p,q),l(O), where O is a nonempty open U(n)-invariant subset of C

n

(see the end of Sect. 9.4).



Part III
Mean Periodicity



Mean periodic functions are a far-reaching generalization of ordinary periodic func-
tions. The notion of a mean periodic function was introduced by Delsarte [54] and
was afterwards developed by Schwartz [188]. According to Schwartz, an infinitely
differentiable function f on R

n is said to be mean periodic if the closed subspace
V (f ) generated by f and all its translates is proper in E (Rn). Equivalently, by the
Hahn–Banach theorem, f ∈ C∞(Rn)\{0} is mean periodic if and only if there exists
a compactly supported distribution T �= 0 such that f ∗T = 0. These equations gen-
eralize linear partial differential equations with constant coefficients. If f ∗ T = 0,
we say that f is mean periodic with respect to T . Analogously, by a mean periodic
function on a symmetric space or on the Heisenberg group we mean a solution of
convolution equation of compact support.

In the course of the study of mean periodic functions a complicated theory arises,
which can be developed rather far. A remarkable feature of this theory is that its re-
sults are closely related to a wide variety of problems in contemporary mathematics.

In each case there is a striking difference between the behavior of mean periodic
functions. We now illustrate this by some examples.

Example I. Let f be a mean periodic function on R
1. Then V (f ) contains an expo-

nential eiλx for some λ ∈ C. This result is due to Schwartz [188]. An exact analogue
of the Schwartz theorem fails to be true in the case R

n, n � 2 (see Gurevich [102]).

Example II. Let M be a compact Riemannian manifold and L the Laplace–Beltrami
operator on M . If f is a twice differentiable function on M such that Lf � 0
everywhere, then f is a constant function in view of the classical Hopf lemma (see
Kobayashi and Nomizu [137], Vol. II, Note 14). This statement shows that a compact
symmetric space has no mean periodic functions with respect to T = Lδ0 except
for constant functions. On the other hand, such functions exist on symmetric spaces
of noncompact type (see Sect. 10.3).

Example III. Let μr stand for the normalized surface measure on the sphere Sr =
{z ∈ C

n : |z| = r}, and let ϕk(z) = e−|z|2/4
1F1(−k, n; |z|2/2), k ∈ Z+. If

ϕk|Sr = 0, then it follows from (12.35) and (12.53) that ϕk is mean periodic with
respect to μr . Note that ϕk is a Schwartz class function. This is in sharp contrast
with the case of ordinary mean periodic functions on R

n. As is well known, no
mean periodic function on R

n can be integrable.

In this part we wish to arrive at a better understanding of mean periodic functions
on the spaces under consideration. Results related to this theme are numerous and
diverse. In our treatment of mean periodic functions we discriminate between the
following aspects: (i) group and infinitesimal properties of mean periodic functions;
(ii) support theorems; (iii) characterization of uniqueness sets; (iv) multidimensional
analogues of the distribution ζT ; (v) description of various classes of mean periodic
functions; (vi) a periodic in the mean extension; (vii) analogues of Liouville’s prop-
erty; (viii) approximation theorems.

Chapters 13 and 14 treat the case of Euclidean spaces. A detailed study of mean
periodic functions on symmetric spaces is contained in Chaps. 15 and 16. Chapter 17
is devoted to the case of the phase space and the Heisenberg group.



Chapter 13
Mean Periodic Functions on Subsets of the Real
Line

We have already made sporadic use of mean periodic functions on R
1 (see Chap. 8).

Our intention here is to provide a much more systematic treatment than in Chap. 8.
We continue the study of the distributions Tλ,η begun in Part II and indicate how

these techniques can be applied to the subject matter. In particular, in Sect. 13.2 we
investigate the basic properties of mean periodic functions which are equal to zero
on some open subsets of R

1. We describe here the uniqueness sets of distributions
f satisfying the equation

f ∗ T = 0 (13.1)

with T ∈ (Inv+ ∩ Inv−)(R1) (Theorem 13.5). In addition, we prove a number of
sharp uniqueness results for solutions of (13.1) in the case where the zero set of f

contains supp T .
Sections 13.3 and 13.4 are devoted to the study of the structure of solutions

of (13.1). We prove local analogues of Schwartz’s fundamental principle and give
other characterizations of mean periodic functions. For example, if T ∈ (Inv+ ∩
Inv−)(R1), we derive the representation f = ζT ∗u, where u ∈ E ′(R1). For various
classes of distributions T ∈ E ′(R1), we obtain the series development

f (t) =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

γλ,η(it)
ηeiλt (13.2)

with detailed information on the coefficients that appear in it. Another central aspect
of Chap. 13 is the problem of mean periodic continuation (see Sect. 13.5). Here,
interesting effects arise: the possibility of the extension depends to a large extent on
the behavior of Im λ as λ → ∞, λ ∈ Z(̂T ).

In Sect. 13.6 we specify the form of series (13.2) for the case where f satisfies
some growth conditions at infinity. In particular, we indicate the exact dependence
between the growth of f and the set on nonzero coefficients in (13.2).

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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13.1 Main Classes of Mean Periodic Functions

Let T ∈ E ′(R1), T 	= 0, and suppose that

−∞ � a < b � +∞, b − a > 2r(T ). (13.3)

We denote
(a, b)T = {

t ∈ R
1 : t − supp T ⊂ (a, b)

}

.

If f ∈ D′(a, b), the convolution f ∗ T is well defined in (a, b)T . Throughout this
chapter we shall study the convolution equation

(f ∗ T )(t) = 0, t ∈ (a, b)T , (13.4)

with unknown f ∈ D′(a, b).
Let D′

T (a, b) denote the set of all distributions f ∈ D′(a, b) satisfying (13.4).
Also let

Ck
T (a, b) = (

D′
T ∩ Ck

)

(a, b) for k ∈ Z
+ or k = ∞,

CT (a, b) = C0
T (a, b), QAT (a, b) = (

D′
T ∩ QA

)

(a, b),

RAT (a, b) = (

D′
T ∩ RA

)

(a, b), Gα
T (a, b) = (

D′
T ∩ Gα

)

(a, b), α > 0.

If the interval (a, b) is symmetric with respect to origin, we set

D′
T ,�(a, b) = (

D′
T ∩ D′

�

)

(a, b).

Let us now consider some simplest properties of the class D′
T (a, b) needed later.

Proposition 13.1.

(i) If f ∈ D′
T (a, b), Φ ∈ E ′(R1), Φ 	= 0, and b − a > 2(r(T ) + r(Φ)), then

f ∗ Φ ∈ D′
T ((a, b)Φ). In particular, if f ∈ D′

T (a, b), then

p

(

d

dt

)

f ∈ D′
T (a, b)

for each polynomial p.
(ii) Let f = eλ,η, where λ ∈ C and η ∈ Z+ (see formula (8.40)). Then

f ∗ T =
η

∑

ν=0

(

η

ν

)

̂T (ν)(λ)eλ,η−ν . (13.5)

In particular, f ∈ D′
T (a, b) if and only if λ ∈ Z(̂T ) and η � m(λ, T ).

(iii) Let supp T ⊂ [−r(T ), r(T )], f ∈ D′
T (a, b), λ ∈ Z(̂T ), nλ = nλ(̂T ). Then

(

d

dt
− iλ

)

f ∗ Tλ,nλ−1 = 0 in (a, b)T .
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In addition, if nλ � 2, then
(

d

dt
− iλ

)

f ∗ Tλ,η = i(η + 1)f ∗ Tλ,η+1 in (a, b)T

for all η ∈ {0, . . . , nλ − 2}.
Proof. Part (i) is clear from the definition of D′

T (a, b). Turning to (ii), let uλ(t) =
eiλt , λ ∈ C. Since

(uλ ∗ T )(t) = ̂T (λ)eiλt ,

one has

(f ∗ T )(t) =
(

d

dλ

)η

(uλ ∗ T )(t) =
(

d

dλ

)η
(

̂T (λ)eiλt
)

.

This yields (ii). Assertion (iii) follows immediately from (8.20), (8.25), and (8.27).
��

The following result describes the class D′
T (a, b) for the case where r(T ) = 0.

Proposition 13.2. Assume that r(T ) = 0 and f ∈ D′(a, b). Then f ∈ D′
T (a, b) if

and only if

f =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

γλ,ηeλ,η,

where γλ,η ∈ C.

Proof. According to Corollary 6.2, (13.4) can be reduced to the differential equation

∏

λ∈Z (̂T )

(

d

dt
− iλ

)m(λ,T )+1

f = 0.

The desired statement is now obvious. ��
Some far-reaching generalizations of this result will be given later (see Sect. 13.4).

We conclude this section with the following version of the smoothing procedure for
solutions of convolution equations.

Proposition 13.3. Let f ∈ D′
T (a, b) and assume that p is a polynomial such that

Z(p) ∩ Z(̂T ) = ∅. Then there exists g ∈ D′
T (a, b) such that p(−i d

dt
)g = f .

Proof. If p = 0, then Z(̂T ) = ∅, and Proposition 13.2 yields f = 0. In this case
the desired statement is evident. Next, it is easy to dispense with the case where p is
a nonzero identically constant. Assume now that p(z) = α(z − λ), where α, λ ∈ C

and α 	= 0. Then there exists F ∈ D′(a, b) such that

p

(

−i
d

dt

)

F = f.
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Setting u = F ∗ T , we obtain

p

(

−i
d

dt

)

u = 0 in (a, b)T .

Hence, u(t) = cλeiλt for some cλ ∈ C, and the distribution

g(t) = F(t) − cλeiλt

̂T (λ)
, t ∈ (a, b),

satisfies the requirement. Thus, the desired result is valid if the polynomial p is
linear. Now one may proceed iteratively to complete the proof in the general case.

��
The example

̂T (z) = p(z) = z

shows that Proposition 13.3 is no longer valid if Z(p) ∩ Z(̂T ) 	= ∅.

Corollary 13.1. Let E be an infinite subset of C, let E ∩ Z(̂T ) = ∅, f ∈ D′
T (a, b),

and suppose that

a < a′ < b′ < b, b′ − a′ > 2r(T ).

Then for each m ∈ Z+, there exists g ∈ Cm
T (a′, b′) such that p(−i d

dt
)g = f in

(a′, b′) for some polynomial p. Moreover, all the zeros of the polynomial p are
simple and Z(p) ⊂ E.

Proof. By assumption the distribution f is of finite order in (a′, b′). Now the desired
conclusion follows by using Proposition 13.3 on a polynomial p such that Z(p) ∩
Z(p′) = ∅, Z(p) ⊂ E, and the degree of p is large enough. ��

13.2 Structure of Zero Sets

The object of this section is to establish main properties of mean periodic functions
which are equal to zero on some open subsets of R

1.
Throughout the section we assume that

T ∈ E ′(
R

1), r(T ) > 0, and supp T ⊂ [−r(T ), r(T )]. (13.6)

Next, for m ∈ Z, m < 0, p ∈ [1,+∞], and (α, β) ⊂ R
1, let us define

L
p,loc
m (α, β) = {

f ∈ D′(α, β) : f = g(−m) for some g ∈ Lp,loc(α, β)
}

and

L
p
m(α, β) = {

f ∈ D′(α, β) : f = g(−m) for some g ∈ Lp(α, β)
}

.
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Recall that the classes L
p,loc
m and L

p
m for m ∈ Z+ are defined in Sect. 1.2.

The first result we would like to establish is as follows.

Theorem 13.1.

(i) Suppose that
−∞ � a < −r(T ), r(T ) < b � +∞, (13.7)

let f ∈ D′
T (a, b) and f = 0 in (−r(T ), r(T )). Assume that there exist ε > 0,

p ∈ [1,+∞], and m ∈ Z such that

(−r(T ) − ε, r(T ) + ε
) ⊂ (a, b), f ∈ L

p,loc
m

(

r(T ) − ε, r(T ) + ε
)

and
T ∈ L

q,loc
−m−1

(−r(T ) − ε,−r(T ) + ε
)

,

where p−1 + q−1 = 1. Then f = 0 on (a, b).
(ii) Let m ∈ Z, p, q ∈ [1,+∞), and p−1 + q−1 > 1. Then there exist nonzero

distributions

T ∈ (

E ′
� ∩ L

q

−m−1

)(

R
1) and f ∈ (

D′
T ∩ L

p,loc
m

)(

R
1)

such that r(T ) > 0 and f = 0 in (−r(T ), r(T )).

Proof. To prove (i), first observe that Z(̂T ) 	= ∅ (see (13.6) and the beginning of
Sect. 8.1). Let λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. In view of (8.22), (8.26), and
(8.28), we deduce that

r
(

T λ,η
) = r(T ), T λ,η ∈ L

q,loc
−m+η

(−r(T ) − ε,−r(T ) + ε
)

,

and that the convolution F = f ∗ T λ,η satisfies

(

d

dt
− iλ

)1+η

F = 0 in
(

a + r(T ), b − r(T )
)

. (13.8)

In particular, F ∈ C∞(a + r(T ), b − r(T )). Let s ∈ {0, . . . , η}. We claim that

F (s)(0) = 0.

First consider the case m � 0. By the hypothesis, there exists g ∈ D′(a, b) such that

g = 0 on
(−r(T ), r(T )

)

, g ∈ Lp,loc(r(T ) − ε, r(T ) + ε
)

,

and g(−m) = f . Then F (s) = g ∗ (T λ,η)(s−m), and the Hölder inequality yields

∣

∣F (s)(t)
∣

∣ �
∥

∥g
∥

∥

Lp[r(T ),r(T )+t]
∥

∥

(

T λ,η
)(s−m)∥

∥

Lq [−r(T )−t,−r(T )]

for each t ∈ (0, ε). Letting t tend to zero, this gives F (s)(0) = 0.



410 13 Mean Periodic Functions on Subsets of the Real Line

Now assume that m > 0. Then there exists Q ∈ D′(R1) such that

Q = 0 on
(

r(T ),+∞)

, Q ∈ Lq,loc
η

(−r(T ) − ε,−r(T ) + ε
)

,

and Q(m) = T λ,η. Define f1 ∈ D′(−∞, b) by letting f1 = f on (0, b) and f1 = 0
on (−∞, r(T )). Then

F (s)(t) = (

f
(m)
1 ∗ Q(s)

)

(t)

for t ∈ (0, ε), and the previous argument shows that F (s)(0) = 0. Relation (13.8)
now implies that F = 0. To complete the proof of (i), we have only to apply Corol-
lary 8.5.

Turning to (ii), let γ, r > 0 and

Hγ,r (t) =
{

(

r2 − t2
)−γ−1 if t ∈ (−r, r),

0 if t ∈ R
1\(−r, r).

Select α ∈ (1 − p−1, q−1) and define T ∈ E ′
�(R

1) by letting T = Hα+m,r if m < 0

and T = H
(m+1)
α−1,r if m � 0. Then

T ∈ (

E ′
� ∩ L

q

−m−1

)(

R
1) and r(T ) = r.

Putting f = ζT , we see from Proposition 8.20 and Theorem 8.6 that f is nonzero,
f ∈ (D′

T ∩ L
p,loc
m )(R1), and f = 0 in (−r(T ), r(T )). This gives (ii), proving the

theorem. ��
Corollary 13.2. Assume that (13.7) is satisfied, let f ∈ D′

T (a, b) and f = 0 on
(−r(T ), r(T )). Suppose that for some ε ∈ (0, min{|a|, |b|} − r(T )), at least one of
the following assumptions holds:

(1) f ∈ C∞(r(T ) − ε, r(T ) + ε);
(2) T ∈ C∞(−r(T ) − ε,−r(T ) + ε).

Then f = 0 on (a, b).

Proof. Since T ∈ E ′(R1), we derive that T is a distribution of finite order on R
1. It

is easy to check that f has the same property on (r(T ) − ε, r(T ) + ε). The required
conclusion is now evident from Theorem 13.1. ��

We now focus on the case (a, b) = R
1.

Theorem 13.2. Let f ∈ D′
T (R1), assume that f = 0 in (−r(T ), r(T )), and let

T = T1 ∗ T2,

where T1, T2 ∈ E ′(R1), r(T2) > 0, and supp T2 ⊂ [−r(T2), r(T2)].
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(i) If T2 ∈ Inv(R1) and

Im λ

log(2 + |λ|) → ∞ as λ → ∞, λ ∈ Z(̂T2), (13.9)

then f = 0.
(ii) If T2 ∈ E(R1) and f is of finite order, then f = 0.

Since T = δ0 ∗T , assertions (i) and (ii) remain valid, provided that T2 is replaced
by T . We point out that the assumptions in Theorem 13.2 cannot be considerably
relaxed in general (see Theorem 13.3(ii) and Corollary 13.7 below).

Proof of Theorem 13.2. Setting F = f ∗ T1, we infer that

F ∈ D′
T2

(

R
1) and F = 0 on

(−r(T2), r(T2)
)

. (13.10)

Suppose that T2 ∈ Inv(R1). Then (13.9) implies that F ∈ C∞(R1) (see Hör-
mander [126], Theorem 16.6.5). Owing to Corollary 13.2, F = 0 in R

1, whence
f ∈ D′

T1
(R1). Since r(T2) > 0, one sees that r(T1) < r(T ) (see Theorem 6.2).

This, together with Corollary 13.2 and Proposition 13.2, yields (i).
Assume now that T2 ∈ E(R1) and f is of finite order in R

1. Then F is of finite
order in R

1, too. It follows by (13.10) that F ∈ C∞(R1) (see Corollary 13.5 in
Sect. 13.4). The rest of the proof now duplicates (i). ��
Theorem 13.3.

(i) Let T /∈ (Inv+ ∩Inv−)(R1), f ∈ D′
T (R1), and assume that f = 0 in

(−r(T ), r(T )). Then f = 0 in R
1.

(ii) If T ∈ (Inv+ ∩Inv−)(R1), then there exists nonzero f ∈ D′
T (R1) such that

f = 0 in (−r(T ), r(T )).
(iii) If T ∈ (Inv+ ∩Inv−)(R1), then for each ε ∈ (0, r(T )), there exists nonzero

f ∈ C∞
T (R1) such that f = 0 in (−r(T ) + ε, r(T ) − ε).

(iv) If r > 0 and ε ∈ (0, r), then there exists nonzero T ∈ E ′(R1) such that
supp T ⊂ [−r, r], T /∈ Inv(R1), and

{

f ∈ C∞
T

(

R
1) : f = 0 on (−r + ε, r − ε)

} 	= {0}. (13.11)

Proof. In (i), we can write f = f + + f −, where f +, f − ∈ D′(R1), supp f + ⊂
[r(T ),+∞), supp f − ⊂ (−∞,−r(T )]. Then

f + ∗ T = f − ∗ T = 0 on R
1 \ {0}. (13.12)

If either r(T ) /∈ suppf + or −r(T ) /∈ suppf −, then the desired statement follows
by (13.12) and Corollary 13.2. Suppose now that r(T ) ∈ suppf + and −r(T ) ∈
suppf −. Because of (13.12) and Corollary 6.2,

f + ∗ T = p+
(

d

dt

)

δ0 and f − ∗ T = p−
(

d

dt

)

δ0 (13.13)
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for some nonzero polynomials p+ and p−. It is not difficult to verify that there exist
g+, g− ∈ D′(R1) such that

p+
(

d

dt

)

g+ = f +, p−
(

d

dt

)

g− = −f −,

and
supp g+ ⊂ [r(T ), +∞), supp g− ⊂ (−∞, r(T )]. (13.14)

Relations (13.13) and (13.14) yield

g+ ∗ T = −g− ∗ T = δ0.

Thus, T ∈ (Inv+ ∩ Inv−)(R1), which contradicts the hypothesis and so proves (i).
As for (ii), it is enough to put f = ζT (see Proposition 8.20). Part (iii) follows

from (ii) by regularization. Turning to (iv), let T = T1 ∗ w1, where

T1 ∈ (Inv+ ∩ Inv−)
(

R
1), supp T1 = [−r + ε/2, r − ε/2], w1 ∈ D

(

R
1),

and supp w1 = [−ε/2, ε/2]. Then T ∈ D(R1), T 	= 0, supp T ⊂ [−r, r], and
estimate (6.34) yields T /∈ Inv(R1). In addition, for some w2 ∈ D(R1) with
supp w2 ⊂ [−ε/2, ε/2], the example f = ζT1 ∗ w2 shows that (13.11) holds (see
Proposition 8.20). Hence the theorem. ��

The next result enables us to supplement Theorem 13.3(ii), (iii).

Theorem 13.4. Let T ∈ (Inv+ ∩ Inv−)(R1) and assume that (13.7) is fulfilled. Then
the following statements are valid.

(i) If f ∈ D′
T (a, b) and r ∈ (0, r(T )), then in order that f = 0 on (−r, r), it is

necessary and sufficient that

f = ζT ∗ u in (a, b) (13.15)

for some u ∈ E ′(R1) with supp u ⊂ [r − r(T ), r(T ) − r].
(ii) Let T be a distribution of order l, suppose that m ∈ Z+, and let f ∈ Cm+l

T (a, b).
Then f (s)(0) = 0 for each s ∈ {0, . . . , m} if and only if relation (13.15) holds
for some u ∈ Cl(R1) with supp u ⊂ [−r(T ), r(T )].

Proof. To prove (i), first suppose that f ∈ D′
T (a, b) and f = 0 on (−r, r) for some

r ∈ (0, r(T )). We define f + ∈ D′(−∞, b) and f − ∈ D′(a, +∞) so that

supp f + ⊂ [r, b), supp f − ⊂ (a, −r], and f + + f − = f in (a, b).

Let u1 = f + ∗ T and u2 = f − ∗ T . Then supp u1 ⊂ [r − r(T ), ρ1] and supp u2 ⊂
[ρ2, r(T ) − r], where

ρ1 = min{r(T ) − r, b − r(T )}, ρ2 = max{a + r(T ), r − r(T )}.
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In addition, u1 = −u2 on (a + r(T ), b − r(T )). Hence, there exists u ∈ E ′(R1)

such that u = u1 on (−∞, b − r(T )) and u = −u2 on (a + r(T ),+∞). Using
relations (8.89) and (8.90), one has

f + = f + ∗ δ0 = u ∗ ζ+
T

and
f − = f − ∗ δ0 = u ∗ ζ−

T .

Now (13.15) follows from (8.92) and the definitions of f +, f −, u.
Conversely, if u ∈ E ′(R1) and supp u ⊂ [r − r(T ), r(T ) − r], then ζT ∗ u ∈

D′
T (R1) and ζT ∗ u = 0 on (−r, r). This completes the proof of (i).
Part (ii) is proved in the same way as (i). This concludes the proof. ��

Remark 13.1. Let T ∈ (Inv+ ∩ Inv− ∩E ′
�)(R

1), u ∈ E ′(R1), supp u ⊂ [−r(u), r(u)],
and suppose that

ζT ∗ u ∈ D′
�(−a, a)

for some a > 0. According to Proposition 8.20 (ii), we can write

ζT ∗ u = ζ ′
T ∗ v in (−a, a),

where v ∈ E ′
�(R

1) is defined by

v′(t) = 1

2

(

u(t) − u(−t)
)

.

To continue, let E be a nonempty open subset of R
1. Then E can be represented

as

E =
∞
⋃

k=1

(αk, βk),

where (α1, β1), (α2, β2), . . . is a collection of intervals in R
1 (it is possible that

some of these intervals have common points or coincide). We set

tk = 1

2
(αk + βk), rk = 1

2
(βk − αk).

Suppose that

−∞ � a < tk − r(T ) and tk + r(T ) < b � +∞
for all k. Now define

NT

(

(a, b), E
) = {

f ∈ D′
T (a, b) : f |E = 0

}

.

Corollary 13.2 shows that
NT

(

(a, b), E
) = {0}

if rk > r(T ) for some k ∈ N.
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Theorem 13.5. Let T ∈ (Inv+ ∩ Inv−)(R1) and assume that rk ∈ (0, r(T )] for all
k ∈ N. Then NT ((a, b), E) 	= {0} if and only if for each k ∈ N, there exists nonzero
uk ∈ E ′(R1) with the following properties:

(1) supp uk ⊂ [rk − r(T ), r(T ) − rk];
(2) For all k, l ∈ N, there exists ψk,l ∈ E ′(R1) such that

uk(t − tk) − ul(t − tl) = (T ∗ ψk,l)(t) in R
1.

Moreover, if NT ((a, b), E) 	= {0} and f ∈ D′(a, b) is nonzero, then in order that
f ∈ NT ((a, b), E) it is necessary and sufficient that

f = ζT ∗ vk in (a, b)

for each k ∈ N, where
vk(t) = uk(t − tk).

Proof. First assume that f ∈ NT ((a, b), E) and let

fk(t) = f (t + tk).

Then fk ∈ D′
T (a − tk, b − tk) and fk = 0 in (−rk, rk). By Theorem 13.4(i) there

exists uk ∈ E ′(R1) with supp uk ⊂ [rk − r(T ), r(T ) − rk] such that

fk = ζT ∗ uk in (a − tk, b − tk).

Theorem 13.4(i) and Theorem 6.2 imply that uk is determined uniquely by fk . Thus,
the required statements follow from the definitions of fk and Theorem 13.4(i). ��

We are now able to prove the following result.

Theorem 13.6. Let T ∈ (Inv+ ∩ Inv−)(R1), and let

E =
3

⋃

k=1

(

tk − r(T ), tk + r(T )
)

,

where t1 < t2 < t3 and (t1 − t2)/(t2 − t3) /∈ Q. Assume that −∞ � a < t1 − r(T )

and t3 + r(T ) < b � +∞. Then

NT

(

(a, b), E
) = {0}.

Proof. Let us assume the opposite. Then Theorem 13.5 ensures us that there exist
nonzero u1, u2, u3 ∈ E ′(R1) such that supp uk = {0} and

ûk(z)e
−iztk − ûl(z)e

−iztl = ̂T (z)̂ψk,l(z) (13.16)

for all k, l ∈ {1, 2, 3}, where ψk,l ∈ E ′(R1). By Corollary 6.2 we conclude that
û1, û2, û3 are polynomials. Since (t1 − t2)/(t2 − t3) /∈ Q, relation (13.16) leads to
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the conclusion that there exists a nonzero function w of the form

w(z) = p1(z) + p2(z)e
iαz

such that p1 and p2 are polynomials, α ∈ (−r(T ), r(T )), and the function
w(z)/̂T (z) is entire. This, however, contradicts Corollary 6.3, and the theorem is
proved. ��

The condition (t1 − t2)/(t2 − t3) /∈ Q in the previous theorem is necessary as, for
example, the following statement shows.

Theorem 13.7. Let r > 0 and a � 2r . Then there exists even T ∈ N(R1) with the
following properties:

(1) r(T ) = r;
(2) All the zeros of ̂T are real and simple;
(3) NT (R1, E) 	= {0}, where E = ⋃

m∈Z
(am − r, am + r).

Proof. This is immediate from Theorem 8.7 and Proposition 8.20(i). ��
To conclude we complement Theorem 13.6 by the following result.

Theorem 13.8. Let T ∈ (Inv+ ∩ Inv−)(R1) and assume that the set Z(̂T ) ∩ R
1 is

infinite. Let

E = (

t1 − r(T ), t1 + r(T )
) ∪ (

t2 − r(T ), t2 + r(T )
)

and suppose NT ((a, b), E) 	= {0} for some a, b ∈ R
1 such that E ⊂ (a, b). Then

there exist γ ∈ R
1 and R > 0 such that the function

(

ei(γ+(t1−t2)z) − 1
)/

̂T (z)

is holomorphic in {z ∈ C : |z| > R}.
Proof. By the hypothesis and Theorem 13.7 one sees that for some polynomials p1
and p2, the function

w(z) = (

p1(z)e
−it1z − p2(z)e

−it2z
)/

̂T (z)

is entire and nonzero (see the beginning of the proof of Theorem 13.6). If α = t1−t2
and λ ∈ Z(̂T ) ∩ R

1, we obtain

p1(λ) = p2(λ)eiαλ.

Hence, |p1(λ)|2 = |p2(λ)|2, and by assumption on Z(̂T ) ∩ R
1 one has

|p1(t)|2 = |p2(t)|2 for all t ∈ R
1.
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This implies that Z(p1) = Z(p2) and nμ(p1) = nμ(p2) for each μ ∈ Z(p1). Thus,
there exists γ ∈ R

1 such that p2(z) = p1(z)eiγ for all z ∈ C. Since w is entire, this
completes the proof. ��

13.3 Nonharmonic Fourier Series

Throughout this section we assume that

T ∈ E ′(
R

1), T 	= 0, supp T ⊂ [−r(T ), r(T )],

and that (13.3) holds. Let λ ∈ Z(̂T ), η ∈ {0, . . . , m(λ, T )} and f ∈ D′
T (a, b). By

Proposition 13.1(iii),

(

d

dt
− iλ

)m(λ,T )+1
(

f ∗ Tλ,0
) = 0 in

(

a + r(T ), b − r(T )
)

.

Hence, there exist constants cλ,η(T , f ) ∈ C such that

f ∗ Tλ,0 =
m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η in
(

a + r(T ), b − r(T )
)

. (13.17)

In this section we assemble basic properties of the coefficients cλ,η(T , f ).

Proposition 13.4.

(i) If (c, d) ⊂ (a, b) and d − c > 2r(T ), then

cλ,η(T , f |(c,d)) = cλ,η(T , f ) (13.18)

for each f ∈ D′
T (a, b).

(ii) If f1, . . . , fk ∈ D′
T (a, b) and γ1, . . . , γk ∈ C, then

cλ,η

(

T ,

k
∑

ν=1

γνfν

)

=
k

∑

ν=1

γνcλ,η(T , fν). (13.19)

(iii) If f ∈ D′
T (a, b) and γ ∈ R

1, then

cλ,η(T , f ) =
m(λ,T )
∑

ν=η

cλ,η

(

T , f (· − γ )
)

(

ν

η

)

(iγ )ν−ηeiλγ . (13.20)

The proof follows immediately from the definition of cλ,η(T , f ).
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Proposition 13.5.

(i) If ν ∈ {0, . . . , m(λ, T )} and f ∈ D′
T (a, b), then

f ∗ Tλ,ν =
m(λ,T )−ν

∑

μ=0

(

ν + μ

ν

)

cλ,ν+μ(T , f )eλ,μ in
(

a + r(T ), b − r(T )
)

.

(13.21)
(ii) Let fk ∈ D′

T (a, b), k = 1, 2, . . . , and suppose that fk → f in D′(a, b) as
k → ∞. Then

cλ,η(T , fk) → cλ,η(T , f ) as k → ∞.

(iii) Let f ∈ D′
T (a, b), u ∈ E ′(R1), and let 2(r(u) + r(T )) < b − a. Then

cλ,η(T , f ∗ u) =
m(λ,T )
∑

ν=η

cλ,ν(T , f )

(

ν

η

)

û(ν−η)(λ).

In particular, for each polynomial p,

cλ,η

(

T , p

(

d

dt

)

f

)

=
m(λ,T )
∑

ν=η

cλ,ν(T , f )

(

ν

η

)

iν−ηp(ν−η)(iλ). (13.22)

Proof. Part (i) follows by induction on ν (see Proposition 13.1(iii) and (13.17)).
Using now (i) repeatedly for ν = m(λ, T ), . . . , 0, we arrive at (ii). Part (iii) is a
consequence of (13.17) and Proposition 13.1(ii). ��
Proposition 13.6.

(i) If f = eμ,ν , where μ ∈ Z(̂T ) and ν ∈ {0, . . . , m(μ, T )}, then f ∈ D′
T (R1)

and
cλ,η(T , f ) = δλ,μδη,ν . (13.23)

(ii) If f ∈ D′
T (a, b) and cλ,η(T , f ) = 0 for all λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )},

then f = 0.
(iii) If [−r(T ), r(T )] ⊂ (a, b), f ∈ Ck

T (a, b), k = max{0, ord T − 1}, then

cλ,η(T , f ) = 〈

Tλ,η, f (−·)〉. (13.24)

Proof. Relation (13.23) follows from (13.17), (13.5), and (8.24). Part (ii) is obvious
from Proposition 13.5(i) and Remark 8.1. Next, using Proposition 8.5(iii), Corol-
lary 8.1, and equality (13.21), we obtain (iii). ��
Proposition 13.7. Let f ∈ D′

T (a, b) and assume that

T =
(

d

dt
− iλ1

)s1

. . .

(

d

dt
− iλl

)sl

Q, (13.25)

where {λ1, . . . , λl} is a set of distinct complex numbers, s1, . . . , sl ∈ N, and
Q ∈ E ′(R1). Then
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supp Q ⊂ [−r(T ), r(T )], sj � nλj

(

̂T
)

,

for all j ∈ {1, . . . , l}, and the distribution

g = f −
l

∑

j=1

m(λj ,T )
∑

η=m(λj ,T )+1−sj

cλj ,η(T , f )eλj ,η

is in the class D′
Q(a, b). In addition, if λ ∈ Z(̂Q), then nλ(̂Q) � nλ(̂T ) and

cλ,η(Q, g) = cλ,η(T , f ) (13.26)

for all η ∈ {0, . . . , m(λ,Q)}.
Proof. We can assume, without loss of generality, that l = s1 = 1. The general case
reduces to this one by iteration. Formula (13.25) now yields

̂T (z) = i(z − λ1)̂Q(z).

Hence, s1 � nλ1(
̂T ) and nλ(̂Q) � nλ(̂T ) for all λ ∈ C. In addition, (13.25) im-

plies that supp Q ⊂ [−r(T ), r(T )]. The definition of Tλ1,m(λ1,T ) shows that Q =
γ Tλ1,m(λ1,T ), where γ = −i(aλ1,m(λ1,T )

m(λ1,T ) )−1. By (13.21),

(g ∗ Q)(t) = γ
(

cλ1,m(λ1,T )(T , f )eiλt − cλ1,m(λ1,T )(T , f )(u ∗ Tλ1,m(λ1,T ))(t)
)

,

where
u(t) = (it)m(λ1,T )eiλt .

Owing to (13.5) and (8.24), we conclude that g ∈ D′
Q(a, b). Equality (13.26) now

follows from Proposition 8.8 and (13.17). ��
To every f ∈ D′

T (a, b) we now assign the generalized nonharmonic Fourier
series

f ∼
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η. (13.27)

Theorem 13.9.

(i) If f ∈ D′
T (a, b) and the series in (13.27) converges in D′(a, b), then its sum

coincides with f .
(ii) Let f ∈ D′(a, b) and assume that

f =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

γλ,ηeλ,η,

where γλ,η ∈ C, and the series converges in D′(a, b). Then f ∈ D′
T (a, b) and

γλ,η = cλ,η(T , f ).
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Proof. To prove (i), suppose that the series in (13.27) converges to g ∈ D′(a, b). In
view of (13.5), g ∈ D′

T (a, b). Then it follows by (13.19), Proposition 13.6(i), and
Proposition 13.5(ii) that

cλ,η(T , f − g) = 0

for all λ, η. This, together with Proposition 13.6(ii), gives (i). The proof of (ii) is
quite similar to that of (i). ��

We shall now obtain some upper estimates for the constants cλ,η(T , f ).

Theorem 13.10. Let r(T ) > 0. Then the following assertions hold.

(i) Let f ∈ D′
T (a, b), and let p be a nonzero polynomial. Then there exist

γ1, γ2 > 0 independent of f such that for all λ ∈ Z(̂T ), |λ| > γ1, the fol-
lowing estimate holds:

max
0�η�m(λ,T )

|cλ,η(T , f )| � γ2

|p(iλ)| max
0�η�m(λ,T )

∣

∣

∣

∣

cλ,η

(

T , p

(

d

dt

)

f

)∣

∣

∣

∣

.

(ii) Let k ∈ Z+, f ∈ Ck
T (a, b), and

[a′, b′] ⊂ (a, b), b′ − a′ = 2r(T ). (13.28)

Then there exist γ3, γ4, γ5, γ6, γ7 > 0 independent of f, k such that for all
λ ∈ Z(̂T ), |λ| > γ3,

max
0�η�m(λ,T )

|cλ,η(T , f )|

� γ k+1
4 γ

m(λ,T )
5 |λ|γ6−kσλ

(

̂T
)

(∫ b′

a′

∣

∣f (k)(t)
∣

∣ dt + γ k
7 γ8

)

× exp

(

1

2
(a′ + b′) Im λ

)

,

where γ8 > 0 is independent of k, λ. In addition, if a′ = −r(T ) and b′ = r(T ),
then the same is true with γ5 = 1.

(iii) Let f ∈ D′
T (R1) and assume that f is of order q < +∞ in R

1. Then for each
α � 1,

|cλ,η(T , f )| � γ9σλ

(

̂T
)

(1 + |λ|)dT +q+1(αe)m(λ,T )m(λ, T )!e−α|Im λ|,

where γ9 > 0 is independent of λ, η.

Proof. To prove (i) it is enough to consider the case where p is a polynomial of
degree one. In this case relation (13.22) can be written as

cλ,η(T , f ) = 1

p(iλ)

(

cλ,η

(

T , p

(

d

dt

)

f

)

− (η + 1)p′(iλ)cλ,η+1(T , f )

)

, (13.29)
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provided that m(λ, T ) > 0 and η < m(λ, T ). Let ε ∈ (0, 1). If |λ| is large enough,
relation (13.29) yields

|cλ,η(T , f )| � 1

|p(iλ)|
∣

∣

∣

∣

cλ,η

(

T , p

(

d

dt

)

f

)∣

∣

∣

∣

+ ε|cλ,η+1(T , f )| (13.30)

(see (8.4)). In addition, (13.22) implies that

cλ,m(λ,T )(T , f ) = 1

p(iλ)
cλ,m(λ,T )

(

T , p

(

d

dt

)

f

)

.

This, together with (13.30), proves (i).
Turning to (ii), select a polynomial p such that the function ̂T /p is entire,

Z(̂T /p) ∩ Z(p) = ∅, and

T = p

(

−i
d

dt

)

Q (13.31)

for some Q ∈ (E ′ ∩ C)(R1). In view of Proposition 13.7, for all λ ∈ Z(̂T ) \ Z(p)

and η ∈ {0, . . . , m(λ, T )},
cλ,η(T , f ) = cλ,η(Q, f − h), (13.32)

where

h =
∑

λ∈Z (p)

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η. (13.33)

Let g(t) = f (t + c′)−h(t + c′), where c′ = (a′ + b′)/2. Using (13.24), (8.44), and
Proposition 6.6(iv), one has

|cλ,η(Q, g)| � γ10(2 + |λ|)γ11σλ

(

̂T
)

∫ r(T )

−r(T )

|g(t)| dt,

where λ ∈ Z(̂T ) \ Z(p) and η ∈ {0, . . . , m(λ, T )}, and γ10, γ11 > 0 are inde-
pendent of λ, η, f . We now see that (ii) must be true as a consequence of (13.32),
(13.33), (13.20), and (i).

Let us pass to (iii). As in the proof of (ii), we define Q ∈ (E ′ ∩ Cq)(R1)

by (13.31), where p is a polynomial of degree dT + q + 1 such that the function
̂T /p is entire and Z(̂T /p) ∩ Z(p) = ∅. Let λ ∈ Z(̂T )\Z(p). Then λ ∈ Z(̂Q),
m(λ, T ) = m(λ,Q), and for all η ∈ {0, . . . , m(λ, T )}, relations (13.32) and (13.33)
hold.

By assumption on f and (8.44),
∣

∣

(

(f − h) ∗ Qλ,η

)

(t)
∣

∣ � γ12σλ

(

̂Q
)

, t ∈ R
1,

where γ12 > 0 is independent of λ, η. Combining this with (13.21), we obtain

|cλ,m(λ,Q)(Q, f − h)| � γ12σλ

(

̂Q
)

e−|t Im λ|. (13.34)
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In addition, if m(λ,Q) > 1 and ν ∈ {0, . . . , m(λ,Q) − 1}, then

|cλ,ν(Q, f −h)| � γ12σλ

(

̂Q
)

e−|t Im λ| +
m(λ,Q)−ν

∑

μ=1

(

μ + ν

ν

)

|t |μ|cλ,ν+μ(Q, f −h)|.
(13.35)

By induction on ν we find from (13.34) and (13.35) that

|cλ,ν(Q, f − h)| � γ11σλ(̂Q)m(λ,Q)!(te)m(λ,Q)−ν+1

ν!et |Im λ|

for all t � 1 and ν ∈ {0, . . . , n(λ, T )}. Now in order to complete the proof, one
needs only (13.32) and Proposition 6.6(iv). ��
Corollary 13.3. Assume that (13.28) holds. Then the following statements are valid.

(i) Let f ∈ D′
T (a, b). Then

|cλ,η(T , f )| � (2 + |λ|)γ1γ
m(λ,T )
2 σλ

(

̂T
)

exp

(

1

2
(a′ + b′) Im λ

)

,

where γ1, γ2 > 0 are independent of λ, η. If [−r(T ), r(T )] ⊂ (a, b), then the
same is true with γ2 = 1. In particular, if T ∈ M(R1), then

|cλ,η(T , f )| � (2 + |λ|)γ3 ,

where γ3 > 0 is independent of λ, η.
(ii) If T ∈ M(R1) and f ∈ C∞

T (a, b), then for each α > 0,

|cλ,η(T , f )| � γ4(2 + |λ|)−α,

where γ4 > 0 is independent of λ, η.
(iii) If α > 0, T ∈ Gα(R1), r(T ) > 0, and f ∈ C∞

T (a, b) ∩ Gα[a′, b′], then

|cλ,η(T , f )| � γ5 exp
(−γ6|λ|1/α

)

,

where γ5, γ6 > 0 is independent of λ, η.
(iv) If T ∈ M(R1), r(T ) > 0 and f ∈ C∞

T (a, b) ∩ QA[a′, b′], then

max
0�η�m(λ,T )

|cλ,η(T , f )| � Mq(1 + |λ|)−q for all λ ∈ Z
(

̂T
)

, q ∈ N,

where the constants Mq > 0 are independent of λ, and

∞
∑

ν=1

1

infq�ν M
1/q
q

= +∞. (13.36)
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(v) Let T ∈ E(R1), f ∈ D′
T (R1), and suppose that f is of finite order in R

1. Then
for each α > 0,

|cλ,η(T , f )| � γ7e−α|Im λ|,

where γ7 > 0 is independent of λ, η.

Proof. We suppose that r(T ) > 0, otherwise, there is nothing to prove (see Propo-
sition 13.2). To show (i), let (c, d) ⊂ (a, b) and d − c > 2r(T ). By Corollary 13.1
there exists a polynomial q such that

f = q

(

d

dt

)

F

for some F ∈ CT (c, d). Taking (13.18) into account, we see from (13.22) that

cλ,η(T , f ) =
m(λ,T )
∑

ν=η

cλ,ν(T , F )

(

ν

η

)

iν−ηq(ν−η)(iλ).

Using now Theorem 13.10(ii) and (8.4), we arrive at (i).
Part (ii) follows immediately from Theorem 13.10(ii). For (iii), it is enough to

apply Theorem 13.10(ii) with

k = [

γ |λ|1/α
]

, γ ∈ (0, 1), λ ∈ Z
(

̂T
)

,

where |λ| is sufficiently large. Assertion (iv) can easily be deduced from Theo-
rem 13.10(ii) and Lemma 8.1(i). Finally, part (v) is clear from Theorem 13.10(iii).

��
As another application of Theorem 13.10, we now give the following uniqueness

result.

Theorem 13.11. Let r(T ) > 0, f ∈ C∞
T (a, b), and suppose that (13.28) holds.

Assume that there exist α > 0, β � 0 such that

lim inf
q→+∞α−qq−β

∫ b′

a′

∣

∣f (q)(t)
∣

∣ dt = 0. (13.37)

Then cλ,η(T , f ) = 0, provided that |λ| > α, and the same is true if |λ| = α, η � β.
In particular, if

α � min
λ∈Z (̂T )

|λ| and β = 0,

then f = 0.

The example f = eλ,η shows that this result cannot be considerably sharpened
(see also (8.71)).

Proof of Theorem 13.11. It follows by Theorem 13.10(ii) and (13.37) that

cλ,η(T , f ) = 0
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if |λ| is large enough. This, together with Theorem 13.9(i), (8.71), and (13.37), leads
to the desired conclusion. ��
Corollary 13.4. Let f : C → C be an entire function, let f

∣

∣

R1 ∈ C∞
T (R1), and

assume that
|f (z)| � γ1(1 + |z|)γ2 eγ3|z|, z ∈ C, (13.38)

where the constants γ1, γ2, γ3 > 0 are independent of z. Then

f =
∑

λ∈Z (̂T )
|λ|<γ3

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η +
∑

λ∈Z (̂T )
|λ|=γ3

min{m(λ,T ),γ2}
∑

η=0

cλ,η(T , f )eλ,η. (13.39)

Proof. Bearing Proposition 6.10 in mind, we infer from (13.38) and Theorem 13.11
that cλ,η(T , f ) = 0 when |λ| is sufficiently large. Applying now Theorem 13.9(i)
and (13.38), we arrive at (13.39). ��

We end this section with a result that will be needed in Part IV.

Proposition 13.8. Let U , V be nonzero distributions in the class E ′(R1), and let
supp U ⊂ [−r(U), r(U)], supp V ⊂ [−r(V ), r(V )], λ ∈ Z(̂U). Assume that
nλ(̂U) > nλ(̂V ) and η ∈ {nλ(̂V ), . . . , nλ(̂U) − 1}, where the number nλ(̂V ) is
set to be equal to zero for λ 	∈ Z(̂V ). Then the following assertions hold.

(i) If R > r(U) + r(V ) and f ∈ (D′
U ∩ D′

V )(−R,R), then cλ,η(U, f ) = 0.
(ii) If R = r(U) + r(V ) and f ∈ C∞[−R,R] ∩ (D′

U ∩ D′
V )(−R,R), then

cλ,η(U, f ) = 0.
(iii) If R = r(U) + r(V ) and f ∈ (D′

U ∩ D′
V )(−R,R) ∩ D′(R1) and at least one

of the distributions U,V belongs to D(R1), then cλ,η(U, f ) = 0.

Proof. Using Proposition 13.5(iii) with u = V , we obtain

m(λ,U)
∑

μ=ν

cλ,μ(U, f )

(

μ

ν

)

̂V (μ−ν)(λ) = 0

for all ν ∈ {m(λ, V ) + 1, . . . , m(λ,U)}. This implies (i).
Turning to (ii), first note that for each k ∈ N there exists F ∈ Ck(R1) such that

F = f in [−R,R]. If k is large enough, we have

F ∗ Uλ,ν ∗ V ∈ C
(

R
1) and (F ∗ Uλ,ν ∗ V )(0) = 0 (13.40)

for all ν ∈ {0, . . . , m(λ,U)}. On the other hand, (13.21) yields

(F ∗ Uλ,ν ∗ V )(0) =
m(λ,U)−ν

∑

μ=0

cλ,ν+μ(U, f )

(

ν + μ

ν

)

̂V (μ)(λ). (13.41)

Comparing this with (13.40), we arrive at (ii).
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As for (iii), observe that (13.40) and (13.41) hold with F = f . Thus, the desired
conclusion follows. ��
Remark 13.2. Examining the above proof, we see that (ii) remains to be true with

f ∈ Ck[−R,R] ∩ (

D′
T ∩ D′

T1

)

(−R,R),

where k ∈ N is large enough. In addition, part (iii) remains valid, provided that at
least one of the distributions U,V is in (Ck ∩ E ′)(R1) for sufficiently large k ∈ N.

13.4 Local Analogues of the Schwartz Fundamental Principle

The aim of this section is to describe some classes of solutions of (13.4) and thereby
to create a tool for the study of the extendability of mean periodic functions.

Throughout the section we suppose that

T ∈ E ′(
R

1), T 	= 0 and supp T ⊂ [−r(T ), r(T )].
Owing to Theorem 6.3 and Proposition 6.1(ii), one can select γ ∈ (0, π/2) so that
{λ ∈ Z(̂T )\{0} : |arg λ| = γ } = ∅ and

lim
r→+∞

log |̂T (reiγ )|
r

= lim
r→+∞

log |̂T (re−iγ )|
r

= r(T )| sin γ |.

Recall from Leont’ev [144, Chap. 1, Sect. 4.1] that there exist a number c > 0 and
an increasing sequence {rk}∞k=1 of positive numbers with the following properties:

(a) rk+1/rk → 1 as k → ∞;
(b) for each ε > 0, there is kε > 0 such that

log
∣

∣̂T (z)
∣

∣ > r(T )|Im z| − ε|z|, provided that |z| ∈ (rk − c, rk + c), k > kε.

Given f ∈ D′
T (a, b), we introduce the functions

f +
k,γ =

∑

λ∈A+
k,γ

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η

and

f −
k,γ =

∑

λ∈A−
k,γ

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η,

where
A+

k,γ = {

λ ∈ Z
(

̂T
)\{0} : |arg λ| < γ, |λ| � rk

}

,
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A−
k,γ = {

λ ∈ Z
(

̂T
)\A+

k,γ : |λ| � rk
}

.

Next, for δ ∈ (0, (b − a)/2), we set

U+
δ = {z ∈ C : Re z ∈ (a + δ, b − δ), Im z > 0}

and

U−
δ = {

z ∈ C : Re z ∈ (a + δ, b − δ), −δ(4 cos γ )−1 < Im z < 0
}

.

Then a local version of the Schwartz fundamental principle can be formulated as
follows.

Theorem 13.12. For each f ∈ D′
T (a, b), the limit limk→∞ f +

k,γ (z) = f +
γ (z) (re-

spectively limk→∞ f −
k,γ (z) = f −

γ (z)) exists for all z ∈ U+
δ (respectively z ∈ U−

δ ).
Moreover, the following assertions hold.

(i) f +
k,γ → f +

γ (respectively f −
k,γ → f −

γ ) uniformly in every compact subset of

U+
δ (respectively U−

δ ).
(ii) f +

γ (· + iε) + f −
γ (· − iε) → f in D′(a + δ, b − δ) as ε → +0.

(iii) If f ∈ C∞
T (a, b), then f +

γ (· + iε) + f −
γ (· − iε) → f in E (a + δ, b − δ) as

ε → +0.

Proof. If r(T ) = 0, the desired result is a consequence of Proposition 13.2. Let
r(T ) > 0. First, consider the case T ∈ (E ′ ∩ C)(Rn). By Corollary 13.1 there
exists g ∈ CT (a + δ/2, b − δ/2) such that p(−i d

dt
)g = f for some polynomial f .

Relation (13.17) yields

p

(

−i
d

dt

)

g+
k,γ = f +

k,γ and p

(

−i
d

dt

)

g−
k,γ = f −

k,γ . (13.42)

The proof of Theorem 13.9 and Leont’ev [144, Chap. 5, Sect. 1.1] show that the
limits

lim
k→∞ g+

k,γ (z) = g+
γ (z) and lim

k→∞ g−
k,γ (z) = g−

γ (z)

exist for all z ∈ U+
δ and z ∈ U−

δ respectively. In addition, assertions (i) and (ii)
are true with f replaced by g. Next, f (m) ∈ D′

T (a, b) for each m ∈ N. Repeating
the above argument with f (m) instead of f , we see that (iii) holds if f is replaced
by g. This, together with (13.42), proves the theorem for T ∈ (E ′ ∩ C)(Rn). Let us
now consider the general case. Since r(T ) > 0, there exists Q ∈ (E ′ ∩ C)(Rn) such
that equality (13.25) is valid with λj ∈ Z(̂T ), sj = m(λj , T ) + 1, j ∈ {1, . . . , l}.
Because of Proposition 13.7, the argument in the earlier case is now applicable if f

is replaced by

f −
l

∑

j=1

m(λj ,T )
∑

η=0

cλj ,η(T , f )eλj ,η,

and T by Q. Hence the theorem. ��



426 13 Mean Periodic Functions on Subsets of the Real Line

We shall now give a more precise characterization of some classes of solutions
of (13.4).

Theorem 13.13. Let T ∈ (Inv+ ∩ Inv−)(R1) and assume that (13.7) is fulfilled and
that f ∈ D′(a, b). Then f ∈ D′

T (a, b) if and only if

f = ζT ∗ u on (a, b) (13.43)

for some u ∈ E ′(R1) with supp u ⊂ [−r(T ), r(T )].
Proof. First, suppose that f ∈ D′

T (a, b) and select α, β ∈ R
1 so that α < −r(T ),

β > r(T ), and [α, β] ⊂ (a, b). Owing to Corollary 13.1, there exists F ∈ CT (α, β)

such that

p

(

d

dt

)

F = f

on (α, β) for some polynomial p. Define F+ ∈L1,loc(−∞, b) and F− ∈
L1,loc(a, +∞) by letting

F+(t) = F(t) if t ∈ [0, b), F+(t) = 0 if t < 0,

F−(t) = F(t) if t ∈ (a, 0], F−(t) = 0 if t > 0.

Repeating the arguments in the proof of Theorem 13.4(i) with F+, F− instead of
f +, f −, we conclude that F = ζT ∗ U on (α, β) for some U ∈ E ′(R1) such that
supp U ⊂ [−r(T ), r(T )]. Therefore, equality in (13.43) is satisfied in (α, β) for

u = p

(

d

dt

)

U.

Since f −ζT ∗u ∈ D′
T (a, b), we derive from Corollary 13.2 the “only if” part of the

theorem. The “if” part immediately follows from (13.43) and Proposition 8.20(i).
��

Theorem 13.14. Let T ∈ M(R1), assume that (13.3) holds, and let f ∈ D′(a, b).
Then the following results are true.

(i) In order that f ∈ D′
T (a, b), it is necessary and sufficient that

f =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

γλ,ηeλ,η, (13.44)

where γλ,η ∈ C, and the series converges in D′(a, b).
(ii) f ∈ C∞

T (a, b) if and only if equality (13.44) is satisfied, where the series con-
verges in E (a, b).

(iii) f ∈ QAT (a, b) if and only if relation (13.44) is satisfied, where the series
converges in E (a, b),
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max
0�η�m(λ,T )

|γλ,η| � Mq(1 + |λ|)−q for all λ ∈ Z
(

̂T
)

, q ∈ N,

and the constants Mq > 0 are independent of λ and satisfy (13.36).

Proof. The necessity is clear from Proposition 13.2, Corollary 13.3, and Theo-
rem 13.9(i). The sufficiency follows from Propositions 8.17 and 8.18. ��

It can be shown that the requirement for T in Theorem 13.14 cannot be consid-
erably weakened (see V.V. Volchkov [225], Part III, Theorem 1.5).

Theorem 13.15.

(i) Let α > 0, T ∈ Gα(R1), suppose that

−∞ � a < a′ < b′ < b � +∞, b′ − a′ = 2r(T ),

and let f ∈ C∞(a, b) ∩ Gα[a′, b′]. Then in order that f ∈ C∞
T (a, b), it is

necessary and sufficient that f is of the form (13.44), where the series converges
in E (a, b).

(ii) Let T ∈ E(R1), f ∈ D′(R1), and assume that f is of finite order in R
1. Then

f ∈ D′
T (R1) if and only if relation (13.44) holds throughout R

1 and the series
in (13.44) converges in E (R1).

Proof. Once Corollary 13.3(iii), (v) and Proposition 8.19 have been established, the
proof of our theorem is identical to that of Theorem 13.14. ��
Corollary 13.5. Let T ∈ E(R1), f ∈ D′

T (R1), and suppose that f is of finite order
in R

1. Then f ∈ C∞
T (R1).

The proof follows at once from Theorem 13.15(ii).

13.5 The Problem of Mean Periodic Continuation

Throughout the section we suppose that

T ∈ E ′(
R

1), T 	= 0, supp T ⊂ [−r(T ), r(T )],
and that (13.3) holds. We are interested in the following problem. Given f ∈
D′

T (a, b), when does there exist F ∈ D′
T (R1) such that F |(a,b) = f and how

does F depend on f ?
The first result we would like to state is as follows.

Theorem 13.16. Let T ∈ E ′(R1) and suppose that (13.3) holds. Then the following
statements are valid.

(i) If T ∈ (Inv+ ∩ Inv−)(R1), then for each f ∈ D′
T (a, b), there exists a unique

F ∈ D′
T (R1) such that F |(a,b) = f .
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(ii) If T ∈ M(R1), then for each f ∈ C∞
T (a, b), there exists a unique F ∈ C∞

T (R1)

such that F |(a,b) = f .
(iii) If T ∈ M(R1), then for each f ∈ QAT (a, b), there exists a unique F ∈

QAT (R1) such that F |(a,b) = f .
(iv) If α > 0, T ∈ Gα(R1), then for each f ∈ Gα

T (a, b), there exists a unique
F ∈ Gα

T (R1) such that F |(a,b) = f .

Proof. To prove (i) we choose c ∈ (a, b) such that [c − r(T ), c + r(T )] ⊂ (a, b).
Then

f (t + c) = (ζT ∗ u)(t)

on (a − c, b− c) for some u ∈ E ′(R1) (see Theorem 13.13). Now it is enough to put

F = ζT ∗ v,

where v(t) = u(t − c). Corollary 13.2 implies that F is uniquely determined by f .
Parts (ii)–(iv) follow from the fact that F is determined uniquely by the series

in the right-hand side of (13.44) (see Propositions 8.17–8.19, Theorems 13.14 and
13.15, and Corollary 13.2). ��

We note that if r(T ) > 0, [−r(T ), r(T )] ⊂ (a, b), and f ∈ C∞
T (a, b), then

〈

T , f (ν)(−·)〉 = 0 for all ν ∈ Z+. (13.45)

In this case Theorem 13.16(ii)–(iv) can be refined as follows.

Theorem 13.17. Let r(T ) > 0, f ∈ C∞[−r(T ), r(T )], and assume that (13.45)
holds. Then the following results are true.

(i) If T ∈ M(R1), then there exists a unique F ∈ C∞
T (R1) such that F |[−r(T ),r(T )]

= f . Furthermore, if f ∈ QA[−r(T ), r(T )], then F ∈ QAT (R1).
(ii) If α > 0, T ∈ Gα(R1), and f ∈ Gα[−r(T ), r(T )], then there exists a unique

F ∈ Gα
T (R1) such that F |[−r(T ),r(T )] = f .

This theorem is proved similarly to Theorem 13.16(ii)–(iv) by using Corollar-
ies 8.8, 8.9, and 8.10.

Our next object is to show that the assumptions on T in Theorem 13.16 cannot
be considerably relaxed.

Theorem 13.18. Let T ∈ E ′(R1), a ∈ R
1, and

sup
λ∈Z (̂T )

Im λ

log(2 + |λ|) = +∞. (13.46)

Then there exists f ∈ C∞
T (a, +∞) such that if ε > 0 and F ∈ D′(a − ε, a + ε),

then F |(a,a+ε) 	= f |(a,a+ε).

Proof. By hypothesis there exists a sequence {ζk}∞k=1 of zeros of ̂T such that for all
k ∈ N, the following estimates hold:
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(a) Im ζk > 1 and |ζk+1|/|ζk| � 2;
(b) Im ζk+1 > (2k + Im ζk) log(3 + |ζk+1|).
Setting

f (t) =
∞
∑

k=1

|ζk|keiζk(t−a), t > a, (13.47)

one can easily see from (a) and (b) that the series in (13.47) converges in
C∞(a,+∞). Thus, f ∈ C∞

T (a,+∞). Assume now that for some ε > 0, there
exists F ∈ D′(a − ε, a + ε) such that F = f on (a, a + ε). It is not difficult to see
that

F =
(

d

dt

)ν

u

on (a − ε/2, a + ε/2) for some u ∈ C(a − ε/2, a + ε/2), ν ∈ N. Using (13.47), we
find that

u(t) = p(t) +
∞
∑

k=1

|ζk|k(iζk)
−νeiζk(t−a), t > a,

for some polynomial p. Let s ∈ N, s > ν. Then

s−1
∑

k=1

|ζk|k−ν � c|ζs−1|s−1−ν,

where c > 0 is independent of s. In addition, (a) and (b) imply that

∞
∑

k=s+1

|ζk|k−ν exp

(

− Im ζk

Im ζs

)

= O(1) as s → +∞.

Therefore, if s is large enough, then

u(a + 1/ Im ζs) > |ζs |s−ν/2.

This is a contradiction because u ∈ C(a − ε/2, a + ε/2). Theorem 13.18 is thereby
established. ��
Corollary 13.6. Let T ∈ E ′(R1), a ∈ R

1, and

inf
λ∈Z (̂T )

Im λ

log(2 + |λ|) = −∞.

Then there exists f ∈ C∞(−∞, a) such that if ε > 0 and F ∈ D′(a − ε, a + ε),
then F |(a−ε,a) 	= f |(a−ε,a).

Proof. This corollary results from using Theorem 13.18 on the distribution T (−·).
��
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Remark 13.3. Let f be defined by (13.47) with a < 0 and assume that {ζk}∞k=1 is a
sequence of complex numbers such that iζk ∈ (−∞, 0) for all k and that estimates
(a) and (b) in the proof of Theorem 13.18 hold. Then f admits holomorphic exten-
sion to the half-plane {z ∈ C : Re z > a}. In addition, for each r ∈ (0, |a|), there
exists T ∈ E ′(R1) such that

supp T ⊂ [−r, r] and {ζk}∞k=1 ⊂ Z
(

̂T
)

(see Leont’ev [144], Theorem 1.4.3). Hence, f ∈ RAT (a, +∞) and the proof of
Theorem 13.18 shows that if ε > 0 and F ∈ D′(a − ε, a + ε), then F |(a,a+ε) 	=
f |(a,a+ε). Therefore, assumption on T in Theorem 13.16(iii) cannot be dropped.

Remark 13.4. Let α > 0, T ∈ E ′(R1), T 	= 0, and

sup
λ∈Z (̂T )

Im λ

(1 + |λ|)1/α
= +∞.

Then there exists a sequence {ζk}∞k=1 of zeros of ̂T such that Im ζk > 1, |ζk+1|/|ζk|
� 2, and

Im ζk+1 >
(

(α + 1)k + 3 + Im ζk

)

(3 + |ζk+1|)α
for all k ∈ N. Now define f by (13.47) with a < 0. It is easy to verify that f ∈
Gα

T (a, +∞) (see Proposition 8.19). In addition, the proof of Theorem 13.18 leads
to the conclusion that f |(a,a+ε) 	= F |(a,a+ε) for all ε > 0, F ∈ D′(a − ε, a + ε).
Thus, the assumption on T in Theorem 13.15(i) cannot be omitted.

Theorem 13.19. Let T ∈ E ′(R1), R > r(T ), and

sup
λ∈Z (̂T )

m(λ, T )

max{Im λ, log(2 + |λ|)} = +∞. (13.48)

Then there exists f ∈ C∞
T (−R,R) such that if ε ∈ (0, R) and F ∈ D′(R−ε, R+ε),

then F |(R−ε,R) 	= f |(R−ε,R).

The proof depends upon the following technical lemma.

Lemma 13.1. Let ν, l ∈ N, λ ∈ C, |λ| � 1, and let

(

d

dt

)ν
(

l
∑

η=0

αηeλ,η(t)

)

= eλ,l(t), t ∈ R
1,

for some αη ∈ C. Then αl = (iλ)−ν and

l−1
∑

η=0

|αη|tη � 2
(

ν2 + 2ν
)ν

lt l−1|λ|−ν−1 (13.49)

for all t � 3l/|λ|.
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Proof. First, observe that if

d

dt

(

l
∑

η=0

βηeλ,η(t)

)

=
l

∑

η=0

γηeλ,η(t), t ∈ R
1,

for some βη, γη ∈ C, then βl = γl/(iλ) and

λβη + (η + 1)βη+1 = −iγη for all η ∈ {0, . . . , l − 1}.

Hence, αl = (iλ)−ν , and the estimate

|αη| � (l − η + ν + 1)ν ll−η|λ|η−l−ν, η ∈ {0, . . . , l − 1}, (13.50)

can be easily proved by induction on ν. Using (13.50), one has

l−1
∑

η=0

|αη|tη � t l

|λ|ν
l

∑

k=1

ψ(k), (13.51)

where the function ψ : [0,+∞) → (0,+∞) is defined by

ψ(x) = (x + ν + 1)ν
(

l

t |λ|
)x

.

If t � 3l/|λ|, we obtain ψ ′(x) < 0 for all x � 0. Therefore,

l
∑

k=1

ψ(k) � ψ(1) +
∫ l

1
ψ(x) dx � ψ(1) + (ν + 2)ν

∫ ∞

0
xν

(

l

t |λ|
)x

dx.

This, together with (13.51), implies (13.49). ��
Proof of Theorem 13.19. Owing to Corollary 13.6, we can suppose that

inf
λ∈Z (̂T )

Im λ

log(2 + |λ|) > −∞. (13.52)

By assumption and (8.4), there exists a sequence {ζk}∞k=1 of zeros of ̂T satisfying
the following conditions:

(a) limk→∞ qk = +∞, where

qk = lk

max{Im ζk, log(2 + |ζk|)} and lk = m(ζk, T );

(b) |ζk| > 1 and R|ζk| > 6lk for each k;
(c) q2

k < qk+1 and 1 � lk � lk+1/qk+1 for all k.
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Consider the function

f (t) =
∞
∑

k=1

γk

(

it

R

)lk

eiζkt , t ∈ (−R,R), (13.53)

where
γk = exp

(

lkq
−1/3
k

)

.

Because of (a), (c), and (13.52), the series in (13.53) converges in C∞(−R,R),
whence f ∈ C∞

T (−R,R). Assume that for some ε ∈ (0, R), there exists F ∈
D′(R − ε, R + ε) such that F = f on (R − ε, R). Then there exists u ∈ C(R −
ε/2, R + ε/2) such that

F =
(

d

dt

)ν

u on (R − ε/2, R + ε/2)

for some ν ∈ N. According to (13.53), we can write

u(t) = p(t) +
∞
∑

k=1

γk

Rlk
uk(t), t ∈ (R − ε/2, R), (13.54)

where p is a polynomial,

uk(t) = eiζkt

lk
∑

η=0

αη,k(it)
η,

and αη,k ∈ C are defined by

(

d

dt

)ν lk
∑

η=0

αη,k(it)
ηeiζkt = (it)lk eiζkt . (13.55)

Using (b), we find from (13.55) and Lemma 13.1 that
∣

∣

∣

∣

uk(t) − (it)lk

(iζk)ν
eiζkt

∣

∣

∣

∣

� 2
(

ν2 + 2ν
)ν

lkt
lk−1|ζk|−ν−1e−(Im ζk)t (13.56)

for all t ∈ (R − ε/2, R), k ∈ N. Let s ∈ N, s � 2. Together, (a)–(c), (13.52), and
(13.56) give the estimate

s−1
∑

k=1

γk

Rlk
|uk(t)| � ec1ls−1, t ∈ (R − ε/2, R), (13.57)

with c1 > 0 independent of s, t . Next, if q
−1/2
s < ε/2, we have by a similar way

γk

Rlk

∣

∣uk

(

R − q
−1/2
s

)∣

∣ � exp
(

lk
(

q
−1/3
k − q

−1/2
s + c2q

−1
k

))

,
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where c2 > 0 is independent of s. Now condition (c) yields

∞
∑

k=s+1

γk

Rlk

∣

∣uk

(

R − q
−1/2
s

)∣

∣ = O(1) as s → +∞. (13.58)

In addition, for sufficiently large s, relations (13.56) and (8.4) imply that
∣

∣us

(

R − q
−1/2
s

)∣

∣ > Rls exp
(−2lsq

−1/2
s

)

. (13.59)

Putting estimates (13.57)–(13.59) together then leads to the conclusion that
∣

∣u
(

R − q
−1/2
s

)∣

∣ → +∞ as s → +∞
(see (a), (c), and (13.54)). But this is impossible, since u ∈ C(R − ε/2, R + ε/2).
Thus, the function f satisfies all the requirements of the theorem. �

Theorems 13.16, 13.18, and 13.19 admit the following important consequences.

Corollary 13.7. If T ∈ (Inv+ ∩ Inv−)(R1), then

m(λ, T ) + |Im λ| � c log(2 + |λ|)
for all λ ∈ Z(̂T ), where the constant c > 0 is independent of λ.

Proof. Combining Theorems 13.16(i), 13.18, and Corollary 13.6, we arrive at the
inequality

|Im λ| � c1 log(2 + |λ|), λ ∈ Z
(

̂T
)

,

with c1 > 0 independent of λ. The same estimate for m(λ, T ) now follows from
Theorems 13.16(i) and 13.19. ��
Corollary 13.8. Let T ∈ E ′

�(R
1), R > r(T ), and assume that

sup
λ∈Z (̂T )

m(λ, T ) + |Im λ|
log(2 + |λ|) = +∞.

Then there exists an even function g ∈ C∞
T (−R,R) such that if ε ∈ (0, R) and

G ∈ D′(R − ε, R + ε), then G|(R−ε,R) 	= g|(R−ε,R).

Proof. If condition (13.46) is fulfilled, then it is enough to put

g(t) = f (t) + f (−t),

where f is the function defined in the proof of Theorem 13.18. Therefore, it re-
mains to consider the case where (13.48) holds. By Theorem 13.19 there exists
f ∈ C∞

T (−2R, 2R) such that for all ε ∈ (0, R), F ∈ D′(2R − ε, 2R + ε), we have
that F 	= f on (2R − ε, 2R). Then the function

g(t) = f (R + t) + f (R − t)

satisfies all the required conditions. ��
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We complement Theorems 13.18 and 13.19 by the following result.

Theorem 13.20. There exists T ∈ D�(R
1) such that the following statements hold.

(i) r(T ) > 0, Z(̂T ) ⊂ R
1, and m(λ, T ) = 0 for all λ ∈ Z(̂T ).

(ii) For each R > r(T ), there is an even function g ∈ C∞
T (−R,R) such that if

ε ∈ (0, R) and G ∈ D′(R − ε, R + ε), then G|(R−ε,R) 	= g|(R−ε,R).

The proof starts with the following lemma.

Lemma 13.2. Let n ∈ N, ε > 0, p ∈ Z+, z ∈ C, and let w(z) = (eiεz − 1)n. Then
the following estimates are valid.

(i) |w(z)| � (ε|z|(1 + εe|z|))n.
(ii) If ε < e−|z| then |w(z)| � (ε|z|(1 − εe|z|))n.

(iii) |w(p)(z)| � (nε)p(1 + eε|Im z|)n.
(iv) |w(p)(z)| � (np)pεn(|z| + 1/n)n(1 + εe|z|+1)n.

Proof. To prove (i) and (ii) it is enough to consider the Taylor expansion of eiεz − 1
at origin. Part (iii) is obvious from the relation

w(p)(z) =
n

∑

k=0

(−1)n−k

(

n

k

)

(ikε)peiεkz.

Finally, estimate (iv) is a consequence of (i) and the Cauchy formula

w(p)(z) =
∫

|ζ−z|=1/n

w(ζ )(ζ − z)−1−p dζ.

��
Proof of Theorem 13.20. For k ∈ N, we define

mk = 22k

, ζk = exp
(

m
2/3
k

)

, γk = exp
(

m
4/5
k

)

, εk = 1/(4mk),

and
wk(z) = (

eiεkz − 1
)mkε

−mk

k , z ∈ C.

Let a1, a2, . . . be the set of all numbers of the form ζk + lεk , k ∈ N, l ∈ {0, . . . , mk},
arranged in ascending order of magnitude. Define T ∈ D�(R

1) by the formula

̂T (z) =
∞
∏

n=1

sin(z/an)

z/an

, z ∈ C

(see Theorem 6.3). By Lindemann’s theorem (see, for instance, [196], Chap. 2,
Sect. 7) one sees that ai/aj is irrational for i 	= j . Thus, statement (i) in Theo-
rem 13.20 holds.
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Let R > r(T ) and

f (t) =
∞
∑

k=1

γk

eiζkt

(2R)mk
wk(t), t ∈ (−2R, 2R). (13.60)

Lemma 13.2(iv) and Theorem 13.14 show that f ∈ C∞
T (−2R, 2R). Suppose now

that for some ε ∈ (0, R), there is F ∈ D′(2R − ε, 2R + ε) such that F |(2R−ε,2R) =
f |(2R−ε,2R). Then

F =
(

d

dt

)ν

u on (2R − ε/2, 2R + ε/2)

for some u ∈ C(2R − ε/2, 2R + ε/2), ν ∈ N. Bearing (13.60) in mind, we obtain

u(t) = q(t) +
∞
∑

k=1

γk

eiζkt

(2R)mk
uk(t), t ∈ (2R − ε/2, 2R), (13.61)

where q is a polynomial, and

uk(t) = 1

ε
mk

k

mk
∑

l=1

(−1)mk−l

(

mk

l

)

eilεk t

(i(ζk + lεk))ν
. (13.62)

Writing the function (1 + z)−ν as a power series, we get

(

i(ζk + lεk)
)−ν = 1

(iζk)ν

∞
∑

p=0

ξp,ν

(

lεk

ζk

)p

,

where

ξp,ν = (−1)p
(

ν + p − 1

p

)

.

Notice that
|ξp,ν | � 2ν+p−1 for all p ∈ Z+. (13.63)

Relation (13.62) can be rewritten as

uk(t) =
∞
∑

p=0

ξp,ν

w
(p)
k (t)

(iζk)p+ν
, t ∈ (2R − ε/2, 2R). (13.64)

For s ∈ N, s � 2, we put θs = m
−1/4
s . Assume now that s is large enough so that

θs < ε/2. Using Lemma 13.2(iii), one has

∣

∣w
(p)
k (2R − θs)

∣

∣ � 4−p exp(c1mk log mk), k ∈ N, p ∈ Z+, (13.65)
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where c1 > 0 is independent of k, p, s. Taking (13.63) and (13.64) into account, we
conclude that

s−1
∑

k=1

γk

(2R)mk
|uk(2R − θs)| � exp(c2ms−1 log ms−1), (13.66)

where c2 > 0 is independent of s. Next, let

Nk = m
1/2
k and τp,k,s = ∣

∣w
(p)
k (2R − θs)ξp,ν

∣

∣ζ
−p
k .

Then (13.65) and (13.63) imply the estimate

∞
∑

p=Nk+1

τp,k,s � ζ
−Nk

k exp(c1mk log mk). (13.67)

Suppose now that k � s. Lemma 13.2(iv) yields

∣

∣w
(p)
k (2R − θs)

∣

∣ � c3(2R)mk (pmk)
p exp

(−mkθs/(2R)
)

,

where c3 > 0 is independent of p, k, s. For k > s, this, together with (13.63),
implies that

Nk
∑

p=0

τp,k,s � exp
(

c4m
1/2
k log mk − mkθs/(2R)

)

, (13.68)

where c4 > 0 is independent of s, k. Estimates (13.67) and (13.68) lead to the
conclusion that

∞
∑

k=s+1

γk

(2R)mk
|uk(2R − θs)| = O(1) as s → +∞. (13.69)

Using now (13.62) and (13.67), we see that

∣

∣

∣

∣

us(2R − θs) − ξ0,ν

ws(2R − θs)

(iζs)ν

∣

∣

∣

∣

�
∞
∑

p=1

τp,s,sζ
−ν
s � exp(c1ms log ms)

ζ
Ns
s

+
Ns
∑

p=1

|ξp,νw
(p)
s (2R − θs)|
ζ ν+1
s

.

Hence,

|us(2R − θs)| � (2R)ms

ζ ν
s

exp
(−msθs/(4R)

)

if s is sufficiently large (see Lemma 13.2(ii)). Combining this with (13.61), (13.66),
and (13.69), we deduce that
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|u(2R − θs)| → +∞ as s → +∞.

This contradicts the fact that u ∈ C(2R−ε/2, 2R+ε/2). Thus, the function g(t) =
f (R + t) + f (R − t) satisfies (ii), and we are done. �

We end our considerations with the proof of the following related result.

Theorem 13.21. Let T ∈ E ′(R1) and suppose that

sup
λ∈Z (̂T )

m(λ, T )

1 + |Im λ| = +∞.

Then for each R > r(T ), there exists f ∈ CT (−R,R) such that f |(0,R) /∈ L1(0, R)

and f |(−R,0) /∈ L1(−R, 0). In particular, the function f does not admit continuous
extension to [−R,R].
Proof. The hypothesis upon T implies that there is a sequence {ζk}∞k=1 of zeros of
̂T with the following properties:

(a) limk→∞ qk = +∞, where qk = lk(1 + |Im ζk|)−1 and lk = m(ζk, T );
(b) qk+1 > q3

k > 1 and qk+1 > l3
k /qk for all k ∈ N.

For R > r(T ), now define

f (t) =
∞
∑

k=1

γk

(

t

R

)lk

eiζkt , t ∈ (−R,R), (13.70)

where γk = exp(lkq
−1/3
k ). It follows by (a), (13.70), and Theorems 13.9(ii) that

f ∈ CT (−R,R). Let s ∈ N, s � 2, q
−1/2
s + q−1

s < R, and let θ ∈ (q
−1/2
s −

q−1
s , q

−1/2
s + q−1

s ). It is not difficult to see that

s−1
∑

k=1

γkeR|Im ζk | � exp
(

c1ls−1q
−1/3
s−1

)

, (13.71)

where c1 > 0 is independent of s. In addition, owing to (b),

∞
∑

k=s+1

γk(1 − θ/R)lk eR|Im ζk | � c2, (13.72)

where c2 > 0 is independent of s and θ . Using now (13.70)–(13.72), we conclude
from (a) and (b) that

|f (R − θ)| >
1

2
γs(1 − θ/R)ls exp

(

(θ − R) Im ζs

)

if s is large enough. Setting Es = (R − q
−1/2
s − q−1

s , R − q
−1/2
s + q−1

s ), we infer
from the previous estimate that
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∫

Es

|f (t)| dt → +∞ as s → +∞.

Hence, f |(0,R) /∈ L1(0, R). By a similar way it can be shown that f |(−R,0) /∈
L1(−R, 0). This completes the proof. ��

13.6 One-Sided Liouville’s Property

As before, throughout the section we suppose that

T ∈ E ′(
R

1), T 	= 0 and supp T ⊂ [−r(T ), r(T )].

Let f ∈ (D′
T ∩L1,loc)(0,+∞). According to results in Sect. 13.3, we can associate

with f the series

f ∼
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η. (13.73)

In this section we will specify the form of series (13.73) for the case where f satis-
fies some growth restrictions at infinity.

The following result is an analog of the classical Liouville theorem for entire
functions.

Theorem 13.22. Let f ∈ (D′
T ∩ L1,loc)(0,+∞) and assume that

lim inf
R→+∞R−αeβR

∫ R+ξ

R−ξ

|f (t)| dt = 0 (13.74)

for some α � 0, β ∈ R
1, and ξ > r(T ). Then

cλ,η(T , f ) = 0,

provided that Im λ < β. The same is true if Im λ = β and η � α. In particular,
if (13.74) is valid for each β > 0 and α = 0, then f = 0.

Proof. Let λ ∈ Z(̂T ), ν ∈ {0, . . . , m(λ, T )}, ε ∈ (0, ξ − r(T )), and let γ =
ξ − ε − r(T ), R > ξ . For any u ∈ D(−ε, ε), we have

∫ R+γ

R−γ

|(f ∗ u ∗ Tλ,ν)(t)| dt �
∫ R+ξ

R−ξ

|f (t)| dt

∫ ξ−γ

γ−ξ

|(u ∗ Tλ,ν)(t)| dt.

Now relations (13.74) and (13.21) show that there is an increasing infinite sequence
{Rn}∞n=1 of positive numbers such that R1 > ξ and
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lim
n→∞ R−α

n eβRn

∫ R+γ

R−γ

∣

∣

∣

∣

∣

m(λ,T )−ν
∑

μ=0

cλ,ν+μ(T , f ∗ u)

(

ν + μ

ν

)

eλ,η(t)

∣

∣

∣

∣

∣

dt = 0.

If Im λ < β, this implies cλ,η(T , f ∗ u) = 0 for each η ∈ {0, . . . , m(λ, T )}. Simi-
larly, we have

cλ,η(T , f ∗ u) = 0,

provided that Im λ = β, η � α. Since u ∈ D(−ε, ε) could be arbitrary, this, together
with Proposition 13.5(iii), brings us to the assertion of the theorem. ��
Remark 13.5. Assumption (13.74) in Theorem 13.22 cannot be replaced by

∫ R+ξ

R−ξ

|f (t)| dt = O
(

Rαe−βR
)

as R → +∞.

We may come to this conclusion having regarded the function f = eλ,η for
λ ∈ Z(̂T ) and η ∈ {0, . . . , m(λ, T )}. Also, Theorem 13.22 fails in general with
ξ ∈ (0, r(T )). In fact, assume that T is the characteristic function of the interval
(−γ, γ ) for some γ > 0, and let f be a γ -periodic nonzero function in C∞(R1)

vanishing in (−ξ, ξ) with
∫ γ

−γ

f (t) dt = 0.

Then f ∈ C∞
T (R1) and

∫ R+ξ

R−ξ

|f (t)| dt = 0

for R = 2mγ = 2mr(T ), m ∈ Z.
We conclude this section with the following result.

Theorem 13.23. Let {Tν}mν=1 be a family of nonzero distributions in E ′(R1), let

ξ >

m
∑

ν=1

r(Tν),

and suppose that the set {1, . . . , m} is represented as a union of disjoint sets
A1, . . . , Al such that the sets

⋃

ν∈As

Z(̂Tν), s = 1, . . . , l,

are also disjoint. Assume that fν ∈ (D′
Tν

∩ L1,loc)(0,+∞) and

lim inf
R→+∞eβR

∫ R+ξ

R−ξ

∣

∣

∣

∣

∣

m
∑

ν=1

fν(t)

∣

∣

∣

∣

∣

dt = 0
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for each β > 0. Then
∑

ν∈As

fν = 0

for all s ∈ {1, . . . , l}.
Proof. Let

f =
m

∑

ν=1

fν and T = T1 ∗ · · · ∗ Tm.

Then f ∈ (D′
T ∩ L1,loc)(0,+∞), ξ > r(T ), and (13.74) is satisfied for each

β > 0 and α = 0. Theorem 13.22 yields f = 0. For s ∈ {1, . . . , l}, now define
Fs ∈ D′(0,∞) and Φs,Ψs ∈ E ′(R1) by letting

Fs =
∑

ν∈As

fν, ̂Φs =
∏

ν∈As

̂Tν, ̂Ψs =
m

∏

ν=1
ν /∈As

̂Tν.

Then Fs ∈ (D′
Φs

∩ D′
Ψs

)(0,+∞) and Z(̂Φs)∩ Z(̂Ψs) = ∅. Proposition 13.8 shows
that

cλ,η(Φs, Fs) = 0

for all λ ∈ Z(̂Φs) and η ∈ {0, . . . , m(λ,Φs)}. In order to complete the proof one
needs only Proposition 13.6(ii) . ��



Chapter 14
Mean Periodic Functions on Multidimensional
Domains

The theory developed in Chap. 13 leads to a number of interesting problems for
mean periodic functions on domains in R

n, n � 2. Here, we consider some of them.
In Sect. 14.1 we gather definitions, notation, and technical tools needed in the

rest of the chapter. The unifying theme of the results that we present in Sects. 14.2
and 14.3 is the John support theorem. Fritz John [129, Chap. 6] proved the global
uniqueness for integrals of f over spheres of radius 1 in the standard measure under
the assumption that supp f is disjoint from |x| � 1. Section 14.2 describes similar
but much more complex results concerning mean periodic functions. We find the
exact dependence between the order of smoothness of functions satisfying John-
type conditions and the set of nonzero coefficients in their Fourier expansions with
respect to spherical harmonics. It follows that if f ∈ C∞(BR) is mean periodic
with respect to T ∈ E ′

�(R
n) (0 < r(T ) < R) and f = 0 in Br(T ), then f =

0 in BR . Theorem 14.3 in Sect. 14.2 shows that the smoothness condition in the
above statement can be weakened. This so-called “hemisphere theorem" is based
on the completeness of the system T λ,η (see Theorem 9.9). In Sect. 14.3 we define
multidimensional analogues of the distribution ζT (see Sect. 8.4). This enables us to
establish the sharpness of the main results of Sect. 14.2.

The aim of Sects. 14.4 and 14.5 is to expand mean periodic functions locally into
Taylor- and Laurent-type series. First, the case of a ball is considered; it turns out
that the functions Φλ,η,k,j introduced in Part II play an analogous role as the powers
of the complex variable z do in the classical Taylor series for holomorphic func-
tions. We then study the structure of a mean periodic function in an annular domain.
This leads to a Laurent-type series expansion where the negative powers of z in the
classical case are replaced by the functions Ψλ,η,k,j . In these contexts estimates of
the coefficients are discussed, as well as convergence theorems for various classes
of mean periodic functions. As a consequence, some mean periodic extendability
results are obtained.

The results of Sect. 14.6 are of the following character: if f is mean periodic in
R

n with respect to T ∈ E ′
�(R

n), then f = 0 provided that f enjoys certain growth
conditions. The sharpness of the conditions is shown, and spectral versions of these
results are established. We also study similar questions for mean periodic functions

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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on unbounded domains in R
n. The growth of such functions is determined by the

behavior of the corresponding eigenfunctions of the Laplacian (see Theorem 14.34).
The final Sect. 14.7 is devoted to the problem of approximation on domains in R

n

of solutions of the homogeneous equation f ∗ T = 0 (T ∈ E ′(Rn)\{0}) by expo-
nential solutions. Hörmander’s approximation theorem (Theorem 14.35) shows that
in the case of convex domains this question is solved positively. We consider some
analogues of Hörmander’s result for domains without the convexity condition.

14.1 General Properties

Throughout this chapter we assume that n � 2 and shall preserve the notation from
Chap. 9.

Let T ∈ E ′
�(R

n), let O be an open subset of R
n, and let

OT = {x ∈ R
n : •

Br(T )(x) ⊂ O
}

. (14.1)

Throughout we suppose that T �= 0 and OT �= ∅. Let us consider the convolution
equation

f ∗ T = 0 in OT (14.2)

with unknown f ∈ D′(O). In this chapter we shall investigate various classes of
solutions of (14.2).

By analogy with Sect. 13.1 denote by D′
T (O) the set of all f ∈ D′(O) satisfying

(14.2). Now define

Cm
T (O) = (D′

T ∩ Cm
)

(O) for m ∈ Z+ or m = ∞,

CT (O) = C0
T (O), QAT (O) = (D′

T ∩ QA
)

(O),

RAT (O) = (D′
T ∩ RA

)

(O),

Gα
T (O) = (D′

T ∩ Gα
)

(O) for α > 0.

It is obvious that if T is the Dirac measure δ0, then D′
T (O) = {0}. We shall now

show that for T �= δ0, the class D′
T (O) is broad enough.

Proposition 14.1. Let ζ = (ζ1, . . . , ζn) ∈ C
n, λ =

√

ζ 2
1 + · · · + ζ 2

n , and

f (x) = p(x)uζ (x), x ∈ R
n,

where p is a polynomial, and uζ (x) = ei〈ζ,x〉C . Then the following items are equiv-
alent.

(i) f ∈ D′
T (Rn).

(ii)

((

∂

∂x

)α

p

)(

−i
∂

∂ζ1
, . . . ,−i

∂

∂ζn

)

̂T (ζ ) = 0 for all α ∈ Z
n+.
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(iii) λ ∈ ZT and deg P � nλ(˜T ) − 1.
(iv) (� + λ2)n(λ,T )+1f = 0.

Proof. Since uζ ∗ T = ̂T (ζ )uζ , the equation f ∗ T = 0 is equivalent to

p

(

−i
∂

∂ζ1
, . . . ,−i

∂

∂ζn

)

(

̂T (ζ )uζ (x)
) = 0, x ∈ R

n.

Applying the Leibniz rule, we get the equivalence (i)⇔(ii). Next, if (ii) is true, for
λ �= 0, one has

˜T (η)(λ) = 0 for all η ∈ {0, . . . , deg P }
(see (9.41) and (9.42)). If λ = 0, the same result follows by (9.41), (9.42), and the
Taylor expansions of ˜T and ̂T at the origin. This argument may be reversed, and so
(ii)⇔(iii). For λ ∈ ZT , we now define T1 = (� + λ2)n(λ,T )+1δ0 ∈ E ′

�(R
n). Then

λ ∈ ZT1 and nλ(˜T1) = nλ(˜T ), and the equivalence (iii)⇔(i) leads to (iii)⇔(iv),
proving the desired statement. 
�

For a, b ∈ Z+, a � b, and λ ∈ C, we set

(

a

b

)

λ

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

a!
b!(a − b)! if λ �= 0,

(2a)!
(2b)!(2a − 2b)! if λ = 0.

(14.3)

Proposition 14.2.

(i) Let p be a polynomial such that the function ˜T (z)/p(−z2) is entire, and suppose
that f ∈ D′(O) and p(�)f = 0 in O. Then f ∈ RAT (O).

(ii) Let λ ∈ C, η, k ∈ Z+, and j ∈ {1, . . . , d(n, k)}. Then

Φλ,η,k,j ∗ T =
η
∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)Φλ,ν,k,j in R
n (14.4)

and

Ψλ,η,k,j ∗ T =
η
∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)Ψλ,ν,k,j in R
n\ •

Br(T ). (14.5)

In particular, if λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}, then Φλ,η,k,j ∈ RAT (Rn)

and Ψλ,η,k,j ∈ RAT (Rn\{0}).
Proof. To prove (i) observe that there exists ψ ∈ E ′

�(R
n) such that p(�)ψ = T and

r(ψ) = r(T ) (see Theorem 9.2(ii) and (9.44)). Then

f ∗ T = f ∗ p(�)ψ = p(�)f ∗ ψ = 0

in OT . In view of ellipticity of the operator p(�) this brings us to (i).
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Next, equalities (14.4) and (14.5) with η = 0 are consequences of (1.60) and
Corollary 9.1. Going now to the definition of Φλ,η,k,j and Ψλ,η,k,j , we obtain (ii) in
the general case. 
�

We now establish some elementary properties of the class D′
T (O).

Proposition 14.3.

(i) If f ∈ D′
T (O), then ∂f

∂xm
∈ D′

T (O) for each m ∈ {1, . . . , n}.
(ii) If f ∈ D′

T (O), ϕ ∈ E ′
�(R

n), and

{

x ∈ R
n : •

Br(T )+r(ϕ)(x) ⊂ O
} �= ∅,

then f ∗ ϕ ∈ D′
T (Oϕ).

Proof. This is immediate from the definition of D′
T (O). 
�

Proposition 14.4. Let f ∈ D′
T (O), and let λ ∈ ZT . Then the following results are

true.

(i) (� + λ2)f ∗ Tλ,n(λ,T ) = 0 in OT .
(ii) If λ �= 0 and n(λ, T ) � 1, then

(

� + λ2)f ∗ Tλ,n(λ,T )−1 + 2λn(λ, T )f ∗ Tλ,n(λ,T ) = 0 in OT .

(iii) If λ �= 0 and n(λ, T ) � 2, then

(

�+λ2)f ∗Tλ,η +2λ(η+1)f ∗Tλ,η+1 +(η+2)(η+1)f ∗Tλ,η+2 = 0 in OT

for all η ∈ {0, . . . , n(λ, T ) − 2}.
(iv) If 0 ∈ ZT and n(0, T ) � 1, then

�f ∗ T0,η + (2η + 2)(2η + 1)f ∗ T0,η+1 = 0 in OT

for all η ∈ {0, . . . , n(0, T ) − 1}.
Proof. We recall from Sect. 9.5 that r(Tλ,η) = r(T ) for all λ ∈ ZT and η ∈
{0, . . . , n(λ, T )}. The required results now follow at once from Proposition 9.13.


�
For the rest of the section, we assume that the set O is O(n)-invariant, that is,

τ O = O for each τ ∈ O(n).

We put
D′

T ,�(O) = (D′
T ∩ D′

�

)

(O)

and
Cm

T,�(O) = (Cm
T ∩ D′

�

)

(O) for m ∈ Z+ or m = ∞.
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Proposition 14.5. Let f ∈ D′(O). Then in order that f ∈ D′
T (O), it is necessary

and sufficient that f k,j ∈ D′
T (O) for all k ∈ Z+, j ∈ {1, . . . , d(n, k)}.

Proof. First, assume that f ∈ D′
T (O). Then relation (9.10) implies that f k,j ∈

D′
T (O) for all k, j . The converse statement is obvious from Proposition 9.1(vi). 
�

Proposition 14.6. Let l ∈ N, f ∈ (D′
T ∩L1,loc)(O) and assume that f has the form

f (x) = u(�)Y (σ ) for some Y ∈ Hn,k
1 . There holds:

(i) u(�)Y
(k)
j (σ ) ∈ (D′

T ∩ L1,loc)(O) for all j ∈ {1, . . . , d(n, k)}.
(ii) If f ∈ Cl

T (O), then (u′(�) − ku(�)�−1)Y
(k+1)
j (σ ) ∈ Cl−1

T (O) for all j ∈
{1, . . . , d(n, k + 1)}.

(iii) If f ∈ Cl
T (O) and k � 1, then

(

u′(�) + n + k − 2

�
u(�)

)

Y
(k−1)
j (σ ) ∈ Cl−1

T (O)

for all j ∈ {1, . . . , d(n, k − 1)}.
The proof of Proposition 14.6 can be found in [225, Part I, Propositions 5.6, 5.7

and 5.8].

Proposition 14.7. Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}, R > r(T ), and let f ∈
D′

k,j (BR). Then the following assertions hold.

(i) f ∈ D′
T (BR) if and only if Ak

j (f ) ∈ D′
T ,�(BR).

(ii) f ∈ D′
T (BR) if and only if Ak,j (f ) ∈ D′

Λ(T ),�(−R,R).

Proof. The first part follows from Theorem 9.7(ii), (iv), while the second part fol-
lows from Theorem 9.3(i), (ii). 
�

Let us now describe the class D′
T (O) for the case r(T ) = 0.

Proposition 14.8. Let r(T ) = 0, assume that O is connected, and let f ∈ D′(O).
Then f ∈ D′

T (O) if and only if for all k ∈ Z+, j ∈ {1, . . . , d(n, k)}, the following
relation is valid:

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,k,jΦλ,η,k,j + bλ,η,k,jΨλ,η,k,j ,

where aλ,η,k,j , bλ,η,k,j ∈ C, and bλ,η,k,j = 0, provided that 0 ∈ O. In addition,
if f ∈ D′

T (O), then the coefficients aλ,η,k,j and bλ,η,k,j are determined uniquely
by f .

Proof. The required conclusion follows from [225, Part III, Lemmas 2.10 and 2.13]
and Proposition 9.3. 
�
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Analogues of Proposition 14.8 for r(T ) > 0 will be given in Sect. 14.5. We shall
now establish the following result, which will be used later.

Proposition 14.9. Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}, and let E be an infinite subset
of C such that E ∩ Z(˜T ) = ∅ and (−z) ∈ E for each z ∈ E. Assume that O is
bounded and connected. Suppose that

•
Br(T )+ε(x) ⊂ O for some ε > 0 and x ∈ R

n.
Let f ∈ (D′

T ∩ D′
k,j )(O), and let

U = {x ∈ R
n : •

Bε(x) ⊂ O
}

.

Then for each m ∈ Z+, there exists g ∈ (Cm
T ∩ D′

k,j )(U ) such that p(�)g = f in U
for some polynomial p. Moreover, all the zeroes of the polynomial q(z) = p(−z2)

are simple, and Z(q) ⊂ E.

Proof. We define
R = sup {r > 0 : Sr ⊂ U }

and assume that m ∈ Z+. If η ∈ D�(O) and η = 1 in U , then f η ∈ E ′
k,j (R

n) ∩
D′

T (U ). Theorem 9.3(v) implies that Ak,j (f η) is an even distribution of finite order
on (−R,R). Let s be the order of Ak,j (f η) on (−R,R), and let p be a polynomial
such that Z(q) ⊂ E and Z(q) ∩ Z(q ′) = ∅, where q(z) = p(−z2). If the degree
of p is large enough, then the equation

p

(

− d2

dt2

)

Φ = Ak,j (f η)

has a solution Φ ∈ Cm+2
� (−R,R). Setting F = A

−1
k,j (Φ), we conclude from Theo-

rem 9.5(iv) that F ∈ Cm
k,j (U ) and

F ∗ T1 = f in U ,

where T1 = p(�)δ0. Therefore, F ∗ T ∗ T1 = 0 in UT , which means

F ∗ T =
∑

λ∈ZT1

n(λ,T1)
∑

η=0

aλ,ηΦλ,η,k,j + bλ,ηΨλ,η,k,j in UT , (14.6)

where aλ,η, bλ,η ∈ C, and bλ,η = 0 if 0 ∈ UT (see Proposition 14.8). Due to (14.4),
(14.5), and (14.6), there exist constants a′

λ,η, b
′
λ,η ∈ C such that the function

g = F −
∑

λ∈ZT1

n(λ,T1)
∑

η=0

a′
λ,ηΦλ,η,k,j + b′

λ,ηΨλ,η,k,j

is in the class Cm
T (U ), and b′

λ,η = 0, provided that 0 ∈ U . This completes the proof.

�
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14.2 Modern Versions of the John Theorem. Connections
with the Spectrum. The Hemisphere Theorem

The classical John’s theorem asserts that if f ∈ C∞(Rn) and
∫

Sn−1
f (y + σ) dω(σ) = 0 for all y ∈ R

n,

then f = 0, provided that B1 ∩ supp f = ∅. In this section we shall obtain far-
reaching generalizations and refinements of this statement.

For ν ∈ Z, we set Mν
� (R

n) = (Mν ∩ E ′
�)(R

n) (see Sect. 1.2). Our first result is
as follows.

Theorem 14.1. Let ν,m ∈ Z, m � max{0, 2[(1 − ν)/2]}, T ∈ Mν
� (R

n), and let
R > r(T ) > 0. Assume that f ∈ D′

T (BR) and f = 0 in Br(T ). Then the following
assertions hold.

(i) If f ∈ L
1,loc
m (BR), then f k,j = 0 in BR for k � m+ν+1, j ∈ {1, . . . , d(n, k)}.

(ii) If f ∈ Cm(BR), then f k,j = 0 in BR for k � m + ν + 2, j ∈ {1, . . . , d(n, k)}.
Notice that assumptions of this theorem cannot be weakened in the general case

(see Theorem 14.9 below). To prove the theorem a couple of lemmas will be needed.

Lemma 14.1. Let T ∈ M0
� (R

n), R > r(T ) > 0, f ∈ (D′
T ∩ L

1,loc
� )(BR), and

suppose f = 0 in Br(T ). Then f = 0 in BR .

Proof. Consider a sequence of functions fq ∈ L
1,loc
� (BR), q = 1, 2, . . . , such that

f1 = f, fq+1(x) =
∫ |x|

0
t1−n dt

∫ t

0
un−1gq(u) du, (14.7)

where gq : [0, R) → C is defined by

gq(|x|) = fq(x).

It is easy to verify that �fq+1 = fq in BR and fq = 0 in Br(T ). In addition,
(14.7) shows that fq ∈ C2q−3(BR) for q � 2. Now define

wq(x) = (fq ∗ T )(x), x ∈ BR−r(T ).

Using induction on q, we now prove that wq = 0 for all q. For q = 1, this follows
from the hypothesis of the lemma. Next, if wq = 0 for some q ∈ N, then �wq+1 =
0. Since T ∈ M0

� (R
n), we conclude that wq+1 ∈ C�(BR−r(T )). Hence, wq+1 is a

radial harmonic function in BR−r(T ) such that wq+1(0) = 0. This yields wq+1 = 0

in BR−r(T ), as required. Thus, fq ∈ C
2q−3
T (BR) for all q � 2. Assume now that

2q � n+5. Using [225, Part III, Lemma 2.8], one has fq = 0 in BR . Consequently,
f = �q−1fq = 0 in BR , as we wished to prove. 
�



448 14 Mean Periodic Functions on Multidimensional Domains

Lemma 14.2. Let T ∈ Mν
� (R

n) for some ν ∈ {0, 1}, and let R > r(T ) > 0.
Suppose that f ∈ D′

T (BR) and f = 0 in Br(T ). Then assertions (i) and (ii) of
Theorem 14.1 are valid.

Proof. We shall prove assertion (ii) by induction on m. The proof of (i) is quite
similar to that of (ii).

Let m = 0. This means that f ∈ C(BR). Without loss of generality we can
assume that f has the form

f (x) = ϕ(�)(σ1 + iσ2)
k,

where k ∈ {1, 2, 3} (see Lemma 14.1 and Propositions 14.5 and 14.6(i)). We set

Uk(x) = uk(�), x ∈ BR,

where

u1(�) =
∫ �

0
ϕ(ξ) dξ, (14.8)

u2(�) =
∫ �

0
η

∫ η

0

ϕ(ξ)

ξ
dξ dη, (14.9)

u3(�) =
∫ �

0
ζ

∫ ζ

0
η

∫ η

0

ϕ(ξ)

ξ2
dξ dη dζ. (14.10)

Also let
Vk(x) = (Uk ∗ T )(x), x ∈ BR−r(T ).

Formulae (14.8)–(14.10) show that Vk ∈ Ck
� (BR−r(T )) and

(

∂

∂x1
+ i

∂

∂x2

)k

Vk = 0.

This yields

Vk(x) =
k−1
∑

s=0

cs�
2s , cs ∈ C. (14.11)

Since Uk ∈ Ck(BR), Uk = 0 in Br(T ), and T ∈ M1
� (R

n), we obtain

(

�sVk

)

(0) = 0, s ∈ {0, . . . , k − 1}.
This, together with (14.11), gives Vk = 0. By the definition of Vk and Lemma 14.1
we have Uk = 0. Then (14.8)–(14.10) imply that f = 0.

Assume now that assertion (ii) of Theorem 14.1 is valid for all m ∈ {0, . . . , l−1}
and prove it for m = l. Then it is enough to consider the case where f ∈ Cl(BR)

has the form f (x) = ϕ(�)(σ1 + iσ2)
l+3 (see Propositions 14.5 and 14.6(i)). By
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Proposition 14.6(iii), the function

g(x) =
(

ϕ′(�) + n + l + 1

�
ϕ(�)

)

(σ1 + iσ2)
l+2 (14.12)

is in the class Cl−1(BR), and g = 0 in Br(T ). In view of the induction hypoth-
esis, g = 0 in BR . Since ϕ = 0 on [0, r(T )], the desired result is now obvious
from (14.12). 
�
Proof of Theorem 14.1. Let k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Then by assumption
on f and Proposition 14.5 we deduce that f k,j ∈ D′

T (BR) and f k,j = 0 in Br(T ).
First, assume that ν ∈ Z, ν < 0. By the definition of Mν(Rn) we have

T = p(�)T1

for some T1 ∈ M0(Rn), where p is a polynomial of degree at most [(1 − ν)/2].
Moreover, if ν is odd, we can suppose that T1 ∈ M1(Rn). It follows from Theo-
rem 9.2 that T1 ∈ E ′

�(R
n) and r(T1) = r(T ). Putting

F = p(�)
(

f k,j
)

,

we obtain F ∈ D′
T1

(BR) and F = 0 in Br(T ). In addition, if f ∈ L
1,loc
m (BR)

(respectively f ∈ Cm(BR)), then F ∈ L
1,loc
m−2[(1−ν)/2](BR) (respectively F ∈

Cm−2[(1−ν)/2](BR)). Bearing in mind that f k,j = 0 in Br(T ) and using Lemma
14.2 and Proposition 14.8, we arrive at assertions (i) and (ii) of Theorem 14.1 for
ν < 0.

It remains to consider the case ν > 0. In this case �[ν/2]T ∈ M0(Rn). Moreover,
if ν is odd, we can suppose �[ν/2]T ∈ M1(Rn) (see the definition of Mν(Rn)

for ν > 0). The proof of Lemma 1.12 in [225, Part II] shows that there exists
Φ ∈ D′

k,j (BR) such that

�[ν/2]Φ = f k,j in BR

and Φ = 0 in Br(T ). Furthermore, if f ∈ L
1,loc
m (BR) (respectively f ∈ Cm(BR)),

then Φ ∈ L
1,loc
m+2[ν/2](BR) (respectively Φ ∈ Cm+2[ν/2](BR)). Setting

T2 = �[ν/2]T ,

we see that r(T2) = r(T ) and Φ ∈ D′
T2

(BR). As before, using Lemma 14.2, we
obtain (i) and (ii) with ν > 0. This completes the proof. 
�

As a consequence of Theorem 14.1, we obtain the following statement.

Corollary 14.1. Let T ∈ E ′
�(R

n), R > r(T ) > 0, and

∣

∣˜T (z)
∣

∣ � γ1(1 + |z|)γ2 er(T )|Im z|, z ∈ C,
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where γ1 > 0 and γ2 ∈ R
1 are independent of z. Assume that f ∈ Cm

T (BR) for
some integer

m � max

{

0, 2

[

1 − [−γ2 − (n + 3)/2]
2

]}

and f = 0 in Br(T ). Then

f k,j = 0 in BR for k � m + 1 + [−γ2 − (n + 1)/2], j ∈ {1, . . . , d(n, k)}.
Proof. By Theorem 9.2 and (9.44) we have T ∈ Mν(Rn), where ν = [−γ2 − (n +
3)/2]. The required result now follows from Theorem 14.1(ii). 
�

We now state and prove the following uniqueness result.

Theorem 14.2. Let T ∈ E ′
�(R

n) with r(T ) > 0, and let O be a ζ domain in R
n with

ζ = r(T ) such that
•
Br(T ) ⊂ O (see Definition 1.1). Assume that f ∈ D′

T (O) and
f = 0 in Br(T ). Then the following statements are valid.

(i) If f = 0 in Br(T )+ε for some ε > 0, then f = 0 in O.
(ii) If f ∈ C∞

T (O), then f = 0 in O.
(iii) If T = T1 + T2, where T1 ∈ D�(R

n), T2 ∈ E ′
�(R

n), and r(T2) < r(T ), then
f = 0 in O.

The results in Sect. 14.3 show that the assumptions in this theorem cannot be
considerably weakened.

Proof of Theorem 14.2. Definition 1.1 shows that it is enough to prove state-
ments (i)–(iii) for the case where O = BR , R ∈ (r(T ),+∞]. The first assertion
of the theorem can easily be derived from its second assertion by means of the
standard smoothing procedure (see Theorem 6.1(i)), but if f ∈ C∞

T (BR), then by
Corollary 14.1 f k,j = 0 in BR for all k, j . In view of Proposition 9.1(vi), this
gives (ii).

To prove (iii), first observe that r(T ) = r(T1) and f ∈ D′
T1

(Br(T )+ε) for some
ε ∈ (0, 2r(T )−r(T2)). This, together with Proposition 14.7(ii) and Theorem 9.3(ii),
implies that

Ak,j

(

f k,j
) ∈ D′

Λ(T1)

(−r(T ) − ε, r(T ) + ε
)

and
Ak,j

(

f k,j
) = 0 in

(−r(T ), r(T )
)

for all k, j . By assumption on T1 and Theorem 6.3 we conclude that Λ(T1) ∈
D�(R

1). Then Corollary 13.2 shows that Ak,j (f
k,j ) vanishes on (−r(T )−ε, r(T )+

ε). Hence, f = 0 in Br(T )+ε (see Theorem 9.3(ii) and Proposition 9.1(vi)). Asser-
tion (iii) is now obvious from (i). 
�

To continue, for r > 0, let

S+
r = {x ∈ R

n : |x| = r and x1 � 0
}

.

The following “hemisphere theorem” is a refinement of Theorem 14.2(ii).
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Theorem 14.3. Let T ∈ E ′
�(R

n) with r(T ) > 0, let O be a ζ domain in R
n with

ζ = r(T ) containing the ball
•
Br(T ), and let f ∈ D′

T (O). Assume that f = 0 in
Br(T ) and f ∈ C∞(O1) for some open subset O1 of O such that S+

r(T ) ⊂ O1. Then
f = 0 in O.

We note that the set S+
r(T ) in this theorem cannot be decreased in general (see

Theorem 14.8(i)).

Proof of Theorem 14.3. By assumption, Br(T )+ε ⊂ O for some ε > 0. According
to Theorem 14.2(i), (ii) it is enough to prove that f ∈ C∞(Br(T )+ε). First, suppose
that T ∈ (E ′

� ∩ Cn−1)(Rn). Then T λ,η ∈ (E ′
� ∩ C)(Rn) and r(T λ,η) = r(T ) for all

λ ∈ ZT and η ∈ {0, . . . , n(λ, T )} (see (9.95) and Proposition 9.12(ii)). In addition,
the convolution F = f ∗ T λ,η satisfies

(

� + λ2)η+1
F = 0

in Bε. By the ellipticity of the operator (� + λ2)η+1 we have F ∈ RA(Bε). Let
e1 = (1, 0, . . . , 0) ∈ R

n. It follows from the hypothesis of the theorem that there
exists ε1 > 0 such that

lim
t→+0

(

d

dt

)m

F(tx) = 0 when |x − e1| < ε1,m ∈ Z+.

Since F ∈ RA(Bε), this yields F = 0 in Bε. Using now Theorem 9.9, we obtain
f = 0 in Br(T )+ε.

In the general case there exists T1 ∈ (E ′
� ∩ Cn−1)(Rn) such that r(T1) = r(T )

and p(�)T1 = T for some polynomial p. This shows that

p(�)f ∈ D′
T1

(Br(T )+ε), p(�)f = 0 in Br(T1), and p(�)f ∈ C∞(O1).

As above, we infer that p(�)f = 0 in Br(T )+ε. Thus, f ∈ RA(Br(T )+ε), and the
theorem is completely proved. 
�

One corollary is worth recording.

Corollary 14.2. Let T ∈ E ′
�(R

n) with r(T ) > 0, and assume that p(�)T = 0 in
Br(T ) for some nonzero polynomial p. Suppose that R > r(T ) and ε ∈ (0, R −
r(T )). Then the following results are true.

(i) Let f ∈ D′
T (BR), f = 0 in Br(T )−ε,r(T ), and f ∈ C∞(O), where O is an open

subset of BR such that S+
r(T ) ⊂ O. Then f = 0 in Br(T )−ε,r(T )+ε.

(ii) Let f ∈ C∞
T (BR) and f = 0 in Br(T ),r(T )+ε. Then f = 0 in Br(T )−ε,r(T )+ε.

Proof. Setting ψ = p(�)T , we see that ψ ∈ E ′
�(R

n), supp ψ = Sr(T ), and
D′

T (BR) ⊂ D′
ψ(BR). To prove (i) it is enough to consider the case ε � r(T ) (see

Theorem 14.3). We define g ∈ D′(Br(T )+ε) by letting g = f on Br(T )−ε,r(T )+ε

and g = 0 in Br(T ). Then g ∈ D′
ψ(Br(T )+ε), and part (i) must be valid because of

Theorem 14.3.
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Regarding (ii), define ϕ ∈ D�(R
n) by letting ϕ = f 0,1 on Br(T )+ε and ϕ =

0 in Br(T ),∞. By our hypothesis and Proposition 14.5, ψ ∈ D′
ϕ(Br(T )+ε). Since

ψ = 0 in Br(T ), Theorem 14.2(iii) yields f 0,1 = 0 in Br(T )−ε,r(T )+ε. Owing to
Lemma 9.4 and Theorem 9.7(iv), f k,j = 0 in Br(T )−ε,r(T )+ε for all k ∈ Z+ and
j ∈ {1, . . . , d(n, k)}. Combining this with Proposition 9.1(vi), we arrive at (ii). 
�

We shall now consider the case where O = R
n.

Theorem 14.4. Let T = T1 ∗ T2, where T1, T2 ∈ E ′
�(R

n) and r(T2) > 0. Assume
that f ∈ D′

T (Rn) and f = 0 in Br(T ). Then

(i) If T2 ∈ Inv(Rn) and

|Im λ|
log(2 + |λ|) → +∞ as λ → ∞, λ ∈ ZT2 ,

then f = 0.
(ii) If T2 ∈ E(Rn) and f is of finite order, then f = 0.

Proof. Let k ∈ Z+, j ∈ {1, . . . , d(n, k)}, and let

F = f k,j ∗ T1.

Then F ∈ D′
T2

(Rn) and F = 0 in Br(T2). Assumptions in (i) and (ii) show that
F ∈ C∞(Rn) (see Hörmander [126], Theorem 16.6.5, and Theorem 14.18(ii) be-
low). Because of Corollary 14.1, F = 0 in R

n, which means that f k,j ∈ D′
T1

(Rn).
Bearing in mind that r(T1) = r(T ) − r(T2) < r(T ) and using Theorem 14.2(i) and
Proposition 14.8, we obtain f k,j = 0 in R

n. Assertions (i) and (ii) now follow from
Proposition 9.1(vi). 
�
Theorem 14.5. Let T ∈ E ′

�(R
n) with r(T ) > 0. Then the following assertions are

true.

(i) If T /∈ Inv+(Rn), f ∈ D′
T (Rn), and f = 0 in Br(T ), then f = 0 in R

n.
(ii) If T ∈ Inv+(Rn), then there exists nonzero f ∈ (D′

T ∩ D′
�)(R

n) vanishing in the
ball Br(T ).

We point out that the description of the set
{

f ∈ D′
T (BR) : f = 0 in Br(T )

}

for T ∈ Inv+(Rn), R ∈ (r(T ),+∞] can be found in the following section (see
Theorem 14.10).

Proof of Theorem 14.5. It is enough to prove (i) for the case where f ∈ D′
k,j (R

n)

with k ∈ Z+, j ∈ {1, . . . , d(n, k)} (see Propositions 14.5 and 9.1(vi)). Proposi-
tion 14.7(ii) and Theorem 9.3(ii) show that Ak,j (f ) ∈ D′

Λ(T )(R
1) and

Ak,j (f ) = 0 on
(−r(T ), r(T )

)

.
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Since Λ(T ) /∈ (Inv− ∩ Inv+)(R1), Theorem 13.3(i) yields Ak,j (f ) = 0 in R
1. This,

together with Theorem 9.3(ii), gives (i).
As for (ii), observe that there exists nonzero g ∈ D′

Λ(T ),�(R
1) such that g =

0 on (−r(T ), r(T )) (see Proposition 13.1(i) and Theorem 13.3(ii)). Now define
f = A

−1
0,1(g). By Corollary 9.2 and Theorem 9.5(i) we infer that f is nonzero and

f ∈ D′
T ,�(R

n). In addition, f = 0 in Br(T ), which brings us to the desired result.

�

14.3 Multidimensional Analogues of the Distribution ζT .
Mean Periodic Functions with Support in Exterior
of a Ball. Exactness of Uniqueness Theorems

Our main purpose in this section is to show that the results in Sect. 14.2 are precise.
First of all, we prove that these results fail in general without the assumption that T

is a radial distribution.

Theorem 14.6. Let F be a finite subgroup of the orthogonal group O(n). Assume
that a distribution T ∈ E ′(Rn) has the form

T = T1T2,

where T1 ∈ E ′
�(R

n), T1 �= 0, and T2 : R
n → R

1 is an F -invariant homogeneous
harmonic polynomial with deg T2 � 1. Then for each R > 0, there exists a nonzero
F -invariant function fR ∈ C∞

T (Rn) such that fR = 0 in BR .

Proof. First, note that there exists η ∈ R
n, η �= 0, such that T2(λη) = 0 for

all λ ∈ R
1. This follows from the assumption on T2 and from the fact that har-

monic polynomials of different degrees are orthogonal in the space L2(Sn−1) (see
Lemma 4.2). Let R > 0, and let u ∈ C∞(R1) be a nonzero function such that u = 0
on (−∞, R] and u > 0 on (R, +∞). Now define

fR(x) =
∑

α∈F

u(〈αx, η〉R), x ∈ R
n. (14.13)

Then fR is a nonzero F -invariant function in the class C∞(Rn), and fR = 0 in BR .
Next, since T1 is radial, for x ∈ R

n, one has

(fR ∗ T )(x) = 〈T1(y), T2(y)fR(x − y)〉 =
〈

T1(y),

∫

O(n)

T2(τy)fR(x − τy) dτ

〉

,

where dτ is the Haar measure on O(n) normalized by
∫

O(n)

dτ = 1.
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Using now (1.55) with G = O(n), G/K = S
n−1, from (14.13) and the Funk–Hecke

theorem (see [225, Part I, Theorem 5.1]) we conclude that fR ∈ C∞
T (Rn). Hence

the theorem. 
�
Assume now that T ∈ Inv+(Rn). Recall from Propositions 8.20(ii) that the distri-

bution ζΛ(T ) is odd and for k ∈ Z+, j ∈ {1, . . . , d(n, k)}, define ζT ,k,j ∈ D′
k,j (R

n)

by the formula
ζT ,k,j = −A

−1
k,j

(

ζ ′
Λ(T )

)

. (14.14)

We now establish basic properties of ζT ,k,j .

Theorem 14.7. For T ∈ Inv+(Rn), the following statements are valid.

(i) ζT ,k,j ∈ (D′
T ∩ D′

k,j )(R
n) and Ak

j (ζT ,k,j ) = ζT ,0,1.
(ii) If r(T ) > 0, then ζT ,k,j = 0 in Br(T ) and Sr(T ) ⊂ supp ζT ,k,j .

(iii) If R > r(T ), x ∈ R
n, u ∈ E ′

�(R
n), and ζT ,k,j ∗ u = 0 in BR(x), then

u = T ∗ v

for some v ∈ E ′
�(R

n).
(iv) If T ∈ M(Rn), then

ζT ,k,j =
n(0,T )
∑

η=0

a
0,0
2(n(0,T )−η)

(˜T )

(2η)! Φ0,η,k,j

+ 2
∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

a
λ,η

n(λ,T )

(

˜T
)

(ηΦλ,η−1,k,j + λΦλ,η,k,j ), (14.15)

where the series converges in D′(Rn), and the first sum is set to be equal to zero
if 0 /∈ ZT .

(v) If T ∈ M(Rn), m ∈ Z+, and R ∈ (0,+∞), then there exists a positive constant
σ = σ(m,R, T ) such that ζT ,k,j ∈ Cm(BR), provided that k > σ . In addition,
if

n(λ, T ) + |Im λ|
log(2 + |λ|) → 0 as λ → ∞, λ ∈ ZT , (14.16)

then the same is true with R = +∞.

Proof. First, observe that

Ak,j (ζT ,k,j ∗ u) = −ζ ′
Λ(T ) ∗ Λ(u) (14.17)

for each u ∈ E ′
�(R

n) (see (14.14) and Theorem 9.3(i)). Putting u = T and using
Theorem 9.3(ii) and Proposition 8.20(i), we have ζT ,k,j ∈ D′

T (Rn). This, together
with (14.14) and Theorem 9.3(i), implies (i).

Let us prove (ii). Theorem 9.3(ii) and Proposition 8.20(v) show that ζT ,k,j = 0
in Br(T ) and Sr(T ) ∩ supp ζT ,k,j �= ∅. Since ζT ,k,j ∈ D′

k,j (R
n), it follows by

Proposition 9.1(v) that Sr(T ) ⊂ supp ζT ,k,j . Thus, (ii) is established.
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Next, if u ∈ E ′
�(R

n), then ζT ,k,j ∗ u ∈ D′
T (Rn). Theorem 14.2(i) ensures us

that if assumptions of (iii) are satisfied, then ζT ,k,j ∗ u = 0 in R
n. Applying now

Proposition 8.20(iv), we see from (14.17) that

(

Λ(u)
)′ = Λ(T ) ∗ Ψ ′

for some Ψ ∈ E ′
�(R

1). Since Λ(u), Λ(T ), Ψ ∈ E ′(R1), this gives (iii). Part (iv)
is a consequence of (14.14), Theorem 8.5, and (9.60). As for (v), observe that if
m ∈ Z+, R ∈ (0,+∞) are fixed, and k is large enough, then the series in (14.15)
converges in Cm(K) for each nonempty compact set K ⊂ BR (see Proposition 9.7
and (9.90)). In particular this yields ζT ,k,j ∈ Cm(BR). For the case where R = +∞
and (14.16) is fulfilled, the arguments are similar. This concludes the proof. 
�
Theorem 14.8. Let T ∈ Inv+(Rn), r(T ) > 0. Then the following assertions hold.

(i) There exists nonzero f ∈ D′
T (Rn) such that f = 0 in the strip {x ∈ R

n : |x1| <

r(T )}.
(ii) For each ε ∈ (0, r(T )), there exists nonzero f ∈ C∞

T ,�(R
n) such that f = 0 in

Br(T )−ε.
(iii) If T ∈ M(Rn), m ∈ Z+, and F is a finite subgroup of O(n), then for each

R ∈ (r(T ),+∞), there exists nonzero F -invariant f ∈ D′
T (Rn) such that

f = 0 in Br(T ) and f ∈ Cm
T (BR). Moreover, if (14.16) is satisfied, then the

same is valid with R = +∞.

We note that (i) is no longer valid for the class (D′
T ∩ L1,loc)(Rn), provided that

T ∈ L1(Rn) (see Theorem 14.2(i)). In addition, the assumption that T ∈ Inv+(Rn)

in (ii) is not necessary (see the proof of Theorem 13.3(iv)).
It is convenient to prove first the following simple lemma.

Lemma 14.3. For each m > 0, there exist k ∈ Z+ and j ∈ {1, . . . , d(n, k)} such
that k > m and

∑

α∈F

Y k
j (ασ) �= 0 for some σ ∈ S

n−1.

Proof. Take g ∈ C∞(Sn−1) such that the function

f (σ ) =
∑

α∈F

g(ασ), σ ∈ S
n−1,

is nonzero and supp f �= S
n−1. Writing the Fourier series of f into spherical har-

monics (see (9.3) with � = 1) and using (9.1), we arrive at the desired result. 
�
Proof of Theorem 14.8. First, define f ∈ D′

T (Rn) by letting

f (·) = ζΛ(T )(〈·, e1〉Rn),

where e1 = (1, 0, . . . , 0) ∈ R
n. Then f satisfies all the requirements of (i) (see

Proposition 8.20). Assertion (ii) can be obtained from Theorem 14.5(ii) by means
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of the standard smoothing trick. Turning to (iii), we set

f (x) =
∑

α∈F

ζT ,k,j (αx), x ∈ R
n.

Then f is F -invariant and f ∈ D′
T (Rn). In addition, Theorem 14.7(ii), (v) and

Lemma 14.3 show that for some k ∈ Z+ and j ∈ {1, . . . , d(n, k)}, the distribution
f satisfies all the requirements of (iii). Hence the theorem. 
�

Next, for α > −1 and r > 0, we define the function Υα,r ∈ L1(Rn) by letting

Υα,r (x) =
{

(

r2 − |x|2)α if |x| < r,

0 if |x| � r.

Also let Υ−1,r ∈ E ′
�(R

n) be the distribution with action on E (Rn) described by
the formula

〈Υ−1,r , u〉 =
∫

Sr

u(x) dω(x), u ∈ E
(

R
n
)

,

where dω is the surface measure on Sr . A calculation yields

˜Υα,r (z) =
⎧

⎨

⎩

2
n
2 +απ

n
2 �(1 + α)rn+αI n

2 +α(rz) if α > −1,

(2π)
n
2 rn−1I n

2 −1(rz) if α = −1
(14.18)

(see (5.2) and [225, Part I, Example 6.1]).
The following result shows that Theorem 14.1 cannot be reinforced for a broad

class of distributions T .

Theorem 14.9. Let α � −1, r > 0, and let T = Υα,r + T1 where T1 ∈ Cm
� (Rn),

m � α+2, and supp T1 ⊂ •
Br . Assume that k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Then

T ∈ (M1+[α] ∩ N)(Rn), and the following assertions hold.

(i) If α /∈ Z, then ζT ,k,j ∈ L
p,loc
[k−α−2](Rn), provided that k > α + 2, p = (1 − {k −

α − 2})−1, and ζT ,k,j ∈ C[k−α−3](Rn) for k > α + 3.

(ii) If α ∈ Z, then ζT ,k,j ∈ L
p,loc
k−α−3(R

n), provided that k � α + 3, p ∈ [1,+∞),
and ζT ,k,j ∈ Ck−α−4(Rn) for k � α + 4.

It can be shown that the assumptions on p in this theorem cannot be weakened
for a broad class of distributions T (see Zaraisky [275] and Theorem 14.7).

Proof of Theorem 14.9. By the definitions of T and Mν(Rn) we see that T ∈
M1+[α](Rn). Using now (14.18), (7.3), and Theorem 9.2(i), we obtain

˜T (z) = c1I n
2 +α(rz) + O

(

e|Im z|r

|z|(n−1)/2+m

)

(14.19)
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and

˜T ′(z) = c2zI n
2 +α+1(rz) + O

(

e|Im z|r

|z|(n−1)/2+m

)

(14.20)

as z → ∞, Re z � 0, where c1, c2 ∈ C\{0} are independent of z. Let {λm}∞m=1
be the sequence of the zeros of ˜T in the half-plane Re z � 0 arranged according to
increasing modulus. We write each zero as many times as its multiplicity, and for
zeros with equal absolute values, the numbering is chosen arbitrarily. By (14.19)
and (7.8),

λm = π

r

(

m + n − 1 + 2α

4
+ lα,n

)

+ O
(

m−1) as m → ∞, (14.21)

where lα,n ∈ Z is independent of m. Combining this with (14.20) and (7.8), we find

˜T ′(λm) = c3
(−1)m

m(n+1)/2+α
+ O
(

m−( n+3
2 +α)

)

as m → ∞, (14.22)

where c3 ∈ C\{0} is independent of m. In particular, all the zeros of ˜T with suffi-
ciently large absolute values are simple, and T ∈ N(Rn). Let k > α + 2, and let
s ∈ Z+, s < k − α − 2. Using (14.15), (14.21), (14.22), and Proposition 7.1, we
deduce

(

d

d�

)s
(

ζT ,k,j (�σ )
) = Y

(k)
j (σ )

(

u1(�) + u2(�)

∞
∑

m=1

cos(πm(1 + �/r))

mk−α−2−s

+ u3(�)

∞
∑

m=1

sin(πm(1 + �/r))

mk−α−2−s

)

,

where � > r/2, u1 ∈ C(r/2,+∞), u2, u3 ∈ C∞(r/2,+∞). Since ζT ,k,j = 0 in
Br , this, together with Edwards [60, Sect. 7.3.5(ii)], brings us to (i) and (ii). 
�

For the final step, we characterize the set
{

f ∈ D′
T (BR) : f = 0 in Br

}

,

where 0 < r � r(T ) < R � +∞. According to Proposition 14.5, it is enough to
describe distributions in the class (D′

T ∩ D′
k,j )(BR) vanishing on Br .

Theorem 14.10. Let T ∈ Inv+(Rn) with r(T ) > 0. Then the following assertions
hold.

(i) If 0 < r � r(T ) < R � +∞ and f ∈ (D′
T ∩ D′

k,j )(BR), then in order that
f = 0 in Br , it is necessary and sufficient that

f = ζT ,k,j ∗ U in BR (14.23)

for some U ∈ E ′
�(R

n) with supp U ⊂ •
Br(T )−r .
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(ii) If R ∈ (r(T ),+∞] and f ∈ (C∞
T ∩ D′

k,j )(BR), then in order that (Df )(0) =
0 for each differential operator D, it is necessary and sufficient that rela-
tion (14.23) is satisfied for some U ∈ D�(R

n) with supp U ⊂ •
Br(T ).

Proof. To prove (i), first assume that f ∈ (D′
T ∩ D′

k,j )(BR). By Proposition 14.7(ii)
we have Ak,j (f ) ∈ D′

Λ(T ),�(−R,R). Theorem 9.3(ii) shows that Ak,j (f ) = 0 in
(−r, r) if and only if f = 0 in Br . Because of Remark 13.1, in order that Ak,j (f ) =
0 in (−r, r), it is necessary and sufficient that

Ak,j (f ) = ζ ′
Λ(T ) ∗ u in (−R,R)

for some u ∈ E ′
�(R

1) with supp u ⊂ [r − r(T ), r(T ) − r]. Using now (14.14) and
Theorem 9.5(i), we arrive at (i).

The same argument works for (ii) except that we now apply Theorems 13.4(ii),
9.3(vi) and 9.5(vi). 
�

14.4 Analogues of the Taylor and the Laurent Expansions
for Mean Periodic Functions. Estimates of the Coefficients

Throughout the section we assume that T ∈ E ′
�(R

n), T �= 0, and that O is an
O(n)-invariant domain in R

n such that OT �= ∅ (see (14.1)).
Let

λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, k ∈ Z+, j ∈ {1, . . . , d(n, k)}.
For each f ∈ D′

T (O), we define the coefficients aλ,η,k,j (T , f ) and bλ,η,k,j (T , f )

as follows. Bearing in mind that f k,j ∈ (D′
T ∩ D′

k,j )(O) (see Proposition 14.5), we
derive from Proposition 14.4

(

� + λ2)n(λ,T )+1(
f k,j ∗ Tλ,0

) = 0 in OT .

Because of Proposition 14.8, there exist complex constants aλ,η,k,j (T , f ) and
bλ,η,k,j (T , f ) such that

f k,j ∗ Tλ,0 =
n(λ,T )
∑

η=0

aλ,η,k,j (T , f )Φλ,η,k,j + bλ,η,k,j (T , f )Ψλ,η,k,j in OT

(14.24)
and bλ,η,k,j (T , f ) = 0, provided that 0 ∈ O.

By definition,
aλ,η,k,j (T , f ) = aλ,η,k,j

(

T , f k,j
)

(14.25)

and
bλ,η,k,j (T , f ) = bλ,η,k,j

(

T , f k,j
)

. (14.26)
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Next, for all f1, . . . , fm ∈ D′
T (O) and c1, . . . , cm ∈ C,

aλ,η,k,j

(

T ,

m
∑

ν=1

cνfν

)

=
m
∑

ν=1

cνaλ,η,k,j (T , fν) (14.27)

and

bλ,η,k,j

(

T ,

m
∑

ν=1

cνfν

)

=
m
∑

ν=1

cνbλ,η,k,j (T , fν). (14.28)

Assume now that O = O1 ∪ O2, where O1 and O2 are O(n)-invariant domains
in R

n such that
•
Br(T )(x) ⊂ O1 ∩ O2 for some x ∈ R

n. According to what has been
said above, for f ∈ D′

T (O), we can write

aλ,η,k,j (T , f |O1) = aλ,η,k,j (T , f |O2) = aλ,η,k,j (T , f ). (14.29)

In addition,

bλ,η,k,j (T , f |O1) = bλ,η,k,j (T , f |O2) = bλ,η,k,j (T , f ) (14.30)

(see Proposition 9.3).
Other general properties of aλ,η,k,j (T , f ) and bλ,η,k,j (T , f ) are contained in the

following propositions.

Proposition 14.10.

(i) If ν ∈ {0, . . . , n(λ, T )} and f ∈ D′
T (O), then

f k,j ∗ Tλ,ν =
n(λ,T )−ν
∑

μ=0

(

ν + μ

ν

)

λ

(

aλ,ν+μ,k,j (T , f )Φλ,μ,k,j

+ bλ,ν+μ,k,j (T , f )Ψλ,μ,k,j

)

in OT (see (14.3)). (14.31)

(ii) Let fm ∈ D′
T (O), m = 1, 2, . . . , and suppose that fm → f in D′(O)

as m → ∞. Then aλ,η,k,j (T , fm) → aλ,η,k,j (T , f ) and bλ,η,k,j (T , fm) →
bλ,η,k,j (T , f ) as m → ∞.

(iii) Let f ∈ D′
T (O), u ∈ E ′

�(R
n), and assume that OT ∗u �= ∅. Then

aλ,η,k,j (T , f ∗ u) =
n(λ,T )
∑

ν=η

aλ,ν,k,j (T , f )

(

ν

η

)

λ

ũ〈ν−η〉(λ)

and

bλ,η,k,j (T , f ∗ u) =
n(λ,T )
∑

ν=η

bλ,ν,k,j (T , f )

(

ν

η

)

λ

ũ〈ν−η〉(λ).
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In particular, for each polynomial p,

aλ,η,k,j (T , p(�)f ) =
n(λ,T )
∑

ν=η

aλ,ν,k,j (T , f )

(

ν

η

)

λ

q〈ν−η〉(λ)

and

bλ,η,k,j (T , p(�)f ) =
n(λ,T )
∑

ν=η

bλ,ν,k,j (T , f )

(

ν

η

)

λ

q〈ν−η〉(λ),

where q(z) = p(−z2).

Proof. The proof of (i) can be obtained by induction on ν using (14.24), Theo-
rem 9.1, and Proposition 14.4. To verify (ii) it is enough to use Proposition 9.1(i)
and apply (i) repeatedly for ν = n(λ, T ), . . . , 0. Part (iii) follows from (14.24),
(9.10), and Proposition 14.2(ii). 
�
Proposition 14.11.

(i) If μ ∈ ZT and ν ∈ {0, . . . , n(μ, T )}, then

aλ,η,k,j (T ,Φμ,ν,k,j ) = δλ,μδη,ν

and
bλ,η,k,j (T ,Φμ,ν,k,j ) = 0.

If, in addition, 0 /∈ O, then

aλ,η,k,j (T , Ψμ,ν,k,j ) = 0

and
bλ,η,k,j (T , Ψμ,ν,k,j ) = δλ,μδη,ν .

(ii) Suppose that k ∈ Z+ and j ∈ {1, . . . , d(n, k)} are fixed and let

aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0

for all λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}. Then f k,j = 0 in O.
(iii) If 0 ∈ O and f ∈ Cm

T (O), m = [n/2] + k − 1 + ord T , then

aλ,η,k,j (T , f ) = 〈Tλ,η,k,j , f
k,j
〉

. (14.32)

Proof. Part (i) follows from (14.24), Proposition 14.2(ii), and Proposition 9.11(i).
Next, using Proposition 14.10(i) and Theorem 9.9, we obtain (ii). To prove (iii), first
assume that f ∈ C∞

T (O). Identity (14.31) yields

(

Ak
j

(

f k,j
) ∗ Tλ,ν

)

(x) =
n(λ,T )−ν
∑

μ=0

aλ,ν+μ,k,j (T , f )

(

ν + μ

ν

)

λ

Φλ,μ,0,1(x)
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(see Theorem 9.7(iv) and (9.85)). Putting x = 0 and using (9.16), we find

aλ,ν,k,j (T , f ) = 〈Tλ,ν, Ak
j

(

f k,j
)〉

.

In combination with (9.98) this gives (14.32) for f ∈ C∞
T (O). Next, let f ∈ Cm

T (O),
m = [n/2] + k − 1 + ord T , ϕ ∈ D�(R

n), and assume that OT ∗ϕ �=∅. The previous
arguments show that

aλ,η,k,j (T , f ∗ ϕ) = 〈Tλ,η,k,j , f ∗ ϕ〉. (14.33)

Now it is easy to deduce (iii) in the general case from (14.33) and Proposi-
tion 14.10(ii) with the help of the standard smoothing method (see (9.93)). This
completes the proof. 
�
Corollary 14.3. Let λ,μ ∈ ZT , f ∈ D′(O), and

(

� + μ2)n(μ,T )+1
f = 0 in O.

Then

f ∗ Tλ,0 =
{

0 if λ �= μ,

f if λ = μ.

The proof follows immediately from Proposition 14.8, (14.24), and Proposi-
tion 14.11.

Proposition 14.12. Let f ∈ D′
T (O), and let

T = (� + λ2
1

)s1 · · · (� + λ2
l

)slQ, (14.34)

where Q ∈ E ′
�(R

n), s1, . . . , sl ∈ N, and {λ1, . . . , λl} is a set of distinct complex
numbers in ZT . Then r(Q) = r(T ), sm � n(λm, T ) + 1 for all m ∈ {1, . . . , l}, and
the distribution

g = f −
l
∑

m=1

n(λm,T )
∑

η=n(λm,T )+1−sm

aλm,η,k,j (T , f )Φλm,η,k,j + bλm,η,k,j (T , f )Ψλm,η,k,j

is in the class D′
Q(O). In addition, if λ ∈ ZQ, then n(λ,Q) � n(λ, T ), and

aλ,η,k,j (Q, g) = aλ,η,k,j (T , f ), (14.35)

bλ,η,k,j (Q, g) = bλ,η,k,j (T , f ) (14.36)

for all η ∈ {0, . . . , n(λ,Q)}.
Proof. The proof of Proposition 13.7 is applicable with minor modifications. We
can suppose that l = s1 = 1. It follows from the hypothesis that

˜T (z) = (λ2
1 − z2)

˜Q(z).
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Therefore,
s1 � n(λ1, T ) + 1, n(λ,Q) � n(λ, T )

for all λ ∈ ZQ, and Theorem 9.2 yields r(Q) = r(T ). Next,

Q = −Tλ1,n(λ1,T )

/

b
λ1,n(λ1,T )
n(λ1,T )

(see Proposition 9.13(ii)). Using now (14.31), Proposition 14.2(ii), and Proposi-
tion 9.11(i), we infer that g ∈ D′

Q(O). Relations (14.35) and (14.36) are now obvi-
ous from (14.24) and Proposition 9.11(iv). 
�

As we already know from Proposition 9.1(vi), for every f ∈ D′
T (O), the Fourier

series

f =
∞
∑

k=0

d(n,k)
∑

j=1

f k,j

unconditionally converges to f in D′(O). To any f k,j we now assign the series

f k,j ∼
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,k,j (T , f )Φλ,η,k,j + bλ,η,k,j (T , f ) Ψλ,η,k,j . (14.37)

This series is an analog of the classical Laurent expansion for holomorphic func-
tions. The functions Φλ,η,k,j (respectively Ψλ,η,k,j ) play an analogous role as the
nonnegative (respectively negative) powers of the complex variable z. If O is a ball,
we have an analog of the Taylor expansion.

Theorem 14.11.

(i) If f ∈ D′
T (O) and the series in (14.37) converges in D′(O), then its sum is

equal to f k,j .
(ii) Let f ∈ D′(O) and assume that for all k ∈ Z+, j ∈ {1, . . . , d(n, k)},

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,jΦλ,η,k,j + βλ,η,k,jΨλ,η,k,j , αλ,η,k,j , βλ,η,k,j ∈ C,

where βλ,η,k,j are set to be equal to zero if 0 ∈ O, and the series converges in
D′(O). Then f ∈ D′

T (O) and

αλ,η,k,j = aλ,η,k,j (T , f ), βλ,η,k,j = bλ,η,k,j (T , f ).

Proof. The proof proceeds as that of Theorem 13.9 except that we now apply Propo-
sition 14.10(ii) and Proposition 14.11(i), (ii). 
�

To utilize this result we need the following estimates of aλ,η,k,j (T , f ) and
bλ,η,k,j (T , f ).
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Theorem 14.12. Let r(T ) > 0. Then the following results are true.

(i) Let f ∈ D′
T (O), and let p be a polynomial. Then there exists c1 > 0 indepen-

dent of f such that for all λ ∈ ZT , |λ| > c1, the following estimates hold:

max
0�η�n(λ,T )

|aλ,η,k,j (T , f )| � c2

|p(−λ2)| max
0�η�n(λ,T )

∣

∣aλ,η,k,j

(

T , p(�)f
)∣

∣,

max
0�η�n(λ,T )

|bλ,η,k,j (T , f )| � c2

|p(−λ2)| max
0�η�n(λ,T )

∣

∣bλ,η,k,j

(

T , p(�)f
)∣

∣

with the constant c2 > 0 independent of λ, f .
(ii) Assume that R ∈ (r(T ),+∞], let m ∈ Z+, and let f ∈ C2m

T (BR). Then there
exist c3, c4, c5, c6 > 0 independent of f,m such that for all λ ∈ ZT , |λ| > c3,

max
0�η�n(λ,T )

|aλ,η,k,j (T , f )| � σλ(˜T )cm+1
4 |λ|c5−2m

×
(∫

Br(T )

∣

∣�m
(

f k,j
)

(x)
∣

∣ dx + cm
6 c7

)

,

where c7 > 0 is independent of m, λ.
(iii) Let f ∈ D′

T (Rn) and assume that ord f < +∞. Then for each α > 0,

|aλ,η,k,j (T , f )| � σλ

(

˜T
)

(2 + |λ|)c8c
n(λ,T )
9 n(λ, T )!e−α|Im λ|,

where c8, c9 > 0 are independent of λ, η.

Proof. Arguing in the same way as in the proof of Theorem 13.10(i) and using
Proposition 14.10(iii), we arrive at (i).

To show (ii) we define Q ∈ (E ′
� ∩ Ck+n+1)(Rn) by (14.34) so that λp /∈ Z(˜Q)

for each p ∈ {1, . . . , l} (see Theorem 9.2). Because of Proposition 14.12, for all
λ ∈ ZT \ {λ1, . . . , λl} and η ∈ {0, . . . , n(λ, T )},

aλ,η,k,j (T , f ) = aλ,η,k,j (Q, f − h), (14.38)

where

h =
l
∑

p=1

n(λp,T )
∑

η=n(λp,T )+1−sp

aλp,η,k,j (T , f )Φλp,η,k,j . (14.39)

Then it follows from (14.32), Proposition 9.12(i), and Proposition 6.6(iv) that

|aλ,η,k,j (Q, f − h)| � c10σλ

(

˜T
)

(2 + |λ|)c11

∫

Br(T )

∣

∣f k,j (x) − h(x)
∣

∣ dx,

where λ ∈ ZT \ {λ1, . . . , λl}, η ∈ {0, . . . , n(λ, T )}, and c10, c11 > 0 are indepen-
dent of λ, η, f . This, together with (14.38), (14.39), and (i), gives (ii).

Turning to (iii), we use the same arguments as in the beginning of the proof (ii).
However, we now choose Q ∈ (E ′

� ∩ Cq)(Rn), where q = k + n + 1 + ord f . Let
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λ ∈ ZT \ {λ1, . . . , λl} and η ∈ {0, . . . , n(λ, T )}. Propositions 9.1(ii) and 9.12(i)
show that

∣

∣

((

f k,j − h
) ∗ Qλ,η

)

(x)
∣

∣ � c12σλ

(

˜Q
)

, x ∈ R
n,

where c12 > 0 is independent of λ, η. Hence,

|aλ,n(λ,T ),k,j (Q, f − h)Φλ,0,k,j (x)| � c12σλ

(

˜Q
)

(14.40)

(see (14.31)). Moreover, if n(λ, T ) > 1 and ν ∈ {0, . . . , n(λ,Q) − 1}, then

|aλ,ν,k,j (Q, f − h)Φλ,0,k,j (x)|

� c12σλ

(

˜Q
)+

n(λ,Q)−ν
∑

μ=1

(

μ + ν

ν

)

λ

|aλ,ν+μ,k,j (Q, f − h)Φλ,μ,k,j (x)|.
(14.41)

By induction on ν we see from (14.40), (14.41), and Proposition 9.4 that for all
α > 0 and ν ∈ {0, . . . , n(λ, T )},

|aλ,ν,k,j (Q, f − h)| � c13
σλ(˜Q)n(λ,Q)!cn(λ,T )−ν

14 (2 + |λ|)c15

ν!eα|Im λ| ,

where c13, c14, c15 > 0 are independent of λ, ν. Using now (14.38) and Proposi-
tion 6.6(iv), we obtain (iii). 
�
Corollary 14.4. Let R ∈ (r(T ),+∞]. Then the following statements are valid.

(i) Let f ∈ D′
T (BR). Then

|aλ,η,k,j (T , f )| � (2 + |λ|)c1σλ

(

˜T
)

,

where c1 > 0 is independent of λ, η. In particular, if T ∈ M(Rn), then

|aλ,η,k,j (T , f )| � (2 + |λ|)c2 ,

where c2 > 0 is independent of λ, η.
(ii) If T ∈ M(Rn) and f ∈ C∞

T (BR), then for each α > 0,

|aλ,η,k,j (T , f )| � c3(2 + |λ|)−α,

where c3 > 0 is independent of λ, η.
(iii) If α > 0, T ∈ Gα(Rn), r(T ) > 0, and f ∈ C∞

T (BR) ∩ Gα(
•
Br(T )), then

|aλ,η,k,j (T , f )| � c4 exp
(−c5|λ|1/α

)

,

where c4, c5 > 0 are independent of λ, η.
(iv) If T ∈ M(Rn), r(T ) > 0 and f ∈ C∞

T (BR) ∩ QA(
•
Br(T )), then

max
0�η�n(λ,T )

|aλ,η,k,j (T , f )| � Mq,k,j (1 + |λ|)−2q
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for all λ ∈ ZT and q ∈ N, where the constants Mq,k,j > 0 are independent
of λ, and

∞
∑

ν=1

1

infq�ν M
1/2q
q,k,j

= +∞. (14.42)

(v) Let T ∈ E(Rn), f ∈ D′
T (Rn), and suppose that f is of finite order in R

n. Then
for each α > 0,

|aλ,η,k,j (T , f )| � c6e−α|Im λ|,

where c6 > 0 is independent of λ, η.

Proof. It can be supposed that r(T ) > 0 (see Proposition 14.8). Part (i) now fol-
lows from Proposition 14.9, Theorem 14.12(ii), and Proposition 14.10(iii) exactly
as in the proof of Corollary 13.3(i). The second statement is clear from Theo-
rem 14.12(ii). Applying now (9.6) and Theorem 14.12(ii) with m = [γ |λ|1/α],
γ ∈ (0, 1), λ ∈ ZT , where |λ| is large enough, we arrive at (iii). The proof of (iv)
is derived from the definition of QA(

•
Br(T )) by making use of Theorem 14.12(ii),

(9.6), and Lemma 8.1(i). Part (v) follows directly from Theorem 14.12(iii). 
�
The following is an analog of Theorem 14.12 for the case of spherical annulus.

Theorem 14.13. Assume that

0 � r < r ′ < R′ < R � +∞, R′ − r ′ = 2r(T ). (14.43)

Suppose that m ∈ Z+ and let f ∈ C2m
T (Br,R). Then there exist c1, c2, c3, c4, c5 > 0

independent of f,m such that for all λ ∈ ZT , |λ| > c1,

max
0�η�n(λ,T )

(|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )|)

� σλ

(

˜T
)

cm+1
2 |λ|c3−2mec4(|Im λ|+1)(n(λ,T )+1)n(λ, T )!

×
(

cm
5 c6 +

∫

Br′,R′

∣

∣�m
(

f k,j
)

(x)
∣

∣ dx

)

,

where c6 > 0 is independent of m, λ.

Proof. Let Q ∈ (E ′
�∩Ck+n+2)(Rn) be defined just as in the proof of Theorem 14.12,

and let

h =
l
∑

p=1

n(λp,T )
∑

η=0

aλp,η,k,j (T , f )Φλp,η,k,j + bλp,η,k,j (T , f )Ψλp,η,k,j .

Then ZQ ⊂ ZT , and the set ZT \ ZQ is finite. Assume that λ ∈ ZQ and η ∈
{0, . . . , n(λ,Q)}. By Proposition 14.12, n(λ, T ) = n(λ,Q), and relations (14.35),
(14.36) hold with g = f − h. For brevity, we set

aλ,η = aλ,η,k,j (Q, f − h), bλ,η = bλ,η,k,j (Q, f − h).
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Choose y ∈ R
n so that |y| = (r ′ + R′)/2 and Y

(k)
j (y/|y|) �= 0. For t ∈ (r − |y| +

r(T ), R − |y| − r(T )), now define

uλ,η(t) = Φλ,η,k,j

(

y(1 + t/|y|)),
vλ,η(t) = Ψλ,η,k,j

(

y(1 + t/|y|)),
wλ,η(t) = ((f k,j − h

) ∗ Qλ,η

)(

y(1 + t/|y|)).
Owing to Proposition 9.1(iii) and Proposition 9.12(i),

|wλ,η(0)| + ∣∣w′
λ,η(0)

∣

∣ � c7σλ

(

˜Q
)

∫

Br (y)

∣

∣f k,j (x) − h(x)
∣

∣ dx, (14.44)

where c7 is independent of λ, η, f . By virtue of (14.31) we have

aλ,n(λ,Q)uλ,0(0) + bλ,n(λ,Q)vλ,0(0) = wλ,n(λ,Q)(0)

and
aλ,n(λ,Q)u

′
λ,0(0) + bλ,n(λ,Q)v

′
λ,0(0) = w′

λ,n(λ,Q)(0).

Because of Proposition 9.2(ii), (14.44), and Proposition 9.5(i), these equalities yield

|aλ,n(λ,Q)| + |bλ,n(λ,Q)| � c8σλ

(

˜Q
)

(1 + |λ|)c9 ec10|Im λ|
∫

Br (y)

∣

∣f k,j (x) − h(x)
∣

∣ dx,

(14.45)
where c8, c9, c10 > 0 are independent of λ, f . Suppose now that n(λ,Q) > 1 and
let ν ∈ {0, . . . , n(λ,Q) − 1}. By (14.31),

aλ,νuλ,0(0) + bλ,νvλ,0(0)

= wλ,ν(0) −
n(λ,Q)−ν
∑

μ=1

(

ν + μ

ν

)

λ

(

aλ,ν+μuλ,μ(0) + bλ,ν+μvλ,μ(0)
)

and

aλ,νu
′
λ,0(0) + bλ,νv

′
λ,0(0)

= w′
λ,ν(0) −

n(λ,Q)−ν
∑

μ=1

(

ν + μ

ν

)

λ

(

aλ,ν+μu′
λ,μ(0) + bλ,ν+μv′

λ,μ(0)
)

.

Using now (14.45), Proposition 9.2(ii), and Proposition 9.5(i), we infer by induction
on ν that

|aλ,ν | + |bλ,ν | � c11σλ(˜Q)(1 + |λ|)c12n(λ,Q)!ec13|Im λ|(1+n(λ,Q))

c
ν−n(λ,Q)
14 ν!

×
∫

Br (y)

∣

∣f k,j (x) − h(x)
∣

∣ dx,

where c11, c12, c13, c14 > 0 are independent of λ, ν, f .
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Since Br(T )(y) ⊂ Br ′,R′ , this, together with Theorem 14.12(i), Proposition
6.6(iv), and Proposition 9.5(ii), gives us the desired conclusion. 
�
Corollary 14.5. Assume that (14.43) is fulfilled. Then the following assertions hold.

(i) Let f ∈ D′
T (Br,R). Then

|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )|
� (2 + |λ|)c1 ec2(|Im λ|+1)(n(λ,T )+1)n(λ, T )!σλ

(

˜T
)

,

where c1, c2 > 0 are independent of λ, η. In particular, if T ∈ I(Rn), then

|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )| � (2 + |λ|)c3 ,

where c3 > 0 are independent of λ, η.
(ii) If T ∈ I(Rn) and f ∈ C∞

T (Br,R), then for each α > 0,

|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )| � c4(2 + |λ|)−α,

where c4 > 0 are independent of λ, η.
(iii) If α > 0, T ∈ Iα(Rn), and f ∈ C∞

T (Br,R) ∩ Gα(
•
Br ′,R′), then

|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )| � c5 exp
(−c6|λ|1/α

)

,

where c5, c6 > 0 are independent of λ, η.
(iv) If T ∈ I(Rn) and f ∈ C∞

T (Br,R) ∩ QA(
•
Br ′,R′), then

max
0�η�n(λ,T )

(|aλ,η,k,j (T , f )| + |bλ,η,k,j (T , f )|) � Mq,k,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, where the constants Mq,k,j > 0 are independent of
λ and satisfy (14.42).

Proof. According to Proposition 14.8, it is enough to consider the case r(T ) > 0.
The proof then proceeds as that of Corollary 14.4 except that we now use Theo-
rem 14.13. 
�
Remark 14.1. Natural analogues of Theorem 14.12(iii) and Corollary 14.4(v) for the
case where O = Br,R are no longer valid in general even if r = 0, R = +∞. We
may come to this conclusion having regarded the function f ∈ CT (Rn \ {0}) of the
form

f =
∑

λ∈ZT

Φλ,0,k,j + iΨλ,0,k,j ,

where T ∈ E(Rn) (see Proposition 9.4).

We are now in a position to prove the following multidimensional analog of The-
orem 13.11.
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Theorem 14.14. Let U be an O(n)-invariant compact subset of O such that
•
Br(T )(x) ⊂ U for some x ∈ R

n. Let f ∈ C∞
T (O) and assume that there exist

α > 0, β � 0 such that

lim inf
q→+∞ α−2qq−β

∫

U

∣

∣

(

�qf
)

(x)
∣

∣ dx = 0. (14.46)

Then
aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0,

provided that |λ| > α, and the same is true if |λ| = α, η � β. In particular, if
α � minλ∈ZT

|λ| and β = 0, then f = 0.

This is a best possible result, as, for example,

f = c1Φλ,η,k,j + c2Ψλ,η,k,j , c1, c2 ∈ C,

shows (see Proposition 9.6).

Proof of Theorem 14.14. Relation (14.46) and Theorems 14.12(ii) and 14.13 imply
that

aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0

if |λ| is sufficiently large. In order to complete the proof, one need only (14.46),
Proposition 9.6, and Proposition 14.11(ii). 
�

Another uniqueness result is as follows.

Theorem 14.15. Let T ∈ E ′
�(R

n), T �= 0, and let (9.110) hold. Assume that 0 �
r < R � +∞ and

f =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,ηΦλ,η,k,j + bλ,ηΨλ,η,k,j in Br,R, (14.47)

where aλ,η, bλ,η ∈ C, and conditions (9.115) and (9.116) are fulfilled with cλ,η =
aλ,η, bλ,η. Suppose that f = 0 in Br1,r2 for some r1 > r , r2 < R, r1 < r2. Then
aλ,η = bλ,η = 0 for all λ, η.

Proof. It is enough to consider the case where r = 0, R = +∞ (see Proposi-
tions 9.19 and 9.21(iii)). We define f1 ∈ C∞(Rn) by letting f1(x) = 0 if |x| < r2
and f1(x) = f (x) if |x| � r2. Then Ak,j (f1) = 0 in Br2 in view of Theorem 9.3(ii).
Using Theorem 9.4, Lemma 8.1(ii), and Proposition 9.5(ii), we deduce from (14.47)
that Ak,j (f1) ∈ QA(R1). This, together with Theorems 8.1(i) and 9.3(ii), gives
f1 = 0. The desired result is now obvious from Theorem 14.11(ii). 
�

In the final of this section we give the following analog of Proposition 13.8.

Proposition 14.13. Let H ∈ E ′
�(R

n), H �= 0, and R = r(T ) + r(H). Assume
that λ ∈ ZT , n(λ, T ) > n(λ,H), and η ∈ {n(λ,H) + 1, . . . , n(λ, T )}, where the
number n(λ,H) is set to be equal to −1 for λ �∈ ZH . Then the following results are
true.
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(i) If
•
BR(x) ⊂ O for some x ∈ R

n and f ∈ (D′
T ∩ D′

H )(O), then

aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0. (14.48)

(ii) If BR(x) ⊂ O for some x ∈ R
n and f ∈ C∞

T (O ∪ B0,+∞) ∩ C∞
H (O),

then (14.48) is valid.
(iii) If BR(x) ⊂ O for some x ∈ R

n, H ∈ D�(R
n), and f ∈ D′

T (O ∪ B0,+∞) ∩
D′

H (O), then (14.48) holds.

Proof. The proof of (i) is analogous to the proof of Proposition 13.8(i), only instead
of Proposition 13.5(iii) one applies Proposition 14.10(iii). To prove (ii) and (iii)
take f ∈ D′

T (O ∪ B0,+∞) ∩ D′
H (O). Assumptions in (ii) and (iii) show that the

convolution F = f ∗ H is in the class C∞
T (U ), where

U = {x ∈ R
n : •

Br(H) ⊂ O ∪ B0,+∞
}

.

In addition, F = 0 in {x ∈ R
n : •

Br(H) ⊂ O}. By virtue of Theorem 14.2, F = 0
in U , and hence f ∈ (D′

T ∩ D′
H )(U ). Now part (i) is applicable, and the proof is

complete. 
�

14.5 Convergence Theorems. Extendability and Nonextendability
Results

The results in the previous section make it possible to obtain some convergence
theorems for the series in (14.37) and to characterize some classes of solutions of
convolution equations on domains with spherical symmetry. Our first result in this
direction is as follows.

Theorem 14.16. Let T ∈ Inv+(Rn), R ∈ (r(T ),+∞], and f ∈ D′(BR). Then
in order that f ∈ D′

T (BR), it is necessary and sufficient that for all k ∈ Z+,
j ∈ {1, . . . , d(n, k)}, the following equality holds

f k,j = ζT ,k,j ∗ uk,j in BR (14.49)

for some uk,j ∈ E ′
�(R

n) with supp uk,j ⊂ •
Br(T ).

Proof. First, suppose that f ∈ D′
T (BR). Then for all k ∈ Z+, j ∈ {1, . . . , d(n, k)},

the distribution Ak,j (f
k,j ) is in D′

Λ(T ),�(−R,R) (see Propositions 14.5 and 14.7(ii)).
Using Theorem 13.13 and Remark 13.1, we obtain

Ak,j

(

f k,j
) = ζ ′

Λ(T ) ∗ vk,j in (−R,R)

for some vk,j ∈ E ′
�(R

1) with supp vk,j ⊂ [−r(T ), r(T )]. Define uk,j ∈ E ′
�(R

n)

with supp uk,j ⊂ •
Br(T ) by letting

Λ(uk,j ) = −vk,j .
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Applying (14.14) and Theorem 9.5(i), we arrive at (14.49).
Conversely, if (14.49) holds, then f k,j ∈ D′

T (BR) for all k, j (see Theo-
rem 14.7). Now Proposition 14.5 tells us that f ∈ D′

T (BR), and the proof is com-
plete. 
�

We now focus on the case T ∈ M(Rn).

Theorem 14.17. Let T ∈ M(Rn) and R ∈ (r(T ),+∞]. Then the following asser-
tions hold.

(i) Let f ∈ D′(BR). Then f ∈ D′
T (BR) if and only if for all k ∈ Z+,

j ∈ {1, . . . , d(n, k)}, the following relation holds:

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,jΦλ,η,k,j , (14.50)

where αλ,η,k,j ∈ C, and the series converges in D′(BR).
(ii) Let f ∈ C∞(BR). Then f ∈ C∞

T (BR) if and only if for all k, j , decomposition
(14.50) holds with the series converging in E (BR).

(iii) Let f ∈ D′
k,j (BR) for some k ∈ Z+, j ∈ {1, . . . , d(n, k)}. Then f ∈ QAT (BR)

if and only if relation (14.50) is satisfied with the series converging in E (BR),

max
0�η�n(λ,T )

|αλ,η,k,j | � Mq,k,j (1 + |λ|)−2q (14.51)

for all λ ∈ ZT and q ∈ N, and the constants Mq,k,j > 0 are independent of λ

and satisfy (14.42).
(iv) Let r(T ) > 0 and f ∈ C∞

T (BR) ∩ QA(
•
Br(T )). Then f k,j ∈ QAT (BR) for all

k, j .

The proof of this theorem is clear from Theorem 14.11, Corollary 14.4(i), (ii), (iv)
and Propositions 9.18 and 9.19.

It can be shown that the assumption on T in Theorem 14.17 cannot be consider-
ably weakened (see V.V. Volchkov [225], Part III, Theorem 2.5).

Theorem 14.18.

(i) Let α > 0, T ∈ Gα(Rn), r(T ) > 0, R ∈ (r(T ),+∞], and f ∈ C∞(BR) ∩
Gα(

•
Br(T )). Then f ∈ C∞

T (BR) if and only if for all k, j , equality (14.50) is
satisfied with the series converging in E (BR). In addition, if f ∈ C∞

T (BR) ∩
Gα(

•
Br(T )), then f k,j ∈ Gα

T (BR) for all k, j .
(ii) Let T ∈ E(Rn), f ∈ D′(Rn), and assume that f is of finite order in R

n. Then
f ∈ D′

T (Rn) if and only if for all k, j , relation (14.50) holds with the series
converging in E (Rn). In particular, if f ∈ D′

T (Rn), then f k,j ∈ C∞
T (Rn) for

all k, j .
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The proof follows at once from Theorem 14.11, Corollary 14.4(iii), (v), and
Propositions 9.18(ii) and 9.20.

As an application, we now establish the following result.

Theorem 14.19. Let T ∈ Inv+(Rn), R > r(T ), and assume that k ∈ Z+, j ∈
{1, . . . , d(n, k)}. Then for each f ∈ (D′

T ∩ D′
k,j )(BR), there exists a unique F ∈

(D′
T ∩ D′

k,j )(R
n) such that F = f in BR . Moreover, if T ∈ M(Rn), then the

following statements are valid.

(i) If f ∈ C∞(BR), then F ∈ C∞(Rn).
(ii) If f ∈ C∞(BR) ∩ QA(

•
Br(T )), then F ∈ QA(Rn).

Proof. According to Proposition 14.8, it is enough to consider the case where
r(T ) > 0. By Theorem 14.16,

f = ζT ,k,j ∗ u in BR

for some u ∈ E ′
�(R

n). Therefore, F can be defined by letting

F = ζT ,k,j ∗ u.

Using now Theorem 14.2(i), we see that this extension of f is unique. Finally, by
Theorem 14.17(ii)–(iv) and Propositions 9.18 by 9.19, we conclude that (i) and (ii)
hold. 
�
Remark 14.2. Theorem 14.18(i) ensures us that if α > 0, T ∈ Gα(Rn), R > r(T ) >

0, and
f ∈ (D′

k,j ∩ C∞
T

)

(BR) ∩ Gα
( •
Br(T )

)

,

then there exists a unique F ∈ (D′
k,j ∩ C∞

T )(Rn) such that F = f in BR . In fact, F

can be defined by formula (14.50) (see Corollary 14.4(iii) and Proposition 9.20).

Assume now that T ∈ E ′
�(R

n), R > r(T ) > 0, and f ∈ (C∞
T ∩ C∞

k,j )(BR) for
some k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Then Theorem 9.7 implies that

〈

T , Ak
j

(

�νf
)〉 = 0 for all ν ∈ Z+. (14.52)

In this case Theorem 14.19 and Remark 14.2 admit the following refinement.

Theorem 14.20. Let T ∈ E ′
�(R

n), r(T ) > 0, k ∈ Z+, j ∈ {1, . . . , d(n, k)}, let

f ∈ C∞
k,j (

•
Br(T )), and suppose that (14.52) holds. Then the following statements

are valid.

(i) If T ∈ M(Rn), then there exists a unique F ∈ (C∞
T ∩ C∞

k,j )(R
n) such that

F = f in
•
Br(T ). Furthermore, if f ∈ QA(

•
Br(T )), then F ∈ QAT (Rn).

(ii) If α > 0, T ∈ Gα(Rn), and f ∈ Gα(
•
Br(T )), then there exists a unique F ∈

(Gα
T ∩ C∞

k,j )(R
n) such that F = f in

•
Br(T ).
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Proof. Combine Propositions 9.18–9.20 and Theorems 9.10 and 14.11 with Corol-
laries 14.4(iii), (iv), 9.7, 9.8. 
�

The following theorems show that the assumptions on T in Theorem 14.19 and
Remark 14.2 cannot be considerably relaxed.

Theorem 14.21. Let T ∈ E ′
�(R

n), T �= 0, R > r(T ), and assume that

sup
λ∈ZT

n(λ, T ) + |Im λ|
log(2 + |λ|) = +∞.

Then for all k ∈ Z+, j ∈ {1, . . . , d(n, k)}, there exists f ∈ (C∞
T ∩ D′

k,j )(BR) such
that if ε > 0 and F ∈ D′

k,j (BR+ε), then

F |BR
�= f.

Proof. Assume the contrary. Then there exist k, j such that each f ∈ (C∞
T ∩

D′
k,j )(BR) extends to a distribution in D′

T (BR+ε) for some ε > 0. Hence, the distri-
bution Ak,j (f ) ∈ C∞

Λ(T )(−R,R) admits extension to a distribution in D′
Λ(T )(−R −

ε, R + ε) (see Proposition 14.7(ii) and Corollary 9.2). According to Proposi-
tion 14.7(ii) and Corollary 9.2, this contradicts Corollary 13.8 proving the theorem.


�
Theorem 14.22. There exists T ∈ D�(R

n) such that the following statements hold.

(i) r(T ) > 0, Z(˜T ) ⊂ R
1, and n(λ, T ) = 0 for all λ ∈ ZT .

(ii) For all k ∈ Z+, j ∈ {1, . . . , d(n, k)}, and R > r(T ), there exists f ∈
(C∞

T ∩ D′
k,j )(BR) such that if ε > 0 and F ∈ D′

k,j (BR+ε), then F |BR
�= f .

Proof. Once Theorem 13.20 has been established, the proof of our theorem is simi-
lar to that of Theorem 14.21. 
�
Theorem 14.23. Let α > 0, T ∈ E ′

�(R
n), T �= 0, and

sup
λ∈ZT

|Im λ|
(1 + |λ|)1/α

= +∞.

Then for all k ∈ Z+, j ∈ {1, . . . , d(n, k)}, and R > r(T ), there exists f ∈ (C∞
T ∩

Gα)(BR) such that if ε > 0 and F ∈ D′
k,j (BR+ε), then F |BR

�= f .

Proof. No change is required in the proof of Theorem 14.21, except that we now
apply Remark 13.4 and Corollary 9.3. 
�

We now present analogs of Theorems 14.17 and 14.18(i) for a spherical annulus.

Theorem 14.24. Let T ∈ E ′
�(R

n), T �= 0, let 0 � r < R � +∞, and suppose that
r ′ and R′ satisfy (14.43). Then the following assertions hold.
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(i) Let T ∈ I(Rn) and f ∈ D′(Br,R). Then f ∈ D′
T (Br,R) if and only if for all

k ∈ Z+ and j ∈ {1, . . . , d(n, k)},

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,jΦλ,η,k,j + βλ,η,k,jΨλ,η,k,j , (14.53)

where αλ,η,k,j , βλ,η,k,j ∈ C, and the series converges in D′(Br,R).
(ii) Let T ∈ I(Rn) and f ∈ C∞(Br,R). Then f ∈ C∞

T (Br,R) if and only if for all
k, j , relation (14.53) holds with the series converging in E (Br,R).

(iii) Let α > 0, T ∈ Iα(Rn), and f ∈ C∞(BR) ∩ Gα(
•
Br ′,R′). Then f ∈ C∞

T (Br,R)

if and only if for all k, j , decomposition (14.53) holds with the series converging
in E (Br,R). In addition, if f ∈ C∞

T (Br,R) ∩ Gα(
•
Br ′,R′), then f k,j ∈ Gα

T (Br,R)

for all k, j .
(iv) Let T ∈ I(Rn) and suppose that f ∈ D′

k,j (Br,R) for some k, j . Then
f ∈ QAT (Br,R) if and only if equality (14.53) is satisfied with the series con-
verging in E (Br,R),

max
0�η�n(λ,T )

(|αλ,η,k,j | + |βλ,η,k,j |) � Mq,k,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, and the constants Mq,k,j > 0 are independent of λ

and satisfy (14.42).
(v) Let T ∈ I(Rn), and let f ∈ C∞

T (Br,R) ∩ QA(
•
Br ′,R′). Then f k,j ∈ QAT (Br,R)

for all k, j .

The proof immediately follows from Theorem 14.11, Corollary 14.5, and Propo-
sitions 9.18–9.21.

Theorem 14.25. Let T ∈ I(Rn), 0 � r < R � +∞, R − r > 2r(T ), and assume
that k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Then for each f ∈ (D′

T ∩ D′
k,j )(Br,R),

there exists a unique F ∈ (D′
T ∩ D′

k,j )(R
n \ {0}) such that F = f in Br,R and the

following statements are valid.

(i) If f ∈ C∞(Br,R), then F ∈ C∞(Rn \ {0}).
(ii) If r ′ and R′ satisfy (14.43) and f ∈ C∞(Br,R)∩ QA(

•
Br ′,R′), then F ∈ QA(Rn \

{0}).
Proof. Theorems 14.24 and 14.11 and Corollary 14.5 imply that F can be defined
by decomposition (14.53). Then (i) and (ii) follow by Propositions 9.18, 9.19, and
9.21(ii), (iii). It remains to observe that a desired extension of f is unique by Theo-
rem 14.2(ii). 
�
Remark 14.3. Let α > 0, T ∈ Iα(Rn), let 0 � r < R � +∞, and assume that r ′
and R′ satisfy (14.43). Suppose that k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Then for each
f ∈ (D′

k,j ∩ C∞
T )(Br,R) ∩ Gα(

•
Br ′,R′), there exists a unique F ∈ (Gα

T ∩ D′
k,j )(R

n \
{0}) such that

F = f in Br,R.
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This can be proved by obvious modifying of the proof of Theorem 14.25 (see Corol-
lary 14.5(iii) and Proposition 9.21(iv)).

As another application of Theorems 14.17 and 14.24, we now establish the fol-
lowing theorem on a removable singularity.

Theorem 14.26. Let T ∈ I(Rn), R ∈ (2r(T ),+∞], and let f ∈ (D′
T ∩ D′

k,j )(BR)

for some k ∈ Z+ and j ∈ {1, . . . , d(n, k)}. Suppose that 0 < α < β < R and
β − α > 2r(T ). Then the following assertions are true.

(i) If f ∈ C∞(Bα,β), then f ∈ C∞(BR).
(ii) If f ∈ QA(Bα,β), then f ∈ QA(BR).

We note that β − α < 2r(T ) is not admissible in the general case (see [225],
Part III, Remark 14.6).

Proof of Theorem 14.26. It follows by the hypothesis and Theorem 14.17(i) that
f = f k,j in BR , and equality (14.50) holds, where the series converges in D′(BR).
Let f ∈ C∞(Bα,β). Then we have expansion (14.53) with βλ,η,k,j = 0 and
the series converging in E (Bα,β) (see Theorems 14.24(ii) and 14.11(ii)). Now
Proposition 9.18(ii) shows that the series in (14.50) converges in E (BR), whence
f ∈ C∞(BR).

Next, if f ∈QA(Bα,β), then the coefficients of the series in (14.50) satisfy (14.51),
and (14.42) is fulfilled (see Theorem 14.24(iv)). Using Proposition 9.19, we obtain
f ∈ QA(BR). Thus, Theorem 14.26 is proved. 
�

14.6 Problem on Admissible Rate of Decreasing.
Reduction to the Helmholtz Equation

Let T ∈ E ′(Rn), T �= 0, and let f ∈ L1,loc(Rn) be a nonzero function in the
class D′

T (Rn). Then f cannot decrease rapidly at infinity. For instance, if
f ∈ (L1 ∩ D′

T )(Rn), one has ̂f̂T = 0. However, the set {x ∈ R
n : ̂T (x) = 0}

is dense nowhere in R
n because ̂T is an entire function. Since ̂f ∈ C(Rn), we con-

clude that f must vanish. Thus, it is natural to ask: In general, what decay conditions
on f ∈ (D′

T ∩ L1,loc)(Rn) will force f = 0?
In this section we shall study precise growth restrictions for f ∈ (D′

T ∩
L1,loc)(Rn) under which it follows that f = 0.

Throughout the section we suppose that T ∈ E ′
�(R

n) and T �= 0. First, we shall

specify the form of (14.37) when f ∈ (D′
T ∩ L1,loc)(Rn) satisfies some growth re-

strictions at infinity.
For R > ξ > 0, we denote

U(R, ξ) = {x ∈ R
n : R − ξ < |x| < R + ξ

}

.
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Theorem 14.27. Let f ∈ (D′
T ∩ L1,loc)(Rn), and let

lim inf
R→+∞R−αe−βR

∫

U(R,ξ)

|f (x)| dx = 0 (14.54)

for some α, β � 0 and ξ > r(T ). Then aλ,η,k,j (T , f ) = 0, provided that |Im λ|>β.
The same is true if |Im λ| = β, λ �= 0, η � α − (n − 1)/2. In addition, if α �
n − 1 + k + 2η and β = 0, then a0,η,k,j (T , f ) = 0.

Proof. In view of (9.6), the functions f k,j satisfy (14.54) for all k, j . Let ε ∈
(0, (ξ − r(T ))/2), u ∈ D�(Bε), λ ∈ ZT , and ν ∈ {0, . . . , n(λ, T )}. Then we have

∫

U(R,ξ−ε−r(T ))

∣

∣

(

f k,j ∗ u ∗ Tλ,ν

)

(x)
∣

∣ dx � γ

∫

U(R,ξ)

∣

∣f k,j (x)
∣

∣ dx,

where the constant γ is independent of R. Bearing (14.31) in mind, we infer that
there is an increasing infinite sequence {Rm}∞m=1 of positive numbers such that
R1 > ε and

lim
m→∞ R−α

m e−βRm

∫

U(Rm,ε)

|gλ,ν,k,j (x)| dx = 0,

where

gλ,ν,k,j =
n(λ,T )−ν
∑

μ=0

aλ,ν+μ,k,j (T , f ∗ u)

(

ν + μ

ν

)

λ

Φλ,μ,k,j .

This, together with Proposition 9.4, gives us the desired statements for f ∗u instead
of f . Now the theorem follows from the arbitrariness of u and Proposition 14.10(iii).


�
Remark 14.4. The previous theorem fails in general with ξ ∈ (0, r(T )) (see Re-
mark 3.2 in V.V. Volchkov [225], Part III). Next, condition (14.54) in Theorem 15.27
cannot be replaced by

∫

U(R,ξ)

|f (x)| dx = O
(

RαeβR
)

as R → +∞. (14.55)

To show this it is enough to consider the function f = Φλ,η,k,j (see Proposition 9.4).
We note also that this function is in Lp(Rn), provided that λ ∈ R

1\{0}, η = 0, and
p ∈ (2n/(n − 1),+∞].

We set
θT = inf

λ∈ZT

|Im λ| and ΘT = sup
λ∈ZT

|Im λ|.

Two corollaries of Theorem 14.27 are worth recording.

Corollary 14.6. Let ξ > r(T ), f ∈ (D′
T ∩ L1,loc)(Rn), and assume that one of the

following assumptions holds:
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(1) θT < |Im λ| for each λ ∈ ZT , and

lim inf
R→+∞ e−γR

∫

U(R,ξ)

|f (x)| dx = 0 (14.56)

for any γ > θT ;
(2) θT = |Im λ| for some λ ∈ ZT , and (14.54) is satisfied with α = (n − 1)/2 and

β = θT .

Then f = 0.

The proof follows at once from Theorem 14.27 and Proposition 14.11(ii).
Several remarks are in order here. If θT < |Im λ| for each λ ∈ ZT , then (14.56)

cannot be replaced by the same equality with fixed γ > θT . If θT = |Im λ| for some
λ ∈ ZT , then in condition (2) we cannot replace (14.54) with α = (n−1)/2, β = θT

by relation (14.55) with the same α, β (see Remark 14.4). If 0 ∈ ZT and Im λ �= 0
for each λ ∈ ZT \{0}, then in condition (2), (14.54) is sufficient with α = n − 1 and
β = 0 (see Theorem 14.27).

Corollary 14.7. Let ξ > r(T ), p ∈ [1,+∞), and let f ∈ (D′
T ∩ Lp,loc)(Rn).

Suppose that for some α, β � 0,

lim inf
R→+∞ R(n−1)(p−1)−αpe−βpR

∫

U(R,ξ)

|f (x)|p dx = 0. (14.57)

Then all the statements of Theorem 14.27 are valid. In particular, the following
assertions hold.

(i) If either ZT ∩ R
1 = ∅ or ZT ∩ R

1 = {0}, then (D′
T ∩ Lp)(Rn) = {0}.

(ii) If ZT ∩R
1 �= ∅, ZT ∩R

1 �= {0}, and 1 � p � 2n/(n−1), then (D′
T ∩Lp)(Rn) =

{0}. This assertion is no longer valid with p > 2n/(n − 1).

Proof. Using the Hölder inequality, we see that (14.57) implies (14.54). The de-
sired results now follow from Theorem 14.27 and Proposition 14.11(ii) (see also
Remark 14.4). 
�

We now consider analogues of these results for f ∈ (D′
T ∩L1,loc)(Br,+∞), r � 0.

Theorem 14.28. Let r � 0, f ∈ (D′
T ∩ L1,loc)(Br,+∞), and assume that rela-

tion (14.54) holds for some α ∈ R
1, β � 0, and ξ > r(T ). Then

aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0,

provided that |Im λ| < −β. The same is true if |Im λ| = −β, λ �= 0, and η �
α−(n−1)/2. In addition, if β = 0, then a0,η,k,j (T , f ) = 0 for η � (α+1−n−k)/2
and b0,η,k,j (T , f ) = 0 for η � (α − 1 + k)/2. Next, if the condition

lim inf
R→+∞

1

Rα log R

∫

U(R,ξ)

|f (x)| dx = 0 (14.58)
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holds instead of (14.54), then b0,η,k,j (T , f ) = 0, provided that n is even and 2η �
max {n − 2 + 2k, k − 1 − α}.
Proof. No change is required in the proof of Theorem 14.27. 
�
Remark 14.5. Assumption (14.54) in Theorem 14.28 cannot be replaced by (14.55).
Similarly, assumption (14.58) cannot be replaced by

∫

U(R,ξ)

|f (x)| dx = O
(

Rα log R
)

as R → +∞.

We can make sure of this by considering the function of the form

f = c1Φλ,η,k,j + c2Ψλ,η,k,j (14.59)

for proper c1, c2 ∈ C. Thus, all the assertions in Theorem 14.28 are precise.

Remark 14.6. The proof of Corollary 14.7 shows that all the assumptions of The-
orem 14.28 remain valid for f ∈ (D′

T ∩ Lp,loc)(Br,+∞), p ∈ [1,+∞), provided
that (14.54) and (14.58) are replaced by (14.57) and the condition

lim inf
R→+∞ R(n−1)(p−1)−αp(log R)−p

∫

U(R,ξ)

|f (x)|p dx = 0,

respectively.

For the rest of the section, we assume that O is a ζ domain in R
n with ζ = r(T )

such that R
n\O is a nonempty bounded set. Theorem 14.28 enables us to obtain

some precise uniqueness results for the class (D′
T ∩ L1,loc)(O).

Theorem 14.29. Let ξ > r(T ) and ΘT = +∞. Then the following assertions hold.

(i) If f ∈ (D′
T ∩ L1,loc)(O) and (14.56) is satisfied for all γ < 0, then f = 0.

(ii) For each γ < 0, there exists a nonzero function fγ ∈ C∞
T (O) such that

fγ (x) = O
(

eγ |x|) as x → ∞. (14.60)

Proof. Concerning part (i), first observe that f = 0 in Br,+∞ for each r > 0 such
that R

n\O ⊂ Br (see Theorem 14.28 and Proposition 14.11(ii)). Applying now
Theorem 14.2(i), we arrive at (i).

To prove (ii) it is enough to consider the function fγ (x) = f (x − x0), where
x0 ∈ R

n\O, and f is defined by (14.59) with c1 = 1, c2 = i, λ ∈ ZT , Im λ > −γ

(see Proposition 9.4). 
�
Theorem 14.30. Let ξ > r(T ), ΘT = 0, and 0 ∈ ZT . There holds

(i) If f ∈ (D′
T ∩ L1,loc)(O) and (14.54) is fulfilled for all α < 0 and β = 0, then

f = 0.
(ii) For any α < 0, there is nonzero fα ∈ C∞

T (O) such that fα(x) = O(|x|α) as
x → ∞.
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Proof. As in proving Theorem 14.29(i), the first item follows by Theorems 14.28
and 14.2(i) and Proposition 14.11(ii). To show (ii) it is enough to regard the func-
tion fα(x) = Ψ0,0,k,j (x − x0), where x0 ∈ R

n\O and n + k − 2 + α > 0 (see
Proposition 9.4). 
�
Theorem 14.31. Let ξ > r(T ) and ΘT = |Im λ| for some λ ∈ ZT . Then we have
the following assertions.

(i) If f ∈ (D′
T ∩L1,loc)(O) and (14.54) holds with α = (n− 1)/2, β = −ΘT , then

f = 0, provided that ΘT > 0. The same is true if ΘT = 0 and 0 �∈ ZT .
(ii) There exists a nonzero function f ∈ C∞

T (O) satisfying (14.55) with α = (n −
1)/2 and β = −ΘT .

We note that the first assertion of this theorem fails in general with ξ ∈ (0, r(T ))

(see V.V. Volchkov [225], Part III, Remark 3.2).

Proof of Theorem 14.31. Part (i) is a direct consequence of Theorems 14.28 and
14.2(i) and Proposition 14.11(ii). Next, let f be defined by (14.59) with c1 = 1,
c2 = i, η = k = 0, λ ∈ ZT , and |Im λ| = ΘT . Then f satisfies all the requirements
of (ii) (see Proposition 9.4). Hence the theorem. 
�
Theorem 14.32. Let ξ > r(T ) and |Im λ| < ΘT < +∞ for all λ ∈ ZT . There
holds

(i) If f ∈ (D′
T ∩ L1,loc)(O) and (14.56) holds for all γ > −ΘT , then f = 0.

(ii) For each γ > −ΘT , there exists nonzero fγ ∈ C∞
T (O) satisfying (14.60).

Proof. This is just a repetition of the proof of Theorem 14.29. 
�
As another consequence of Theorem 14.28, we shall now obtain an analog of

Corollary 14.7(i), (ii).

Corollary 14.8.

(i) If ZT ⊂ R
1 and 0 �∈ ZT , then (D′

T ∩ Lp)(O) = {0} provided 1 � p � 2n/

(n − 1). The property fails for p > 2n/(n − 1).
(ii) If either 0 ∈ ZT or ZT \R

1 �= ∅ then (D′
T ∩ Lp)(O) �= {0} for each

p ∈ [1,+∞].
Proof. First, assume that ZT ⊂ R

1, 0 �∈ ZT , and p ∈ [1, 2n/(n − 1)]. Then
Remark 14.6 and Proposition 14.11(ii) ensure us that (D′

T ∩ Lp)(Br,+∞) = {0}
for each r � 0. By Theorem 14.2(i) we conclude that (D′

T ∩ Lp)(O) = {0}. In
addition, Remark 14.4 shows that (D′

T ∩ Lp)(Rn) �= {0} for p > 2n/(n − 1). This
completes the proof of (i).

To prove (ii) it is enough to regard the function f (x−x0), where x0 ∈ R
n\O, and

f is defined by (14.59) for proper λ ∈ ZT and c1, c2 ∈ C (see Proposition 9.4). 
�
We now establish the following analog of Theorem 13.23.
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Theorem 14.33. Let {Tν}mν=1 be a family of nonzero distributions in E ′
�(R

n), and let
T = T1 ∗ · · · ∗ Tm, ξ > r(T ). Assume that the set {1, . . . , m} is represented as a
union of disjoint sets A1, . . . , Al such that the sets ∪

ν∈As

ZTν , s = 1, . . . , l, are

also disjoint. Then the following assertions hold.

(i) Let fν ∈ D′
Tν

(Rn), f = ∑m
ν=1 fν ∈ L1,loc(Rn), and suppose that one of as-

sumptions (1) and (2) in Corollary 14.6 is fulfilled for given f and T . Then
∑

ν∈As
fν = 0 for all s ∈ {1, . . . , l}.

(ii) Let rν � 0, r = max1�ν�m rν , Os =⋂ν∈As
Brν,+∞, and let fν ∈ D′

Tν
(Brν,+∞)

and f = ∑m
ν=1 fν ∈ L1,loc(Br,+∞). Assume that one of the following assump-

tions hold:

(1) ΘT = +∞ and (14.56) is satisfied for all γ < 0;
(2) ΘT = 0, 0 ∈ ZT , and (14.54) is fulfilled for all α < 0 and β = 0;
(3) ΘT = |Im λ| > 0 for some λ ∈ ZT , and (14.54) is valid with α = (n−1)/2

and β = −ΘT .
(4) ΘT = Im λ = 0 for some λ ∈ ZT , 0 �∈ ZT , and (14.54) is true with

α = (n − 1)/2 and β = −ΘT .

Then
∑

ν∈As
fν = 0 in Os for each s ∈ {1, . . . , l}.

Proof. (i) By the definitions of f and T we infer that f ∈ D′
T (Rn). Hence, f = 0

because of Corollary 14.6. For s ∈ {1, . . . , l}, we define Fs ∈ D′(Rn) and Φs,Ψs ∈
E ′

�(R
n) by the formulae

Fs =
∑

ν∈As

fν, ˜Φs =
∏

ν∈As

˜Tν, ˜Ψs =
m
∏

ν=1
ν �∈As

˜Tν.

Since f = 0, one has Fs ∈ (D′
Φs

∩ D′
Ψs

)(Rn). Bearing in mind that Z(˜Φs) ∩
Z(˜Ψs) = ∅ and using Proposition 14.13, we see that aλ,η,k,j (Φs, Fs) = 0 for all
λ ∈ ZΦs , η ∈ {1, . . . , n(λ,Φs)}, and k ∈ Z+, j ∈ {1, . . . , d(n, k)}. Because of
Proposition 14.11(ii), this proves (i). Next, there is no difficulty in modifying the
proof of (i) using Theorems 14.29–14.32 and 14.2(i) to obtain (ii). 
�

We end our considerations with the proof of the following result.

Theorem 14.34. Let U be a domain in R
n, let ξ > r(T ), and let Uξ =⋃x∈U Bξ (x).

Assume that f ∈ L1,loc(Uξ ) is a nonzero function in the class D′
T (Uξ ). Then there

exists nonzero w ∈ C∞(U ) with the following properties:

(1) �w + λ2w = 0 in U for some λ ∈ ZT ;
(2) for each r ∈ (r(T ), ξ),

|w(x)| � c

∫

Br(x)

|f (y)| dy, x ∈ U ,

where the constant c > 0 is independent of x.
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Proof. Let ε ∈ (0, ξ − r(T )). According to Theorem 9.9, there exist λ ∈ ZT and
η ∈ {0, . . . , n(λ, T )} such that the convolution F = f ∗ T λ,η is nonzero in the set
⋃

x∈U Bε(x). Then F ∗ϕ is nonzero in U for some ϕ ∈ D(Bε), and (�+λ2)η+1F ∗
ϕ = 0 in U (see Proposition 9.13(i)). Hence, there exists m ∈ {0, . . . , η} such that
the function w = (� + λ2)mF ∗ ϕ is nonzero in U and (1) is satisfied. Taking into
account that w = f ∗ (T λ,η ∗ (� + λ2)mϕ) in U , we see that the property (2) is also
valid. This concludes the proof. 
�

This theorem often allows one to reduce the study of decay conditions for the
class D′

T ∩ L1,loc to the investigation of the same problem for solutions of the
Helmholtz equation.

14.7 Hörmander-Type Approximation Theorems on Domains
Without the Convexity Assumption

The object of this section is to consider the problem of approximation of solutions
of a homogeneous convolution equation by elementary solutions.

Throughout the section O is a nonempty open set in R
n. Suppose that T ∈ E ′(Rn),

T �= 0, and let

OT = {x ∈ R
n : x − y ∈ O when y ∈ supp T

}

.

Notice that OT ⊃ OT for T ∈ E ′
�(R

n) (see (14.1)). If f ∈ D′(O) and OT �= ∅, the

convolution f ∗ T is a well-defined distribution in D′(OT ). We set

NT (O) = {f ∈ C∞(O) : f ∗ T = 0 in OT
}

if OT �= ∅

and NT (O) = C∞(O) if OT = ∅. For the case where T ∈ E ′
�(R

n) and OT �= ∅,
one has NT (O) ⊂ C∞

T (O).
Let O1, O2 be two nonempty subsets of R

n such that O1 ⊂ O2. For each
W ⊂ D′(O2), we shall write W |O1 for the set of the restrictions to O1 of all ele-
ments in W . If W ⊂ D′(O2) (respectively W ⊂ C∞(O2)), denote by spanD′(O1)

W

(respectively spanC∞(O1)
W ) the closure in D′(O1) (respectively C∞(O1)) of the

set of all finite linear combinations of elements in W |O1 . Let ET denote the set of
all exponential solutions of the equation

f ∗ T = 0 in R
n, (14.61)

that is, solutions of the form

f (x) = p(x)ei〈ζ,x〉C , (14.62)

where ζ ∈ C
n, and p is a polynomial. It is not hard to check that if (14.62) holds,
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then (14.61) is equivalent to

((

∂

∂x

)α

p

)(

−i
∂

∂ζ1
, . . . ,−i

∂

∂ζn

)

̂T (ζ ) = 0 for all α ∈ Z
n+

(see the proof of Proposition 14.1).
The following Hörmander’s result shows that for convex O, the set NT (O) coin-

cides with the closed linear span of ET in C∞(O).

Theorem 14.35. If O is convex, then

spanC∞(O)ET = NT (O). (14.63)

For the proof, we refer the reader to Hörmander [126, Theorem 16.4.1] (see also
Napalkov [159, Theorem 20.1]).

The conclusion of Theorem 14.35 may fail if the convexity requirement for O is
dropped. Indeed, let T ∈ E ′(Rn) be defined by the formula

〈T , f 〉 = f (e1) − f (0), f ∈ E
(

R
n
)

,

where e1 = (1, 0, . . . , 0) ∈ R
n. Assume that O = O1 ∪ O2 ∪ O3 where

O1 = {x = (x1, . . . , xn) ∈ R
n : x1 > 1

}

, O2 = {x ∈ R
n : (−x) ∈ O1

}

,

O3 = {x = (x1, . . . , xn) ∈ R
n : |x|2 < 1 + x2

1

}

.

Then (14.63) implies easily that for every f ∈ spanC∞(O)ET , there exists F ∈
C∞(Rn) such that

F |O = f and F(x + e1) = F(x) for all x ∈ R
n. (14.64)

Now define f ∈ C∞(O) by letting f = 0 in O2 ∪ O3 and

f (x) = sin(2πx1)g(x2, . . . , xn) for x ∈ O1,

where g ∈ C∞(Rn−1) is nontrivial, and g = 0 in {x = (x2, . . . , xn) ∈ R
n−1 :

x2
2 + · · · + x2

n � 1}. Obviously, f ∈ NT (O), but f /∈ spanC∞(O)(ET ) since (14.64)
does not hold. Thus, the convexity assumption in Theorem 14.35 is necessary in the
general case.

However, for T ∈ (E ′
� ∩ Inv)(Rn), there exist analogues of Theorem 14.35 that

hold for a broad class of nonconvex O. We shall now consider these results.
For the rest of the section, we assume that T ∈ E ′

�(R
n), T �= 0, and do not

suppose that OT �= ∅. We put C∞
T (O) = C∞(O) if OT = ∅. If A1, A2 are two

nonempty subsets of R
n, we set

dist(A1, A2) = inf {|a1 − a2| : a1 ∈ A1, a2 ∈ A2}.
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Denote by AO the set of all bounded components of connection of R
n\O. For

W ⊂ D′(O) and a ∈ R
n, we set

τaW = {f ∈ D′(O + a) : f (· + a) ∈ W },
where O + a = {x ∈ R

n : x − a ∈ O}. In particular, τaf = f (· − a) for each
f ∈ D′(O). Also, define the families ΦT ⊂ C∞

T (Rn) and ΨT ⊂ C∞
T (Rn\{0}) by

ΦT = {Φλ,η,k,j : λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, k ∈ Z+, j ∈ {1, . . . , d(n, k)}}

and

ΨT = {Ψλ,η,k,j : λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, k ∈ Z+, j ∈ {1, . . . , d(n, k)}}.
Theorem 14.36. Let T ∈ (E ′

� ∩ Inv)(Rn), A O = ∅, Φ ⊂ C∞(Rn), and

spanC∞(BR)Φ = C∞
T (BR) for each R > 0. (14.65)

Then
spanC∞(O)Φ = C∞

T (O). (14.66)

Proof. By assumption on T and Proposition 9.1(iv) there is E ∈ D′
�(R

n) such that

E ∗ T = δ0. (14.67)

Take w ∈ E ′(O) which is orthogonal to Φ and define v = w ∗ E. It follows
by (14.67) that

w = v ∗ T . (14.68)

We shall now need the following auxiliary fact. 
�
Lemma 14.4. Let R > r0(w). Then v = 0 on BR,+∞.

Proof. Let ε ∈ (0, R − r0(w)) and ψ ∈ D�

(

Br(T )+ε). For each x ∈ BR,+∞, one has

τxE ∗ ψ ∗ T = τxψ (14.69)

because of (14.67). Since supp τxψ ⊂ Br(T )+ε(x) ⊂ BR−r(T )−ε,+∞, this yields
τxE ∗ ψ ∈ C∞

T (BR−ε). Appealing to (14.65), we find that

(v ∗ ψ)(x) = 〈w, τxE ∗ ψ〉 = 0.

As ψ is arbitrary, the desired conclusion follows. 
�
Passing to the proof of Theorem 14.36, consider the set

M = {y ∈ R
n\O : v = 0 on Br(T )+ε(y)

}

,

where
0 < ε < dist

(

supp w, R
n\O
)

. (14.70)
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Observe that M is closed and BR+r(T )+ε ∩ (Rn\O) ⊂ M due to Lemma 14.4. We
claim that M is open in R

n\O. Let x ∈ M, y ∈ R
n\O, and |x − y| < ε/2. Then

v = 0 on Br(T )+ε/2(y). In addition, (14.68) and (14.70) allow us to write v ∗ T = 0
on Bε(y). By Theorem 14.2(i), v = 0 in Br(T )+ε(y). Hence, Bε/2(x) ∩ (Rn\O) ⊂
M , proving the claim. According to what has been said above, this gives, by the
assumption about O, that M = R

n\O. Therefore,

supp v ⊂ {x ∈ R
n : dist

(

x, R
n\O
)

� r(T ) + ε
} ⊂ OT .

Combining this with Lemma 14.4, we infer that v ∈ E ′(OT ). We then find, for each
f ∈ C∞

T (O),
〈w, f 〉 = 〈v ∗ T , f 〉 = 〈v, f ∗ T 〉 = 0

(see (14.68)).Thus, every w ∈ E ′(O) which is orthogonal to Φ is also orthogonal
to C∞

T (O). The Hahn–Banach theorem leads to C∞
T (O) ⊂ spanC∞(O)Φ. On the

other hand, if f ∈ Φ, then f ∈ C∞
T (BR) for each R > 0 (see (14.65)). Hence,

Φ ⊂ C∞
T (Rn), and (14.66) must be true. 
�

Corollary 14.9. Let T and O be as assumed in Theorem 14.36. We then have the
following.

(i) spanC∞(O)ET = C∞
T (O).

(ii) spanC∞(O)ΦT = C∞
T (O).

Proof. Part (i) is obvious from Theorems 14.36 and 14.35. Let us prove (ii). If
f ∈ ET and (14.62) is fulfilled, then for each R > 0, the function f can be approxi-
mated in C∞(BR) by linear combinations of elements in ΦT (see Propositions 14.1
and 14.8). Utilizing Theorem 14.35, we see that ΦT satisfies (14.65). Hence, Theo-
rem 14.36 is applicable, and (ii) holds. 
�

It can be shown that the assumption AO �= ∅ in Theorem 14.36 cannot be omit-
ted (see Theorems 14.38–14.40 below). For the case where AO �= ∅, the analog of
Theorem 14.36 goes as follows.

Theorem 14.37. Assume that T ∈ (E ′
� ∩ Inv)(Rn), A O �= ∅, A ⊂ R

n\O, and
A ∩ S �= ∅ for each S ⊂ AO . Let Φ ⊂ C∞(Rn) satisfy (14.65). Suppose that
Ψ ⊂ C∞(Rn\{0}) and

spanC∞(Bε,+∞)(Φ ∪ Ψ ) = C∞
T (Bε,+∞) for all ε > 0. (14.71)

Then

spanC∞(O)

((

⋃

a∈A

τaΨ

)

∪ Φ

)

= C∞
T (O).

Proof. Choose E ∈ D′
�(R

n) such that (14.67) holds. Let w ∈ E ′(O) and

〈w, f 〉 = 0 for all f ∈
(

⋃

a∈A

τaΨ

)

∪ Φ. (14.72)
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Then (14.68) is true with v = w ∗ E. Take ε > 0 satisfying (14.70). Now the
following lemma is needed.

Lemma 14.5. Let a ∈ A. Then v = 0 on Br(T )+ε/2(a).

Proof. Assume that ψ ∈ D�(Bε/2) and y ∈ Br(T )+ε/2(a). Then y = a + x for
some x ∈ Br(T )+ε/2, and (14.69) is valid. As supp τxψ ⊂ Bε/2(x) ⊂ Br(T )+ε, one
obtains τxE ∗ ψ ∈ C∞

T (Bε,+∞). It follows from (14.65) and (14.71) that

τa+xE ∗ ψ ∈ spanC∞(Bε,+∞(a))

(

(τaΦ) ∪ (τaΨ )
) = spanC∞(Bε,+∞(a))

(

Φ ∪ (τaΨ )
)

.

(14.73)
By assumption on a and ε one has w ∈ E ′(Bε,+∞(a)). Having (14.72) in mind, we
conclude from (14.73) that

(v ∗ ψ)(y) = 〈w, τa+xE ∗ ψ〉 = 0.

Again, Ψ being arbitrary, this shown that v must vanish on Br(T )+ε/2(a). 
�
The rest of the proof of Theorem 14.37 proceeds as that of Theorem 14.36, except

that we must use Lemma 14.5 together with Lemma 14.4. 
�
Corollary 14.10. Let T ∈ I(Rn) and assume that O and A satisfy the requirements
in Theorem 14.37. Then

spanC∞(O)

((

⋃

a∈A

τaΨT

)

∪ ΦT

)

= C∞
T (O).

The proof follows at once from Theorems 14.37 and 14.24(ii).
We shall now show that assumptions in Theorems 14.36 and 14.37 cannot be

omitted.
Let U be an open subset of R

n such that A UT
�= ∅ and suppose that S ⊂

A UT
, S �= ∅. It is easy to check that the set

V =
(

⋃

S∈S

S

)

∪ U

is open and

VT =
(

⋃

S∈S

S

)

∪ UT . (14.74)

Theorem 14.38. Let T ∈ (E ′
� ∩ Inv)(Rn), f ∈ D′(U ), and assume that there is a

sequence um ∈ D′
T (V ), m = 1, 2, . . . , such that um → f in D′(U ). Then there

exists a unique F ∈ D′
T (V ) such that F |U = f .

Proof. Let S ∈ S and 0 < 4ε < dist (S\U , (Rn\U )\S) − 2r(T ). For each α � 0,
we set

Xα = {x ∈ R
n : dist (x, S\U ) � α

}

.
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Select fε ∈ D′(U ∪ S) so that fε = f on U \Xε and define Fε = fε ∗ T = 0. Since
f ∈ D′

T (U ), we get

supp Fε ⊂ Xr(T )+ε = {x ∈ R
n : dist (x, S) � ε

}

. (14.75)

Suppose now that h ∈ C∞(Rn) and h ∗ T = 0 in a neighborhood of Xε. Choosing
η ∈ D(Rn) such that η = 1 on Xr(T )+2ε and η = 0 on R

n\Xr(T )+3ε, we deduce that
ηh ∈ D((U ∪ S)T ) and supp (ηh) ∗ T ⊂ X2r(T )+3ε\Xε. Consequently, (ηh) ∗ T ∈
D(U ) and

〈um, (ηh) ∗ T 〉 = 〈um ∗ T , ηh〉 = 0 for all m ∈ N. (14.76)

Taking (14.75) into account, we infer that

〈Fε, h〉 = 〈Fε, ηh〉 = 〈fε, (ηh) ∗ T 〉 = 〈f, (ηh) ∗ T 〉.
By assumption on f this, together with (14.76), yields

〈Fε, h〉 = 0. (14.77)

Next, let E ∈ D′
�(R

n) satisfy (14.67), let ψ ∈ D�(R
n), and suppose that x ∈

R
n\Xr(ψ)+ε. Then δx ∗ E ∗ ψ ∗ T = 0 in a neighborhood of Xε, where δx = τxδ0.

So
(Fε ∗ E ∗ ψ)(x) = 〈Fε, δx ∗ E ∗ ψ〉 = 0

because of (14.77). Since ψ can be chosen arbitrarily, this leads to

supp (Fε ∗ E) ⊂ Xε. (14.78)

Defining gε = fε − Fε ∗ E ∈ D′(U ∪ S), we see from (14.78) that gε = f on
U \Xε. However, it can be verified that gε is independent of ε. In fact, for each
ε′ ∈ (0, ε), one has gε = gε′ on Br(T )+ε(y) if dist (y, S\U ) = r(T ) + 2ε. In
addition, (gε − gε′) ∗ T = 0 on the set

⋃

x∈S

B4ε(x) = {x ∈ R
n : dist (x, S\U ) < r(T ) + 4ε

} ⊂ (U ∪ S)T .

Therefore, gε and gε′ must coincide in view of Theorem 14.2(i). Thus, there exists
a unique F ∈ D′

T (U ∪ S) such that F |U = f . As S ∈ S above was arbitrary, the
validity of the desired result is obvious. 
�

To continue, for each μ ∈ ZT , denote by �μ(O) the set of all f ∈ D′(O)

satisfying the equation

(

� + μ2)n(μ,T )+1
f = 0 on O.

Also let
Lλ(O) =

⋃

μ∈ZT \{λ}
�μ(O), λ ∈ ZT .
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Theorem 14.39. Let λ ∈ ZT , g ∈ �λ(U ), and g �∈ �λ(V )|U . Then

g �∈ spanD′(U )

(

Lλ(U ) ∪ D′
T (V )|U

)

.

Proof. Assume the opposite and consider the mapping K : D′(U ) → D′(UT ) de-
fined by the formula

K(f ) = f ∗ Tλ,0, f ∈ D′(U ).

Corollary 14.3 tells us that K(f ) = 0 if f ∈ �μ(U ) with μ �= λ and K(f ) = f

for f ∈ �λ(U ). As K is continuous from D′(U ) to D′(UT ), one concludes that

g|UT
∈ spanD′(UT )�λ(UT )

(see (14.74) and Theorem 14.35 with T = (�+λ2)n(λ,T )+1δ0). Now Theorem 14.38
yields g ∈ �λ(VT )|U , but this is impossible since VT ∪ U = V . 
�

Our final theorem is a generalization of Proposition 9.3(i).

Theorem 14.40. Suppose that 0 � a < b − 2r(T ) and let HT = (ΦT ∪ ΨT )|Ba,b
.

Then
f �∈ spanD′(Ba,b)

(HT \{f }) for each f ∈ HT .

Proof. The map f → f k,j ∗Tλ,0 is continuous from D′(Ba,b) to D′(Ba+r(T ),b−r(T ))

for all λ ∈ ZT , k ∈ Z+, and j ∈ {1, . . . , d(n, k)}. If μ ∈ ZT and ν ∈ {0, . . . ,

n(μ, T )}, then
Φμ,ν,k,j ∗ Tλ,0 = δμ,λΦμ,ν,k,j

and
Ψμ,ν,k,j ∗ Tλ,0 = δμ,λΨμ,ν,k,j

in view of Proposition 14.11(i). Combining this with Proposition 9.3(i), we arrive at
the desired statement. 
�



Chapter 15
Mean Periodic Functions on G/K

The purpose of this chapter is to present extensions of the results established for
Euclidean space in Chap. 14 to noncompact symmetric spaces X = G/K . These
include uniqueness theorems for mean periodic functions and related questions
(Sects. 15.2–15.4), structure theorems and their applications (Sects. 15.5 and 15.6),
and the finding of sharp growth conditions for mean periodic functions (Sect. 15.7).

If rank X = 1, an exact analog of Theorem 14.2 is valid for the convolution
equation f × T = 0 with T ∈ E ′

�(X). The passage to higher rank of X involves
new features. It turned out that the above result fails in general if T ∈ E ′

�(X) and
rank X � 2. The last circumstance rises the question of describing those T ∈ E ′

�(X)

for which the “correct” generalization of the uniqueness theorem does hold. We
show that the class E ′

��(X) introduced in Part II provides one collection of such
distributions T .

The study of the structure of mean periodic functions on X and finding sharp
growth conditions for them depends heavily on many properties of generalized
spherical functions. The results for symmetric spaces are different from that for
Euclidean spaces (see, for example, Theorems 15.23(i), 14.24(i), and 15.30 and
Corollary 14.7). The main reason for this is the difference in the asymptotic be-
havior of the corresponding elementary spherical functions.

The principal tools in this chapter come from Chap. 10. In addition, we use the
theory developed in Chap. 13.

15.1 Preliminary Results

Throughout Chap. 15 we shall preserve the notation from Chap. 10. In particular, we
assume that G is a noncompact connected semisimple Lie group with finite center,
K ⊂ G is a maximal compact subgroup, and X = G/K is the associated symmetric
space of noncompact type. Furthermore, we suppose that the Riemannian structure
on X is induced by the Killing form in g.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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Let O be a nonempty open subset of X, and let T ∈ E ′
�(X). We set

OT = {x = go ∈ O : g ∈ GO,T }, (15.1)

where
GO,T = {

g ∈ G : g
•
Br(T ) ⊂ O

}

.

Throughout we suppose that T �= 0 and OT �= ∅. If f ∈ D′(O), the convolution
f × T is well defined as a distribution in D′(OT ). The object of this chapter is to
investigate main classes of solutions of the convolution equation

f × T = 0 in OT . (15.2)

Following Sect. 14.1, denote by D′
T (O) the set of all f ∈ D′(O) satisfying

(15.2). Also we put

Cm
T (O) = (

D′
T ∩ Cm

)

(O) for m ∈ Z+ or m = ∞,

CT (O) = C0
T (O), QAT (O) = (

D′
T ∩ QA

)

(O), RAT (O) = (

D′
T ∩ RA

)

(O),

Gα
T (O) = (

D′
T ∩ Gα

)

(O) for α > 0.

If the set O is K-invariant, we define

D′
T ,�(O) = (

D′
T ∩ D′

�

)

(O).

Next, for ψ ∈ E ′(a) with r(ψ) < R � +∞, we write D′
ψ,W (BR) for the set of

all W -invariant f ∈ D′(BR) such that f ∗ ψ = 0. As usual, let Cm
ψ,W (BR) =

(D′
ψ,W ∩ Cm)(BR) for m ∈ Z+ or m = ∞.
In this section we assemble certain preliminary information needed later.

Proposition 15.1.

(i) If f ∈ D′
T (O), then Df ∈ D′

T (O) for each D ∈ D(X).
(ii) Let f ∈ D′

T (O), ψ ∈ E ′
�(X), and assume that OT ×ψ �= ∅. Then f × ψ ∈

D′
T (Oψ).

(iii) Suppose that O is K-invariant and let f ∈ D′(O). Then f ∈ D′
T (O) if and

only if fδ ∈ D′
T (O) for each δ ∈ ̂KM . Next, if rank X = 1, then in order that

f ∈ D′
T (O), it is necessary and sufficient that f δ,j ∈ D′

T (O) for all δ ∈ ̂KM

and j ∈ {1, . . . , d(δ)}.
(iv) Let R > r(T ), δ ∈ ̂KM , and f ∈ D′

δ̌
(BR). Then f ∈ D′

T (BR) if and only if all

the entries of the matrix Aδ(f ) are in the class D′
Λ+(T ),W (BR).

Proof. Parts (i) and (ii) are consequences of the definition of D′
T (O). As for (iii), it

is enough to apply Proposition 10.2(ii), (iii), (10.30), and (10.28). Finally, part (iv)
follows at once from Theorem 10.12(ii), (iii). 
�

We now present analogues of Propositions 14.2 and 14.4.
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Proposition 15.2.

(i) Let T ∈ E ′
��(X), and let p be a polynomial such that the function

◦
T (z)/p(−z2 −

|ρ|2) is entire. Suppose that f ∈ D′(O) and p(L)f = 0 in O. Then f ∈
RAT (O).

(ii) Assume that rank X = 1 and let μ ∈ C, ν ∈ Z+, δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}.
Then

Φμ,ν,δ,j × T =
ν

∑

η=0

(

ν

η

)

μ

◦
T

〈ν−η〉
(μ)Φμ,η,δ,j in X

and

Ψμ,ν,δ,j × T =
ν

∑

η=0

(

ν

η

)

μ

◦
T

〈ν−η〉
(μ)Ψμ,η,δ,j in X\ •

Br(T ).

In particular, if μ ∈ ZT and ν ∈ {0, . . . , n(λ, T )}, then Φμ,ν,δ,j ∈ RAT (X)

and Ψμ,ν,δ,j ∈ RAT (X\{o}).
The proof can be given along the lines of the proof of Proposition 14.2 by using

Theorem 10.7, Corollary 10.2, and Proposition 1.3.

Proposition 15.3. Let T ∈ E ′
��(X), f ∈ D′

T (O), and let λ ∈ ZT . Then the following
statements are valid.

(i) (L + λ2 + |ρ|2)f × Tλ,n(λ,T ) = 0 in OT .
(ii) If λ �= 0 and n(λ, T ) � 1, then

(

L + λ2 + |ρ|2)f × Tλ,n(λ,T )−1 + 2λn(λ, T )f × Tλ,n(λ,T ) = 0 in OT .

(iii) If λ �= 0 and n(λ, T ) � 2, then

(

L + λ2 + |ρ|2)f × Tλ,η + 2λ(η + 1)f × Tλ,η+1

+ (η + 2)(η + 1)f × Tλ,η+2 = 0 in OT

for each η ∈ {0, . . . , n(λ, T ) − 2}.
(iv) If 0 ∈ ZT and n(0, T ) � 1, then

(

L + |ρ|2)f × T0,η + (2η + 2)(2η + 1)f × T0,η+1 = 0 in OT

for all η ∈ {0, . . . , n(0, T ) − 1}.
Proof. Because of (10.174), the desired results readily follow from Proposition 10.18.


�
For the rest of the section, we suppose rank X = 1.

Proposition 15.4. Let R > r(T ), δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and let f ∈
D′

δ,j (BR). Then the following items are equivalent.

(i) f ∈ D′
T (BR).
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(ii) Aδ
j (f ) ∈ D′

T ,�(BR).
(iii) Aδ,j (f ) ∈ D′

Λ(T ),�(−R,R).

Proof. This is immediate from Theorems 10.25(i), (ii) and 10.21(i), (ii). 
�
Next, for 0 < R � +∞, we put

NBR = {x = ny ∈ X : n ∈ N, y ∈ BR}.
Denote by D′

T ,N (BR) the set of all f ∈ D′
T (BR) such that f = F |BR

for some
N -invariant F ∈ D′(NBR). Also we set

Cm
T,N(BR) = (

D′
T ,N ∩ Cm

)

(BR)

for m ∈ Z+ or m = ∞.
Let δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and let f ∈ Cm

δ,j (BR) for some integer m �
s(δ) + 2αX + 3. As we already know from Theorem 10.20, there exists a function
u ∈ Cl(−R,R), l = m − 2αX − 3, such that

∫

K

u
(

h
(

τ−1x
))

eρXh(τ−1x)Y δ
j (τM) dτ = f (x), x ∈ BR, (15.3)

and
(

Dδu
)

(t) = (

Dδu
)

(−t), t ∈ (−R,R).

Proposition 15.5. Let R > r(T ) and assume that f ∈ Cm
δ,j (BR) for some integer

m � s(δ) + 2αX + 3. Also let u ∈ Cl(−R,R), l = m − 2αX − 3, be a solution
of (15.3) such that the function Dδu is even. Then the function

v(x) = (

Dδu
)(

h(x)
)

eρXh(x)

is in the class C
l−s(δ)
T ,N (BR).

Proof. Let ε ∈ (0, R − r(T )) and η ∈ D�(Bε). Putting Q = T × η and w = u×Q,
we have w ∈ C∞(BR−r(T )−ε) and w(nx) = w(x) for all x ∈ BR−r(T )−ε, n ∈ N

(see Proposition 10.1(ii)). In other words,

w(x) = w1
(

h(x)
)

eρXh(x), x ∈ BR−r(T )−ε, (15.4)

for some w1 ∈ C∞(−R + r(T ) + ε, R − r(T ) − ε). Relation (15.3) yields
∫

K

w
(

τ−1x
)

Y δ
j (τM)dτ = (f × Q)(x) = 0 (15.5)

for each x ∈ BR−r(T )−ε. Owing to Theorems 6.3, 10.7, and 10.1, there exists an
even function w2 ∈ D(R1) such that supp w2 ⊂ [−ε − r(T ), ε + r(T )] and

〈

w2, eizt 〉 = ◦
Q(z) = 〈

Q, e(iz+ρX)h(x)
〉

, z ∈ C.
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One has, since z ∈ C is arbitrary,

〈w2, u(t + ξ)〉 = 〈

Q,u
(

h(x) + ξ
)

eρXh(x)
〉

for each ξ ∈ (−R + r(T ) + ε, R − r(T ) − ε). Setting ξ = h(ao), a ∈ A, by the
definition of w1 and Proposition 10.1(iv) we obtain

w1
(

h(ao)
) = 〈

w2, u
(

t + h(ao)
)〉 = 〈

Q,u
(

h(ax)
)

eρXh(x)
〉

. (15.6)

In view of (15.6), the function Dδw1 is even. Now it follows from (15.4), (15.5),
and Corollary 10.5 that Dδw1 = 0 on (−R + r(T ) + ε, R − r(T ) − ε). Then (15.6)
implies that v ∈ C

l−s(δ)
Q (BR−ε). As η ∈ D�(Bε) is arbitrary, this, together with

Proposition 10.1(ii), proves the required statement. 
�
Corollary 15.1. Assume that R > r(T ) and u ∈ D′

Λ(T ),�(−R,R). Then the distrib-

ution u(h(x))eρXh(x) is in the class D′
T ,N (BR).

Proof. Owing to Theorem 6.1, it is enough to consider the case u ∈ C∞(−R,R).
By Proposition 15.4 and Corollary 10.6, Bδ,j (u) ∈ C∞

T (BR) for all δ ∈ ̂KM and
j ∈ {1, . . . , d(δ)}. Using now Theorem 10.23, Lemma 10.3, and Proposition 15.5,
we arrive at the desired result. 
�

The following result describes the class D′
T (O) for the case where r(T ) = 0.

Proposition 15.6. Let r(T ) = 0 and suppose that O is connected and K-invariant.
Let f ∈ D′(O). Then f ∈ D′

T (O) if and only if for all δ ∈ ̂KM and j ∈
{1, . . . , d(δ)}, the following relation holds:

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,δ,jΦλ,η,δ,j + bλ,η,δ,jΨλ,η,δ,j ,

where aλ,η,δ,j , bλ,η,δ,j ∈ C, and bλ,η,δ,j = 0, provided that o ∈ O. In addition,
if f ∈ D′

T (O), then the coefficients aλ,η,δ,j and bλ,η,δ,j are determined uniquely
by f .

Proof. Thanks to Proposition 10.15, equation (15.2) can be rewritten as

∏

λ∈ZT

(

L + λ2 + ρ2
X

)n(λ,T )+1
f = 0 in O.

This, together with Corollary 10.2 and Proposition 10.4, brings us to the desired
result (see Helgason [123], Chap. 3, the proof of Theorem 11.2). 
�

Analogues of the previous proposition for r(T ) > 0 can be found in Sect. 15.6.
We would like to end this section with the following analog of Proposition 14.9.

Proposition 15.7. Let δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and let E be an infinite subset

of C such that E ∩ Z(
◦
T ) = ∅ and (−z) ∈ E for each z ∈ E. Assume that O
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is bounded, connected, and K-invariant. Suppose that
•
Br(T )+ε(x) ⊂ O for some

ε > 0, x ∈ X. Also let f ∈ (D′
T ∩ D′

δ,j )(O), and let

U = {

x ∈ X : •
Bε(x) ⊂ O

}

.

Then for each m ∈ Z+ there exists g ∈ (Cm
T ∩ D′

δ,j )(U ) such that p(L)g = f

in U for some polynomial p. Moreover, all the zeroes of the polynomial q(z) =
p(−z2 − ρ2

X) are simple, and Z(q) ⊂ E.

Proof. It is not difficult to adapt the argument in the proof of Proposition 14.9 to
show that there exists F ∈ Cm

δ,j (U ) such that p(L)F = f in U for some polynomial

p satisfying Z(q) ∩ Z(q ′) = ∅, Z(q) ⊂ E, where q(z) = p(−z2 − ρ2
X) (see

Theorem 10.21). Once we have Propositions 15.6 and 15.2(ii), we can finish the
proof arguing in the same way as in the proof of Proposition 14.9. 
�

15.2 Uniqueness Problem. Features for Higher Ranks

Let T ∈ E ′
�(X), T �= 0, and assume that O is a domain in X such that OT �= ∅.

In this section we shall study the uniqueness problem for distributions of the class
D′

T (O) vanishing on some open subsets of O. It is natural to assume that O is a ζ

domain with ζ = r(T ) (see Definition 1.1).

Theorem 15.1. Let T ∈ E ′
��(X), r(T ) > 0, and let O be a ζ domain in X with

ζ = r(T ) such that
•
Br(T ) ⊂ O. Assume that f ∈ D′

T (O) and f = 0 in Br(T ). Then
the following assertions hold.

(i) If f = 0 in Br(T )+ε for some ε > 0, then f = 0 in O. The same is true with
r(T ) = 0.

(ii) If f ∈ C∞
T (O), then f = 0 in O.

(iii) If T = T1 +T2 where T1 ∈ (E ′
�� ∩ D)(X), T2 ∈ E ′

��(X), and r(T2) < r(T ), then
f = 0 in O.

(iv) If O = X and T /∈ Inv+(X), then f = 0 in O.
(v) Assume that O = X and T = T1 × T2 where T1, T2 ∈ E ′

��(X), r(T2) > 0 and

inf
λ∈ZT2

Im λ

log(2 + |λ|) > 0.

Also let f be a distribution of finite order. Then f = 0 in O.

Proof. It is enough to prove statements (i)–(iii) of Theorem 15.1 for the case where
O = BR , R ∈ (r(T ),+∞] (see Definition 1.1). In addition, it is easy to deduce
the first assertion of Theorem 15.1 from its second assertion with the help of the
standard smoothing method.
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To prove (ii), suppose that δ ∈ ̂KM . By (10.18) and Proposition 15.1(iii) we
obtain

fδ = 0 in Br(T )

and fδ ∈ C∞
T (O). Using now Theorem 10.12(iii) and Proposition 15.1(iv), we see

that every matrix entry of Aδ(fδ) is in the class D′
Λ+(T ),W (BR) and

Aδ(fδ) = 0 in Br(T ).

Taking into account that Aδ(fδ) ∈ C∞(BR, Hom(Vδ, V
M
δ )) (see Theorem 10.12(iv)),

we deduce from Theorem 14.2(ii) that Aδ(fδ) = 0 in BR . Owing to Theo-
rem 10.12(iii), this yields

fδ = 0 in BR.

Combining this with Proposition 10.2(iii), we have f = 0 in BR , as contended.
The proof of (iii)–(v) is similar to that of (ii), the only change being that instead

of Theorem 14.2(ii) we now use Theorems 14.2(iii), 14.4, and 10.12(v). This com-
pletes the proof of Theorem 15.1. 
�

The following results show that the assumptions in Theorem 15.1 cannot be con-
siderably weakened.

Theorem 15.2.

(i) Let T ∈ Inv+(X) with r(T ) > 0. Then there exists nonzero f ∈ D′
T (X) such

that f = 0 in Br(T ). In addition, for each ε ∈ (0, r(T )), there exists nonzero
fε ∈ C∞

T (X) such that
fε = 0 in Br(T )−ε.

(ii) Let T ∈ M(X), r(T ) > 0 and assume that R ∈ (r(T ),+∞). Then for each
m ∈ Z+, there exists nonzero f ∈ Cm

T (BR) such that f = 0 in Br(T ). Moreover,
if

nλ

◦
(T ) + Im λ

log(2 + |λ|) → 0 as λ → ∞, λ ∈ ZT , (15.7)

then the same is valid with R = +∞.
(iii) If r > 0 and ε ∈ (0, r), then there exists nonzero T ∈ E ′

��(X) such that

supp T ⊂ •
Br , T /∈ Inv+(X), and

{

f ∈ C∞
T (X) : f = 0 in Br−ε

} �= 0. (15.8)

(iv) For each m ∈ Z+, there exist nonzero functions T ∈ (N ∩ Cm)(X) and
f ∈ Cm

T (X) such that f = 0 in Br(T ).

Proof. To prove (i) and (ii), first assume that rank X � 2. Let T ∈ Inv+(X),
R ∈ (r(T ),+∞), and m ∈ Z+. Theorems 14.7(i), (ii) and 14.8(iii) show that there
exists nonzero ψ ∈ D′

Λ+(T ),W (a) such that

ψ = 0 in Br(T ).
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Moreover, if T ∈ M(X), then ψ ∈ Cm(BR) and the same is true with R = +∞,
provided that (15.7) holds. Now define

f = A
−1(ψ).

By Proposition 15.1(iv) and Theorem 10.14(iii), (iv) we conclude that f is a nonzero
distribution in the class D′

T ,�(X) such that f = 0 in Br(T ) and f ∈ Cm(BR).
In addition, if (15.7) holds, then f ∈ Cm(X). Next, let ε ∈ (0, r(T )). Choose
ηε ∈ D�(Bε) so that the function

fε = f × ηε

is nonzero. Then fε ∈ C∞
T (X) and fε = 0 in Br(T )−ε. Consequently, assertions (i)

and (ii) are established provided that rank X � 2. The proofs of (i) and (ii) for the
rank one case follow from the results in Sect. 15.4 (see Theorem 15.6).

Turning to (iii), let T1 ∈ M(X), supp T1 ⊂ •
Br−ε/2, Z(

◦
T 1) ⊂ R

1, and nλ(
◦
T ) = 1

for all λ ∈ ZT . By (ii), there exists nonzero f ∈ CT1(X) such that f = 0 in Br(T ).
Assume now that w1, w2 ∈ (E ′

�� ∩ D)(X), supp w1 ⊂ Bε/2, supp w2 ⊂ Bε/2, and
the function f × w2 is nonzero. Setting

T = T1 × w1,

we see that

T ∈ (

E ′
�� ∩ D

)

(X), supp T ⊂ •
Br, f × w2 ∈ C∞

T (X),

and
f × w2 = 0 in Br−ε/2.

Thus, T /∈ Inv+(X), and (15.8) holds (see Theorem 10.7).
To prove (iv) it is enough to consider T ∈ (N ∩ Cm)(X) with ZT ⊂ R

1 and
apply (ii). This concludes the proof of Theorem 15.2. 
�
Remark 15.1. Examining the above proof, we see that if rank X � 2, then for each
m ∈ Z+, the function f in assertion (ii) can be chosen K-invariant. This statement is
no longer valid in the rank one case (see Theorem 15.4(ii) below). The assumptions
on T in (i) and (ii) cannot be omitted (see assertion (iii) of Theorem 15.1).

We shall now show that if rank X � 2, then the statements of Theorem 15.1 fail
in general with T ∈ D�(X), T �= 0.

Theorem 15.3. Assume that rank X � 2. Then there exists a nonzero function
T ∈ D�(X) with the following property: for each R > 0, there exists nonzero
K-invariant f ∈ C∞

T (X) such that f = 0 in BR .

Proof. Applying Theorem 14.6 with n = rank X, we conclude that there exists
a nonzero W -invariant function ψ ∈ D(a) with the following property: for any
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R > 0, there exists nonzero gR ∈ C∞
ψ,W (a) such that gR = 0 in BR . We define

T ∈ D�(X) by
Λ+(T ) = ψ

(see (10.103)). Then T �= 0, and for every R > 0, the nonzero K-invariant func-
tion f = A−1(gR) is in the class C∞

T (X) (see Proposition 15.1(iv) and Theo-
rem 10.14(iv)). In order to complete the proof, one need only remark that f = 0 in
BR by Theorem 10.14(iii). 
�

15.3 Refinements for the Rank One Case

For the rest of Chap. 15, unless otherwise stated, we assume that rank X = 1. For
ν ∈ Z, we set Mν

� (X) = (Mν ∩ E ′
�)(X) (see Sect. 1.2).

We now state and prove the following refinement of Theorem 15.1 for the rank
one case.

Theorem 15.4. Let ν,m ∈ Z, m � max{0, 2[(1 − ν)/2]}, T ∈ Mν
� (X), and let

R > r(T ) > 0. Also let f ∈ D′
T (BR) and assume that f = 0 in Br(T ). Then the

following assertions hold.

(i) If f ∈ L
1,loc
m (BR), then f δ,j = 0 in BR for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}

such that s(δ) � m + ν + 1.
(ii) If f ∈ Cm(BR), then f δ,j = 0 in BR for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}

such that s(δ) � m + ν + 2.

We point out that assumptions of this theorem in the general case cannot be
weakened (see Theorem 15.7 below). In addition, by the definition of Mν(X), The-
orem 10.7, Remark 10.1, and Proposition 10.15 we see that for each T ∈ E ′

�(X),
there exists ν ∈ Z such that T ∈ Mν

� (X).
To prove Theorem 15.4 we require three further lemmas.

Lemma 15.1. Let T ∈ M0
� (X), R > r(T ) > 0 and suppose that

◦
T ∈ L2(R1).

Assume that v ∈ CT,N(BR) and v = 0 in Br(T ). Then v = 0 in BR .

Proof. By assumption on v, there exists u ∈ C(−R,R) such that

v(x)e−ρXh(x) = u
(

h(x)
)

in BR

(see Proposition 10.1(ii)). Next,

◦
T (z) = 〈

T , e(iz+ρX)h(x)
〉 = 〈

ψ, eizt 〉, z ∈ C,

where ψ = Λ(T ) ∈ (L2 ∩ E ′
�)(R

1) and r(ψ) = r(T ). We have, since z ∈ C is
arbitrary,

∫ r(T )

−r(T )

ψ(t)u(t + ξ) dt = 〈

T , u
(

h(x) + ξ
)

eρXh(x)
〉

(15.9)



496 15 Mean Periodic Functions on G/K

for each ξ ∈ (−R + r(T ), R − r(T )). Bearing in mind that v ∈ CT (BR) and
using (15.9) with ξ = h(ao), a ∈ A, by Proposition 10.1(iv) we find

∫ ζ

0
u
(

t + r(T )
)

ψ
(

ζ − r(T ) − t
)

dt = 0

for 0 � ζ < min{2r(T ), R − r(T )}. Because r(ψ) = r(T ), this, together with
Titchmarsh’s theorem (see Corollary 6.1), implies that

u = 0 on
(

r(T ), min{3r(T ), R}).
The desired result is now obvious from Theorem 15.1(i) and the definition of u. 
�
Lemma 15.2. Let T ∈ M0

� (X), R > r(T ) > 0, let f ∈ (D′
T ∩ L

1,loc
� )(BR), and

assume that f = 0 in Br(T ). Then f = 0 in BR .

Proof. We define a sequence of functions fq ∈ L
1,loc
� (BR), q = 1, 2, . . . as follows.

For q � 2, let

gq(t) =
∫ t

0

1

AX(ξ)

∫ ξ

0
gq−1(η)AX(η) dη dξ, t ∈ [0, R), (15.10)

where the function g1 : [0, R) → C is defined by g1(d(o, x)) = f (x). We set

fq(x) = gq

(

d(o, x)
)

, q = 1, 2, . . . .

By (15.10), for each q,
fq = 0 in Br(T ). (15.11)

In addition, if q � 2, then fq ∈ C2q−3(BR) and

Lfq = fq−1 in BR (15.12)

(see (10.16)). Using induction on q, we see from (15.12) and Proposition 15.6 that
fq ∈ D′

T (BR) for all q (see the proof of Lemma 14.1).
Next, there exists T1 ∈ (C ∩ E ′

�)(X) such that

r(T1) = r(T ),
◦
T 1 ∈ L2(

R
1), and p(L)T1 = T

for some polynomial p. Choose q ∈ N so that the function F = p(L)fq is in

the class C
2αX+3
T1

(BR). According to Theorem 10.20, there is an even function u ∈
C(−R,R) such that

∫

K

u
(

h
(

τ−1x
))

eρXh(τ−1x) dτ = F(x), x ∈ BR. (15.13)

Letting
v(x) = u

(

h(x)
)

eρXh(x),
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we see from (15.11), (15.13), and Corollary 10.5 that v = 0 in Br(T ). Furthermore,
thanks to Proposition 15.5, v ∈ CT1,N (BR). Applying Lemma 15.1, we deduce
from (15.13) that v = F = 0 in BR . In view of the ellipticity of the operator p(L),
relations (15.11) and (15.12) now give f = 0 in BR , as we wished to prove. 
�
Lemma 15.3. Let T ∈ Mν

� (X) for some ν ∈ {0, 1}, and let R > r(T ) > 0. Assume
that f ∈ D′

T (BR) and f = 0 in Br(T ). Then assertions (i) and (ii) of Theorem 15.4
hold.

Proof. First, assume that f ∈ L
1,loc
m (BR) for some m ∈ Z+. Let ε ∈ (0, R − r(T )),

η ∈ D�(BR), and let η = 1 in BR−ε. Suppose that δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}.
By (10.27) and Proposition 15.1(iii) we conclude that

(f η)δ,j ∈ D′
T (BR−ε) and (f η)δ,j = 0 in Br(T ).

Assume now that s(δ) � m + ν + 1. For convenience, we put

(f η)δ,j = u.

By Proposition 15.4 we have Aδ
j (u) ∈ D′

T (BR−ε) and Aδ
j (u) = 0 in Br(T ) (see

Lemma 10.6(i)). According to Proposition 10.16(iv), this yields

p(L)
(

Bδ
j (u) × T

) = 0 in BR−ε−r(T )

and
p(L)Bδ

j (u) = 0 in Br(T )

for some polynomial p of degree s(δ). Then by Proposition 15.6 there exists ϕ ∈
RA�(X) such that p(L)ϕ = 0 in X and ϕ = Bδ

j (u) in Br(T ). Putting

v = Bδ
j (u) − ϕ, w = v × T ,

we obtain
v = 0 in Br(T ) (15.14)

andp(L)w = 0 in BR−ε−r(T ). By Theorem 10.26(i) we infer that v ∈L
1,loc
m+s(δ)(BR−ε).

If s(δ) = 0, then by (15.14) and Lemma 15.2 we have v = 0 in BR−ε.
Now suppose that s(δ) � 1. Since s(δ) � m + ν + 1, we see that v ∈

L
1,loc
2s(δ)−1(BR−ε). Then the definition of Mν(X) and relation (15.14) yield

(

Lqw
)

(0) = 0 for all q = 0, . . . , s(δ) − 1.

This, together with Proposition 15.6, implies that w = 0 in BR−ε−r(T ). As before,
by Lemma 15.2 we find that v = 0 in BR−ε. In view of Proposition 10.16(iv), we
have

Aδ
j (u) = p(L)Bδ

j (u) = p(L)v = 0 in BR−ε.
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Lemma 10.6(i) now gives u = 0 in BR−ε. Taking into account that u = f δ,j in
BR−ε, we obtain, since ε ∈ (0, R − r(T )) was arbitrary, f δ,j = 0 in BR . Thus,
assertion (i) of Theorem 15.4 holds for ν ∈ {0, 1}. The proof of assertion (ii) is
similar to that of (i), the only change being that instead of Theorem 10.26(i) we now
use Theorem 10.26(ii). Lemma 15.3 is thereby established. 
�
Proof of Theorem 15.4. Let δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, ε ∈ (0, R − r(T )), and let
u be defined as Lemma 15.3. Then by assumption on f and Proposition 15.1(iii) we
deduce u = 0 in Br(T ) and u ∈ D′

T (BR−ε). In order to conclude the proof of the
theorem, it is sufficient to repeat the arguments in the proof of Theorem 14.1 using
Lemmas 15.3 and 10.7, Corollary 10.4, and the definition of Mν(X). 
�

We recall from Theorem 10.7 that for each T ∈ E ′
�(X) the following estimate

holds:
∣

∣

◦
T (z)

∣

∣ � γ1(1 + |z|)γ2 er(T )|Im z|, z ∈ C, (15.15)

where γ1 > 0 and γ2 ∈ R
1 are independent of z. The value of γ2 in (15.15) and

Remark 10.1 allow us come to a conclusion on a character of smoothness of T .
As a consequence of Theorem 15.4, we obtain the following statement.

Corollary 15.2. Let T ∈ E ′
�(X), R > r(T ) > 0, and let

f ∈ Cm
T (BR) for some integer m � max

{

0, 2
[

(2αX + 5 − [−γ2])/2
]}

,

where γ2 ∈ R
1 is the constant from estimate (15.15). Assume that f = 0 in Br(T ).

Then f δ,j = 0 in BR for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)} with s(δ) � m− 2αX −
2 + [−γ2].
Proof. We set ν = −2αX−4+[−γ2]. Taking (15.15) and Remark 10.1 into account,
by (10.73) we have T ∈ Mν(X). Using now Theorem 15.4(ii), we get the required
result. 
�

Our goal in the rest of this section is to present another refinement of Theo-
rem 15.1(ii). For r > 0, let

S+
r =

{

x ∈ Sr : d

dt

(

d(atx, o)
)

∣

∣

∣

∣

t=0
� 0

}

.

We note that aro ∈ S+
r and a−ro /∈ S+

r . In addition,

mx ∈ S+
r for all m ∈ M, x ∈ S+

r .

The set S+
r is an analog of a hemisphere for the space X (see (2.11), (2.30), (2.43),

and (2.62)).

Theorem 15.5. Let T ∈ E ′
�(X), r(T ) > 0, let O be a ζ domain in X with ζ = r(T )

containing the ball
•
Br(T ), and let f ∈ D′

T (O). Assume that f = 0 in Br(T ) and
f ∈ C∞(O1) for some open subset O1 of O such that S+

r(T ) ⊂ O1. Then f = 0
in O.
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We point out that the set S+
r(T ) in this theorem cannot be decreased in general

(see Remark 15.2 below).

Proof of Theorem 15.5. It is enough to consider the case where O = BR for some
R > r(T ). First, assume that T ∈ (E ′

� ∩ Cm)(X), where m = 2αX + 1. For λ ∈ ZT

and η ∈ {0, . . . , n(λ, T )}, we set

F = f × T λ,η,

where T λ,η is defined by (10.175). Owing to Remark 10.1 and (10.75), T λ,η ∈
(E ′

� ∩ C)(X), r(T λ,η) = r(T ), and

(

L + λ2 + ρ2
X

)η+1
F = 0 in BR−r(T ). (15.16)

Let O2 ⊂ X be an open set such that S+
r(T ) ⊂ O2 and the closure of O2 is contained

in O1. By the definition of S+
r(T ),

d

dt

(

d(atx, o)
)

∣

∣

∣

∣

t=0
< 0 for all x /∈ S+

r(T )
.

Hence, there exists ε0 > 0 such that d(atx, o) < r(T ) for all x ∈ Sr(T ) \ O2,
t ∈ (0, ε0).

Let U ⊂ K be an open neighborhood of the unity in K such that kS+
r(T ) ⊂ O2

for each k ∈ U . According to what has been said above, for some ε1 ∈ (0, ε0), we
can write

F(kato) =
∫

Br(T )

T λ,η(x)f (katx) dx, k ∈ U , t ∈ (0, ε1).

By assumption on f this yields

lim
t→+0

(

d

dt

)ν

F (kato) = 0, k ∈ U , ν ∈ Z+. (15.17)

In view of the ellipticity of the operator (L + λ2 + ρ2
X)η+1 and (15.16), we have

F ∈ RA(BR−r(T )). Thus, (15.17) implies that

F(kato) = 0 for all k ∈ U , t ∈ (0, ε1).

Therefore, F = 0 in BR−r(T ). This, together with Theorem 10.28, gives f = 0
in BR .

Let us now consider the general case. By Theorem 10.7 and (10.73) there ex-
ists T1 ∈ (E ′

� ∩ C2αX+1)(X) such that r(T1) = r(T ) and p(L)T1 = T for some
polynomial p. Then

p(L)f ∈ D′
T1

(

BR

)

, p(L)f = 0 in Br(T1),
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and p(L)f ∈ C∞(O1). The above arguments show that p(L)f = 0 in BR . Since
f = 0 in Br(T ), the desired result is now obvious from the ellipticity of the operator
p(L). 
�
Corollary 15.3. Let T ∈ E ′

�(X), r(T ) > 0, and let p(L)T = 0 in Br(T ) for some
nonzero polynomial p. Assume that R > r(T ) and ε ∈ (0, R − r(T )). Then the
following statements are valid.

(i) If f ∈ D′
T (BR), f = 0 in Br(T )−ε,r(T ), and f ∈ C∞(O), where O is an open

subset of BR such that S+
r(T ) ⊂ O, then f = 0 in Br(T )−ε,r(T )+ε.

(ii) If f ∈ C∞
T (BR) and f = 0 in Br(T ),r(T )+ε, then f = 0 in Br(T )−ε,r(T )+ε.

Proof. There is no difficulty in modifying the proof of Corollary 14.2 using The-
orems 15.5, 15.1(ii), 10.25(i), (vii), and Proposition 15.1(iii) to obtain the desired
result. 
�
Remark 15.2. Let T ∈ Inv+(X) with r(T ) > 0. The example

f (x) = ζ ′
Λ(T )

(

h(x)
)

eρXh(x), x ∈ X,

shows that
{

f ∈ D′
T ,N (X) : f = 0 in NBr(T )

} �= {0} (15.18)

(see Corollary 15.1 and Proposition 8.20(i), (ii), (v)). However, we cannot replace
D′

T ,N (X) in (15.18) by CT,N(X) (see Lemma 15.1).

15.4 Counterexamples to the Uniqueness Problem

In this section we show that the assertions of Theorem 15.4 cannot be refined in the
general case.

Let T ∈ Inv+(X). Following Sect. 14.3, for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)},
we define the distribution ζT ,δ,j by letting

ζT ,δ,j = −A
−1
δ,j

(

ζ ′
Λ(T )

)

. (15.19)

In the case where δ is an identity representation, we have j = 1 and write ζT ,triv
instead of ζT ,δ,j . Now we state a result similar to Theorem 14.7.

Theorem 15.6. If T ∈ Inv+(X), then the following assertions hold.

(i) ζT ,δ,j ∈ (D′
T ∩ D′

δ,j )(X) and Aδ
j (ζT ,δ,j ) = ζT ,triv.

(ii) If r(T ) > 0, then ζT ,δ,j = 0 in Br(T ) and Sr(T ) ⊂ supp ζT ,δ,j .
(iii) If R > r(T ), x ∈ X, u ∈ E ′

�(X), and ζT ,δ,j × u = 0 in BR(x), then

u = T × v

for some v ∈ E ′
�(X).
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(iv) If T ∈ M(X), then

ζT ,δ,j =
n(0,T )
∑

η=0

a
0,0
2(n(0,T )−η)(

◦
T )

(2η)! Φ0,η,δ,j

+ 2
∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

a
λ,η

n(λ,T )

( ◦
T

)

(ηΦλ,η−1,δ,j + λΦλ,η,δ,j ), (15.20)

where the series converges in D′(X), and the first sum is set to be equal to zero
if 0 /∈ ZT .

(v) If T ∈ M(X), m ∈ Z+, and R ∈ (0,+∞), then there exists σ = σ(m,R, T )

> 0 such that ζT ,δ,j ∈ Cm(BR), provided that s(δ) > σ . In addition, if

n(λ, T ) + Im λ

log(2 + |λ|) → 0 as λ → ∞, λ ∈ ZT ,

then the same is true with R = +∞.

Proof. The arguments are quite parallel to the proof of Theorem 14.7 except that
we now use Theorems 10.21, 10.25, 15.1, and Proposition 10.7(i). 
�

To go further, for r > 0, we define the distribution δSr ∈ E ′
�(X) by the formula

〈δSr , u〉 =
∫

K

u(kato) dk, t = κr, u ∈ E (X)

(see Sect. 10.1). Also we set

χBr (x) =
{

1 if x ∈ Br,

0 if x ∈ X\Br.

We shall now investigate ζT ,δ,j in greater detail in the cases where T = δSr and
T = χBr .

Theorem 15.7. Let r > 0, and let δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Then the follow-
ing results are true.

(i) If T = δSr , then ζT ,δ,j ∈ L
p,loc
s(δ)−2(X), provided that s(δ) � 2, p ∈ [1,+∞), and

ζT ,δ,j ∈ Cs(δ)−3(X) for s(δ) � 3.

(ii) If T = χBr then ζT ,δ,j ∈ L
p,loc
s(δ)−3(X), provided that s(δ) � 3, p ∈ [1,+∞), and

ζT ,δ,j ∈ Cs(δ)−4(X) for s(δ) � 4.

Proof. First, we assume that T = δSr . Then by (10.137), (10.71), and Theorem 10.3
we find ◦

T (z) = ϕ
(ξ,η)
λ (κr), z ∈ C, (15.21)
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where ξ = αX, η = βX, λ = z/κ . Because of Proposition 7.6(i), all the zeros of
◦
T

are real, simple, and 0 /∈ Z(
◦
T ). So (15.20) can be written

ζT ,δ,j =
∞
∑

m=1

2λm

◦
T

′
(λm)

Φλm,0,δ,j , (15.22)

where {λ1, λ2, . . . } is the sequence of all positive zeros of
◦
T numbered in the as-

cending order. Using now (15.21), Proposition 7.4, and Proposition 7.6(ii), we see
that

◦
T

′
(λm)

λm

= c(−1)mm−αX−3/2 + O
(

m−αX−5/2) as m → ∞, (15.23)

where the constant c �= 0 is independent of m. Combining this with Theorem 10.3
and Propositions 7.2(ii), and 7.4, we infer that for R > r and s(δ) � 3, se-
ries (15.22) converges in Cs(δ)−3(

•
BR\Br/2). In particular, ζT ,δ,j ∈ Cs(δ)−3(X) for

s(δ) � 3 (see Theorem 15.6(ii)).
To continue, let us assume that s(δ) � 2 and x = kato ∈ X\Br/2, where k ∈ K

and at ∈ A (see (10.22)). Then

(

d

dt

)s(δ)−2

ζT ,δ,j (x) =
(

u1(t)

∞
∑

m=1

(−1)m

m
cos

(

πmt

r

)

+ u2(t)

∞
∑

m=1

(−1)m

m
sin

(

πmt

r

)

+ u3(t)

)

Y δ
j (kM),

where u1, u2, u3 ∈ C(rκ/2,+∞) (see (15.23) and Proposition 10.5). Bearing in
mind that for t ∈ (−π, π),

∞
∑

m=1

(−1)m

m
cos mt = log(2 + 2 cos t)

and ∞
∑

m=1

(−1)m

m
sin mt = −t,

we see that ζT ,δ,j ∈ L
p,loc
s(δ)−2(X\Br/2) for p ∈ [1,+∞). According to Theo-

rem 15.6(ii), this proves part (i).
Let us prove (ii). Since T = χBr , we conclude from (10.15), (10.57), and Theo-

rem 10.3 that ◦
T (z) =

∫ r

0
ϕ

(αX,βX)
z/κ (κt)AX(t) dt, z ∈ C.

This, together with (10.14) and Proposition 7.2(iii), yields
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◦
T (z) = cϕ

(αX+1,βX+1)
z/κ (κr), z ∈ C, (15.24)

where the constant c > 0 is independent of z. The rest of the proof of (ii) is
quite similar to that of (i), the only change being that instead of (15.21) we now
use (15.24). 
�

It can be shown that δsr ∈ M0
� (X) and χBr ∈ M1

� (X) for any r > 0. Thus,
Theorem 15.7 shows that the assertions of Theorem 15.4 are precise.

To conclude we give an analog of Theorem 14.10.

Theorem 15.8. Let T ∈ Inv+(X), r(T ) > 0, δ ∈ ̂KM , and j ∈ {1, . . . , d(δ)}. Then
the following statements are valid.

(i) If 0 < r � r(T ) < R � +∞ and f ∈ (D′
T ∩ D′

δ,j )(BR), then in order that
f = 0 in Br , it is necessary and sufficient that

f = ζT ,δ,j × U in BR (15.25)

for some U ∈ E ′
�(X) with supp U ⊂ •

Br(T )−r .
(ii) If R ∈ (r(T ),+∞] and f ∈ (C∞

T ∩ D′
δ,j )(BR), then (Df )(o) = 0 for each

differential operator D if and only if relation (15.25) is fulfilled for some U ∈
D�(X) with supp U ⊂ •

Br(T ).

This theorem can be proved in the same way as Theorem 14.10 with attention to
Theorems 10.21 and 15.6.

15.5 Generalized Spherical Functions Series

The aim of this section is to obtain symmetric space analogues of results from
Sect. 14.4. Throughout the section we assume that T ∈ E ′

�(X), T �= 0, and that
O is a K-invariant domain in X such that the set OT is nonempty (see (15.1)).

Let

λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, δ ∈ ̂KM, j ∈ {1, . . . , d(δ)}.
For each f ∈ D′

T (O), we define the coefficients aλ,η,δ,j (T , f ) and bλ,η,δ,j (T , f ) as
follows. Using Proposition 15.1(iii) and Proposition 10.18, we conclude that f δ,j ∈
(D′

T ∩ D′
δ,j )(O) and

(

L + λ2 + ρ2
X

)n(λ,T )+1(
f δ,j × Tλ,0

) = 0 in OT .

According to Propositions 15.6 and 10.15, there exist constants aλ,η,δ,j (T , f ),
bλ,η,δ,j (T , f ) ∈ C such that
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f δ,j × Tλ,0 =
n(λ,T )
∑

η=0

aλ,η,δ,j (T , f )Φλ,η,δ,j + bλ,η,δ,j (T , f )Ψλ,η,δ,j in OT

(15.26)
and bλ,η,δ,j (T , f ) = 0, provided that o ∈ O.

Let us now investigate main properties of the coefficients aλ,η,δ,j (T , f ) and
bλ,η,δ,j (T , f ). First of all, we note that for these coefficients, the analogues of prop-
erties (14.25)–(14.30) hold (see Proposition 10.4).

The following results are analogues of Propositions 14.10–14.12.

Proposition 15.8.

(i) If ν ∈ {0, . . . , n(λ, T )} and f ∈ D′
T (O), then

f δ,j × Tλ,ν =
n(λ,T )−ν

∑

μ=0

(

ν + μ

ν

)

λ

(

aλ,ν+μ,δ,j (T , f )Φλ,μ,δ,j

+ bλ,ν+μ,δ,j (T , f )Ψλ,μ,δ,j

)

in OT .

(ii) Let fm ∈ D′
T (O), m = 1, 2, . . . , and assume that fm → f in D′(O) as

m → ∞. Then aλ,η,δ,j (T , fm) → aλ,η,δ,j (T , f ) and bλ,η,δ,j (T , fm) →
bλ,η,δ,j (T , f ) as m → ∞.

(iii) Let f ∈ D′
T (O), u ∈ E ′

�(X), and let OT ×u �= ∅. Then

aλ,η,δ,j (T , f × u) =
n(λ,T )
∑

ν=η

aλ,ν,δ,j (T , f )

(

ν

η

)

λ

◦
u

〈ν−η〉
(λ)

and

bλ,η,δ,j (T , f × u) =
n(λ,T )
∑

ν=η

bλ,ν,δ,j (T , f )

(

ν

η

)

λ

◦
u

〈ν−η〉
(λ).

In particular, for each polynomial p,

aλ,η,δ,j

(

T , p(L)f
) =

n(λ,T )
∑

ν=η

aλ,ν,δ,j (T , f )

(

ν

η

)

λ

q〈ν−η〉(λ)

and

bλ,η,δ,j

(

T , p(L)f
) =

n(λ,T )
∑

ν=η

bλ,ν,δ,j (T , f )

(

ν

η

)

λ

q〈ν−η〉(λ),

where q(z) = p(−z2 − ρ2
X).

Proof. For the case where n(λ, T ) = 0, part (i) is obvious from (15.26). If
n(λ, T ) > 0, we can prove (i) by induction on ν using Theorem 10.4 and Proposi-
tion 15.3. Next, applying (i) repeatedly for ν = n(λ, T ), . . . , 0 and taking (10.27)
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into account, we obtain part (ii). Finally, (iii) follows by (15.26), (10.30), and Propo-
sition 15.2(ii). 
�
Proposition 15.9.

(i) If μ ∈ ZT and ν ∈ {0, . . . , n(μ, T )}, then

aλ,η,δ,j (T ,Φμ,ν,δ,j ) = δλ,μδη,ν

and
bλ,η,δ,j (T ,Φμ,ν,δ,j ) = 0.

If, in addition, o /∈ O, then

aλ,η,δ,j (T , Ψμ,ν,δ,j ) = 0

and
bλ,η,δ,j (T , Ψμ,ν,δ,j ) = δλ,μδη,ν .

(ii) Assume that δ ∈ ̂KM and j ∈ {1, . . . , d(δ)} are fixed, and let aλ,η,δ,j (T , f ) =
bλ,η,δ,j (T , f ) = 0 for all λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}. Then f δ,j = 0
in O.

(iii) If o ∈ O, f ∈ Cm
T (O), m = ord T + 4αX + 6 + s(δ), then

aλ,η,δ,j (T , f ) = 〈Tλ,η,δ,j , f 〉.
Proof. Relation (15.26), together with Proposition 15.2(ii) and (10.179), easily im-
plies (i). Assertion (ii) is evident from Proposition 15.8(i) and Theorem 10.28. To
prove (iii) it is sufficient to repeat the arguments in the proof of Proposition 14.11
using Theorem 10.25(i), (vi) and (10.181). 
�
Proposition 15.10. Let f ∈ D′

T (O), and let

T = (

L + λ2
1 + ρ2

X

)s1 · · · (L + λ2
l + ρ2

X

)slQ,

where Q ∈ E ′
�(X), s1, . . . , sl ∈ N, and {λ1, . . . , λl} is a set of distinct complex

numbers in ZT . Then r(Q) = r(T ), sm � n(λm, T ) + 1 for all m ∈ {1, . . . , l}, and
the distribution

g = f −
l

∑

m=1

n(λm,T )
∑

η=n(λm,T )+1−sm

aλm,η,δ,j (T , f )Φλm,η,δ,j + bλm,η,δ,j (T , f )Ψλm,η,δ,j

is in D′
Q(O). In addition, if λ ∈ ZQ, then n(λ,Q) � n(λ, T ) and

aλ,η,δ,j (Q, g) = aλ,η,δ,j (T , f ),

bλ,η,δ,j (Q, g) = bλ,η,δ,j (T , f )

for all η ∈ {0, . . . , n(λ,Q)}.
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Proof. There is no difficulty in modifying the proof of Proposition 14.12 using The-
orem 10.7, (10.179), (10.177), Proposition 15.2, and Proposition 10.17(iv) to obtain
the desired result. 
�

To continue, let f ∈ D′
T (O). We recall from Sect. 10.2 that the Fourier series

f =
∑

δ∈̂KM

d(δ)
∑

j=1

f δ,j (15.27)

unconditionally converges to f in D′(O). We now associate with each distribution
f δ,j the series

f δ,j ∼
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,δ,j (T , f )Φλ,η,δ,j + bλ,η,δ,j (T , f )Ψλ,η,δ,j . (15.28)

Theorem 15.9.

(i) If f ∈ D′
T (O) and the series in (15.28) converges in D′(O), then its sum coin-

cides with f δ,j .
(ii) Let f ∈ D′(O) and assume that for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)},

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,δ,jΦλ,η,δ,j + βλ,η,δ,jΨλ,η,δ,j , αλ,η,δ,j , βλ,η,δ,j ∈ C,

where βλ,η,δ,j are set to be equal to zero if o ∈ O, and the series converges in
D′(O). Then f ∈ D′

T (O) and

αλ,η,δ,j = aλ,η,δ,j (T , f ), βλ,η,δ,j = bλ,η,δ,j (T , f ).

The proof follows from Proposition 15.8(ii) and Proposition 15.9(i), (ii) (see the
proof of Theorem 13.9).

We now establish some convenient estimates of the coefficients aλ,η,δ,j (T , f )

and bλ,η,δ,j (T , f ).

Theorem 15.10. Assume that r(T ) > 0. Then the following assertions hold.

(i) Let f ∈ D′
T (O), and let p be a polynomial. Then there exists c1 > 0 indepen-

dent of f such that for all λ ∈ ZT , |λ| > c1, the following estimates hold:

max
0�η�n(λ,T )

|aλ,η,δ,j (T , f )| � c2

|p(−λ2 − ρ2
X)| max

0�η�n(λ,T )

∣

∣aλ,η,δ,j

(

T , p(L)f
)∣

∣,

max
0�η�n(λ,T )

|bλ,η,δ,j (T , f )| � c2

|p(−λ2 − ρ2
X)| max

0�η�n(λ,T )

∣

∣bλ,η,δ,j

(

T , p(L)f
)∣

∣

with the constant c2 > 0 independent of λ, f .
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(ii) Suppose that R ∈ (r(T ),+∞], m ∈ Z+, and let f ∈ C2m
T (BR). Then there

exist c3, c4, c5, c6 > 0 independent of f,m such that for all λ ∈ ZT , |λ| > c3,

max
0�η�n(λ,T )

|aλ,η,δ,j (T , f )|

� σλ

( ◦
T

)

cm+1
4 |λ|c5−2m

(∫

Br(T )

∣

∣Lm
(

f δ,j
)

(x)
∣

∣ dx + cm
6 c7

)

,

where c7 > 0 is independent of m, λ.
(iii) Let f ∈ D′

T (X) and assume that ord f < +∞. Then for each α > 0,

|aλ,η,δ,j (T , f )| � σλ

( ◦
T

)

(2 + |λ|)c8c
n(λ,T )
9 n(λ, T )!e−α Im λ,

where c8, c9 > 0 are independent of λ, η.

The proof of this theorem is similar to that of Theorem 14.12, the only change
being that we now use Propositions 15.8, 15.10, 10.5 and (10.29), (10.180).

Corollary 15.4. Let R ∈ (r(T ),+∞]. Then the following statements are valid.

(i) Let f ∈ D′
T (BR). Then

|aλ,η,δ,j (T , f )| � (2 + |λ|)c1σλ

( ◦
T

)

.

where c1 > 0 is independent of λ, η. In particular, if T ∈ M(X), then

|aλ,η,δ,j (T , f )| � (2 + |λ|)c2 ,

where c2 > 0 is independent of λ, η.

(ii) If T ∈ M(X) and f ∈ C∞
T (BR), then for each α > 0,

|aλ,η,δ,j (T , f )| � c3(2 + |λ|)−α,

where c3 > 0 is independent of λ, η.
(iii) If α > 0, T ∈ Gα(X), r(T ) > 0, and f ∈ C∞

T (BR) ∩ Gα(
•
Br(T )), then

|aλ,η,δ,j (T , f )| � c4 exp
(−c5|λ|1/α

)

,

where c4, c5 > 0 are independent of λ, η.

(iv) If T ∈ M(X), r(T ) > 0, and f ∈ C∞
T (BR) ∩ QA(

•
Br(T )), then

max
0�η�n(λ,T )

|aλ,η,δ,j (T , f )| � Mq,δ,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, where the constants Mq,δ,j > 0 are independent
of λ, and

∞
∑

ν=1

1

infq�ν M
1/2q
q,δ,j

= +∞. (15.29)
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(v) Let T ∈ E(X), f ∈ D′
T (X), and suppose that f is of finite order in X. Then for

each α > 0,
|aλ,η,δ,j (T , f )| � c6e−α Im λ,

where c6 > 0 is independent of λ, η.

Proof. No change is required in the proof of Corollary 14.4 except that we now
apply Proposition 15.7, (10.26), and Theorem 15.10. 
�
Theorem 15.11. Let r(T ) > 0 and assume that

0 � r < r ′ < R′ < R � +∞, R′ − r ′ = 2r(T ). (15.30)

Let m ∈ Z+ and suppose that f ∈ C2m
T (Br,R). Then there exist c1, c2, c3, c4, c5 > 0

independent of f,m such that for all λ ∈ ZT , |λ| > c1,

max
0�η�n(λ,T )

(|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )|)

� σλ

( ◦
T

)

cm+1
2 |λ|c3(n(λ,T )+1)−2mec4(Im λ+1)(n(λ,T )+1)

×
(

cm
5 c6 +

∫

Br′,R′

∣

∣Lm
(

f δ,j
)

(x)
∣

∣ dx

)

,

where c6 > 0 is independent of m, λ.

Proof. Take k ∈ K such that Y δ
j (kM) �= 0 and select at0 ∈ A so that t0 > 0 and

at0o ∈ S(r ′+R′)/2. Suppose that t ∈ R
1 and at+t0o ∈ Br,R , and define

uλ,η(t) = Φλ,η,δ,j (kat+t0o), vλ,η(t) = Ψλ,η,δ,j (kat+t0o),

where λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}. For the rest of the proof, now it is possible
to adapt the arguments in the proof of Theorem 14.13 (see (10.65), (10.68), (7.26),
and (6.1)). 
�
Corollary 15.5. Assume that (15.30) is satisfied. Then the following results are true.

(i) Let f ∈ D′
T (Br,R). Then

|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )| � ec1(1+Im λ+log(1+|λ|))(n(λ,T )+1)σλ

( ◦
T

)

,

where c1 > 0 is independent of λ, η. In particular, if T ∈ N(X), then

|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )| � (2 + |λ|)c2 ,

where c2 > 0 is independent of λ, η.
(ii) If T ∈ N(X) and f ∈ C∞

T (Br,R), then for each α > 0,

|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )| � c3(2 + |λ|)−α,

where c3 > 0 is independent of λ, η.
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(iii) If α > 0, T ∈ Oα(X), and f ∈ C∞
T (Br,R) ∩ Gα(

•
Br ′,R′), then

|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )| � c4 exp
(−c5|λ|1/α

)

,

where c4, c5 > 0 are independent of λ, η.
(iv) If T ∈ N(X) and f ∈ C∞

T (Br,R) ∩ QA(
•
Br ′,R′), then

max
0�η�n(λ,T )

(|aλ,η,δ,j (T , f )| + |bλ,η,δ,j (T , f )|) � Mq,δ,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, where the constants Mq,δ,j > 0 are independent of
λ and satisfy (15.29).

The proof depends on Theorem 15.11 and Proposition 15.6.
Analogs of Theorems 14.14 and 14.15 run as follows.

Theorem 15.12. Let U be a K-invariant compact subset of O such that
•
Br(T )(x) ⊂

U for some x ∈ X. Let f ∈ C∞
T (O) and assume that there exist α > 0 and β � 0

such that

lim inf
q→+∞ α−2qq−β

∫

U

∣

∣

(

L + ρ2
X

)q
f (x)

∣

∣ dx = 0.

Then
aλ,η,δ,j (T , f ) = bλ,η,δ,j (T , f ) = 0,

provided that |λ| > α, and the same is valid when |λ| = α and η � β. In particular,
if α � minλ∈ZT

|λ| and β = 0, then f = 0.

This is optimal as, for example,

f = c1Φλ,η,δ,j + c2Ψλ,η,δ,j , c1, c2 ∈ C

shows (see Propositions 10.7(iii) and 10.8(iii)). Theorem 15.12 follows at once from
Theorems 15.10(ii) and 15.11 and the argument used to prove Theorem 14.14.

Theorem 15.13. Let T ∈ E ′
�(X), T �= 0, and let (10.186) hold. Assume that 0 �

r < R � +∞ and

f =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,ηΦλ,η,δ,j + bλ,ηΨλ,η,δ,j in Br,R,

where aλ,η, bλ,η ∈ C, and properties (10.190) and (10.191) are valid with cλ,η =
aλ,η, bλ,η. If f = 0 in Br1,r2 for some r1 > r , r2 < R, r1 < r2, then aλ,η = bλ,η = 0
for all λ, η.

Proof. The proof of this theorem is similar to that of Theorem 14.15, the change be-
ing that we now use Theorems 10.22, 10.21(ii), and 15.9(ii) and Propositions 10.7(ii)
and 10.8(ii). 
�
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Finally, we mention the following analog of Propositions 13.8 and 14.13 which
will be used in the sequel.

Proposition 15.11. Let H ∈ E ′
�(X), H �= 0, and R = r(T ) + r(H). Assume that

λ ∈ ZT , n(λ, T ) > n(λ,H), and η ∈ {n(λ,H) + 1, . . . , n(λ, T )}, where the
number n(λ,H) is set to be equal to −1 if λ �∈ ZH . Then the following assertions
hold.

(i) If
•
BR(x) ⊂ O for some x ∈ X and f ∈ (D′

T ∩ D′
H )(O), then

aλ,η,δ,j (T , f ) = bλ,η,δ,j (T , f ) = 0. (15.31)

(ii) If BR(x) ⊂ O for some x ∈ X and f ∈ C∞
T (O∪B0,+∞)∩C∞

H (O), then (15.31)
holds.

(iii) If BR(x) ⊂ O for some x ∈ X, H ∈ D�(X), and f ∈ D′
T (O∪B0,+∞)∩D′

H (O),
then (15.31) is satisfied.

This result is proved similarly to Propositions 13.8 and 14.13 by using Proposi-
tion 15.8(iii) and Theorem 15.1(i).

15.6 Structure Theorems and Their Applications

In this section we shall obtain a very utilitarian description for some classes of
solutions of convolution equations.

The following is an analog of Theorem 14.16.

Theorem 15.14. Let T ∈ Inv+(X), R ∈ (r(T ),+∞], and f ∈ D′(BR). Then
f ∈ D′

T (BR) if and only if for all δ ∈ ̂KM , j ∈ {1, . . . , d(δ)},

f δ,j = ζT ,δ,j × uδ,j in BR

for some uδ,j ∈ E ′
�(X) with supp uδ,j ⊂ •

Br(T ).

The proof of this theorem copies the proof of Theorem 14.16, but instead of the
mapping Ak,j we now use Aδ,j .

Theorem 15.15. Let T ∈ M(X) and R ∈ (r(T ),+∞].
(i) If f ∈ D′(BR), then for f to belong to D′

T (BR), it is necessary and sufficient
that for all δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, the following relation holds:

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,δ,jΦλ,η,δ,j , (15.32)

where αλ,η,δ,j ∈ C, and the series converges in D′(BR).
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(ii) Let f ∈ C∞(BR). Then f ∈ C∞
T (BR) if and only if for all δ ∈ ̂KM and

j ∈ {1, . . . , d(δ)}, decomposition (15.32) holds with the series converging in
E (BR).

(iii) Let f ∈ D′
δ,j (BR) for some δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Then f ∈

QAT (BR) if and only if relation (15.32) is satisfied with the series converg-
ing in E (BR),

max
0�η�n(λ,T )

|αλ,η,δ,j | � Mq,δ,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, and the constants Mq,δ,j > 0 are independent of λ

and satisfy (15.29).

The proof follows from Proposition 10.23, Corollary 15.4, and Theorem 15.9.
In combination with Proposition 10.23, Corollary 15.4, and Theorem 15.9, this

theorem shows that for T ∈ M(X), the class (D′
T ∩ D′

δ,j )(BR) coincides with the
set of series of the form (15.32), where the coefficients αλ,η,δ,j increase no faster
than a positive power of |λ|. Similarly, (C∞

T ∩ D′
δ,j )(BR) is just the set of series of

the form (15.32) where

max
0�η�n(λ,T )

|αλ,η,δ,j | = O
(|λ|−σ

)

as λ → ∞ (15.33)

for each fixed σ > 0.
We shall now show that the assumption on T in Theorem 15.15(i), (ii) cannot be

omitted.

Theorem 15.16. For δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, the following assertions hold.

(i) Let T ∈ E ′
�(X), T �= 0, and assume that there is a sequence {λm}∞m=1 ⊂ ZT

such that

lim
m→∞

Im λm

log(2 + |λm|) = +∞. (15.34)

Then there exist constants αλ,η,δ,j ∈ C (λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}) satisfy-
ing (15.33) and such that the series in (15.32) is not convergent in D′(BR) for
each R > 0.

(ii) For any function β : C → R
1+ satisfying the condition limz→∞ β(z) = +∞,

there exists T ∈ E ′
�(X) with the following properties:

(1) Z(
◦
T ) ⊂ R

1, and
∣

∣

◦
T

′
(λ)

∣

∣ � (2 + |λ|)−β(λ) (15.35)

for all λ ∈ Z(
◦
T );

(2) for every R ∈ (r(T ),+∞], there is f ∈ C∞
T (BR) for which f δ,j cannot be

presented as series (15.32) converging in D′(BR).
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Proof. To prove (i) we define αλ,η,δ,j for λ ∈ ZT and η ∈ {0, . . . , n(λ, T )} as
follows. Let

αλ,η,δ,j = exp
(−√

Im λ log(2 + |λ|))

if λ = λm for some m ∈ N and η = 0. Otherwise we set αλ,η,δ,j = 0. Rela-
tion (15.34) shows that αλ,η,δ,j satisfy (15.33) for each fixed σ > 0. Assume that
the series in (15.32) with αλ,η,δ,j as above converges in D′(BR) for some R > 0.
Then the series

∑

λ∈ZT

αλ,0,δ,j cos λt (15.36)

converges in D′(−R,R) (see Theorem 10.21(iv), (vii)). Using now [225, Part III,
the proof of Theorem 1.5(i)], we have a contradiction. Hence, the desired conditions
hold for given αλ,η,δ,j .

Turning to (ii), let us consider a function β : C → R
1+ such that limz→∞ β(z) =

+∞. For m ∈ N and z ∈ C, we set

εm = 1

3
exp

(−√

β(m) log m
)

,

μ(z) =
∞
∏

m=1

(

1 − z2

(m + εm)2

)

.

If c > 0 is large enough, then there is T ∈ E ′
�(X) such that

◦
T (z) = cμ(z)(sin πz)/z

and (15.35) is satisfied (see [225, Part III, the proof of Theorem 1.5] and Theo-

rem 10.7). We note that Z(
◦
T ) ⊂ R

1 and define

f =
∞
∑

m=1

ε
−1/2
m (Φm,0,δ,j − Φm+εm,0,δ,j ). (15.37)

Using (10.66), it is easy to verify that series (15.37) converges in E (X). Thus, f =
f δ,j , and by virtue of Proposition 15.2(ii), we have f ∈ C∞

T (X). Assume now that
for some R ∈ (r(T ),+∞] and αλ,η,δ,j ∈ C, equality (15.32) holds, where the
series converges in D′(BR). Then series (15.36) converges in D′(−R,R) in view
of Theorem 10.21(iv), (vii). This, however, contradicts [225, Part III, the proof of
Theorem 1.5(ii)]. Thus, T possesses the properties (1) and (2). Hence the theorem.


�
Theorem 15.17.

(i) Let α > 0, T ∈ Gα(X), R ∈ (r(T ),+∞], and f ∈ C∞(BR) ∩ Gα(
•
Br(T )).

Then f ∈ C∞
T (BR) if and only if for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)},

equality (15.32) is satisfied with the series converging in E (BR).
(ii) Let T ∈ E(X), f ∈ D′(X), and assume that f is of finite order in X. Then

f ∈ D′
T (X) if and only if for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, relation (15.32)

holds with the series converging in E (X). In particular, if f ∈ D′
T (X), then

f δ,j ∈ C∞
T (X) for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}.
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The proof immediately follows from Theorem 15.9, Corollary 15.4, and Propo-
sition 10.23.

We have, just as in Sect. 14.5, the following consequence.

Theorem 15.18. Let T ∈ Inv+(X), R > r(T ), and let δ ∈ ̂KM and j ∈
{1, . . . , d(δ)}. Then for each f ∈ (D′

T ∩ D′
δ,j )(BR), there exists a unique F ∈

(D′
T ∩ D′

δ,j )(X) such that F = f in BR . Moreover, if f ∈ M(X), then the follow-
ing results are true.

(i) If f ∈ C∞(BR), then F ∈ C∞(X).
(ii) If f ∈ QA(BR), then F ∈ QA(X).

The proof proceeds as that of Theorem 14.19 except that we now apply Theo-
rem 15.15, Proposition 10.23, Theorem 15.14, and Theorem 15.1(i).

For the case where T ∈ Gα(X) and α > 0, the first part of Theorem 15.18, with
corresponding changes, is also valid (see Remark 14.2, Theorem 15.17(i), Proposi-
tion 10.23, and Corollary 15.4(iii)).

Next, suppose that T ∈ E ′
�(X), R > r(T ) > 0, and f ∈ (C∞

T ∩ C∞
δ,j )(BR) for

some δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Then it follows by Proposition 15.4(ii) and
Theorem 10.25(v) that

〈

T , Aδ
j

(

Lνf
)〉 = 0 for all ν ∈ Z+. (15.38)

Therefore, for r(T ) > 0, Theorem 15.18 can be refined by the following way.

Theorem 15.19. Let T ∈ E ′
�(X), r(T ) > 0, δ ∈ ̂KM , and j ∈ {1, . . . , d(δ)}.

Assume that f ∈ C∞
δ,j (

•
Br(T )) and that (15.38) is fulfilled. Then the following asser-

tions hold.

(i) If T ∈ M(X), then there is a unique F ∈ (C∞
T ∩ C∞

δ,j )(X) such that F = f in
•
Br(T ). Moreover, if f ∈ QA(

•
Br(T )), then F ∈ QAT (X).

(ii) Let α > 0, T ∈ Gα(X), and f ∈ Gα(
•
Br(T )). Then there exists a unique F ∈

(Gα
T ∩ C∞

δ,j )(X) such that F = f in
•
Br(T ).

The proof follows from Corollaries 10.10, 10.11, 15.4, Proposition 10.23, and
Theorems 15.9 and 10.29.

The following results show that the assumption on T in the previous theorem
cannot be considerably relaxed.

Theorem 15.20. Let T ∈ E ′
�(X), T �= 0, R > r(T ), and suppose that

sup
λ∈ZT

n(λ, T ) + Im λ

log(2 + |λ|) = +∞.

Then for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, there exists f ∈ (C∞
T ∩ D′

δ,j )(BR) such
that if ε > 0 and F ∈ D′

δ,j (BR+ε), then F |BR
�= f .
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Proof. We can imitate the proof of Theorem 14.21 (see Proposition 15.4 and Corol-
lary 10.6). 
�
Theorem 15.21. Let α > 0, T ∈ E ′

�(X), T �= 0, and

sup
λ∈ZT

Im λ

(1 + |λ|)1/α
= +∞.

Then for all δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and R > r(T ), there is f ∈ (C∞
T ∩

Gα)(BR) such that if ε > 0 and F ∈ D′
δ,j (BR+ε), then F |BR

�= f .

The proof is similar to that of Theorem 14.21 except that we now apply Corol-
lary 10.7.

Theorem 15.22. There exists T ∈ D�(X) such that the following assertions hold.

(i) r(T ) > 0, Z(
◦
T ) ⊂ R

1, and n(λ, T ) = 0 for all λ ∈ ZT .
(ii) For all δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, and R > r(T ), there exists f ∈ (C∞

T ∩
D′

δ,j )(BR) such that if ε > 0 and F ∈ D′
δ,j (BR+ε), then F |BR

�= f .

The proof is identical to that of Theorem 14.22 (see Sect. 10.8).
Let us pass to analogs of Theorems 15.15 and 15.17(i) for a spherical annulus.

Theorem 15.23. Let T ∈ E ′
�(X), T �= 0, and assume that (15.30) holds. Then the

following statements are valid.

(i) Let T ∈ N(X) and f ∈ D′(Br,R). Then f ∈ D′
T (Br,R) if and only if for all

δ ∈ ̂KM and j ∈ {1, . . . , d(δ)},

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,δ,jΦλ,η,δ,j + βλ,η,δ,jΨλ,η,δ,j , (15.39)

where αλ,η,δ,j , βλ,η,δ,j ∈ C, and the series converges in D′(Br,R).
(ii) Let T ∈ N(X) and f ∈ C∞(Br,R). Then f ∈ C∞

T (BR) if and only of for all
δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, decomposition (15.39) holds with the series
converging in E (Br,R).

(iii) Let α > 0, T ∈ Oα(X), and f ∈ C∞(Br,R)∩Gα(
•
Br ′,R′). Then f ∈ C∞

T (Br,R)

if and only if for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, equality (15.39) holds with
the series converging in E (Br,R).

(iv) Let T ∈ N(X) and suppose f ∈ D′
δ,j (Br,R) for some δ ∈ ̂KM and j ∈

{1, . . . , d(δ)}. Then f ∈ QAT (Br,R) if and only if equality (15.39) is satisfied
with the series converging in E (Br,R),

max
0�η�n(λ,T )

(|αλ,η,δ,j | + |βλ,η,δ,j |) � Mq,δ,j (1 + |λ|)−2q

for all λ ∈ ZT and q ∈ N, and the constants Mq,δ,j > 0 are independent of λ

and satisfy (15.29).
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The proof follows from Theorem 15.9, Corollary 15.5, and Propositions 15.2,
10.23, and 10.24.

Theorem 15.24. Let T ∈ N(X), 0 � r < R � +∞, R − r > 2r(T ), and assume
that δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Then for each f ∈ (D′

T ∩ D′
δ,j )(Br,R), there

exists a unique F ∈ (D′
T ∩ D′

δ,j )(X\{o}) such that F = f in Br,R and the following
assertions hold.

(i) If f ∈ C∞(Br,R), then F ∈ C∞(X \ {o}).
(ii) If r ′ and R′ satisfy (15.30) and f ∈ C∞(Br,R) ∩ QA(

•
Br ′,R′), then F ∈ QA(X \

{o}).
The proof follows from Theorems 15.23, 15.9, and 15.1(i) and Propositions 10.23

and 10.24 (see the proof of Theorem 14.25).
Using Theorem 15.23(iii), we can also get the analog of Remark 14.3 for

T ∈ Oα(X).
We conclude this section with the following theorem on a removable singularity

for some classes of solutions of convolution equation.

Theorem 15.25. Let T ∈ N(X), R ∈ (2r(T ), +∞], and let f ∈ (D′
T ∩ D′

δ,j )(BR)

for some δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Assume that 0 < α < β < R and
β − α > 2r(T ). Then the following assertions are true.

(i) If f ∈ C∞(Bα,β), then f ∈ C∞(BR).
(ii) If f ∈ QA(Bα,β), then f ∈ QA(BR).

Proof. We can essentially use the same arguments as in the proof of Theorem 14.26.
However, we now apply Theorems 15.15(i), 15.23, and 15.9 and Propositions 10.23
and 10.24. 
�

15.7 Sharp Growth Estimates. Comparing with Eigenfunctions
of the Laplacian

Assume that T ∈ E ′
�(X), T �= 0, and let f ∈ L1,loc(X) be a nonzero function

satisfying the equation
(f × T )(x) = 0, x ∈ X. (15.40)

In this section we shall show that f cannot decrease rapidly at infinity. Moreover,
we shall investigate precise assumptions on the behavior of f at infinity under
which (15.40) implies that f = 0.

According to results in Sect. 15.5, we can associate with each function f δ,j the
series in the right-hand side of (15.28) where bλ,η,δ,j (T , f ) = 0. The following re-
sult makes more precise the form of expansion (15.28) for the case wheref satisfies
some restrictions of growth.
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For R > ξ > 0, we set

U(R, ξ) = {x ∈ X : R − ξ < d(o, x) < R + ξ}.
Theorem 15.26. Let T ∈ E ′

�(X), T �= 0, and let f ∈ (L1,loc ∩ D′
T )(X). Assume that

for some α, β � 0 and ξ > r(T ),

lim inf
R→+∞R−αe−βR

∫

U(R,ξ)

|f (x)| dx = 0. (15.41)

Then
aλ,η,δ,j (T , f ) = 0

for Im λ > β − ρX and for Im λ = β − ρX, λ �= 0, η � α. In addition, if 0 ∈ ZT

and β = ρX, then
a0,η,δ,j (T , f ) = 0,

provided that 2η + 1 � α.

Proof. It follows by (10.26) that, together with f , all the functions f δ,j sat-
isfy (15.41). Let ε ∈ (0, (ξ − r(T ))/2) and suppose that u ∈ D�(Bε). It is easy
to verify that for all and λ ∈ ZT , ν ∈ {0, . . . , n(λ, T )}, the following estimate
holds:

∫

U(R,ξ−ε−r(T ))

∣

∣

(

f δ,j × u × Tλ,ν

)

(x)
∣

∣ dx � c

∫

U(R,ξ)

∣

∣f δ,j (x)
∣

∣ dx,

where the constant c > 0 is independent of R. In combination with (15.41), this
ensures us that there exists an increasing infinite sequence {Rn}∞n=1 of positive num-
bers such that R1 > ε and

lim
n→∞ R−α

n e−βRn

∫

U(Rn,ε)

|gλ,ν,δ,j (x)| dx = 0,

where

gλ,ν,δ,j =
n(λ,T )−ν

∑

μ=0

aλ,ν+μ,δ,j (T , f × u)

(

ν + μ

ν

)

λ

Φλ,μ,δ,j .

Using now (10.15) and Proposition 10.6, we have

aλ,η,δ,j (T , f × u) = 0

for Im λ > β − ρX and for Im λ = β − ρX, λ �= 0, η � α. In addition, if 0 ∈ ZT1

and β = ρX, then
a0,η,δ,j (T , f × u) = 0

for 2η + 1 � α. Since u ∈ D�(Bε) was arbitrary, the same is true for the constants
aλ,η,δ,j (T , f ) (see Proposition 15.8(iii)). Hence the theorem. 
�
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Remark 15.3. Since the function Φλ,η,δ,j is in the class C∞
T (X), provided that

λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}, it follows by (10.15) and Proposition 10.6 that
assumption (15.41) in Theorem 15.26 cannot be replaced by the relation

∫

U(R,ξ)

|f (x)|dx = O
(

RαeβR
)

as R → +∞. (15.42)

Thus, all the assumptions in Theorem 15.26 are precise.

To continue, for T ∈ E ′
�(X), T �= 0, we denote

�T = inf
{|Im λ| : ◦

T (λ) = 0
}

.

One of the consequences of Theorem 15.26 is the following uniqueness result.

Corollary 15.6. Let T ∈ E ′
�(X), T �= 0, ξ > r(T ), and let f ∈ (L1,loc ∩ D′

T )(X).
Assume that one of the following assumptions holds.

(1) �T < Im λ for any λ ∈ ZT , and (15.41) is fulfilled with each β > �T + ρX and
α = 0.

(2) �T = Im λ for some λ ∈ ZT , and (15.41) is satisfied with α = 0 and β =
�T + ρX.

(3) 0 ∈ ZT , Im λ > 0 for each λ ∈ ZT \{0}, and (15.41) is valid with α = 1,
β = ρX.

Then f = 0.

Proof. By Theorems 15.26 and 15.9(i) we conclude that f δ,j = 0 for all δ ∈ ̂KM

and j ∈ {1, . . . , d(δ)}. The desired assertion is now obvious from (15.27). 
�
Remark 15.3 shows that assumptions (1)–(3) in Corollary 15.6 cannot be relaxed

either.
We now turn to analogous results for the class (L1,loc∩D′

T )(Br,+∞), r � 0. First,
we shall specify the form of expansion (15.28) for the case where f satisfies (15.41).

Theorem 15.27. Let T ∈ E ′
�(X), T �= 0, and let f ∈ (L1,loc ∩ D′

T )(Br,+∞), r � 0.
Assume that relation (15.41) is satisfied for some α, β � 0 and ξ > r(T ). Then

aλ,η,δ,j (T , f ) = bλ,η,δ,j (T , f ) = 0

for Im λ > β − ρX and for Im λ = β − ρX, λ �= 0, η � α. In addition, if 0 ∈ ZT

and β = ρX, then
a0,η,δ,j (T , f ) = 0

for 2η + 1 � α, and
b0,η,δ,j (T , f ) = 0

for 2η � α.
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The proof of this theorem is similar to that of Theorem 15.26, the only change
being that together with Proposition 10.6 we now use Proposition 10.8(iv).

Remark 15.4. Assumption (15.41) in Theorem 15.27 cannot be replaced by esti-
mate (15.42). We may come to this conclusion having regarded the function

f = c1Φλ,η,δ,j + c2Ψλ,η,δ,j (15.43)

for proper c1, c2 ∈ C (see Propositions 10.6 and 10.8(iv)). So all the statements in
Theorem 15.27 are precise.

Corollary 15.7. Let T ∈ E ′
�(X), T �= 0, ξ > r(T ), and let O be a ζ domain

with ζ = r(T ) such that the set X\O is bounded and nonempty. Assume that
f ∈ (L1,loc ∩ D′

T )(O) and that one of assumptions (1), (2) in Corollary 15.6 holds.
Then f = 0. The same is no longer valid if instead of (1) or (2) assumption (3) of
Corollary 15.6 is fulfilled.

Proof. Thanks to Theorem 15.1(i), we can assume, without loss of generality, that
O = Br,∞ for some r � 0. Let δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. By Theorem 15.27
each of assumptions (1), (2) in Corollary 15.6 implies that f δ,j = 0 in O. In view
of (15.27), this yields f = 0.

Assume now that 0 ∈ ZT and Im λ > 0 for all λ ∈ ZT \{0}. Choose g ∈ G so
that go ∈ X\O. Then the function

f (x) = Ψ0,0,δ,j

(

g−1x
)

belongs to C∞
T (O), and (15.41) holds with α > 0 and β = ρX (see Proposi-

tion 10.8(iv)). This completes the proof. 
�
Corollaries 15.6 and 15.7 admit the following generalization.

Theorem 15.28. Let {Tν}mν=1 be a family of nonzero distributions in the class E ′
�(X),

and let T = T1 ×· · ·×Tm, ξ > r(T ). Assume that the set {1, . . . , m} is represented
as a union of disjoint sets A1, . . . , Al such that the sets

⋃

ν∈Ak

ZTν , k = 1, . . . , l,

are also disjoint. Then the following assertions hold.

(i) Let fν ∈ D′
Tν

(X), f = ∑m
ν=1 fν ∈ L1,loc(X), and assume that one of assump-

tions (1)–(3) in Corollary 15.6 is fulfilled for given f and T . Then
∑

ν∈Ak

fν = 0

for all k ∈ {1, . . . , l}.
(ii) Let rν � 0, r = max1�ν�m rν , Ok = ⋂

ν∈Ak
Brν,+∞, and let fν ∈ D′

Tν
(Brν,+∞),

f = ∑m
ν=1 fν ∈ L1,loc(Br,+∞). Assume that one of assumptions (1), (2) in



15.7 Sharp Growth Estimates. Comparing with Eigenfunctions of the Laplacian 519

Corollary 15.6 holds for given f and T . Then
∑

ν∈Ak

fν = 0

in Ok for each k ∈ {1, . . . , l}.
Proof. To prove (i), first note that f ∈ D′

T (X). Then Corollary 15.6 yields f = 0.
The desired statement now follows from Proposition 15.11 (see the proof of Theo-
rem 14.33).

Turning to (ii), we have, as above,

∑

ν∈Ak

fν = 0

in Br,+∞ for all k (see Corollary 15.7). Since

∑

ν∈Ak

fν ∈ D′
T (Ok),

this, together with Theorem 15.1(i), finishes the proof. 
�
Let us now regard Lp,loc versions of Theorems 15.26 and 15.27.

Theorem 15.29. Let p ∈ [1,+∞), α, β, r � 0, R > 0. For σ = pβ − 2(p − 1)ρX

� 0, let

hp(α, β,R) =
{

RpαeσR if σ > 0,

R1+pα if σ = 0,

and assume that T ∈ E ′
�(X), T �= 0. Then the following results are true.

(i) Let f ∈ (Lp,loc ∩ D′
T )(X) and

lim inf
R→+∞

1

hp(α, β,R)

∫

BR

|f (x)|p dx = 0. (15.44)

Then all the assertions of Theorem 15.26 hold.
(ii) Let f ∈ (Lp,loc ∩ D′

T )(Br,+∞) and

lim inf
R→+∞

1

hp(α, β,R)

∫

Br+1,R

|f (x)|p dx = 0. (15.45)

Then all the statements of Theorem 15.27 are valid.

Proof. It is enough to prove that for some ξ > r(T ), relation (15.41) is satisfied.
Suppose on the contrary that there exist c > 0 and ξ > r(T ) such that

c < R−αe−βR

∫

U(R,ξ)

|f (x)| dx (15.46)
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for all sufficiently large R > 0. Using (10.14), (10.15), and the Hölder inequality,
we conclude from (15.46) that

c1R
pαeσR <

∫

U(R,ξ)

|f (x)|p dx

for some c1 > 0 not depending on R. By the latter inequality and the definition of
hp(α, β,R), we obtain

hp(α, β,R) = O

(∫

Br+1,R

|f (x)|p dx

)

as R → +∞.

This contradicts (15.44) and (15.45), proving the theorem. 
�
As before, the function in (15.43), together with (10.15) and Propositions 10.6

and 10.8(iv), shows that assumptions (15.44) and (15.45) in Theorem 15.29 cannot
be relaxed either.

We shall now obtain the following uniqueness result important for applications.

Theorem 15.30. Let T ∈ E ′
�(X), T �= 0, and let O be a ζ domain with ζ = r(T )

such that the set X\O is bounded or empty. Assume that f ∈ (Lp ∩ D′
T )(O) for

some p ∈ [1,+∞). Then the following assertions hold.

(i) If p ∈ [1, 2], then f = 0.
(ii) If �T � ρX, then f = 0.

(iii) If �T < ρX and 1 � p � 2ρX/(ρX − �T ), then f = 0. The statement fails in
general for p > 2ρX/(ρX − �T ).

It is easy to see that the situations described in assertions (ii) and (iii) actually
occur for suitable T .

Proof of Theorem 15.30. It is enough to consider the case where O = Br,+∞, r > 0

(see Theorem 15.1(i)). To prove (i), first extend f on X by letting f = 0 in
•
Br .

Now define
u = f × T

and let δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}. Using the Hölder inequality, we see that
f δ,j ∈ Lp(X). By (10.30) we deduce that

uδ,j = f δ,j × T

and uδ,j ∈ E ′
δ,j (X). Then F δ

j (uδ,j ) is an entire function of exponential type (see
Theorem 10.11). According to (10.72) and (10.93), we have

F δ
j

(

uδ,j
)

(λ) = F δ
j

(

f δ,j
)

(λ)
◦
T (λ) (15.47)

for almost all λ ∈ R
1. Owing to results in Sect. 10.5, F δ

j (f δ,j ) ∈ L2,loc(R1).

Since the functions F δ
j (uδ,j ) and

◦
T are entire, this, together with (15.47), implies

that F δ
j (f δ,j ) is also entire. Moreover, a result of Malgrange [150, p. 306] shows
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that F δ
j (f δ,j ) is an entire function of exponential type. Now it follows by The-

orem 10.11 that f δ,j ∈ E ′
δ,j (X). As f δ,j ∈ D′

T (Br,∞), Theorem 15.1(i) yields

f δ,j = 0 in Br,∞. Combining this with (15.27), we obtain (i).
Next, let α = 0 , β = ρX + �T , and let σ = pβ − 2(p − 1)ρX. Then the

inequality �T � ρX implies that σ � 0 for all p � 1. Assertion (ii) is now obvious
from Theorem 15.29(ii). Similarly, if �T < ρX and 1 � p � 2ρX/(ρX − �T ), then
σ � 0, and by Theorem 15.29(ii) f = 0.

Assume now that p > 2ρX/(ρX − �T ). Then

p >
2ρX

ρX − Im λ

for some λ ∈ ZT . Because of (10.14), (10.15), and Propositions 10.6, the function
Φλ,0,δ,1 is in the class (Lp∩C∞

T )(X) if δ is identity representation. This gives us (iii)
and completes the proof of Theorem 15.30. 
�

To conclude we establish some related results on spaces of arbitrary rank.

Theorem 15.31. Let rank X � 1, and let {Tν}mν=1 be a family of nonzero distribu-
tions in the class E ′

�(X). Assume that fν ∈ D′
Tν

(X) and

f =
m

∑

ν=1

fν ∈ Lp(X)

for some p ∈ [1, 2]. Then f = 0. Moreover, if Tν ∈ E ′
��(X) for all ν and the set

{1, . . . , m} is represented as a union of disjoint sets A1, . . . , Al such that the sets

⋃

ν∈Ak

ZTν , k = 1, . . . , l, (15.48)

are also disjoint, then

∑

ν∈Ak

fν = 0 for all k ∈ {1, . . . , l}. (15.49)

These statements fail in general for p > 2.

Proof. Setting T = T1 × · · · × Tm, we see that f ∈ (Lp ∩ D′
T )(X). Let V ∈ D�(X)

and g ∈ G. Now define
f1 = f × V,

f2(x) = f1(gx), f3(x) =
∫

K

f2(kx) dk, x ∈ X.

Using the Hölder inequality, we deduce that f1, f2 ∈ (Lp ∩ C∞
T )(X) and f3 ∈

(Lp ∩ C∞
T ,�)(X). Applying the spherical transform, we find

0 = f̃3 × T (λ) = ˜f3(λ)˜T (λ)
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for almost all λ ∈ a∗ (see Proposition 10.10). Since ˜T is a nonzero entire function,
the Lebesgue measure of the set {λ ∈ a∗ : ˜T (λ) = 0} is equal to zero (see Colling-
wood and Lohwater [53, Theorem 8.1]). Thus, ˜f3 = 0 almost everywhere on a∗,
and hence f3 = 0. In particular,

f3(o) = f2(o) = f1(go) = 0.

As g ∈ G and V ∈ D�(X) were arbitrary, this gives f = 0.
Next, according to Theorem 10.12(ii), (iii), for each δ ∈ ̂KM ,

m
∑

ν=1

Aδ

(

(fν)δ
) = 0 in a,

and Aδ((fν)δ) is a matrix whose entries are in D′
Λ+(Tν),W (a), ν = 1, . . . , m. If

Tν ∈ E ′
��(X) and the sets in (15.48) are disjoint, then

∑

ν∈Ak

Aδ

(

(fν)δ
) = 0 for each k ∈ {1, . . . , l}

(see Theorem 14.33). Using now Theorem 10.12(iii) and Helgason [123, Chap. 3,
Proposition 5.10], we obtain (15.49).

To continue, consider the case where ˜T1(λ) = 0 for some λ ∈ a∗. We set

f1 = ϕλ and fν = 0 if 2 � ν � m.

In view of (10.8) and (10.34), we conclude that f1 ∈ (Lp ∩ C∞
T1

)(X) for each
p ∈ (2,+∞]. Thus, the results in Theorem 15.31 are no longer valid with p > 2.


�
Theorem 15.32. Let rank X � 1, T ∈ E ′

��(X), T �= 0, and ξ > r(T ). Assume that
O is a domain in X, and let

Oξ =
⋃

x∈O
Bξ (x).

Let f ∈ L1,loc(Oξ ) be a nonzero function in the class D′
T (Oξ ). Then there exists

nonzero w ∈ C∞(O) with the following properties:

(1) Lw = −(〈λ, λ〉 + |ρ|2)w in O for some λ ∈ a∗
C

such that ˜T (λ) = 0;
(2) for each r ∈ (r(T ), ξ),

|w(x)| � c

∫

Br (x)

|f (y)| dy, x ∈ O,

where c > 0 is independent of x.

Proof. This is just a repetition of the proof of Theorem 14.34 with the reference to
Theorem 9.9 and Proposition 9.13(i) replaced by the reference to Theorem 10.28
and Proposition 10.18(i). 
�



Chapter 16
Mean Periodic Functions on Compact
Symmetric Spaces of Rank One

A number of results in the previous chapter was obtained for the class D′
T (BR),

0 < R � +∞. In particular, if R = +∞, we cover the case of the whole spa-
ce G/K . For compact symmetric spaces, the situation is more delicate. The repre-
sentative features of this case are present already for mean periodic functions on
the circle S

1. Let f ∈ L1(S1) and suppose that the integral of f over any interval
of length 2r vanishes. Denoting the characteristic function of the interval (e−ir , eir )

by χr , we have (in the sense of Fourier series)

χr

(

eiθ ) =
∞
∑

n=−∞

2

n
sin(nr)einθ ,

where the constant term is understood to be 2r . The equation

∫ θ+r

θ−r

f
(

eit) dt = 0

may be written as the convolution

(f ∗ χr)
(

eiθ ) =
∫ 2π

0
f

(

ei(θ−t)
)

χr

(

eit) dt = 0.

Taking Fourier series on both sides, we get

2

n
sin(nr)an = 0, where an =

∫ π

−π

f
(

eit)e−int dt.

Thus an = 0 whenever sin(nr) �= 0 (n �= 0). It follows that f is the zero function
if r is not a rational multiple of π . On the other hand, for an arbitrary r ∈ (0, π),
the function eiπt/r is mean periodic on S

1\{1} with respect to χr . Moreover, the
space of all such functions is infinite-dimensional and can be described by means of
Theorem 13.14.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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Similar phenomenons persist in the general case. In Sect. 16.3 we give differ-
ent characterizations of mean periodic functions on subsets of compact symmetric
spaces X of rank one. (The case of the whole space X is considered in Sect. 21.1
of Part IV in more general context.) In Sect. 16.2 we discuss support properties of
mean periodic functions on X . In contrast to the noncompact case, these questions
involve additional difficulties related to finding explicit formulas for differential op-
erators from the Lie algebra of the isometry group. The corresponding formulas are
presented in Sect. 16.1 (see Propositions 16.2 and 16.4).

16.1 Group and Infinitesimal Properties

Our aim in this chapter is to get analogues of the main results from Chap. 15 for
symmetric spaces X of compact type of rank one. Here the notational conventions
accepted in Chap. 11 will be in force. In particular, we assume that the diameter of
X is π/2 and use the realizations for X given in Chap. 3.

Let T be a nonzero distribution in E ′
�(X), and let OT = {g0 : g ∈ I (X ),

g
•
Br(T ) ⊂ O}, where O is an open subset of X . Throughout we suppose that

OT �= ∅. In analogy with Sect. 15.1 we define the following classes:

D′
T (O) = {

f ∈ D′(O) : f × T = 0 in OT

}

,

Cs
T (O) = (

D′
T ∩ Cs

)

(O), s ∈ Z+ ∪ {∞}, CT (O) = C0
T (O),

RAT (O) = (

D′
T ∩ RA

)

(O).

If the set O is KX -invariant, we set

D′
T ,�(O) = (

D′
T ∩ D′

�

)

(O), Cs
T ,�(O) = (

Cs
T ∩ D′

�

)

(O).

The present section is devoted to a preliminary study of these classes.
We put

ZT = {

λ ∈ Z
(

˜T
) : Re λ � 0, iλ �∈ (0,+∞)

}

,

n(λ, T ) =
{

nλ

(

˜T
) − 1 if λ ∈ ZT \{0},

nλ

(

˜T
)

/2 − 1 if λ = 0 ∈ ZT .

Proposition 16.1. Let λ ∈ C, η ∈ Z+, and let k ∈ Z+, m ∈ {0, . . . ,MX (k)},
j ∈ {1, . . . , d

k,m
X }. Then

Φλ,η,k,m,j × T =
η

∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)Φλ,ν,k,m,j in Bπ/2−r(T )

and

Ψλ,η,k,m,j × T =
η

∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)Ψλ,ν,k,m,j in Br(T ),π/2−r(T )
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for r(T ) < π/4. In particular, if λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}, then
Φλ,η,k,m,j ∈ RAT (X) and

Ψλ,η,k,m,j ∈ RAT (X\{0}), provided that r(T ) < π/4.

Proof. Using (11.42) and Proposition 11.10, we obtain the desired statement with
η = 0. Now the general case is a consequence of (11.23)–(11.28). 
�

Introduce the differential operators Aj , 1 � j � aX , on X as follows:

• X = Rn:

Aj = (

1 − |x|2) ∂

∂xj

+ 2xj

n
∑

l=1

xl

∂

∂xl

; (16.1)

• X = P
n
R

:

Aj = ∂

∂xj

+ xj

n
∑

l=1

xl

∂

∂xl

; (16.2)

• X = P
n
C

:

Aj = ∂

∂zj

+ zj

n
∑

l=1

zl

∂

∂zl

, 1 � j � n,

Aj = ∂

∂zj−n

+ zj−n

n
∑

l=1

zl

∂

∂zl

, n + 1 � j � 2n;
(16.3)

• X = P
n
Q

:

Aj = ∂

∂zj

+ zj

2n
∑

l=1

zl

∂

∂zl

− zj+n

n
∑

l=1

(

zn+l

∂

∂zl

− zl

∂

∂zn+l

)

, 1 � j � n,

Aj = ∂

∂zj

+ zj

2n
∑

l=1

zl

∂

∂zl

− zj−n

n
∑

l=1

(

zl

∂

∂zn+l

− zn+l

∂

∂zl

)

,

n + 1 � j � 2n,

Aj = ∂

∂zj−2n

+ zj−2n

2n
∑

l=1

zl

∂

∂zl

− zj−n

n
∑

l=1

(

zn+l

∂

∂zl

− zl

∂

∂zn+l

)

,

2n + 1 � j � 3n,

Aj = ∂

∂zj−2n

+ zj−2n

2n
∑

l=1

zl

∂

∂zl

− zj−3n

n
∑

l=1

(

zl

∂

∂zn+l

− zn+l

∂

∂zl

)

,

3n + 1 � j � 4n;

(16.4)
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• X = P
2
Ca

:

Aj =
(

1 −
8

∑

l=1

x2
2l−1

)

∂

∂xj

− εj

8
∑

l=1

Pl,λj
(x)

∂

∂x2l

+ 2xj

16
∑

l=1

xl

∂

∂xl

, j ∈ {1, 3, . . . , 15}, (16.5)

Aj =
(

1 −
8

∑

l=1

x2
2l

)

∂

∂xj

− εj−1

8
∑

l=1

Ql,λj−1(x)
∂

∂x2l−1

+ 2xj

16
∑

l=1

xl

∂

∂xl

, j ∈ {2, 4, . . . , 16}, (16.6)

where

ε1 = 1, εj = −1, j ∈ {3, 5, . . . , 15},
λ1 = 0, λ3 = 4, λ5 = 2, λ7 = 6, λ9 = 1, λ11 = 5, λ13 = 3, λ15 = 7,

and the polynomials Pl,s : R
16 → R

1 and Ql,s : R
16 → R

1, 0 � s � 7, are
determined by the relations

is
(

p1(x) + p5(x)i1+p3(x)i2 + p7(x)i3 + p2(x)i4 + p6(x)i5 + p4(x)i6 + p8(x)i7
)

= P1,s(x) + P5,s(x)i1 + P3,s (x)i2 + P7,s(x)i3 + P2,s(x)i4 + P6,s (x)i5
+ P4,s(x)i6 + P8,s (x)i7,

(

p1(x) + p5(x)i1 + p3(x)i2+ p7(x)i3 + p2(x)i4 +p6(x)i5 + p4(x)i6 + p8(x)i7
)

is
= Q1,s(x) + Q5,s(x)i1 + Q3,s (x)i2 + Q7,s (x)i3 + Q2,s (x)i4 + Q6,s(x)i5

+ Q4,s(x)i6 + Q8,s (x)i7

(see Sect. 1.1). The importance of these operators for the theory of convolution
equations on X is given in the following:

Proposition 16.2. Let f ∈ D′
T (O). Then Ajf ∈ D′

T (O) for all 1 � j � aX .

Proof. The standard approximation argument shows that it suffices to verify the
assertion of Proposition 16.2 for f ∈ C∞

T (O). First, suppose that X = Rn or
X = P

n
K

with K = R, C, Q. Put s = n if X = Rn, P
n
R

, P
n
C

, and s = 2n if X = P
n
Q

.
We associate to each X the mappings

ϕt,j = 1

gt,j

(

f 1
t,j , . . . , f

s
t,j

)

, t ∈ C, 1 � j � aX,

where the functions gt,j and f l
t,j , 1 � l � s, are defined as follows:
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• X = Rn:

gt,j (x) = 1 + 2txj + t2|x|2,

f l
t,j (x) =

{

(

1 + t2
)

xl, l �= j,
(

1 − t2
)

xj − t
(

1 − |x|2), l = j ;

• X = P
n
R

:

gt,j (x) = 1 + txj ,

f l
t,j (x) =

{
√

1 + |t |2xl, l �= j,

xj − t, l = j ;
• X = P

n
C

:

gt,j (z) =
{

1 + tzj , 1 � j � n,

1 − itzj−n, n + 1 � j � 2n,

f l
t,j (z) =

{
√

1 + |t |2zl, l �= j,

zj − t, l = j,
if 1 � j � n and

f l
t,j (z) = f l

it,j−n(z) if n + 1 � j � 2n;
• X = P

n
Q

:

gt,j (z) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

1 + 2t Re zj + t2
(|zj |2 + |zj+n|2

)

, 1 � j � n,

1 + 2t Re zj + t2
(|zj |2 + |zj−n|2

)

, n + 1 � j � 2n,

1 + 2t Re(izj−2n) + t2
(|zj−n|2 + |zj−2n|2

)

, 2n + 1 � j � 3n,

1 + 2t Re(izj−2n) + t2
(|zj−2n|2 + |zj−3n|2

)

, 3n + 1 � j � 4n,

f l
t,j (z) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

√

1 + |t |2(zl + t (zlzj + zn+j zn+l )
)

, 1 � l � n, l �= j,

zj + t
(|zj |2 + |zn+j |2 − 1

) − t2zj , l = j,
√

1 + |t |2(zl + t (zlzj − zn+j zl−n)
)

, n + 1 � l � 2n, l �= n + j,
(

1 + |t |2)zn+j , l = n + j,

if 1 � j � n,

f l
t,j (z) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

√

1 + |t |2(zl + t (zlzj − zj−nzn+l )
)

, 1 � l � n, l �= j − n,
(

1 + |t |2)zj−n, l = j − n,
√

1 + |t |2(zl + t (zj−nzl−n + zlzj )
)

, n + 1 � l � 2n, l �= j,

zj + t
(|zj |2 + |zj−n|2 − 1

) − t2zj , l = j,

if n + 1 � j � 2n, and

f l
t,j (z) = f l

it,j−2n(z) if 1 � l � 2n, 2n + 1 � j � 4n.



528 16 Mean Periodic Functions on Compact Symmetric Spaces of Rank One

Fix a point p ∈ OT . Using Proposition 3.1 and its analogues for the spaces Rn,
P

n
C

, and P
n
Q

(see Chap. 3), we derive from the condition f ∈ D′
T (O) that

(

(f ◦ ϕt,j ) × T
)

(p) = 0, 1 � j � aX , (16.7)

in some interval of R
1 around t = 0. Let us differentiate equality (16.7) with respect

to t and put t = 0. After some computation we obtain the desired statement for
X = Rn and X = P

n
K

(K = R, C, Q). Now assume that X = P
2
Ca . Set

τ(z1, z2) = (z2, z1), z1, z2 ∈ Ca,

τs(z1, z2) = (isz1, z2is), z1, z2 ∈ Ca, 1 � s � 7.

According to Example 1.1, τ, τs ∈ OCa(2). Denote by ϕt , t ∈ R
1, the mapping

φ3 ◦ σt ◦ φ−1
3 defined in Sect. 3.5, i.e.,

ϕt (z1, z2) = (

(t − z1)(tz1 + 1)−1,−
√

1 + t2(tz1 + 1)−1z2
)

,

z1 ∈ Ca \ {−t−1}, z2 ∈ Ca.

Also let ψt = −ϕt . For fixed p ∈ OT , there exists ε > 0 such that
(

(f ◦ ψt) × T
)

(p) = 0,
(

(f ◦ τ ◦ ψt ◦ τ) × T
)

(p) = 0,
(

(f ◦ τs ◦ ϕt ◦ τs) × T
)

(p) = 0,
(

(f ◦ τ ◦ τs ◦ ϕt ◦ τs ◦ τ) × T
)

(p) = 0,

1 � s � 7,

provided that |t | < ε. As above, this implies the required result in the case X = P
2
Ca

.
Thus, Proposition 16.2 is proved. 
�

In the next statements of this section we shall assume that the set O is KX -
invariant.

Proposition 16.3.

(i) If f ∈ D′
T (O), then f k,m,i,j ∈ D′

T (O) for all k ∈ Z+, m ∈ {0, . . . ,MX (k)}
and i, j ∈ {1, . . . , d

k,m
X }.

(ii) Let f ∈ D′(O) and suppose that f k,m,j ∈ D′
T (O) for all k,m, j. Then f ∈

D′
T (O).

Proof. Our result follows from (11.13) and (11.14). 
�
We shall now obtain a refinement of Proposition 16.2 in the case where

f ∈ Cs
k,m,j (O).

Proposition 16.4. Let Y ∈ Hk,m
X \ {0} and suppose that ϕ(�)Y (σ ) ∈ Cs

T (O) for
some s � 1. Then the following assertions hold.

(i) For all j ∈ {1, . . . , d
k+1,m

X },
(

D
(−k,m + 1 − NX (k + 1)

)

ϕ
)

(�)Y
k+1,m
j (σ ) ∈ Cs−1

T (O).
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(ii) If m � MX (k + 1) − 1, then

(

D(−k, βX − m)ϕ
)

(�)Y
k+1,m+1
j (σ ) ∈ Cs−1

T (O)

for all j ∈ {1, . . . , d
k+1,m+1

X }.
(iii) If k � 1 and m � MX (k − 1), then

(

D
(

k + 2αX , NX (k) + γX − m
)

ϕ
)

(�)Y
k−1,m
j (σ ) ∈ Cs−1

T (O)

for all j ∈ {1, . . . , d
k−1,m

X }.
(iv) If m � 1, then

(

D(k + 2αX , αX + m)ϕ
)

(�)Y
k−1,m−1
j (σ ) ∈ Cs−1

T (O)

for all j ∈ {1, . . . , d
k−1,m−1

X }.
Proof. Thanks to Propositions 16.2 and 16.3 (i),

Al

(

ψ(�)H(�σ)
) ∈ Cs−1

T (O) (1 � l � aX ) (16.8)

for every H ∈ Hk,m
X , where

ψ(�) = ϕ(�)

�k
.

We require a number of relations concerning the functions (16.8) for some l and H .
We shall distinguish four cases.

(a) The case X = Rn or X = P
n
R

.
If X = Rn, then (16.1) yields

A1
(

ψ(�)(x1 + ix2)
k
) =

(

(

1 + �2)ϕ′(�) − k
ϕ(�)

�

(

1 − �2)
)

�−1−kH2(x)

+
(

(

1 + �2)ϕ′(�) + (n + k − 2)
ϕ(�)

�

(

1 − �2)
)

× k

n + 2k − 2
�1−kH1(x), (16.9)

where

H1(x) = (x1 + ix2)
k−1,

H2(x) = x1(x1 + ix2)
k − k�2

n + 2k − 2
(x1 + ix2)

k−1.

Obviously, H1 ∈ Hn,k−1
1 for k � 1. In addition, H2 ∈ Hn,k+1

1 since

(n + 2k − 2)xlh − �2 ∂h

∂xl

∈ Hn,k+1
1 for all h ∈ Hn,k

1 , l ∈ {1, . . . , n} (16.10)
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(see [225, Part I, Proposition 5.1 (2)]). Analogously, by virtue of (16.2),

A1
(

ψ(�)(x1 + ix2)
k
) = k

n + 2k − 2

(

(

1 + �2)ϕ′(�) + (n + k − 2)
ϕ(�)

�

)

× �1−kH1(x) +
(

(

1 + �2)ϕ′(�) − k
ϕ(�)

�

)

�−1−kH2(x)

(16.11)

for X = P
n
R

.
(b) The case X = P

n
C

.
In this situation we have from (16.3)

A1
(

ψ(�)zk−m
1 zm

2

) = 1

2

(

(

1 + �2)ϕ′(�) − ϕ(�)

�

(

k + (k − 2m)�2)
)

× �−1−kH4(z) + k − m

2(n + k − 1)

(

(

1 + �2)ϕ′(�)

+ ϕ(�)

�

(

2n + k − 2 − (k − 2m)�2)
)

�1−kH3(z), (16.12)

A1
(

ψ(�)zm
1 zk−m

2

) =
(

(

1 + �2)ϕ′(�) − ϕ(�)

�

(

k + (2m − k)�2)
)

× �−1−kH6(z) + m

2(n + k − 1)

(

(

1 + �2)ϕ′(�)

+ ϕ(�)

�

(

2n + k − 2 + (k − 2m)�2)
)

�1−kH5(z) (16.13)

with

H3(z) = zk−m−1
1 zm

2 , H4(z) = z1z
k−m
1 zm

2 − k − m

n + k − 1
�2zk−m−1

1 zm
2 ,

H5(z) = zm−1
1 zk−m

2 , H6(z) = z1z
m
1 zk−m

2 − m

n + k − 1
�2zm−1

1 zk−m
2 .

Owing to Lemma 4.11 and (16.10), H3 ∈ Hn,k−1,m
3 and H4 ∈ Hn,k+1,m+1

3 for

m � [(k − 1)/2]. Likewise, H5 ∈ Hn,k−1,m−1
3 if m � 1, and H6 ∈ Hn,k+1,m

3 .
(c) The case X = P

n
Q

.
For α, β ∈ Z, we put

Pα,β(z) = z
α−2β

1 (z1zn+2 − z2zn+1)
β,

Qα,β(z) = zn+1z
α−2β−1
1 (z1zn+2 − z2zn+1)

β .

By Lemmas 4.12 and 4.31, Pk,m ∈ Hn,k,m
5 and Qk,m ∈ Hn,k,m

5 if m � [(k − 1)/2].
Using (16.4), we find

A1
(

ψ(�)Pk,m(z)
)

= 1

2

(

(

1 + �2)ϕ′(�) + ϕ(�)

�

( − k + (k − 2m)�2)
)

�−k−1Pk+1,m(z), (16.14)
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A3n+2
(

ψ(�)Pk,m(z)
) − A2

(

ψ(�)Qk,m(z)
)

= 1

2

(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(−k + (2m − k − 2)�2)
)

�−k−1Pk+1,m+1(z).

(16.15)

Next,

An+2
(

ψ(�)Pk,m(z)
) = 1

2

(

(

1 + �2)ϕ′(�) + ϕ(�)

�

( − k + (k − 2m)�2)
)

× �−k−1H7(z) + m

4n + 2k − 2

(

(

1 + �2)ϕ′(�)

+ ϕ(�)

�

(

4n + k − 2 + (k − 2m)�2)
)

�1−kPk−1,m−1(z),

(16.16)

A2n+1
(

ψ(�)Pk,m(z)
) + An+1

(

ψ(�)Qk,m(z)
)

= 1

2

(

(

1 + �2)ϕ′(�) + ϕ(�)

�

( − k + (2m − k − 2)�2)
)

�−k−1(H8(z) + H9(z)
)

+ k − m + 1

4n + 2k − 2

(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(

4n + k − 2 + (2m − k − 2)�2)
)

× �1−kPk−1,m(z), (16.17)

where

H7(z) = zn+2Pk,m(z) − �2

2n + k − 1

∂Pk,m

∂zn+2
,

H8(z) = z1Pk,m(z) − �2

2n + k − 1

∂Pk,m

∂z1
,

H9(z) = zn+1Qk,m(z) − �2

2n + k − 1

∂Qk,m

∂zn+1
.

According to (16.10), the polynomials H7, H8, and H9 belong to the space
H4n,k+1

1 .
(d) The case X = P

2
Ca

.
For α, β ∈ Z, we put

Rα,β(x) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[α/2]−β
∑

l=0

aα,β,lΦα,β,l(x) if β � [α/2],

0 if β > [α/2],
(16.18)

where

aα,β,l =
(

−1

4

)l

(l + 1)(l + 2)

(

α − 2β − l + 2

l + 2

)

,

Φα,β,l(x) = (x1 + ix2)
α−2β−2l

(

p9(x) − p10(x) + 2ip1(x)
)β+l
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(for the definition of p9(x) and p10(x), see Sect. 1.1). In view of Remark 4.4,
Rk,m ∈ Hk,m

6 . By (16.5) and (16.6),

(−A1 − iA2)
(

ψ(�)Rk,m(x)
)

= ϕ1(�)(x1 + ix2)Rk,m(x) − ψ(�)

(

(

p9(x) − 1
)∂Rk,m

∂x1
+ i

(

p10(x) − 1
)∂Rk,m

∂x2

+
8

∑

l=1

pl(x)

(

∂Rk,m

∂x2l

+ i
∂Rk,m

∂x2l−1

))

with

ϕ1(�) =
(

� + 1

�

)

ψ ′(�) + 2kψ(�).

It follows from (16.18) and (1.17) that

∂Rk,m

∂x1
+ i

∂Rk,m

∂x2
= 0,

p9(x)
∂Rk,m

∂x1
+ ip10(x)

∂Rk,m

∂x2
= (

p9(x) − p10(x)
)

Σ1,

8
∑

l=1

pl(x)

(

∂Rk,m

∂x2l

+ i
∂Rk,m

∂x2l−1

)

= 2ip1(x)Σ1,

where

Σ1 =
[k/2]−m

∑

l=0

ak,m,l

(

(k − 2m − 2l)Φk−1,m,l(x) + (2m + 2l)Φk−1,m−1,l(x)
)

.

Therefore,

(−A1 − iA2)
(

ψ(�)Rk,m(x)
)

= ϕ1(�)(x1 + ix2)Rk,m(x) − ψ(�)
(

p9(x) − p10(x) + 2ip1(x)
)

Σ1. (16.19)

Furthermore, the definition of Rk,m shows that

2

(

k − 2m + 1

2

)

Φk+1,m+1,0(x) = Rk+1,m+1(x) − Σ2 (16.20)

and

2

(

k − 2m + 3

2

)

Φk+1,m,0(x)

= Rk+1,m(x) − Σ3 + k − 2m + 2

4

(

Rk+1,m+1(x) − Σ2
)

(16.21)
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with

Σ2 =
∑

1�l�[(k−1)/2]−m

ak+1,m+1,lΦk+1,m+1,l(x),

Σ3 =
∑

2�l�[(k+1)/2]−m

ak+1,m,lΦk+1,m,l(x).

(Here and henceforth, sums are set to be equal to zero if the set of indices of sum-
mation is empty.) Relations (16.18)–(16.21) give

(−A1 − iA2)
(

ψ(�)Rk,m(x)
) = k − 2m + 1

k − 2m + 3
ϕ2(�)

(

Rk+1,m(x) − Σ2
)

+ k − 2m + 5

4(k − 2m + 3)
ϕ3(�)

(

Rk+1,m+1(x) − Σ3
)

+ ϕ2(�)Σ4 − ψ(�)(Σ5 + Σ6) (16.22)

with

ϕ2(�) = �−k−1
(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(−k + (k − 2m)�2)
)

,

ϕ3(�) = �−k−1
(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(−k + (2m − k − 6)�2)
)

,

Σ4 =
∑

2�l�[k/2]−m

ak,m,lΦk+1,m,l(x),

Σ5 =
∑

1�l�[k/2]−m

(k − 2m − 2l)ak,m,lΦk+1,m+1,l(x),

Σ6 =
∑

2�l�[k/2]−m

2lak,m,lΦk+1,m,l(x).

In a similar way,

(−A1 + iA2)
(

ψ(�)Rk,m(x)
)

= 4m(k − 2m + 1)

(14 + 2k)(k − 2m + 3)
ϕ4(�)

(

Rk−1,m−1(x) − Σ7
)

+ (k − m + 3)(k − 2m + 5)

(14 + 2k)(k − 2m + 3)
ϕ5(�)

(

Rk−1,m(x) − Σ8
) + ϕ4(�)

14 + 2k
(Σ9 + Σ10)

− �2ψ(�)

14 + 2k
(Σ11 + Σ12) + ϕ2(�)H10(x) + ψ(�)H11(x), (16.23)

where

ϕ4(�) = �−k+1
(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(

k + 14 + (k − 2m)�2)
)

,

ϕ5(�) = �−k+1
(

(

1 + �2)ϕ′(�) + ϕ(�)

�

(

k + 14 + (2m − k − 6)�2)
)

,
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Σ7 =
∑

2�l�[(k+1)/2]−m

ak−1,m−1,lΦk−1,m−1,l(x),

Σ8 =
∑

1�l�[(k−1)/2]−m

ak+1,m+1,lΦk−1,m,l(x),

Σ9 =
∑

1�l�[k/2]−m

2(k − 2m − 2l)ak,m,lΦk−1,m,l(x),

Σ10 =
∑

2�l�[k/2]−m

4(m + l)ak,m,lΦk−1,m−1,l(x),

Σ11 =
∑

1�l�[k/2]−m

(k − 2m − 2l)(14 + 2k + 4l)ak,m,lΦk−1,m,l(x),

Σ12 =
∑

2�l�[k/2]−m

8l(m + l)ak,m,lΦk−1,m−1,l(x),

and

H10(x) = (x1 − ix2)Rk,m(x) − �2

14 + 2k

(

∂Rk,m

∂x1
− i

∂Rk,m

∂x2

)

,

H11(x) =
[k/2]−m

∑

l=0

2lak,m,l

(

�2

14 + 2k

(

∂Φk,m,l

∂x1
− i

∂Φk,m,l

∂x2

)

− (x1 − ix2)Φk,m,l(x)

)

.

Remark 4.4 and (16.10) imply that H10 ∈ H16,k+1
1 , H11 ∈ H16,k+1

1 .

Now we are in a position to complete the proof of Proposition 16.4. By (16.8)
and Proposition 16.3(i), all the terms of the Fourier expansion (11.9) of the function
Al(ψ(�)H(�σ)) belong to Cs−1

T (O). Using (16.9)–(16.17), (16.22), and (16.23)
and taking Remark 4.4 into account, we obtain the required statement. 
�
Proposition 16.5. Let R ∈ (r(T ), π/2], and let k ∈ Z+, m ∈ {0, . . . ,MX (k)},
j ∈ {1, . . . , d

k,m
X }. Then for f ∈ D′

k,m,j (BR), the following assertions are equiva-
lent.

(i) f ∈ D′
T (BR).

(ii) Ak,m
j (f ) ∈ D′

T ,�(BR).

(iii) Ak,m,j (f ) ∈ D′
Λ(T ),�(−R,R).

Proof. It suffices to use (11.106), (11.108), Theorem 11.3(i), (viii), and Theo-
rem 11.5(i). 
�
Proposition 16.6. Let r(T ) = 0 and suppose that the set O is connected and
O ⊂ X. Then a distribution f ∈ D′(O) belongs to D′

T (O) if and only if

f k,m,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,k,m,jΦλ,η,k,m,j + bλ,η,k,m,jΨλ,η,k,m,j
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for all k,m, j, where aλ,η,k,m,j , bλ,η,k,m,j ∈ C, and bλ,η,k,m,j = 0 in the case
where 0 ∈ O.

Proof. The argument is quite parallel to the proof of Proposition 15.6 (see (11.42),
Remark 11.1, Theorem 11.2(i), and Proposition 11.11). 
�

16.2 Uniqueness Results

Let X be the same as in Sect. 16.1. Here we want to establish uniqueness theorems
for the class D′

T (O), where T ∈ E ′
�(X), and O is a ζ domain in X with ζ = r(T ).

We start with the case O = BR.

Theorem 16.1. Let ν, s ∈ Z, s � max {0, 2[(1 − ν)/2]}. Take a distribution T ∈
(D′

� ∩ Mν)(X ) such that 0 < r(T ) < π/2. Assume that R > r(T ), f ∈ D′
T (BR),

and
f = 0 in Br(T ). (16.24)

Then the following are true.

(i) If f ∈ L
1,loc
s (BR), then f k,m,j = 0 in BR for all 0 � k � s + ν + 1,

m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }.
(ii) If f ∈ Cs(BR), then f k,m,j = 0 in BR for all 0 � k � s + ν + 2,

m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }.

Several remarks are in order here. The classes L
1,loc
s and Mν were introduced

in Sect. 1.2. Every distribution T ∈ E ′
�(X) belongs to Mν(X ) for some ν ∈ Z

(see Theorem 11.2 and Propositions 11.11–11.13). Next, the radius r(T ) in condi-
tion (16.24) cannot be decreased (see Theorem 16.4 below). Finally, the dependence
between the order of smoothness of the distribution f and the set of zero coefficients
in its Fourier expansion (11.9) is also precise (see Remark 16.1 below).

To prove Theorem 16.1 we require two lemmas.

Lemma 16.1. Let T ∈ M0
� (X ) with 0 < r(T ) < π/2. Suppose that R > r(T ),

f ∈ (D′
T ∩ L

1,loc
� )(BR), and f = 0 in Br(T ). Then f = 0 in BR .

Proof. It suffices to consider the case where R � π/2. Owing to Theorem 11.2
and Propositions 11.11–11.13, there exists a function ψ ∈ (E ′

� ∩ C3)(X) such that
r(ψ) = r(T ) and T = P(L)ψ for some polynomial P . In view of (11.92) and
Propositions 11.13(i) and 6.14,

Λ(ψ) ∈ (

E ′
� ∩ C

)

(−π/2, π/2).

Next, without loss of generality we can assume f ∈ C
q
T (BR), where q = 2 deg P +

2αX + 4 (see the beginning of the proof of Lemma 15.2). Set

F = A0,0,1
(

P(L)f
)

.
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Then by Theorem 11.3(i), (ii), (vii), F ∈ C�(−R,R), F = 0 on (−r(ψ), r(ψ)),
and

F ∗ Λ(ψ) = 0

on (r(ψ) − R,R − r(ψ)). Now using Theorems 13.1(i) and 11.3(i) and taking into
account that P(L) is an elliptical operator, we arrive at the desired assertion. 
�
Lemma 16.2. Let T ∈ M1

� (X ) with 0 < r(T ) < π/2. Suppose that R ∈ (r(T ), π/2]
and let f ∈ CT (BR) possess the following properties:

(1) f has the form f (p) = ϕ(�)Y (σ ), where Y ∈ Hk,m
X for some k ∈ {0, 1, 2, 3}

and m ∈ {0, . . . ,MX (k)};
(2) f = 0 in Br(T ).

Then f = 0 in BR .

Proof. If k = 0, then the assertion of Lemma 16.2 is an immediate consequence of
Lemma 16.1. Assume that k � 1. For � ∈ {1, 2, 3} and μ ∈ {0, . . . ,MX (�)}, we
set

U�,μ(p) = u�,μ(�), p ∈ BR,

where

u1,0(�) =
∫ �

0

ϕ(ξ)

1 + ξ2
dξ, (16.25)

u2,0(�) =
∫ �

0

η

(1 + η2)N X (2)

∫ η

0

(1 + ξ2)N X (2)−2ϕ(ξ)

ξ
dξ dη, (16.26)

u2,1(�) =
∫ �

0
η
(

1 + η2)βX −1
∫ η

0

ϕ(ξ)

ξ(1 + ξ2)βX +1
dξ dη, (16.27)

u3,0(�) =
∫ �

0

ζ

(1 + ζ 2)N X (2)

∫ ζ

0

η

(1 + η2)N X (3)−N X (2)+1

×
∫ η

0

(1 + ξ2)N X (3)−2ϕ(ξ)

ξ2
dξ dη dζ, (16.28)

u3,1(�) =
∫ �

0

ζ

(1 + ζ 2)2

∫ ζ

0
η
(

1 + η2)βX
∫ η

0

ϕ(ξ)

ξ2(1 + ξ2)βX +1
dξ dη dζ. (16.29)

Now define
V�,μ(p) = (U�,μ × T )(p), p ∈ BR−r(T ). (16.30)

Clearly, V�,μ ∈ C�
� (BR−r(T )). We claim that

Vk,m(p) = 0, p ∈ BR−r(T ). (16.31)

For each of the spaces X , we have the following relations (see the proof of Proposi-
tion 16.2):

• X = Rn or X = P
n
R

:

(−A1 − iA2)
�V�,0 = (

(A1 + iA2)
�U�,0

) × T ; (16.32)
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• X = P
n
C

:

A�
2 V�,0 = (

A�
2 U�,0

) × T , (16.33)

A2An+1V2,1 = (A2An+1U2,1) × T , (16.34)

An+1A
2
2V3,1 = (

An+1A
2
2U3,1

) × T ; (16.35)

• X = P
n
Q

:

A�
1 V�,0 = (

A�
1 U�,0

) × T , (16.36)

(A3n+2A1 − A2A3n+1)V2,1 = (

(A3n+2A1 − A2A3n+1)U2,1
) × T , (16.37)

(

A3n+2A
2
1 − A2A3n+1A1

)

V3,1 = ((

A3n+2A
2
1 − A2A3n+1A1

)

U3,1
) × T ; (16.38)

• X = P
2
Ca :

(A1 + iA2)
�V�,μ = (

(A1 + iA2)
�U�,μ

) × T . (16.39)

Put
v�,μ(�) = V�,μ(p)||p|=�.

By means of (11.16), (16.1)–(16.6), (16.14), (16.15), (16.22), and (16.25)–(16.29)
we can write (16.32)–(16.39) in the following form:

• X = Rn or X = P
n
R

:
(

D
(−� + 1, 1 − N X (�)

)

D
(−� + 2, 1 − N X (� − 1)

) · · ·D(0, 0)v�,0
)

(�)

× (x1 + ix2)
�

��
=

(

ϕ(�)
(x1 + ix2)

�

��

)

× T ;

• X = P
n
C

:

(

D(−� + 1,−� + 1)D(−� + 2,−� + 2) · · ·D(0, 0)v�,0
)

(�)
z�

2

��

=
(

ϕ(�)
z�

2

��

)

× T ,

(

D(−1, 0)D(0, 0)v2,1
)

(�)
z1z2

�2
=

(

ϕ(�)
z1z2

�2

)

× T ,

(

D(−2, 0)D(−1,−1)D(0, 0)v3,1
)

(�)
z1z

2
2

�3
=

(

ϕ(�)
z1z

2
2

�3

)

× T ;

• X = P
n
Q

:

(

D(−� + 1,−� + 1)D(−� + 2,−� + 2) · · · D(0, 0)v�,0
)

(�)P�,0(σ )

= (

ϕ(�)P�,0(σ )
) × T ,

(

D(−1, 1)D(0, 0)v2,1
)

(�)P2,1(σ ) = (

ϕ(�)P2,1(σ )
) × T ,

(

D(−2, 1)D(−1,−1)D(0, 0)v3,1
)

(�)P3,1(σ ) = (

ϕ(�)P3,1(σ )
) × T ;



538 16 Mean Periodic Functions on Compact Symmetric Spaces of Rank One

• X = P
2
Ca

:

(

D(0, 0)v1,0
)

(�)R1,0(σ ) = (

ϕ(�)R1,0(σ )
) × T ,

(

D(−1,−1)D(0, 0)v2,0
)

(�)R2,0(σ ) + 3

4

(

D(−1, 3)D(0, 0)v2,0
)

(�)R2,1(σ )

=
(

ϕ(�)R2,0(σ ) + 3

4

(

D(−1, 3)D(0, 0)u2,0
)

(�)R2,1(σ )

)

× T ,

(

D(−2, 2)D(−1,−1)D(0, 0)v3,0
)

(�)R3,0(σ )

+ (

D(−2, 3)D(−1,−1)D(0, 0)v3,0
)

(�)R3,1(σ )

= (

ϕ(�)R3,0(σ ) + (

D(−2, 3)D(−1,−1)D(0, 0)u3,0
)

(�)R3,1(σ )
) × T ,

(

D(−1,−1)D(0, 0)v2,1
)

(�)R2,0(σ ) + 3

4

(

D(−1, 3)D(0, 0)v2,1
)

(�)R2,1(σ )

=
(

(

D(−1,−1)D(0, 0)u2,1
)

(�)R2,0(σ ) + 3

4
ϕ(�)R2,1(σ )

)

× T ,

(

D(−2,−2)D(−1,−1)D(0, 0)v3,1
)

(�)R3,0(σ )

+ (

D(−2, 3)D(−1,−1)D(0, 0)v3,1
)

(�)R3,1(σ )

= ((

D(−2,−2)D(−1,−1)D(0, 0)u3,1
)

(�)R3,0(σ ) + ϕ(�)R3,1(σ )
) × T .

Since ϕ(�)Y (σ ) ∈ D′
T (BR), these relations yield

D
(−� + 1, 1 − NX (�)

)

D
(−� + 2, 1 − NX (� − 1)

) · · ·D(0, 0)vk,m = 0

if k = � and m = 0,

D(−1, βX )D(0, 0)vk,m = 0

if k = 2 and m = 1, and

D(−2, βX )D(−1,−1)D(0, 0)vk,m = 0

if k = 3 and m = 1 (see Proposition 16.3(i)). Hence,

vk,m(�) = c1, k = 1, m = 0, (16.40)

vk,m(�) = c1

(1 + �2)NX(2)−1
+ c2, k = 2, m = 0, (16.41)

vk,m(�) = c1

(1 + �2)NX(3)−1
+ c2

(1 + �2)NX(2)−1
+ c3, k = 3, m = 0, (16.42)

vk,m(�) =
{

c1
(

1 + �2
)βX + c2, k = 2, m = 1, βX �= 0,

c1 log
(

1 + �2
) + c2, k = 2, m = 1, βX = 0,

(16.43)

vk,m(�) =
{

c1
(

1 + �2
)βX + c2

(

1 + �2
)−1 + c3, k = 3, m = 1, βX �= 0,

c1 log
(

1 + �2
) + c2

(

1 + �2
)−1 + c3, k = 3, m = 1, βX = 0,

(16.44)
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where c1, c2, c3 are complex constants. Next, apply Lj , j ∈ {0, . . . , k − 1}, to
(16.30) with � = k and μ = m. Since Uk,m ∈ Ck(BR), Uk,m = 0 in Br(T ), and
T ∈ M1

� (X ), we get

(

LjVk,m

)

(0) = 0, j ∈ {0, . . . , k − 1}. (16.45)

If k = 1, then (16.45) and (16.40) give V1,0 = 0. Suppose that k � 2. Using the
equalities

L
((

1 + �2)−c) = −4c(ρX + c)
(

1 + �2)−c

+ 4c(βX + c)
(

1 + �2)−c+1
, c ∈ R

1,

L
(

log
(

1 + �2)) = 4ρX − 4βX
(

1 + �2)

(see (11.18)), we conclude from (16.41)–(16.44) that vk,m(�) = 0 for all � ∈
[0, tan (R − r(T ))). Thereby (16.31) is established. In view of Lemma 16.1 and
(16.31), Uk,m = 0 in BR . But then f = 0 in BR , as contended. 
�
Corollary 16.1. Let T ∈ M1

� (X ) with r(T ) ∈ (0, π/2). Assume that R ∈ (r(T ),

π/2], f ∈ Cs
T (BR), and f = 0 in Br(T ). Then f k,m,j = 0 in BR for all 0 � k �

s + 3, 0 � m � MX (k), and 1 � j � d
k,m

X .

Proof. In the case s = 0 this follows from Lemma 16.2 (see Proposition 16.3(i)
and (11.10)). Suppose that the statement of Corollary 16.1 is valid for 0 � s � l −1
with some l ∈ N. We shall prove it for s = l. Let f ∈ Cl

T (BR) and f = 0 in Br(T ).

Take k ∈ {0, . . . , l + 3}, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }. Owing to
Proposition 16.3(i) and (11.10), f k,m,j ∈ Cl

T (BR) and f k,m,j = 0 in Br(T ). By the
induction assumption, f k,m,j = 0 in BR for k � l + 2. Next, if k = l + 3 and
m � MX (l + 2), then in view of Proposition 16.4(iii),

(

D
(

l + 3 + 2αX , NX (l + 3) + γX − m
)

fl+3,m,j

)

(�)Y
l+2,m
1 (σ ) ∈ Cl−1

T (BR).

In addition, we have
(

D
(

l + 3 + 2αX , NX (l + 3) + γX − m
)

fl+3,m,j

)

(�) = 0, 0 � � � tan r(T ).

Again by the induction hypothesis we infer that f l+3,m,j = 0 in BR . Analogously,
thanks to Proposition 16.4(iv), f l+3,m,j = 0 in BR for MX (l+2) < m � MX (l+3),
and the proof is finished. 
�
Proof of Theorem 16.1. Examining the proof of Lemma 16.2 and Corollary 16.1, we
conclude that the assertion of Theorem 16.1 holds for ν = 0, 1. Using Theorem 11.2
and Proposition 16.6 and repeating the arguments in the proof of Lemma 15.3 and
Theorem 15.4, we obtain the required result. 
�
Corollary 16.2. Let T ∈ E ′

�(X) with r(T ) > 0. Fix an integer s � max {0, 2[(2αX +
5 − [−c2])/2]}, where c2 ∈ R

1 is the constant from the estimate
∣

∣˜T (λ)
∣

∣ � c1(1 + |λ|)c2 er(T )| Im λ|, λ ∈ C. (16.46)
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Assume that R > r(T ), f ∈ Cs
T (BR), and f = 0 in Br(T ). Then f k,m,j = 0 in BR

for all 0 � k � s − 2αX − 2 + [−c2], 0 � m � MX (k), and 1 � j � d
k,m

X .

Proof. We see from (16.46) and Propositions 11.11–11.13 that T ∈ Mν(X ) with
ν = −2αX − 4 + [−c2]. Therefore, Corollary 16.2 is an immediate consequence of
Theorem 16.1(ii). 
�

We establish now analogues of Theorems 15.1 and 15.5.

Theorem 16.2. Let T ∈ E ′
�(X) with r(T ) > 0, and let O be a ζ domain in X with

ζ = r(T ). Suppose that f ∈ D′
T (O) and f = 0 in some open ball B of radius r(T )

such that Cl B ⊂ O. Then the following statements hold.

(i) If f = 0 in some open ball with the radius exceeding r(T ), then f = 0 in O.
(ii) If f ∈ C∞

T (O), then f = 0 in O.
(iii) If T = T1 +T2, where T1 ∈ D�(X), T2 ∈ E ′

�(X), and r(T2) < r(T ), then f = 0
in O.

Proof. These results can be obtained in the same way as Theorem 14.2 with atten-
tion to Corollary 16.2 and Theorem 11.3. 
�

We note that assumptions in Theorem 16.2 cannot be relaxed either (see Theo-
rem 16.4 below).

Theorem 16.3. Let T ∈ E ′
�(X) with r(T ) > 0, and let O be a ζ domain in X with

ζ = r(T ) containing the ball
•
Br(T ). Suppose that f ∈ D′

T (O), f = 0 in Br(T ),
and f ∈ C∞(O1) for some open subset O1 of O such that S+

r(T )
⊂ O1, where

S+
r(T )

= {p = (p1, . . . , paX ) ∈ Sr(T ) : p1 � 0}. Then f = 0 in O.

Proof. We can suppose that T ∈ (E ′
� ∩ C2αX +1)(X) and O = BR , where r(T ) <

R � π/2 (see Theorem 11.2 and the proof of Theorem 15.5). Let λ ∈ ZT and
η ∈ {0, . . . , n(λ, T )}. Using Theorem 11.2, we define T λ,η ∈ E ′

�(X) by

˜T λ,η(z) = ˜T (z)
(

z2 − λ2)−η−1
, z ∈ C.

In view of Proposition 11.13, T λ,η ∈ C(X). In addition, we have from Proposi-
tion 11.11 the following relations: (1) (L+λ2−ρ2

X )T λ,η+1 = −T λ,η (n(λ, T ) � 1,
η ∈ {0, . . . , n(λ, T ) − 1}); (2) (L + λ2 − ρ2

X )T λ,0 = −T . Hence,

(

L + λ2 − ρ2
X

)η+1
F = 0 in BR−r(T ), (16.47)

where F = f ×T λ,η. Next, let � = tan r(T ). For t ∈ (0, �−1), we put at,X = −ϕt,1
if X �= P

2
Ca

and at,X = ϕt if X = P
2
Ca

, where the mappings ϕt,1 and ϕt are defined
in Sect. 16.1. For each of the spaces X , the ball at,X Br(T ) has the following form:
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• X = Rn:

at,X Br(T ) =
{

x ∈ R
n :

(

x1 − t (1 + �2)

1 − �2t2

)2

+
n

∑

l=2

x2
l <

(

�(1 + t2)

1 − �2t2

)2
}

;

• X = P
n
R

:

at,X Br(T ) =
{

x ∈ R
n :

(

x1− t (1 + �2)

1 − �2t2

)2

+ 1 + t2

1 − �2t2

n
∑

l=2

x2
l <

(

�(1 + t2)

1 − �2t2

)2
}

;

• X = P
n
C

:

at,X Br(T ) =
{

z ∈ C
n :

(

Re z1 − t (1 + �2)

1 − �2t2

)2

+ (Im z1)
2

+ 1 + t2

1 − �2t2

n
∑

l=2

|zl |2 <

(

�(1 + t2)

1 − �2t2

)2
}

;

• X = P
n
Q

:

at,X Br(T ) =
{

z ∈ C
2n :

(

Re z1 − t (1 + �2)

1 − �2t2

)2

+ (Im z1)
2 + |zn+1|2

+ 1 + t2

1 − �2t2

n
∑

l=2

(|zl |2 + |zn+l |2
)

<

(

�(1 + t2)

1 − �2t2

)2
}

;

• X = P
2
Ca :

at,X Br(T ) =
{

x ∈ R
16 :

(

x1 − t (1 + �2)

1 − �2t2

)2

+
7

∑

l=1

x2
2l+1

+ 1 + t2

1 − �2t2

n
∑

l=1

x2
2l <

(

�(1 + t2)

1 − �2t2

)2
}

.

Therefore, there are δ > 0 and a neighborhood U of the unity in KX such that
kat,X

•
Br(T ) ⊂ Br(T ) ∪ O1 for all t ∈ (0, δ) and k ∈ U . Then (16.47) and the proof

of Theorem 15.5 show that F = 0 in BR−r(T ). Now Theorem 11.3 and the argument
of Theorem 9.9 imply f = 0. 
�
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16.3 Series Development Theorems

Here we discuss analogues of the results of Sects. 14.3–14.5 for the space X . Let
T ∈ Inv+(X ). For all k ∈ Z+, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d

k,m
X }, we put

ζT ,k,m,j = −A
−1
k,m,j

(

ζ ′
Λ(T )

∣

∣

(−π/2,π/2)

)

(see (11.92)).

Theorem 16.4.

(i) ζT ,k,m,j ∈ (D′
T ∩ D′

k,m,j )(X) and

Ak,m
j (ζT ,k,m,j ) = ζT ,0,0,1.

(ii) If r(T ) > 0, then ζT ,k,m,j = 0 in Br(T ) and Sr(T ) ⊂ supp ζT ,k,m,j .
(iii) If T ∈ M(X ), then

ζT ,k,m,j =
n(0,T )
∑

η=0

a
0,0
2(n(0,T )−η)(

˜T )

(2η)! Φ0,η,k,m,j

+ 2
∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

a
λ,η

n(λ,T )(
˜T )(ηΦλ,η−1,k,m,j + λΦλ,η,k,m,j ),

where the series converges in D′(X), and the first sum is set to be equal to zero
if 0 /∈ ZT .

(iv) If T ∈ M(X ) and s ∈ Z+, then there is a constant σ = σ(s, T ) > 0 such that
ζT ,k,m,j ∈ Cs

T (X) for k > σ .

Proof. We can essentially imitate the same arguments as in the proof of Theo-
rem 14.7. However, we now use Proposition 16.1, (11.54), and Theorem 11.3. 
�
Remark 16.1. Theorem 16.4 and the proof of Theorem 14.9 show that the assertions
of Theorem 16.1 cannot be reinforced in the general case.

Theorem 16.5. For T ∈ Inv+(X ) such that r(T ) > 0, the following are true.

(i) If 0 < r � r(T ) < R � π/2 and f ∈ (D′
T ∩ D′

k,m,j )(BR), then f = 0 in Br if
and only if

f = A
−1
k,m,j

((

ζ ′
Λ(T ) ∗ u

)∣

∣

(−R,R)

)

(16.48)

for some u ∈ E ′
�(R

1) with supp u ⊂ [r − r(T ), r(T ) − r].
(ii) If R ∈ (r(T ), π/2] and f ∈ (C∞

T ∩ D′
k,m,j )(BR), then (Df )(0) = 0 for each

differential operator D if and only if (16.48) holds for some u ∈ D�(R
1) with

supp u ⊂ [−r(T ), r(T )].
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The proof is similar to the proof of Theorem 14.10, only instead of Theorem 9.3,
one applies Theorem 11.3.

Remark 16.2. In view of Theorem 11.5(viii), for a = π/2 − r(T ) + r , we have

A
−1
k,m,j

((

ζ ′
Λ(T ) ∗ u

)∣

∣

(−a,a)

) = ζT ,k,m,j × U,

where U = −Λ−1(u) and supp U ⊂ •
Br(T )−r . So, (16.48) is an analogue of equal-

ity (15.25).

Now we present descriptions for solutions of convolution equations on domains
in X .

Theorem 16.6.

(i) Let T ∈ Inv+(X ) with r(T ) > 0 and R ∈ (r(T ), π/2]. Then a distri-
bution f ∈ D′(BR) belongs to D′

T (BR) if and only if for all k ∈ Z+,

m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X }, there is vk,m,j ∈ E ′
�(R

1) such
that supp vk,m,j ⊂ [−r(T ), r(T )] and

f k,m,j = A
−1
k,m,j

((

ζ ′
Λ(T ) ∗ vk,m,j

)∣

∣

(−R,R)

)

.

(ii) Let T ∈ M(X ), R ∈ (r(T ), π/2], and f ∈ D′(BR). Then in order that f ∈
D′

T (BR), it is necessary and sufficient that for all k,m, j ,

f k,m,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,m,j Φλ,η,k,m,j ,

where αλ,η,k,m,j ∈ C, and the series converges in D′(BR).

Proof. Similar results in the one-dimensional case were obtained in Theorems 13.13
and 13.14. Once Theorem 11.3 has been established, we arrive at the desired con-
clusion reasoning as in the proof of Theorem 14.16. 
�
Theorem 16.7. Let T ∈ N(X ), 0 � r < R � π/2, R − r > 2r(T ), and let
f ∈ D′(Br,R). For f to belong to D′

T (Br,R), it is necessary and sufficient that for
all k,m, j ,

f k,m,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,m,j Φλ,η,k,m,j + βλ,η,k,m,j Ψλ,η,k,m,j , (16.49)

where αλ,η,k,m,j , βλ,η,k,m,j ∈ C, and the series converges in D′(Br,R).

Proof. Necessity. First, assume that T ∈ (N ∩ R)(X ), f ∈ D′
T (Br,R). Fix λ ∈ ZT

and η ∈ {0, . . . , n(λ, T )}. By Theorem 11.2 we define Tλ,η ∈ E ′
�(X) according to

the rule
˜Tλ,η(z) = bλ,η

(

˜T , z
)

, z ∈ C,
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where bλ,η(˜T , z) is given by (6.20). We conclude from (11.72) and Proposition 6.8
that the equalities of Proposition 9.13 hold true if we replace the operator � + λ2

by the operator L + λ2 − ρ2
X . This, together with Proposition 16.3(i), gives

(

L + λ2 − ρ2
X

)n(λ,T )+1(
f k,m,j × Tλ,0

) = 0.

Referring to Proposition 16.6, we get

f k,m,j × Tλ,0 =
n(λ,T )
∑

η=0

aλ,η,k,m,j (T , f )Φλ,η,k,m,j + bλ,η,k,m,j (T , f )Ψλ,η,k,m,j

(16.50)
for some complex constants aλ,η,k,m,j (T , f ) and bλ,η,k,m,j (T , f ). Proposition 11.14
and the argument in the proof of Proposition 9.11(iii) show that

∑

λ∈ZT

Tλ,0 = δ0 (16.51)

in the space D′(X). By (16.50) and (16.51),

f k,m,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,k,m,j (T , f )Φλ,η,k,m,j + bλ,η,k,m,j (T , f ) Ψλ,η,k,m,j

(16.52)
in D′(Br+r(T ),R−r(T )). Then for some c > 0 independent of λ and η,

|aλ,η,k,m,j (T , f )| + |bλ,η,k,m,j (T , f )| � (2 + |λ|)c,
whence the series on the right-hand side of (16.52) converges in D′(Br,R) (see
(11.53), (11.55), (11.42), and [225, Part III, the proof of Lemma 2.7]). It follows
that (16.49) is valid in the case under consideration (see Theorem 11.3 and the
proof of Theorem 14.11). Now let T ∈ N(X) and f ∈ D′

T (Br,R). If the degree
of a polynomial P is large enough, then P(L)T ∈ (N ∩ R)(X ) because of Proposi-
tion 8.3. In addition, f ∈ D′

P(L)T (Br,R). By the above we obtain (16.49) in general
using (11.72), Proposition 16.1, and Remark 11.1.

Sufficiency. Suppose that f k,m,j can be represented in the form (16.49) for all
k ∈ Z+, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d

k,m
X }. Then f k,m,j ∈ D′

T (Br,R) in
view of Proposition 16.1. It remains only to apply Proposition 16.3(ii). 
�

To close we note that the technique developed in Chaps. 11 and 14 makes it pos-
sible to establish many other results for mean periodic functions on X analogous to
those given in Sects. 14.3–14.5. We leave for the reader to reconsider the formula-
tions and the proofs.



Chapter 17
Mean Periodicity on Phase Space
and the Heisenberg Group

In Chaps. 13 and 14 we developed the theory of mean periodicity on the transla-
tion groups R

n, n � 1. The most natural generalization of the translation groups
are nilpotent groups. The Heisenberg group Hn is a principal model for nilpotent
groups, and results obtained for Hn may suggest results that hold more generally
for this important class of Lie groups.

In the case of the Heisenberg group it is very hard to study mean periodicity
for functions of arbitrary growth. On the other hand, one can obtain interesting re-
sults for functions satisfying certain growth conditions. Our point of view here is
to consider functions on Hn which are 2π-periodic in the t variable. They arise as
functions on the quotient Hn/Γ where Γ = {(0, 2πk) ∈ Hn : k ∈ Z}. The group
Hn

red = Hn/Γ is called the reduced Heisenberg group. The group convolution ∗ on
Hn

red can be transferred to C
n as a nonstandard convolution. Given f ∈ D′(Hn

red)

and T ∈ E ′(Hn
red), we have

(f ∗ T )k = fk �−k Tk, k ∈ Z,

where fk is the partial Fourier transform of f in the t variable, and fk �−k Tk is the
(−k)-twisted convolution,

〈fk �−k Tk, ϕ〉 = 〈

fk(z),
〈

Tk(w), ϕ(z + w)e− ik
2 Im〈z,w〉C 〉〉

, ϕ ∈ D
(

Hn
red

)

.

Thus, the study of mean periodicity on Hn
red is reduced to the case of the phase

space C
n.

In Sect. 17.1 we prove some preliminary results concerning mean periodic func-
tions on C

n. Section 17.2 is devoted to phase-space analogues of John’s uniqueness
theorem and related questions. Finally, in Sect. 17.3 we study the kernel of the op-
erator f → f � T . In particular, we show that for a broad class of distributions T ,
any smooth function in the kernel has an expansion in terms of eigenfunctions of
the special Hermite operator L satisfying the same convolution equation.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009



546 17 Mean Periodicity on Phase Space and the Heisenberg Group

17.1 Background Material

The present chapter is devoted to a study of twisted mean periodic functions on C
n

in the spirit of the results obtained in Chaps. 13–16. In what follows it is assumed
that n � 2. The case n = 1 is treated with minor modifications, and we leave it
for the reader. Our notation is based on Chap. 12. We shall use it with no further
references to Chap. 12.

Let T ∈ E ′
�(C

n), T 	= 0, and let O be an open subset of C
n such that the set

OT = {z ∈ C
n : z + •

Br(T ) ⊂ O} is nonempty. Following Sect. 14.1, we put

D′
T (O) = {

f ∈ D′(O) : f � T = 0 in OT

}

, (17.1)

Cs
T (O) = (

D′
T ∩ Cs

)

(O), s ∈ Z+ ∪ {∞}, CT (O) = C0
T (O), (17.2)

RAT (O) = (

D′
T ∩ RA

)

(O). (17.3)

If the set O is U(n)-invariant, we define

D′
T ,�(O) = (

D′
T ∩ D′

�

)

(O), Cs
T ,�(O) = (

Cs
T ∩ D′

�

)

(O).

In this section we shall establish the properties of classes (17.1)–(17.3) analogous
to those given in Sect. 16.1.

We set

ZT = {

λ ∈ Z
(

˜T
) : Re λ � 0, iλ 	∈ (0,+∞)

}

,

n(λ, T ) =
{

nλ

(

˜T
) − 1 if λ ∈ ZT \{0},

nλ

(

˜T
)

/2 − 1 if λ = 0 ∈ ZT .

Proposition 17.1. Let λ ∈ C, η, p, q ∈ Z+, and l ∈ {1, . . . , d(n, p, q)}. Then

φλ,η,p,q,l � T =
η

∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)φλ,ν,p,q,l in C
n

and

ψλ,η,p,q,l � T =
η

∑

ν=0

(

η

ν

)

λ

˜T 〈η−ν〉(λ)ψλ,ν,p,q,l in C
n\ •

Br(T ).

In particular, if λ ∈ ZT and η ∈ {0, . . . , n(λ, T )}, then φλ,η,p,q,l ∈ RAT (Cn) and
ψλ,η,p,q,l ∈ RAT (Cn\{0}).
Proof. This statement can be obtained in the same way as Proposition 16.1 with
attention to (12.35) and Proposition 12.13. ��
Proposition 17.2. Let f ∈ D′

T (O). Then

∂f

∂zk

− zk

4
f ∈ D′

T (O) and
∂f

∂zk

+ zk

4
f ∈ D′

T (O)

for all k ∈ {1, . . . , n}.
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Proof. We can assume, by regularization, that f ∈ C∞
T (O). Fix w ∈ OT . Set

a = (a1, . . . , an), where ak = t ∈ R
1 and aj = 0 if j 	= k. By the hypothesis and

Proposition 12.1(vii) there is ε > 0 such that

((

f (z − a)e− i
2 Im 〈z,a〉C)

� T
)

(w) = 0 (17.4)

for |t | < ε. Differentiating (17.4) with respect to t and putting t = 0, we obtain

∂f

∂zk

(z) + ∂f

∂zk

(z) + i

2
f (z) Im zk ∈ C∞

T (O). (17.5)

Analogously, for ak = it , t ∈ R
1, and aj = 0, j 	= k, one has

∂f

∂zk

(z) − ∂f

∂zk

(z) − 1

2
f (z) Im(izk) ∈ C∞

T (O). (17.6)

Combining (17.5) with (17.6), we complete the proof. ��
In the next statements of this section we shall assume that the set O is U(n)-

invariant.

Proposition 17.3.

(i) If f ∈ D′
T (O), then f (p,q),k,l ∈ D′

T (O) for all p, q ∈ Z+ and k, l ∈ {1, . . . ,

d(n, p, q)}.
(ii) Let f ∈ D′(O), and let f (p,q),l ∈ D′

T (O) for all p, q, l. Then f ∈ D′
T (O).

Proof. It suffices to use (12.17) and (12.18). ��
Proposition 17.4. Let Di(s), i = 1, 2, be the differential operator given by (12.19).
Suppose that m ∈ N, f ∈ Cm

T (O) and f has the form f (z) = ϕ(�)S
p,q
l (σ ). Then

(i) (D1(p+q)ϕ)(�)S
p,q+1
k (σ ) ∈ Cm−1

T (O) for p, q ∈ Z+ and k ∈ {1, . . . , d(n, p,

q + 1)};
(ii) (D2(p + q)ϕ)(�)S

p+1,q
k (σ ) ∈ Cm−1

T (O) for p, q ∈ Z+ and k ∈ {1, . . . ,

d(n, p + 1, q)};
(iii) (D1(2 − 2n − p − q)ϕ)(�)S

p−1,q
k (σ ) ∈ Cm−1

T (O) for p ∈ N, q ∈ Z+, and
k ∈ {1, . . . , d(n, p − 1, q)};

(iv) (D2(2 − 2n − p − q)ϕ)(�)S
p,q−1
k (σ ) ∈ Cm−1

T (O) for p ∈ Z+, q ∈ N, and
k ∈ {1, . . . , d(n, p, q − 1)}.

Proof. Put

P1(z) = z
p

1 z
q

2 , P2(z) = z
p−1
1 z

q

2 ,

P3(z) = z1P1(z) − p

n + p + q − 1
�2P2(z).
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By Proposition 17.3(i), F(z) = ϕ(�)P1(σ ) ∈ Cm
T (O). A direct calculation gives

∂F

∂z1
(z) − z1

4
F(z) = 1

2

(

D1(p + q)ϕ
)

(�)P3(σ )

+ p

2(n + p + q − 1)

(

D1(2 − 2n − p − q)ϕ
)

(�)P2(σ ).

(17.7)

Since P2(z) ∈ Hn,p−1,q

2 and P3(z) ∈ Hn,p,q+1
2 (see (16.10)), from (17.7), Proposi-

tion 17.2, and Proposition 17.3(i) we obtain (i), (iii). In the same way, by means of
the operator ∂

∂z2
+ z2

4 Id, we derive (ii), (iv). ��
Proposition 17.5. Let R ∈ (r(T ),+∞], p, q ∈ Z+, and l ∈ {1, . . . , d(n, p, q)}.
Then for f ∈ D′

(p,q),l(BR), the following assertions are equivalent.

(i) f ∈ D′
T (BR).

(ii) A(p,q)
l (f ) ∈ D′

T ,�(BR).

(iii) A(p,q),l(f ) ∈ D′
Λ(T ),�(−R,R).

The proof depends on (12.76) and Theorems 12.3(i), (viii) and 12.5(i).

Proposition 17.6. Let r(T ) = 0 and suppose that the set O is connected. Then a
distribution f ∈ D′(O) belongs to D′

T (O) if and only if

f (p,q),l =
∑

λ∈ZT

n(λ,T )
∑

η=0

aλ,η,p,q,lφλ,η,p,q,l + bλ,η,p,q,lψλ,η,p,q,l

for all p, q, l, where aλ,η,p,q,l , bλ,η,p,q,l ∈ C, and bλ,η,p,q,l = 0 in the case where
0 ∈ O.

Proof. The assertion is proved similarly to Proposition 15.6 by using (12.35), Re-
mark 12.3, Theorem 12.2(i), and Proposition 12.14. ��

17.2 Phase Space Analogues of the Uniqueness Theorems

In this section we shall establish analogues of Theorems 14.1–14.5 for the twisted
convolution equation on C

n.
Introduce the class Mν(Cn), ν ∈ Z, by analogy with Sect. 1.2. Namely, let

M0(Cn) be the set of all complex-valued compactly supported measures on C
n,

and let M1(Cn) be the set of all distributions f ∈ E ′(Cn) such that Df ∈ M0(Cn)

for each differential operator D on C
n of order at most one. If ν ∈ N and ν is

even (respectively ν is odd), we denote by Mν(Cn) the set of all distributions
f ∈ E ′(Cn) for which L[ν/2]f ∈ M0(Cn) (respectively L[ν/2]f ∈ M1(Cn)). Fi-
nally, if ν < 0 and ν is even (respectively ν is odd), we write Mν(Cn) for the
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set of all distributions f ∈ E ′(Cn) such that f = P(L)u for some u ∈ M0(Cn)

(respectively u ∈ M1(Cn)) and some polynomial P of degree at most [(1 − ν)/2].
By means of Theorem 12.2 and Propositions 12.14–12.16 it is easy to make sure

that for every T ∈ E ′
(p,q),l(C

n), there exists ν ∈ Z such that T ∈ Mν(Cn).
Our first result can now be stated.

Theorem 17.1. Let ν, s ∈ Z, s � max {0, 2[(1 − ν)/2]}. Suppose that T ∈ (E ′
� ∩

Mν)(Cn) with R > r(T ) > 0, f ∈ D′
T (BR), and f = 0 in Br(T ). Then the

following assertions hold.

(i) If f ∈ L
1,loc
s (BR), then f (p,q),l = 0 in BR for p + q � s + ν + 1 and 1 � l �

d(n, p, q).
(ii) If f ∈ Cs(BR), then f (p,q),l = 0 in BR for p + q � s + ν + 2 and 1 � l �

d(n, p, q).

We note that assumptions of Theorem 17.1 cannot be weakened in the general
case (see Theorem 17.6 below and the proof of Theorem 14.9).

The proof of Theorem 17.1 will be based on the following lemmas.

Lemma 17.1. Let T ∈ (E ′
� ∩ M0)(Cn) with r(T ) > 0. Assume that R > r(T ),

f ∈ (D′
T ∩ L

1,loc
� )(BR), and f = 0 in Br(T ). Then f = 0 in BR .

Proof. For z ∈ BR , we put

fm(z) = gm(|z|), m ∈ N,

where the sequence gm is determined by the recurrence relations

g1(�) = f(0,0),1(�)√
ω2n−1

= 1

ω2n−1

∫

S2n−1
f (�σ) dω(σ), (17.8)

gm+1(�) = e�2/4
∫ �

0
e−y2/2y1−2n

∫ y

0
ex2/4x2n−1gm(x) dx dy, m ∈ N. (17.9)

By (17.8) and (17.9), fm = 0 in Br(T ), fm+1 ∈ C2m−1(BR), and

(−L − n Id)fm+1 = fm in D′(BR).

Hence (see the proof of Lemma 14.1), fm ∈ C2m−3
T (BR) for m � 2. Then using

Theorem 12.3 and the argument of Lemma 16.1, we obtain that fm = 0 in BR for
all sufficiently large m ∈ N. Combining this with (17.9), we arrive at the desired
assertion. ��
Lemma 17.2. Let T ∈ M1

� (C
n) with r(T ) > 0. Suppose that R > r(T ) and let

f ∈ CT (BR) possess the following properties:

(1) f has the form f (z) = ϕ(�)Y (σ ), where Y ∈ Hn,p,q

2 for some p, q ∈ Z+ such
that p + q � 3;
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(2) f = 0 in Br(T ).

Then f vanishes identically in BR .

Proof. If p = q = 0, the statement of Lemma 17.2 follows directly from
Lemma 17.1 because M1

� (C
n) ⊂ M0

� (C
n). Assume that p + q � 1. For λ,μ ∈ Z+

such that 1 � λ + μ � 3, we put

Uλ,μ(z) = uλ,μ(�), z ∈ BR,

where

u1,0(�) = e−�2/4
∫ �

0
ϕ(ξ)eξ2/4 dξ, (17.10)

u0,1(�) = e�2/4
∫ �

0
ϕ(ξ)e−ξ2/4 dξ, (17.11)

u1,1(�) = e−�2/4
∫ �

0
ηeη2/2

∫ η

0

ϕ(ξ)e−ξ2/4

ξ
dξ dη, (17.12)

u2,0(�) = e−�2/4
∫ �

0
η

∫ η

0

ϕ(ξ)eξ2/4

ξ
dξ dη, (17.13)

u0,2(�) = e�2/4
∫ �

0
η

∫ η

0

ϕ(ξ)e−ξ2/4

ξ
dξ dη, (17.14)

u2,1(�) = e−�2/4
∫ �

0
ζ

∫ ζ

0
ηeη2/2

∫ η

0

ϕ(ξ)e−ξ2/4

ξ2
dξ dη dζ, (17.15)

u1,2(�) = e�2/4
∫ �

0
ζ

∫ ζ

0
ηe−η2/2

∫ η

0

ϕ(ξ)eξ2/4

ξ2
dξ dη dζ, (17.16)

u3,0(�) = e−�2/4
∫ �

0
ζ

∫ ζ

0
η

∫ η

0

ϕ(ξ)eξ2/4

ξ2
dξ dη dζ, (17.17)

u0,3(�) = e�2/4
∫ �

0
ζ

∫ ζ

0
η

∫ η

0

ϕ(ξ)e−ξ2/4

ξ2
dξ dη dζ. (17.18)

Now define Vλ,μ ∈ C
λ+μ
� (BR−r(T )) by

Vλ,μ(z) = (Uλ,μ � T )(z), z ∈ BR−r(T ). (17.19)

We claim that
Vp,q(z) = 0, z ∈ BR−r(T ). (17.20)

One has

Aλ
n+1Vλ,0 = (

Aλ
n+1Uλ,0

)

� T , λ = 1, 2, 3, (17.21)

A
μ
1 V0,μ = (

A
μ
1 U0,μ

)

� T , μ = 1, 2, 3, (17.22)

A2An+1V1,1 = (A2An+1U1,1) � T , (17.23)
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A2A
2
n+1V2,1 = (

A2A
2
n+1U2,1

)

� T , (17.24)

An+2A
2
1V1,2 = (

An+2A
2
1U1,2

)

� T , (17.25)

where

Ak = ∂

∂zk

− zk

4
Id, An+k = ∂

∂zk

+ zk

4
Id, 1 � k � n

(see the proof of Proposition 17.2). Let us transform equalities (17.21)–(17.25). It is
easy to verify that for � ∈ Z+ and u ∈ C1(0, R − r(T )), the identities

A1
(

z�
1 u(�)

) = z�+1
1

2
(E1u)(�), (17.26)

A2
(

z�
1 u(�)

) = z�
1 z2

2
(E1u)(�), (17.27)

An+1
(

z�
1 u(�)

) = z�+1
1

2
(E2u)(�), (17.28)

An+2
(

z�
1 u(�)

) = z2z
�
1

2
(E2u)(�) (17.29)

hold, where

(E1u)(�) = e�2/4

�

d

d�

(

u(�)e−�2/4), (17.30)

(E2u)(�) = −e�2/4

�

d

d�

(

u(�)e�2/4). (17.31)

With the help (17.26)–(17.29) and (17.10)–(17.18) we can write (17.21)–(17.25) in
the form

zλ
1

(

Eλ
2 vλ,0

)

(�) =
(

ϕ(�)

(

z1

�

)λ)

� T , λ = 1, 2, 3, (17.32)

z
μ
1

(

E
μ
1 v0,μ

)

(�) =
(

ϕ(�)

(

z1

�

)μ)

� T , μ = 1, 2, 3, (17.33)

z1z2(E1E2v1,1)(�) =
(

ϕ(�)
z1z2

�2

)

� T , (17.34)

z2
1z2

(

E1E
2
2v2,1

)

(�) =
(

ϕ(�)
z2

1z2

�3

)

� T , (17.35)

z2z
2
1

(

E2E
2
1v1,2

)

(�) =
(

ϕ(�)
z2z

2
1

�3

)

� T , (17.36)

where
vλ,μ(�) = Vλ,μ(z)||z|=�.
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Recalling that ϕ(�)Y (σ ) ∈ D′
T (BR) and applying Proposition 17.3(i), from (17.30)–

(17.36) we obtain

vp,q(�) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

c1e−�2/4, p = 1, q = 0,

c1e�2/4, p = 0, q = 1,

c1e�2/4 + c2e−�2/4, p = 1, q = 1,
(

c1�
2 + c2

)

e−�2/4, p = 2, q = 0,
(

c1�
2 + c2

)

e�2/4, p = 0, q = 2,

c1e�2/4 + c2e−�2/4 + c3�
2e−�2/4, p = 2, q = 1,

c1e−�2/4 + c2e�2/4 + c3�
2e�2/4, p = 1, q = 2,

(

c1�
4 + c2�

2 + c3
)

e−�2/4, p = 3, q = 0,
(

c1�
4 + c2�

2 + c3
)

e�2/4, p = 0, q = 3,

with some c1, c2, c3 ∈ C. Next, according to (17.19),

L
jVp,q(z) = (

L
jUp,q � T

)

(z), 0 � j � p + q − 1. (17.37)

When z = 0, (17.37) becomes

L
jVp,q(0) = 0, 0 � j � p + q − 1, (17.38)

since Up,q ∈ Cp+q(BR), Up,q = 0 in Br(T ), and T ∈ M1
� (C

n). By means

of (12.20) and (12.21) we find that for a ∈ R
1,

L
(

ea�2)
(0) = −4an, L

(

�2ea�2)
(0) = −4n, L

(

�4ea�2)
(0) = 0,

L
2(ea�2)

(0) = 16a2n2 + 16a2n − n, L
2(�2ea�2)

(0) = 32an(n + 1),

L
2(�4ea�2)

(0) = 32n(n + 1).

Combining these relations with (17.38), we derive (17.20). Now Lemma 17.1 im-
plies that Up,q = 0 in BR . Hence, f = 0 in BR , and Lemma 17.2 is proved. ��
Corollary 17.1. Let T ∈ M1

� (C
n) with r(T ) > 0. Suppose that R > r(T ), f ∈

Cs
T (BR), and f = 0 in Br(T ). Then f (p,q),l = 0 in BR for all p + q � s + 3 and

1 � l � d(n, p, q).

Proof. If s = 0, this follows from Lemma 17.2 by means of Proposition 17.3(i)
and (12.14). Assume that the assertion of Corollary 17.1 is true for 0 � s � j − 1
with some j ∈ N. We shall prove it for s = j . Let f ∈ C

j
T (BR) and f = 0 in

Br(T ). Consider f (p,q),l , where p + q � j + 3 and 1 � l � d(n, p, q). Because of

Proposition 17.3(i) and (12.14), f (p,q),l ∈ C
j
T (BR) and f (p,q),l = 0 in Br(T ). We

shall now distinguish three cases.
(a) The case p + q � j + 2. In this situation f (p,q),l = 0 in BR by the induction

hypothesis.
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(b) The case p + q = j + 3, p � 1. According to Proposition 17.4(iii),

(

D1(2 − 2n − p − q)f(p,q),l

)

(�)S
p−1,q

1 (σ ) ∈ C
j−1
T (BR).

Furthermore, we have
(

D1(2 − 2n − p − q)f(p,q),l

)

(�) = 0, 0 � � � r(T ).

Again by induction assumption we conclude that f (p,q),l = 0 in BR .
(c) The case p = 0, q = j +3. As above, we infer from Proposition 17.4(iv) that

f (p,q),l = 0 in BR .
Thus, f (p,q),l vanishes in BR for all p + q � j + 3 and 1 � l � d(n, p, q),

which proves Corollary 17.1. ��
Proof of Theorem 17.1. The proof of Lemma 17.2 and Corollary 17.1 shows that
the statement of Theorem 17.1 is valid for ν = 0, 1. Using now Theorem 12.2,
Proposition 17.6, and the arguments in Lemma 15.3 and Theorem 15.4, we complete
the proof. ��
Corollary 17.2. Let T ∈ E ′

�(C
n), let c2 ∈ R

1 be the constant from the estimate

∣

∣˜T (λ)
∣

∣ � c1(1 + |λ|)c2 er(T )| Im λ|, λ ∈ C, (17.39)

and let s � max{0, 2[(2n + 4 − [−c2])/2]}. Assume that R > r(T ) > 0, f ∈
Cs

T (BR), and f = 0 in Br(T ). Then f (p,q),l = 0 in BR for all p + q � s − 2n −
1 + [−c2] and 1 � l � d(n, p, q).

Proof. We see from (17.39) and Propositions 12.14–12.16 that T belongs to Mν(Cn)

with ν = −2n − 3 + [−c2]. Corollary 17.2 now follows from Theorem 17.1(ii). ��
We present uniqueness theorems for the class D′

T (O), where T ∈ E ′
�(C

n) and O
is a ζ domain in C

n with ζ = r(T ) > 0.

Theorem 17.2. Let T and O be as above, f ∈ D′
T (O), and let f = 0 in some open

ball B of radius r(T ) such that Cl B ⊂ O. Then

(i) If f = 0 in some open ball with the radius exceeding r(T ), then f = 0 in O.
(ii) If f ∈ C∞

T (O), then f = 0 in O.
(iii) If T = T1 + T2 where T1 ∈ D�(C

n), T2 ∈ E ′
�(C

n) and r(T2) < r(T ), then
f = 0 in O.

Proof. Let z0 ∈ C
n be fixed. By Proposition 12.1(vii) we have

(

f (z + z0)e
i
2 Im 〈z,z0〉C)

� T = (f � T )(z + z0)e
i
2 Im〈z,z0〉C . (17.40)

In the same way as in the proof of Theorem 14.2 we conclude from (17.40), Corol-
lary 17.2, and Theorem 12.3 that our result is valid if O = z0 + BR , R > r(T ),
and f = 0 in z0 + Br(T ). Hence, by the definition of a ζ domain, we obtain Theo-
rem 17.2 in general. ��
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Theorem 17.3. Let T and O be as in Theorem 17.2, and let f ∈ D′
T (O). Assume

that O contains the ball
•
Br(T ), f = 0 in Br(T ), and f ∈ C∞(O1) for some open

subset O1 of O such that {z = (z1, . . . , zn) ∈ C
n : |z| = r(T ) and Re z1 � 0} ⊂

O1. Then f = 0 in O.

This statement is proved similarly to Theorems 14.3 and 16.3 by using Theo-
rems 12.2 and 12.3.

In the case where O = C
n we have the following analogs to Theorems 14.4

and 14.5.

Theorem 17.4. Let T1, T2 ∈ E ′
�(C

n), r(T2) > 0, and T = T1 � T2. Suppose that
f ∈ D′

T (Cn) and f = 0 in Br(T ). Then

(i) If T2 ∈ Inv(Cn) and |Imλ|(log(2 + |λ|))−1 → +∞ as λ → ∞, λ ∈ ZT2 , then
f = 0.

(ii) If T2 ∈ E(Cn) and the order of the distribution f is finite, then f = 0.

Theorem 17.5. For T ∈ E ′
�(C

n) such that r(T ) > 0, the following assertions hold.

(i) If T 	∈ Inv+(Cn), f ∈ D′
T (Cn), and f = 0 in Br(T ), then f = 0 in C

n.
(ii) If T ∈ Inv+(Cn), then there is nonzero f ∈ (D′

T ∩ D′
�)(C

n) vanishing in Br(T ).

The validity of these results follows from Theorems 13.2, 13.3, and 12.3 (see the
proof of Theorem 14.5).

17.3 Characterizations of the Kernel of the Twisted Convolution
Operator

The purpose of this section is to present analogues of Theorems 14.7, 14.10, 14.16,
14.17(i), and 14.24(i) for the phase space. We start by defining a distribution
ζT ,(p,q),l that is an analogue of ζT ,k,j in Sect. 14.3.

Let T ∈ Inv+(Cn). For p, q ∈ Z+ and l ∈ {1, . . . , d(n, p, q)}, we set

ζT ,(p,q),l = −A
−1
(p,q),l

(

ζ ′
Λ(T )

)

.

Theorem 17.6.

(i) ζT ,(p,q),l ∈ (D′
T ∩ D′

(p,q),l)(C
n) and

A(p,q)
l (ζT ,(p,q),l) = ζT ,(0,0),1.

(ii) If r(T ) > 0, then ζT ,(p,q),l = 0 in Br(T ) and Sr(T ) ⊂ supp ζT ,(p,q),l .
(iii) If R > r(T ), z ∈ C

n, u ∈ E ′
�(C

n), and ζT ,(p,q),l � u = 0 in z + BR, then
u = T � v for some v ∈ E ′

�(C
n).
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(iv) If T ∈ M(Cn), then

ζT ,(p,q),l =
n(0,T )
∑

η=0

a
0,0
2(n(0,T )−η)(

˜T )

(2η)! φ0,η,p,q,l

+ 2
∑

λ∈ZT \{0}

n(λ,T )
∑

η=0

a
λ,η

n(λ,T )

(

˜T
)

(ηφλ,η−1,p,q,l + λφλ,η,p,q,l),

where the series converges in D′(Cn), and the first sum is set to be equal to zero
if 0 /∈ ZT .

(v) If T ∈ M(Cn), m ∈ Z+, and R ∈ (0,+∞), then there is a constant σ =
σ(m,R, T ) such that ζT ,(p,q),l ∈ Cm

T (BR) for p + q > σ . The same is true
with R = +∞, provided that

n(λ, T ) + |Imλ|
log(2 + |λ|) → 0 as λ → ∞, λ ∈ ZT .

This result is proved in the same manner as in the case of the distribution ζT ,k,j

(see Theorems 14.7 and 12.3 and Propositions 12.9 and 17.1).
Theorem 17.6 and the proof of Theorem 14.9 show that the statements of Theo-

rem 17.1 cannot be strengthened in the general case.
Employing Theorem 12.3 and the arguments in the proof of Theorem 14.10, we

obtain

Theorem 17.7. For T ∈ Inv+(Cn) with r(T ) > 0, we have the following state-
ments.

(i) If 0 < r � r(T ) < R � +∞ and f ∈ (D′
T ∩ D′

(p,q),l)(BR), then f = 0 in Br

if and only if
f = ζT ,(p,q),l � U in BR (17.41)

for some U ∈ E ′
�(C

n) with supp U ⊂ •
Br(T )−r .

(ii) If R ∈ (r(T ),+∞] and f ∈ (C∞
T ∩ D′

(p,q),l)(BR), then (Df )(0) = 0 for
each differential operator D if and only if relation (17.41) holds for some U ∈

D�(C
n) with supp U ⊂ •

Br(T ).

The following two results are analogues to Theorems 14.16, 14.17(i), and 14.24(i).

Theorem 17.8.

(i) Let T ∈ Inv+(Cn), 0 < r(T ) < R � +∞, and f ∈ D′(BR). Then f ∈
D′

T (BR) if and only if for all p, q ∈ Z+ and l ∈ {1, . . . , d(n, p, q)}, there exists

up,q,l ∈ E ′
�(C

n) such that supp up,q,l ⊂ •
Br(T ) and

f (p,q),l = ζT ,(p,q),l � up,q,l in BR.

(ii) Let T ∈ M(Cn), R ∈ (r(T ),+∞], and f ∈ D′(BR). For f to belong to
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D′
T (BR), it is necessary and sufficient that for all p, q, l,

f (p,q),l =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,p,q,lφλ,η,p,q,l ,

where αλ,η,p,q,l ∈ C, and the series converges in D′(BR).

Theorem 17.9. Let T ∈ N(Cn), 0 � r < R � +∞, R − r > 2r(T ), and let
f ∈ D′(Br,R). For f to belong to D′

T (Br,R), it is necessary and sufficient that for
all p, q, l,

f (p,q),l =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,p,q,l φλ,η,p,q,l + βλ,η,p,q,l ψλ,η,p,q,l ,

where αλ,η,p,q,l , βλ,η,p,q,l ∈ C, and the series converges in D′(Br,R).

Theorems 17.8 and 17.9 are proved similarly to Theorems 16.6 and 16.7.
We note that a number of other results in Sects. 14.3–14.5 also admit extensions

to the case of the twisted convolution. The proofs can be carried out along the same
lines (see Chap. 12). We leave the details for the reader.

In conclusion, we want to make a few comments on mean periodic functions on
the Heisenberg groups. Using an appropriate version of the Fourier transformation,
we can reduce convolution equations on Hn (respectively, on Hn

red) to twisted con-
volution equations and obtain for these cases analogues of several results presented
above. We expound in greater detail on analogues of Theorem 17.2(i) for Hn

red.
Let T be a compactly supported distribution on Hn

red. Put

r(T ) = inf {r > 0 : supp T ⊂ Cr} ,

where
Cr = {{(z, t + 2πk) : k ∈ Z} ∈ Hn

red : z ∈ Br, 0 � t < 2π
}

.

For f ∈ D′(Cr) and k ∈ Z, we define fk ∈ D′(Br) by

〈fk, ϕ〉 = 〈

f, ϕ(z)e−ikt
〉

, ϕ ∈ D(Br). (17.42)

The symbol ∗ will stand for the group convolution on Hn
red.

Theorem 17.10. Let T be a radial compactly supported distribution on Hn
red. Sup-

pose that
Tk 	= 0 and r(Tk) = r(T ) for every k ∈ Z. (17.43)

Then for all R ∈ (r(T ),+∞] and ε ∈ (0, R − r(T )), we have

{

f ∈ D′(CR) : f ∗ T = 0 in CR−r(T ) and f = 0 in Cr(T )+ε

} = {0}.
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Furthermore, for R = +∞, this result remains valid if (17.43) is replaced by the
condition

Tk 	= 0 for every k ∈ Z. (17.44)

Proof. Let f ∈ D′(CR) and k ∈ Z. By (1.53), (17.42), and (17.43),

(f ∗ T )k = fk �−k Tk, in BR−r(Tk),

where the distribution on the right-hand side is defined by

〈fk �−k Tk, ϕ〉 = 〈

fk(z),
〈

Tk(w), ϕ(z + w)e− ik
2 Im〈z,w〉C 〉〉

, ϕ ∈ D(BR−r(Tk)).

Using now Theorem 17.2(i), we obtain the required result. ��
It is easy to make sure that conditions (17.43) and (17.44) in Theorem 17.10

cannot be omitted. Next, in contrast to the situation for the phase space C
n, there

exist nonzero radial distributions T ∈ E ′(Hn
red) such that r(T ) = 0 and

{

f ∈ D′(CR) : f ∗ T = 0 in CR and f = 0 in Cr

} 	= {0}
for all R > 0, r ∈ (0, R). We also note that the equalities in (17.43) are satisfied,
for instance, if T has the form

〈T , ϕ〉 = 〈U(z), ϕ(z, 0)〉, ϕ ∈ E
(

Hn
red

)

,

where U ∈ E ′
�(C

n).



Part IV
Local Aspects of Spectral Analysis

and the Exponential Representation
Problem



This part continues our study of mean periodic functions. Here we indicate how
the results of Part III can be applied to questions of spectral analysis and spectral
synthesis for translation-invariant subspaces.

A translation-invariant subspace V ⊂ E (Rn) is said to admit spectral analysis
if V contains an exponential, i.e., if there exists z ∈ C

n such that f (x) = ei〈z,x〉C
belongs to V . If the exponential polynomials belonging to V are dense in V , we
say that V admits spectral synthesis. In case every translation-invariant subspace
admits spectral analysis (synthesis), we say that spectral analysis (synthesis) holds
in E (Rn). The exponential representation problem for V consists in the representa-
tion of an arbitrary element of V as an integral over the set of exponential polyno-
mials belonging to V .

If V is a translation-invariant subspace of E (Rn), then there exists a family
T ⊂ E ′(Rn) such that f ∈ V if and only if f ∗ T = 0 for all T ∈ T . This fol-
lows from the Hahn–Banach theorem. Thus, the above problems are reduced to the
study of systems of convolution equations of compact support in R

n. The remarks
presented below give an indication of the spirit which animates the study of these
questions.

1. Schwartz [188] proved that spectral synthesis holds in E (R1).
2. Gurevich [102] discovered that translations were not sufficient to generate a spec-

tral synthesis for dimensions greater than one. More precisely, there exists six
distributions T1, . . . , T6 ∈ E ′(Rn) (n � 2) such that

{

z ∈ C
n : ̂T1(z) = · · · =

̂T6(z) = 0
} = ∅ but

{

f ∈ D′(Rn) : f ∗ T1 = · · · = f ∗ T6 = 0
} �= {0}.

3. Brown, Schreiber, and Taylor [42] showed that every translation-invariant rota-
tion-invariant subspace of E (Rn), n � 2, is spanned by the polynomial-exponen-
tial functions it contains.

4. Different exponential representations for solutions of linear partial differential
equations with constant coefficients on R

n are given by Ehrenpreis [69, Chap. 7],
and Palamodov [165, Chap. 6]. There are many works devoted to the exponential
representation problem for systems of convolution equations (see, for example,
Berenstein and Struppa [19]).

5. The complete reconstruction, or deconvolution, of f given T ∈ T and f ∗ T

is of great interest. The theory of deconvolution has its roots in the work of
Wiener [261] and Hörmander [125], and has been developed into a working the-
ory by Berenstein et al. (see [16, 24, 25, 27, 28]).

6. Further developments deal with analogous questions for other spaces. In par-
ticular, many authors studied the case of symmetric spaces and the Heisenberg
group (see, e.g., Berenstein [11], Berenstein and Gay [15], Berenstein and Zal-
cman [26], Thangavelu [210], and Wawrzrynczyk [251–255]).

In Part IV we study related problems for systems of convolution equations on
domains of homogeneous spaces. The main difference with the above-mentioned
results is that we do not have any longer the group of translations at our disposal.
The absence of the group structure provides a serious complicating factor.



In Chaps. 18 and 19 we present results for Euclidean spaces. The case of sym-
metric spaces is investigated in Chaps. 20 and 21. Finally, results for the phase space
and the Heisenberg group is briefly discussed in the comments.



Chapter 18
A New Look at the Schwartz Theory

The theory of mean periodic functions of Schwartz [188] is a study of overdeter-
mined systems of homogeneous convolution equations on the real line. The main
function of the present chapter is to construct local analogues of this theory. The
point of view developed here and the results obtained are sufficiently different from
the above-mentioned article.

Let I be a nonempty index set. We will deal with the system of convolution
equations

(f ∗ Ti)(t) = 0, |t | < R − r(Ti), i ∈ I, (18.1)

where f ∈ D′(−R,R) is unknown, Ti ∈ E ′(R1)\{0}, supp Ti ⊂ [−r(Ti), r(Ti)],
and r(Ti) < R � +∞ for all i ∈ I . If Ti0 ∈ (Inv+ ∩ Inv−)(R1) for some i0 ∈ I ,
we present the characterization of f analogous to that given in Theorem 13.13. In
the case where Ti0 ∈ M(R1) and

inf
i∈I

r(Ti) + r(Tν) < R � +∞ for all ν ∈ I,

we obtain the exponential representation

f =
∑

λ∈Z

m(λ)
∑

η=0

γλ,η(it)
ηeiλt , t ∈ (−R,R), (18.2)

where Z = ⋂

i∈I Z(̂Ti), m(λ) = mini∈I m(λ, Ti), and the series in (18.2) con-
verges in D′(−R,R). Decomposition (18.2) shows that f vanishes in (−R,R) if
Z = ∅. It turns out that the same is true without the requirement Ti0 ∈ M(R1) (The-
orem 18.1). This result is a local version of the Schwartz theorem on spectral analy-
sis. Mean periodic functions with respect to a couple of distributions are discussed
in more detail. New effects were discovered: for example, for R = r(T1) + r(T2),
an important role is played by the rate at which the roots of the equations ̂Ti(z) = 0,
i = 1, 2, “come together” at infinity (see Theorem 18.8). In Sect. 18.3 we study ana-
logues of Theorem 18.8 for system (18.1). Here, we find connections with division-
type formulas for entire functions (see (18.42)). To close the chapter we will show

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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how to reconstruct a distribution f ∈ D′(R1) from the knowledge of its convo-
lutions f ∗ Tl , l ∈ {1, . . . , m}, m ∈ N\{1}, for a broad class of distributions
T1, . . . , Tm. We give here an explicit reconstruction formula using the biorthogo-
nal systems of Part II.

18.1 Localization of the Schwartz Theorems.
The Effect of the Size of the Domain

Throughout this part I denotes a nonempty index set. Let T(R1) be the set of all
families T = {Ti}i∈I such that

Ti ∈ E ′(
R

1), Ti 	= 0 and supp Ti ⊂ [−r(Ti), r(Ti)]

for all i ∈ I . For T ∈ T(R1), we set

r∗(T ) = supi∈I r(Ti), r∗(T ) = inf
i∈I

r(Ti),

RT = r∗(T ) + r∗(T ), Z(T ) = ⋂

i∈I
Z

(

̂Ti

)

.

In the sequel we denote by T1(R
1) the set of all families T ∈ T(R1) such that

0 < r∗(T ) = r(Ti1) and r∗(T ) = r(Ti2) for some i1, i2 ∈ I.

Next, let T2(R
1) be the set of all T ∈ T1(R

1) such that Ti ∈ D(R1) for some i ∈ I
satisfying r(Ti) = r∗(T ). Also we write T ∈ T3(R

1) if

T ∈ T1
(

R
1) and Ti ∈ D

(

R
1)

for all i ∈ I such that r(Ti) = r∗(T ).
Assume that T ∈ T(R1) and

r(Ti) < R � +∞ for all i ∈ I. (18.3)

Let us consider the system of convolution equations

(f ∗ Ti)(t) = 0, |t | < R − r(Ti), i ∈ I, (18.4)

with unknown f ∈ D′(−R,R). Denote by D′
T (−R,R) the set of all distributions

f ∈ D′(−R,R) such that (18.4) is satisfied. Also let

D′
T ,�(−R,R) = (

D′
T ∩ D′

�

)

(−R,R),

Cm
T (−R,R) = (

D′
T ∩ Cm

)

(−R,R), Cm
T ,�(−R,R) = (

Cm
T ∩ D′

�

)

(−R,R),
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QAT (−R,R) = (

D′
T ∩ QA

)

(−R,R), Gα
T (−R,R) = (

D′
T ∩ Gα

)

(−R,R),

where m ∈ Z+ ∪ {∞} and α > 0.
In this section we shall study solutions of (18.4) for various T and R. To begin

with, we prove the following uniqueness result.

Theorem 18.1. Let T ∈ T(R1), Z(T ) = ∅, and assume that (18.3) is fulfilled.
Then the following assertions hold.

(i) If f ∈ D′
T (−R,R) and

r∗(T ) + r(Ti) < R � +∞ for all i ∈ I, (18.5)

then f = 0.
(ii) If T ∈ T1(R

1), R = RT and f ∈ C∞[−R,R] ∩ D′
T (−R,R), then f = 0.

Proof. There is no loss of generality in assuming that Z(̂Ti) 	= ∅ for all i ∈ I . Next,
it is easy to dispense with the case where R = +∞. In this case we take U ∈ T and
for each λ ∈ Z(̂U), select V ∈ T such that λ 	∈ Z(̂V ). Then cλ,η(U, f ) = 0 for all
λ ∈ Z(̂U), η ∈ {0, . . . , m(λ,U)}, and f ∈ D′

T (R1) because of Proposition 13.8(i).
This, together with Proposition 13.6(ii), yields f = 0.

To prove (i) and (ii) for R < +∞, first suppose that r∗(T ) = r(U) for some
U ∈ T . Since Z(T ) = ∅, for each λ ∈ Z(̂U), there is V ∈ T such that λ 	∈ Z(̂V ).
As above, the required assertions now follow from Proposition 13.8(i), (ii) and
Proposition 13.6(ii). Suppose now that r∗(T ) < r(Ti) for all i ∈ I . Then for each
ε > 0, the set

Aε = {i ∈ I : r(Ti) < r∗(T ) + ε}
is nonempty. First, consider the case where r∗(T ) = r(T ) for some T ∈ T . Let
λ ∈ Z(̂T ), ε = R − RT , f ∈ D′

T (−R,R), and assume that (18.5) is satisfied. We
claim that

cλ,η(T , f ) = 0 for all η ∈ {0, . . . , m(λ, T )}. (18.6)

If there exists i ∈ Aε such that λ 	∈ Z(̂Ti), this follows by Proposition 13.8(i) with
U = T and V = Ti . Otherwise, λ ∈ ⋂

i∈Aε
Z(̂Ti). Choose j ∈ Aε and μ ∈ I

so that λ 	∈ Z(̂Tμ). Applying Proposition 13.8(i) with U = Tj and V = Tμ, one
obtains

cλ,η(Tj , f ) = 0 for all η ∈ {0, . . . , m(λ, Tj )}.
Combining this with (13.21), (6.5), (8.22), and Proposition 8.5(iii), we conclude that

f ∗ Wj = 0 in
(−R + r(Tj ), R − r(Tj )

)

, (18.7)

where Wj = T
λ,m(λ,Tj )

j . Notice that λ 	∈ Z(̂Wj) (see relation (8.23)). Using
now (18.7), (8.22), and Proposition 13.8(i) with U = T and V = Wj , we arrive
at (18.6). Thus, f = 0 in view of Proposition 13.6(ii). In order to complete the proof
of the theorem, it remains to consider the case where r(Ti) < r∗(T ) < +∞ for all
i ∈ I . Take T ∈ T arbitrarily and suppose that λ ∈ Z(̂T ). If there exists μ ∈ I
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such that r(Tμ) � r(T ) and λ 	∈ Z(̂Tμ), the above argument shows that (18.6)
holds. Otherwise, λ ∈ Z(̂Ti) for each i ∈ I such that r(Ti) � r(T ). As Z(T ) = ∅,
one has λ 	∈ Z(̂Tμ) for some μ ∈ I such that r(Tμ) > r(T ). Setting ε = R−r(Tμ),
we deduce as before that (18.7) is valid for some j ∈ Aε (see Proposition 13.8(i)
with U = Tj and V = Tμ). Again, using Proposition 13.8(i) with U = T and
V = Wj , we obtain (18.6). This, together with Proposition 13.6(ii), completes the
proof. ��

It is clear from Proposition 13.1(ii) that the assertions of Theorem 18.1 fail with-
out the assumption Z(T ) = ∅. We note that if Z(T ) = ∅ and Z(̂Ti) 	= ∅ for
all i ∈ I , then there exists an injective mapping I → C. The following statement
shows that the value R in Theorem 18.1 cannot be decreased in general (see also
Theorems 18.8 and 18.9 below).

Theorem 18.2. For each η > 0, there exists Tη ∈ (E ′
� ∩ N)(R1) such that the

following results are true.

(i) r(Tη) = 1 and Z(̂Tη) ⊂ R
1 for all η.

(ii) Z(̂Tη1) ∩ Z(̂Tη2) = ∅ for η1 	= η2.
(iii) There exists nontrivial f ∈ D′(−2, 2) such that f ∗Tη = 0 in (−1, 1) for all η.

Proof. For η > 0, we define Tη ∈ (E ′
� ∩ N)(R1) by letting

̂Tη(z) = 1 − eη cos z, z ∈ C. (18.8)

Also let T ∈ N(R1) be defined by ̂T (z) = cos z. It follows by (18.8) and Theo-
rem 6.3 that Z(̂Tη) ⊂ R

1 and

r(Tη) = r(T ) = 1

for all η. In addition, it is clear from (18.8) that (ii) is satisfied. Next, let f = ζT .
Using Theorem 8.5 and (13.5), we see that

f ∗ Tη = ζT

in R
1 for all η. According to Proposition 8.20(v), f has the required property. This

concludes the proof. ��
Thus, the assumption on R in Theorem 18.1(i) cannot be weakened in the general

case. However, for a broad class of families T ∈ T(R1), Theorem 18.1 remains to
be true with R > r(T ) (see Corollary 18.1 below).

To continue, for T ∈ T(R1) and λ ∈ Z(T ), we define

m(λ, T ) = min
i∈I

m(λ, Ti).

For the rest of this section, we assume that i0 ∈ I is fixed. The following result
characterizes some classes of solutions of (18.4).
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Theorem 18.3. Assume that T ∈ T(R1) and let T = Ti0 . Then the following asser-
tions hold.

(i) Assume that (18.5) is satisfied, let T ∈ M(R1), and let f ∈ D′(−R,R). For f

to belong to D′
T (−R,R), it is necessary and sufficient that

f =
∑

λ∈Z (T )

m(λ,T )
∑

η=0

γλ,ηeλ,η, (18.9)

where γλ,η ∈ C, and the series in (18.9) converges in D′(−R,R). If
T ∈ (T2 ∪ T3)(R

1), this statement remains valid with R ∈ [RT ,+∞].
(ii) Suppose that (18.5) is fulfilled, let T ∈ M(R1), and let f ∈ C∞(−R,R). Then

f ∈ C∞
T (−R,R) if and only if relation (18.9) holds, where the series converges

in E (−R,R). If T ∈ T1(R
1), the same is true for R ∈ [RT ,+∞].

(iii) Assume that (18.5) holds true and let α > 0, T ∈ Gα(R1), r(T ) > 0,
f ∈ C∞(−R,R) ∩ Gα[−r(T ), r(T )]. Then f ∈ C∞

T (−R,R) if and only if
equality (18.9) holds with the series converging in E (−R,R). If T ∈ T1(R

1),
this assertion remains true with R ∈ [RT ,+∞].

(iv) Assume that (18.3) is satisfied, let T ∈ M(R1), and suppose that f ∈
D′(−R,R). Then f ∈ QAT (−R,R) if and only if decomposition (18.9) holds,
where the constants γλ,η satisfy

max
0�η�m(λ,T )

|γλ,η| � Mq(1 + |λ|)−q for all λ ∈ Z(T ), q ∈ N,

and ∞
∑

p=1

1

infq�p M
1/q
q

= +∞. (18.10)

(v) Let T ∈ E(R1), f ∈ D′(R1), and assume that f is of finite order on R
1. Then

f ∈ D′
T (R1) if and only if relation (18.9) is valid with the series converging in

E (R1). In particular, if f ∈ D′
T (R1), then f ∈ C∞

T (R1).

Proof. The sufficiency in (i)–(v) is a consequence of Theorems 13.14 and 13.15.
Let us prove the necessity. If T ∈ M(R1) and f ∈ D′

T (−R,R), then it follows by
Theorems 13.14(i) and 13.9(ii) that

f =
∑

λ∈Z (̂T )

m(λ,T )
∑

η=0

cλ,η(T , f )eλ,η, (18.11)

where the series converges in D′(−R,R). In addition, T 	∈ D(R1) and

|cλ,η(T , f )| � (2 + |λ|)γ , (18.12)
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where γ > 0 is independent of λ, η (see Theorem 8.5 and Corollary 13.3). Using
now Proposition 13.8 with U = T and V = Ti , i ∈ I\{i0}, we obtain the necessity
in (i). The proof of the necessity in (ii)–(v) is based on the same idea by using
Theorems 13.14(ii), (iii), 13.15, and 8.1(i) and Corollary 13.3(ii)–(v). ��

It can be shown that the assumptions on R in Theorem 18.3(i), (ii) cannot be
weakened in general (see Theorem 18.9). The question when R can be decreased
requires further study. We shall now discuss it when only (18.3) is fulfilled, which
is a most restrictive case.

Theorem 18.4. Let T ∈ T(R1), T = Ti0 , and assume that for all λ ∈ Z(̂T ),
ν ∈ I\{i0}, the following estimates hold:

m(λ,T )
∑

η=0

∣

∣̂T (η)
ν (λ)

∣

∣ � Mq,ν(2 + |λ|)−q, q = 1, 2, . . . , (18.13)

where the constants Mq,ν > 0 do not depend on λ, and

∞
∑

p=1

1

infq�p M
1/q
q,ν

= +∞. (18.14)

Then assertions (i) and (ii) of Theorem 18.3 remain valid, provided that (18.5) is
replaced by (18.3).

Proof. It is enough to prove the necessity. If f ∈ D′
T (−R,R) and T ∈ M(R1),

then from Theorems 13.14(i) and 13.9(ii) we have equality (18.11) with coefficients
cλ,η(T , f ) satisfying (18.12). For R < +∞, equality (18.11) gives extension of
f on R

1 to a distribution in D′
T (R1) (see Proposition 8.17(i)). Using now (18.13),

(18.14), and (13.5), we see from Proposition 8.18 that f ∗ Tν ∈ QA(R1) for all ν ∈
I\{i0}. Because of (18.4) and Theorem 8.1(i), this yields f ∈ D′

T (R1). Similarly,
each f ∈ C∞

T (−R,R) admits extension on R
1 to a function in C∞

T (R1) (see (18.11)
and Proposition 8.17(ii)). Theorem 18.3 is thereby established. ��

Theorem 18.4 admits the following obvious but important consequence.

Corollary 18.1. Assume that T satisfies all the assumptions in Theorem 18.4 and
suppose that T ∈ M(R1) and (18.3) is fulfilled. Then D′

T (−R,R) = {0} if
Z T = ∅.

The proof follows at once from (18.9).
Conditions (18.13) and (18.14) are valid, in particular, if zeros of ̂Tν , ν ∈ I\{i0},

approach sufficiently fast to zeros λ ∈ Z(̂T ) as λ → ∞. Owing to the following
result, we see that assumption (18.14) in Theorem 18.4 cannot be weakened.

Theorem 18.5. Assume that I\{i0} 	= ∅. Then for each sequence {Mq}∞q=1 of posi-
tive numbers satisfying
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∞
∑

p=1

1

infq�p M
1/q
q

< +∞, (18.15)

there exist Ti0 ∈ (E ′
� ∩ N)(R1) and Tν ∈ E ′

�(R
1)\{0}, ν ∈ I\{i0}, such that the

family T = {Ti}i∈I possesses the following properties:

(1) for each ν ∈ I\{i0}, estimate (18.13) holds with Mq,ν = Mq ;
(2) r∗(T ) < +∞, Z T = ∅, and C∞

T (−R,R) 	= {0} for some R > r∗(T ).

For a proof, we refer the reader to V.V. Volchkov [225], Part III, Theorem 1.10.
To continue, for T ∈ T(R1) and R ∈ (0,+∞], denote by W T ,R the set of all

distributions w ∈ E ′(R1) with the following properties:

(a) supp w ⊂ [−r(T ), r(T )], where T = Ti0 ;
(b) for each ν ∈ I\{i0}, there exist w1,ν, w2,ν ∈ E ′(R1) such that

w1,ν = 0 in
{

t ∈ R
1 : |t | > r(T ) + r(Tν) − R

}

(18.16)

and
T ∗ w2,ν + w1,ν = Tν ∗ w. (18.17)

Also let
W T ,R,� = W T ,R ∩ E ′

�

(

R
1).

We point out that the sets W T ,R and W T ,R,� depend on i0 ∈ I .

Theorem 18.6. Let T ∈ T(R1), T = Ti0 ∈ (Inv+ ∩ Inv−)(R1), and assume
that (18.3) is satisfied. Then the following statements are valid.

(i) If f ∈ D′(−R,R), then for f to belong to D′
T (−R,R), it is necessary and

sufficient that
f = ζT ∗ w in (−R,R) (18.18)

for some w ∈ W T ,R .
(ii) D′

T (−R,R) = {0} if and only if for each w ∈ W T ,R , there exists ϕ ∈ E ′(R1)

such that
w = T ∗ ϕ.

Proof. To show (i), first suppose f ∈ D′
T (−R,R). Using Theorem 13.13, we ob-

tain (18.18) for some w ∈ E ′(R1) with supp w ⊂ [−r(T ), r(T )]. Let us extend f

on R
1 by formula (18.18). Then f ∈ D′

T (R1) and f ∗ Tν ∈ D′
T (R1) for all ν ∈ I .

However,
f ∗ Tν = ζT ∗ w ∗ Tν = 0

in (r(Tν) − R,R − r(Tν)). Theorem 13.4 shows that

f ∗ Tν = ζT ∗ w1,ν

for some w1,ν ∈ E ′(R1) satisfying (18.16). Hence,

ζT ∗ (w1,ν − Tν ∗ w) = 0
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and w ∈ W T because of Proposition 8.20(iv). Conversely, if (18.18) holds for some
w ∈ W T ,R , then (18.17), (18.16), and Proposition 8.20(v) imply that
f ∈ D′

T (−R,R), proving (i).
Part (ii) is evident from (i) and Proposition 8.20(v). This finishes the proof. ��

18.2 Pairwise Mean Periodic Functions

Throughout the section we assume that

T = {T1, T2}
is a family of nonzero distributions in E ′(R1) such that supp Tν ⊂ [−rν, rν], where
rν = r(Tν), ν ∈ {1, 2}. As before, we set

Z(T ) = Z
(

̂T1
) ∩ Z

(

̂T2
)

and
r∗(T ) = max{r1, r2}.

In this section we shall investigate the problem of existence of a nonzero solution
of the system

(f ∗ Tν)(t) = 0, |t | < R − rν, ν = 1, 2,

where r∗(T ) < R � +∞. By analogy with the previous section we define

D′
T (−R,R) = (

D′
T1

∩ D′
T2

)

(−R,R), QAT (−R,R) = (

D′
T ∩ QA

)

(−R,R),

and
Cm

T (−R,R) = (

D′
T ∩ Cm

)

(−R,R)

for m ∈ Z+ or m = ∞.
Theorem 18.1(i) shows that D′

T (−R,R) = {0}, provided that R > r1 + r2 and
Z(T ) = ∅. If Z(T ) 	= ∅, then for each λ ∈ Z(T ), the function f (t) = eiλt is in
(D′

T ∩ RA)(R1). Therefore, we restrict ourselves to only the case where

Z(T ) = ∅ and r∗(T ) < R � r1 + r2.

Theorem 18.7. Let Z(T ) = ∅, T1 ∈ (Inv+ ∩ Inv−)(R1), and R = r1+r2 > r∗(T ).
Assume that there exists a sequence ζ1, ζ2, . . . of complex numbers such that

(2 + |ζk|)α
(∣

∣̂T1(ζk)
∣

∣ + ∣

∣̂T2(ζk)
∣

∣

) → 0 as k → ∞ (18.19)

for each α > 0, and
|Im ζk| � c log(2 + |ζk|), (18.20)

where the constant c > 0 is independent of k. Then D′
T (−R,R) = {0}.
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Proof. Let f ∈ D′
T (−R,R). Theorem 18.6(i) shows that (18.18) holds with T =

T1 and w ∈ W T ,R . Owing to (18.17), (18.16), and Corollary 6.2,

̂T1(ζk)ŵ2,2(ζk) + ŵ1,2(ζk) = ̂T2(ζk)ŵ(ζk)

for all k ∈ N, where ŵ1,2 is a polynomial. Relations (18.19) and (18.20) and The-
orem 6.3 ensure us that ŵ1,2(ζk) → 0 and ζk → ∞ as k → ∞. Thus, ŵ1,2 = 0
and

T1 ∗ w2,2 = T2 ∗ w

(see (18.17)). Bearing in mind that Z(T ) = ∅ and T1 ∈ Inv(R1), we see from
Theorem 6.4 that w = T1 ∗ ϕ for some ϕ ∈ E ′(R1). Now it follows from (18.18)
and Proposition 8.20(i) that f = 0. Hence the theorem. ��

We shall now show that the assumptions in Theorem 18.7 cannot be considerably
weakened.

To begin with, we introduce some notion. Let fj : C → C, j = 1, 2, be nonzero
entire functions. We shall write Z(f1) ≈ Z(f2) if for each α > 0, there exists λ ∈

Z(f1) such that |f2(λ)| < (2 + |λ|)−α . Otherwise, we shall write Z(f1) 	≈ Z(f2).
Suppose that T1 ∈ N(R1) and λ ∈ Z(̂T1). By the definition of N(R1) one infers

that the estimates

|Im λ| + 1

|̂T (nλ)
1 (λ)|

� (2 + |λ|)γ1 , nλ � γ2, (18.21)

hold with γ1, γ2 > 0 independent of λ (here and below we write nλ instead of
nλ(̂T1)). Using Theorem 6.3, we see from (18.21) and Proposition 6.10 that for all
λ ∈ Z(̂T1) and η ∈ {0, . . . , m(λ, T1)}, the estimate

∣

∣̂T
(η)

2 (λ)
∣

∣ � (2 + |λ|)γ3 (18.22)

holds with γ3 > 0 independent of λ, η. For λ ∈ Z(̂T1)\Z(̂T2), we now define the
sequence ωλ,η = ωλ,η(T1, T2) ∈ C, η ∈ {0, . . . , nλ − 1}, as follows. Put

ωλ,nλ−1 = a
λ,nλ−1
nλ−1 (̂T1)

̂T2(λ)
. (18.23)

Next, if nλ � 2, we set

ωλ,η = a
λ,η
nλ−1(

̂T1)

̂T2(λ)
−

nλ−1
∑

ν=η+1

(

ν

η

)

̂T
(ν−η)
2 (λ)ωλ,ν

̂T2(λ)
, η ∈ {0, . . . , nλ − 2}. (18.24)

Assume now that Z(̂T1) 	≈ Z(̂T2). Then relations (18.21)–(18.24) imply that

|ωλ,η(T1, T2)| � (2 + |λ|)γ4 , (18.25)

where γ4 > 0 is independent of λ, η. Define �T1,T2 ∈ D′(R1) by the formula
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�T1,T2 =
∑

λ∈Z (̂T1)

m(λ,T1)
∑

η=0

ωλ,η(T1, T2)e
λ,η. (18.26)

It follows from Proposition 8.17(i) and (18.25) that the series in (18.26) con-
verges in D′(R1). By (13.5), Theorem 8.5, and the definition of ωλ,η(T1, T2) we see
that

�T1,T2 ∈ D′
T1

(

R
1) and �T1,T2 ∗ T2 = ζT1 in R

1. (18.27)

Theorem 18.8. Let Z(T ) = ∅ and T1 ∈ N(R1). Then the following statements are
valid.

(i) If R = r1 + r2 > r∗(T ) and Z(̂T1) ≈ Z(̂T2), then D′
T (−R,R) = {0}. This

occurs, in particular, if T2 ∈ D(R1).

(ii) Assume that r∗(T ) < R � r1 + r2, Z(̂T1) 	≈ Z(̂T2), and let f ∈ D′(−R,R).

Then f ∈ D′
T (−R,R) if and only if

f = �T1,T2 ∗ u in (−R,R) (18.28)

for some u ∈ E ′(R1) with supp u ⊂ [R − r1 − r2, r1 + r2 − R]. In particular,
C∞

T (−R,R) 	= {0} if r∗(T ) < R < r1 + r2.
(iii) If r∗(T ) < R = r1+r2, and Z(̂T1) 	≈ Z(̂T2), then there exists m = m(T ) ∈ Z+

such that Cm
T (−R,R) = {0}.

Proof. Part (i) is immediate from Theorem 18.7. To prove (ii), first suppose that
f ∈ D′

T (−R,R). It follows by Theorem 13.16(i) that f admits extension on R
1 to

distribution in D′
T1

(R1). Then f ∗ T2 ∈ D′
T1

(R1) and f ∗ T2 = 0 in (−r1, r1).

Owing to Theorem 13.4(i),

f ∗ T2 = ζT1 ∗ u in R
1 (18.29)

for some u ∈ E ′(R1) with supp u ⊂ [R−r1−r2, r1+r2−R]. By (18.27) and (18.29)
we obtain

f ∗ T2 = �T1,T2 ∗ T2 ∗ u in R
1,

so
f − �T1,T2 ∗ u ∈ D′

T
(

R
1).

In view of Theorem 18.1(i), this yields (18.28). In addition, Proposition 8.20(v),
(18.27), and (18.28) imply that �T1,T2 ∗ u in D′

T (−R,R) for each u ∈ E ′(R1) with
supp u ⊂ [R − r1 − r2, r1 + r2 − R]. If R < r1 + r2, we can choose u ∈ D(R1)

with this property such that

(−R,R) ∩ supp(�T1,T2 ∗ u) 	= ∅

(see (18.27), (13.5) and Theorem 13.9). Thus, (ii) is proved.
Assume now that r∗(T ) < R = r1 + r2 and Z(̂T1) 	≈ Z(̂T2). By (ii) and

Corollary 6.2 each f ∈ D′
T (−R,R) has the form
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f = p

(

d

dt

)

�T1,T2

for some polynomial p. Suppose that �T1,T2 ∈ C∞(−R,R). Then by Theo-
rem 13.16(ii) and (18.27) we have ζT1 ∈ C∞(R1). This contradicts Proposi-
tion 8.20(v) and Corollary 13.2. Thus, there is m = m(T ) ∈ Z+ such that
Cm

T (−R,R) = {0}. This completes the proof. ��
Theorem 18.8 implies that C∞

T (−R,R) = {0}, provided that Z(T ) = ∅, T1 ∈
N(R1), and R = r1 + r2 > r(T ). We shall now show that the value R in this
statement cannot be decreased in general.

Definition 18.1. A set E ⊂ C is called a sparse set if either E = ∅ or for each
ε > 0, there exists nonzero Tε ∈ E ′(R1) such that

supp Tε ⊂ [−ε, ε] and ̂Tε(λ) = 0 for all λ ∈ E. (18.30)

It is easy to verify that every finite set is sparse. Furthermore, if E ⊂ C is sparse
and infinite, then E has the form

E = {λ1, λ2, . . .}, where |λ1| � |λ2| � · · · and lim
n→∞|λn| = +∞. (18.31)

Proposition 18.1. Let E ⊂ C be sparse. Then the following statements are valid.

(i) The sets −E = {z ∈ C : −z ∈ E} and (−E) ∪ E are sparse.
(ii) If E1 ⊂ E, then E1 is sparse.

(iii) If c(R,E) is the cardinality of the set {z ∈ E : |z| < R}, then

lim
R→+∞

c(R,E)

R
= 0.

Proof. To prove (i) it is enough to consider the functions ̂Tε(−z) and ̂Tε(−z)̂Tε(z)

where Tε ∈ E ′(R1) satisfies (18.30) (see Theorem 6.3). Assertion (ii) is obvious
from Definition 18.1. Using now Theorem 6.3 and Proposition 6.1(ii), (iii), we arrive
at (iii). ��

Let us now present some necessary and sufficient conditions for sparseness of
E ⊂ C.

Proposition 18.2. Assume that E ⊂ C has the form (18.31). Then the following
statements are valid.

(i) If
∞
∑

n=1

(1 + |λn|)−1 < +∞, (18.32)

then E is sparse. Moreover, if E ⊂ {z ∈ C\{0} : |arg z − π/2| � π/2 − ε} for
some ε ∈ (0, π/2), then E is sparse if and only if (18.32) holds.

(ii) If 0 � λ1 � λ2 � · · · and λn+1 − λn → +∞ as n → ∞, then E is sparse.
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Proof. Relation (18.32) implies that for all a, b ∈ R
1, a < b, there exists a function

u ∈ C(R1) such that supp u ⊂ [a, b] and û(λn) = 0 for all n (see [144, Theo-
rem 1.4.3]). This, together with [145, Appendix III, Sect. 1], yields (i). Next, it is
not difficult to adapt the argument in the proof of Lemma 5.3.1 in [225] to show (ii).

��
Theorem 18.9. Let r∗(T ) < R < r1 +r2, T1 ∈ N(R1), and assume that there exists
l > 0 such that the set

El(T ) = {

λ ∈ Z
(

̂T1
) : ∣

∣̂T2(λ)
∣

∣ < (2 + |λ|)−l
}

is sparse. Also let {Mq}∞q=1 be a sequence of positive numbers satisfying (18.15).
Then there exists a nontrivial function f ∈ C∞

T (−R,R) such that

sup
t∈(−R,R)

∣

∣f (q)(t)
∣

∣ � Mq for all q. (18.33)

If, in addition, T1, T2 ∈ E ′
�(R

1), then f can be chosen even.

Proof. Let 0 < ε < (r1 + r2 − R)/3, l > 0, and assume that El(T ) is sparse.
Select s ∈ N so that s > nλ(̂T1) for all λ ∈ Z(̂T1). Then for each δ ∈ (0, ε/(2s +
1)), there exists nonzero u ∈ E ′(−δ, δ) such that û(λ) = 0 for all λ ∈ El(T ).
Take nonzero even v ∈ D(−δ, δ) and define ϕ ∈ D(−ε, ε) by the relation ϕ̂(z) =
(̂u(z)̂u(−z))s v̂(z) (see Theorem 6.3). Then the function ϕ is even, and ϕ̂(j)(λ) = 0
for all λ ∈ El(T ), j ∈ {0, . . . , nλ(̂T1)}. Setting

f1 = ζT1 ∗ ϕ′,

we deduce from Proposition 8.20(v) and Corollary 13.2 that f1 = 0 in (−r1+ε, r1−
ε) and supp f1 	= ∅. Proposition 13.5(iii) implies that

cλ,η(T1, f1) = 0

for all λ ∈ El(T ) and η ∈ {0, . . . , m(λ, T1)}. In addition, for each α > 0,

|cλ,η(T1, f1)| � c1(2 + |λ|)−α, λ ∈ Z
(

̂T1
)

, η ∈ {0, . . . , m(λ, T1)}, (18.34)

where c1 > 0 is independent of λ, η (see (6.34)).
Next, let λ ∈ Z(̂T1)\El(T ), η ∈ {0, . . . , m(λ, T1)}, and let γλ,η ∈ C be defined

by

m(λ,T1)
∑

η=ν

γλ,η

(

ν

η

)

̂T
(η−ν)
2 (λ) = cλ,η(T1, f1), ν = 0, . . . , m(λ, T1). (18.35)

Since λ 	∈ El(T ), it follows from (18.35), (18.34) and (18.22) that for each β > 0,

|γλ,η| � c2(2 + |λ|)−β,
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where c2 > 0 is independent of λ, η. Using Proposition 8.17(ii), we now define
f2 ∈ C∞

T1
(R1) by the formula

f2 =
∑

λ∈Z (̂T1)\El(T )

m(λ,T1)
∑

η=0

γλ,ηeλ,η.

In view of (13.5) and (18.35),
f2 ∗ T2 = f1.

Hence,
f2 ∈ C∞

T (ε − r1 − r2, r1 + r2 − ε).

We claim that [−r1, r2] ∩ supp f2 	= ∅. Otherwise, Theorem 13.9(ii), together
with (18.35), yields

cλ,η(T1, f1) = 0

for all λ ∈ Z(̂T1) and η ∈ {0, . . . , m(λ, T1)}. Then by Proposition 13.6(ii) we have
f1 = 0, which is a contradiction.

To continue, by Theorems 8.1(ii) and 6.1(i) we can select h ∈ D�(−ε, ε), h � 0,
so that the convolution f3 = f2 ∗ h is nontrivial in (−R,R) and

∣

∣h(q)(t)
∣

∣ � Mq

for all t ∈ (−ε, ε). Then the function f = cf3 with

c =
(∫ R+ε

−R−ε

|f3(t)| dt

)−1

is in C∞
T (−R,R), and (18.33) is fulfilled.

Moreover, if T1, T2 ∈ E ′
�(R

1), then f is even. Theorem 18.9 is thereby estab-
lished. ��

Several remarks are in order here.

Remark 18.1. Theorem 18.9 remains valid if T1 ∈ N(R1) and for some l > 0,
∑

λ∈El(T )

(1 + |λ|)−1 < +∞

(see Proposition 18.2(i)).

Remark 18.2. For the case where Z(T ) = ∅, Theorem 18.9 fails without assump-
tion (18.15). In fact, if f ∈ C∞

T (−R,R) and (18.10) is valid, then (18.33) implies
that f ∈ QAT (−R,R). Now it follows from Theorem 18.3(iv) that f = 0.

Remark 18.3. If Z(T ) 	= ∅, then Theorem 18.9 is true for each R > r(T ) without
any additional assumptions on T1, T2 ∈ E ′(R1) (see Proposition 13.1(ii)). However,
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for Z(T ) = ∅, Theorem 18.9 fails in general without assumption concerning the
sparseness of El(T ) for some l > 0 (see Theorem 18.10 below).

We shall now consider the case where

D′
T (−R,R) = {0} for r∗(T ) < R < r1 + r2.

Theorem 18.10.

(i) Let Z(T ) = ∅, T1 ∈ N(R1), and assume that T1 = ψ1 ∗ ψ2, where
ψ1 ∈ N(R1), ψ2 ∈ E ′(R1), and Z(̂ψ1) ∩ Z(̂ψ2) = ∅. Also suppose that
for each λ ∈ Z(̂ψ2),

m(λ,ψ2)
∑

η=0

∣

∣̂T
(η)
2 (λ)

∣

∣ � Mq(2 + |λ|)−q, q = 1, 2, . . . , (18.36)

where the constants Mq > 0 do not depend on λ and satisfy (18.10). Then
D′

T (−R,R) = {0} for R > max{r1, r2 + r(ψ1)}. In addition, C∞
T (−R,R) =

{0} if R � r2 + r(ψ1) and R > r∗(T ).
(ii) There exists a family T = {T1, T2} satisfying all the assumptions in (i) such

that T1 and T2 are even, r(T2) + r(ψ1) > r∗(T ), and D′
T (−R,R) 	= {0} for

R = r(T2) + r(ψ1).
(iii) There exists a family T = {T1, T2} satisfying all the assumptions in (i) such

that T1, T2 ∈ E ′
�(R

1), r(T2)+ r(ψ1) > r∗(T ), and C∞
T (−R,R) 	= {0} for each

R ∈ (r∗(T ), r(T2) + r(ψ1)).

Proof. The proof of (i) can be found in [225, Part III, Sect. 3.1]. To prove (ii) we
define ψ1, ψ2 ∈ (E ′

� ∩ N)(R1) by

̂ψ1(z) = cos πz, ̂ψ2(z) = sin(πz/2)

z
, z ∈ C.

The rest of the proof of (ii) now duplicates Theorem 3.1.14 of [225]. Part (iii) can be
obtained from (ii) by means of the standard smoothing method (see Theorem 6.1).

��
The following result shows that assumption (18.10) in Theorem 18.10 cannot be

weakened.

Theorem 18.11. For each sequence {Mq}∞q=1 of positive numbers satisfying (18.15),

there exist T1, ψ1, ψ2 ∈ (E ′
� ∩ N)(R1), and T2 ∈ D�(R

1) with the following proper-
ties.

(1) Estimates (18.36) hold for all λ ∈ Z(̂ψ2).

(2) Z(̂ψ1) ∩ Z(̂ψ2) = ∅.
(3) T1 = ψ1 ∗ ψ2 and Z(̂T1) ∩ Z(̂T2) = ∅.

(4) C∞
T (−R,R) 	= {0} for some R > max{r(T1), r(T2) + r(ψ1)}, where T =

{T1, T2}.
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For a proof see V.V. Volchkov [225], Part III, Theorem 1.16.
To conclude we complement Theorem 18.10(i) by the following result.

Theorem 18.12. Let Z(T ) = ∅, T1 ∈ (Inv+ ∩ Inv−)(R1), and assume that there
exists ψ ∈ M(R1) such that r(ψ) > 0 and for each λ ∈ Z(̂ψ),

m(λ,ψ)
∑

η=0

(∣

∣̂T
(η)
1 (λ)

∣

∣ + ∣

∣̂T
(η)
2 (λ)

∣

∣

)

� Mq(2 + |λ|)−q, q = 1, 2, . . . , (18.37)

where Mq > 0 are independent of λ and satisfy (18.10). Then D′
T (−R,R) = {0}

for R > max{r∗(T ), r1 + r2 − r(ψ)}. This statement is no longer valid in general if

r∗(T ) < R = r1 + r2 − r(ψ).

Proof. Let f ∈ D′
T (−R,R), R > max{r∗(T ), r1 +r2 −r(ψ)}. By Theorem 18.6(i)

we have (18.18) with T = T1 and w ∈ W T ,R . Relation (18.17) yields

̂T1ŵ2,2 + ŵ1,2 = ̂T2ŵ. (18.38)

Using now (18.37), Proposition 6.10, and (8.6), we obtain

∣

∣ŵ
(s)
1,2(λ)

∣

∣ � Mq(2 + |λ|)c1−q, q = 1, 2, . . . , (18.39)

where λ ∈ Z(̂ψ), s ∈ {0, . . . , m(λ,ψ)}, and the constant c1 > 0 is independent of
λ, q, s. Now define g = ζψ ∗w1,2. In view of Proposition 13.5(iii) and Theorem 8.5,
one has

cλ,η(ψ, g) =
m(λ,ψ)
∑

ν=η

(

ν

η

)

a
λ,ν
m(λ,ψ)(

̂ψ)ŵ
(ν−η)
1,2 (λ)

for all λ ∈ Z(̂ψ) and η ∈ {0, . . . , m(λ,ψ)}. Estimates (8.6), (18.39), and Proposi-
tion 6.6(i) imply that

|cλ,η(ψ, g)| � Mq(2 + |λ|)c2−q, q = 1, 2, . . . ,

where c2 > 0 is independent of λ, η, q. According to (18.10), Lemma 8.1(i), and
Proposition 8.18, g ∈ QA(R1). Next, by assumption on R and (18.16),

supp w1,2 ⊂ (−r(ψ), r(ψ)
)

. (18.40)

Therefore, g vanishes on (−ε, ε) for some ε > 0 (see Proposition 8.20(v)). As
g ∈ QA(R1), we conclude from Theorem 8.1(i) that g = 0. If w1,2 	= 0, this, to-
gether with Proposition 8.20(v), (18.40), and Corollary 13.2, yields ζψ = 0, a con-
tradiction. Thus, w1,2 must vanish. Since Z(T ) = ∅, we see from (18.38) and
Theorem 6.4 that

w = T1 ∗ ϕ
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for some ϕ ∈ E ′(R1). In view of (18.18) with T = T1, one has f = 0 and
D′

T (−R,R) = {0}. In addition, Theorem 18.10(ii) with ψ2 = ψ shows that this
result fails in general if r∗(T ) < R = r1 + r2 − r(ψ). ��

18.3 The Case of “Small” Intervals. Connections with
Division-Type Problems for Entire Functions

Our main purpose in this section is to establish analogues of Theorem 18.8 for sys-
tem (18.4). To begin with, we introduce some auxiliary notions. Throughout the
section we assume that i1, i2 ∈ I are fixed and i1 	= i2.

For T ∈ T(R1) and R > 0, let V T ,R be the set of all distributions v ∈ E ′(R1)

with the following properties:

(a) v = 0 in {x ∈ R
1 : |x| > r(P ) + r(Q) − R}, where P = Ti1 and Q = Ti2 ;

(b) for each i ∈ I\{i1, i2}, there exist v1,i , v2,i ∈ E ′(R1) such that

vμ,i = 0 in
{

x ∈ R
1 : |x| > r(Tμ) + r(Ti) − R

}

, μ ∈ {i1, i2}, (18.41)

and
P ∗ v2,i + Q ∗ v1,i = Ti ∗ v. (18.42)

Also we set
VT ,R,� = VT ,R ∩ E ′

�

(

R
1).

Of course, the sets V T ,R and V T ,R,� depend on i1 and i2. Relations (18.41) and
(18.42) and Theorem 6.3 show that the problem of describing of the sets V T ,R and
V T ,R,� is closely connected with division-type problems for some classes of entire
functions (see, e.g., Berenstein and Struppa [19], Sect. 1).

Let us consider some properties of VT ,R and V T ,R,�. In the sequel T�(R
1) de-

notes the set of all families T ∈ T(R1) such that Ti ∈ E ′
�(R

1) for all i ∈ I .

Proposition 18.3. Let T ∈ T�(R
1), R > 0, and let v ∈ V T ,R . Then the following

assertions hold.

(i) If v is even (respectively, odd), then the distributions vμ,i in (18.41) and (18.42)
can be chosen even (respectively, odd).

(ii) There exist w1, w2 ∈ VT ,R,� such that v = w1 + w′
2. In particular, V T ,R = {0}

if and only if V T ,R,� = {0}.
Proof. To prove (i) it is enough to observe that if v is even (respectively, odd), then,
together with vμ,i , the distributions

1

2

(

vμ,i(t) + vμ,i(−t)
)

(

respectively,
1

2

(

vμ,i(t) − vμ,i(−t)
)

)

satisfy (18.41) and (18.42).
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Turning to (ii), first note that for each odd u ∈ E ′(R1), there exists w ∈ E ′
�(R

1)

such that w′ = u (see Theorem 6.3). Now define

w1(t) = 1

2

(

v(t) + v(−t)
)

, w′
2(t) = 1

2

(

v(t) − v(−t)
)

.

Using (i) and the definition of VT ,R,�, we arrive at (ii). ��
Proposition 18.4. Let I = N, i1 = 1, i2 = 2. Then for each α ∈ [1, 2], there exists

T = {Ti}i∈I ∈ T�(R
1) with the following properties:

(1) T1 ∈ N(R1), Z(̂T1) 	≈ Z(̂T2), and r(Ti) = 1 for all i ∈ N;
(2) VT ,R,� 	= {0} for 1 < R � α;
(3) V T ,R = {0} for each R > α.

Proof. We define T = {T1, T2, . . .} as follows. Let

̂T1(z) = sin z

z
, ̂T2(z) = cos z, z ∈ C. (18.43)

Then Z(̂T1) 	≈ Z(̂T2) and r(T1) = r(T2) = 1. Next, for the case where α = 1, we
set

Ti(t) =
{

f (t) if |t | � 1,

0 if |t | > 1,
i ∈ {3, 4, . . .},

where f ∈ (RA ∩L1)(R1) is a nonzero even function. Suppose that v ∈ VT ,R for
some R > 1. By (18.41)–(18.43) we conclude that

Ti ∗ v′ = 0

in (1−R,R−1) for i � 3. Since f ∈ RA(R1), this yields f ∗v′ = 0 in R
1. Hence,

̂f ̂v′ = 0. As ̂f ∈ C(R1), this gives v′ = 0 and VT ,R = {0}.
Assume now that α ∈ (1, 2). Let us consider g ∈ (E ′

� ∩ Inv)(R1) such that
r(g) = 2 − α, ĝ(0) 	= 0, and all the zeros of ĝ are real and simple. We note that the
function ĝ has an infinite number of zeros (see Proposition 6.1(iv) and Theorem 6.3).

Denote by {λ1, λ2, . . .} the sequence of all positive zeros of ĝ arranged in as-
cending order of magnitude. For i ∈ {3, 4, . . .}, we put

Ti(t) =
{

cos(λi−2t) if |t | � 1,

0 if |t | > 1.
(18.44)

Suppose that v ∈ VT ,R,� for some R > α. As before, by (18.41)–(18.44) we have

̂v′(λi−2) = 0

for each i � 3. Combining this with Corollary 6.3, we obtain v′ = 0. In view
of Proposition 18.3(i), VT ,R = {0} for all R > α. To continue, for μ ∈ {1, 2},
i ∈ {3, 4, . . .}, we define vμ,i ∈ E ′(R1) with supp vμ,i ⊂ [α − 2, 2 − α] by
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v′
1,i (t) = (

g′ ∗ Ti

)

(t − 1) + (

g′ ∗ Ti

)

(t + 1), |t | < 1,

v2,i (t) = (

g′ ∗ Ti

)

(t − 1) − (

g′ ∗ Ti

)

(t + 1), |t | < 1.

Then (18.42) is satisfied with v = g. Thus, V T ,R,� 	= {0} for 1 < R � α.
Finally, if α = 2, then it is enough to put Ti = T1 for i ∈ {3, 4, . . .}. This

completes the proof. ��
We now present the following generalization of Theorem 18.8.

Theorem 18.13. Let T ∈ T(R1), P = Ti1 , Q = Ti2 , and assume that P ∈ N(R1),
Z(̂P) 	≈ Z(̂Q), and

r(Ti) < R � r(P ) + r(Tμ) for all i, μ ∈ I, μ 	= i1.

Then the following statements are valid.

(i) Let f ∈ D′(−R,R). Then for f to belong to D′
T (−R,R), it is necessary and

sufficient that
f = �P,Q ∗ v in (−R,R) (18.45)

for some v ∈ VT ,R .
(ii) D′

T (−R,R) = {0} if and only if V T ,R = {0}.
Proof. To prove (i), first assume that f ∈ D′

T (−R,R). Theorem 18.8 shows that
(18.45) holds for some v ∈ E ′(R1) with

supp v ⊂ [R − r(P ) − r(Q), r(P ) + r(Q) − R].
We claim that v ∈ V (T , R). Let i ∈ I\{i1, i2}, and let

fi = �P,Q ∗ v ∗ Ti.

Then fi ∈ D′
P (R1) and fi = 0 in (r(Ti) − R,R − r(Ti)). By Theorem 13.4(i)

we have fi = ζP ∗ v1,i for some v1,i ∈ E ′(R1) satisfying (18.41) with μ = i1.
Equality (18.27) now gives

�P,Q ∗ (v ∗ Ti − v1,i ∗ Q) = 0 in R
1.

This, together with (18.26), (13.5), (18.23), and (18.24), implies that

(

v̂̂Ti − v̂1,i
̂Q

)(η)
(λ) = 0

for all λ ∈ Z(̂P ) and η ∈ {0, . . . , m(λ, P )}. In view of Theorem 6.4, there exists
v2,i ∈ E ′(R1) satisfying (18.42). Moreover, by Theorem 6.2 v2,i satisfies (18.41)
with μ = i2. Thus, (18.45) is fulfilled for some v ∈ VT ,R . The converse result
follows from (18.45), (18.42), (18.27), and Theorem 13.4(i).

As for (ii), let D′
T (−R,R) = {0}. By (i),

�P,Q ∗ v = 0
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for all v ∈ VT ,R . As before, this yields v̂(η)(λ) = 0 for all λ ∈ Z(̂P ) and η ∈
{0, . . . , m(λ, P )}. By assumption on v and Corollary 6.3 we obtain v = 0 and
V T ,R = {0}. The converse statement is obvious from (i). ��
Corollary 18.2. Let T ∈ T�(R

1), R > 0, and assume that T and R satisfy all the
assumptions in Theorem 18.13. Also let f ∈ D′

�(−R,R). Then f ∈ D′
T ,�

(−R,R)

if and only if
f = �′

P,Q ∗ v in(−R,R)

for some v ∈ VT ,R,�.

Proof. By assumption on T and (18.26) we see that �P,Q is odd. The desired result
now follows from Theorem 18.13 and Proposition 18.3. ��

As another consequence of Theorem 18.13, we have the following result.

Corollary 18.3. Let I = N, i1 = 1, i2 = 2. Then for each α ∈ [1, 2], there exists
T = {Ti}i∈I ∈ T�(R

1) with the following properties:

(1) T1 ∈ N(R1), Z(̂T1) 	≈ Z(̂T2), and r(Ti) = 1 for all i ∈ N;
(2) D′

T ,�
(−R,R) 	= {0} for 1 < R � α;

(3) D′
T (−R,R) = {0} for R > α.

The proof follows from Theorem 18.13, Proposition 18.4 and Theorem 18.1(i).
We end this section with the following generalization of Theorem 18.12.

Theorem 18.14. Let T ∈ T(R1) and Ti0 ∈ (Inv+ ∩ Inv−)(R1) for some i0 ∈ I . Let
Z(T ) = ∅ and suppose that (18.3) is satisfied. Assume that for each ν ∈ I\{i0},
there exists ψν ∈ M(R1) such that r(ψν) > 0 and for each λ ∈ Z(̂ψν),

m(λ,ψν)
∑

η=0

(∣

∣̂T
(η)
i0

(λ)
∣

∣ + ∣

∣̂T (η)
ν (λ)

∣

∣

)

� Mq,ν(2 + |λ|)−q, q = 1, 2, . . . ,

where the constants Mq,ν > 0 are independent of λ and satisfy (18.14). Then
D′

T (−R,R) = {0}, provided that R > r(Ti0) + r(Tν) − r(ψν) for all ν ∈ I\{i0}.
This theorem is a best possible result, in the sense that r(Ti0) + r(Tν) − r(ψν)

cannot be replaced in general by a smaller constant, as, for example, Theorem 18.12
shows. The proof of Theorem 18.14 is an immediate extension of that of Theo-
rem 18.12, and therefore we omit it.

18.4 The Deconvolution Problem.
Explicit Reconstruction Formulae

Let m ∈ N, m � 2, let T1, . . . , Tm be nonzero distributions in the class E ′(R1) such
that

⋂m
l=1 Z(̂Tl) = ∅, and let g1, . . . , gm ∈ D′(R1). Assume that a distribution
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f ∈ D′(R1) satisfies the system of convolution equations

f ∗ Tl = gl, l = 1, . . . , m. (18.46)

Theorem 18.1(i) shows that f is determined uniquely by (18.46). In this section we
consider a construction for recovering the distribution f by g1, . . . , gm.

Following Sect. 8.2, for l, k ∈ {1, . . . , m} and λl ∈ Z(̂Tl), we define Tλ1,...,λm,k ∈
E ′(R1) by the formula

̂Tλ1,...,λm,k =
m

∏

l=1
l 	=k

(̂Tl)λl ,0.

The first our result is as follows.

Theorem 18.15. Assume that T1, . . . , Tm ∈ R(R1),
⋂m

l=1 Z(̂Tl) = ∅ and that for
each l ∈ {1, . . . , m}, all the zeros of ̂Tl are simple. If (18.46) is satisfied, then

f =
∑

λ1∈Z (̂T1)

. . .
∑

λm∈Z (̂Tm)

fλ1,...,λm, (18.47)

where the series converges unconditionally in D′(R1),

fλ1,...,λm =
m

∑

k=1

ck(λ1, . . . , λm)

̂T
′
k(λk)

(gk ∗ Tλ1,...,λm,k), (18.48)

and (c1(λ1, . . . , λm), . . . , cm(λ1, . . . , λm)) ∈ C
m is an arbitrary solution of the

system
{

λ1c1 + · · · + λmcm = −1,

c1 + · · · + cm = 0.
(18.49)

In addition, the right-hand side of (18.48) is independent of our choice of the con-
stants c1(λ1, . . . , λm), . . . , cm(λ1, . . . , λm) ∈ C satisfying (18.49).

Proof. By assumption on T1, . . . , Tm one has

δ0 =
∑

λ1∈Z (̂T1)

. . .
∑

λm∈Z (̂Tm)

(T1)λ1,0 ∗ · · · ∗ (Tm)λm,0,

where the series converges unconditionally in D′(R1) (see the proof of Proposi-
tion 8.9). Convolving with f , we arrive at (18.47) with

fλ1,...,λm = f ∗ (T1)λ1,0 ∗ · · · ∗ (Tm)λm,0.

This, together with Proposition 8.15, gives the desired result. ��
Remark 18.4. Assume that T1, . . . , Tm ∈ M(R1). Because of Proposition 8.3, for
each l ∈ {1, . . . , m}, there exists a polynomial pl such that pl(

d
dt

)Tl ∈ R(R1) and
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⋂m
l=1 Z(ql) = ∅, where ql(z) = pl(iz). If (18.46) is fulfilled, then

f ∗ pl

(

d

dt

)

Tl = pl

(

d

dt

)

gl, l = 1, . . . , m.

Using now Theorem 18.15, we can reconstruct f by g1, . . . , gm for the case where
T1, . . . , Tm ∈ M(R1) and all the zeroes of ̂T1 . . . ̂Tm are simple.

We shall now investigate the case m = 2 in greater detail. In this case relation
(18.48) can be rewritten as

fλ1,λ2 = 1

λ2 − λ1

(

(T2)λ2,0 ∗ g1

̂T ′
1(λ1)

− (T1)λ1,0 ∗ g2

̂T ′
2(λ2)

)

(see (18.49)). For the next step, one omits the assumption that all the zeroes of ̂T1
and ̂T2 are simple.

Let l ∈ {1, 2} and λl ∈ Z(̂Tl). We set

ν = ν(λ1, λ2) = m(λ1, T1) + m(λ2, T2) + 2,

U1,λ1,λ2 = 1

(λ2 − λ1)2ν

ν
∑

q=0

(−1)ν−q

(

2ν

ν + q

)

×
m(λ1,T1)

∑

j=0

a
λ1,0
j

(

̂T1
)

(

−i
d

dt
− λ1

)q+j+m(λ2,T2)+1

×
(

−i
d

dt
− λ2

)ν−q

(T2)λ2,0,

U2,λ1,λ2 = 1

(λ2 − λ1)2ν

ν
∑

q=1

(−1)ν+q

(

2ν

ν − q

)

×
m(λ2,T2)

∑

j=0

a
λ2,0
j

(

̂T2
)

(

−i
d

dt
− λ2

)q+j+m(λ1,T1)+1

×
(

−i
d

dt
− λ1

)ν−q

(T1)λ1,0.

Theorem 18.16. Let T1, T2 ∈ R(R1), Z(̂T1) ∩ Z(̂T2) = ∅, g1, g2 ∈ D′(R1), and
suppose that f ∈ D′(R1) satisfies (18.46) with m = 2. Then

f =
∑

λ1∈Z (̂T1)

∑

λ2∈Z (̂T2)

Fλ1,λ2 ,

where the series converges unconditionally in D′(R1), and

Fλ1,λ2 = g1 ∗ U1,λ1,λ2 + g2 ∗ U2,λ1,λ2 .



596 18 A New Look at the Schwartz Theory

Proof. This is just a repetition of the proof of Theorem 18.15 with the reference to
Proposition 8.15 replaced by a reference to Proposition 8.16. ��

To conclude we point out that there exist multidimensional analogues of Theo-
rems 18.15 and 18.16 for T1, . . . , Tm ∈ R(Rn). Moreover, it is easy to obtain similar
constructions for recovering a distribution by its convolutions on various homoge-
neous spaces. In order to arrive at the correspondent results, it is enough to repeat
the argument in the proof of Theorem 18.15 with attention to Propositions 9.16,
9.17, 10.19, and 10.20. We leave for the reader to examine the details.



Chapter 19
Recent Developments in the Spectral Analysis
Problem for Higher Dimensions

We have seen in Chap. 9 that the transmutation operators Ak,j relate convolution
equations on R

1 to convolution equations on R
n(n > 1). This property and the

results of Chap. 13 are further used in Chap. 14 to study mean periodic functions
on R

n. We have more one-dimensional results at our disposal now, so we can study
mean periodic functions on R

n more systematically.
The entire chapter centers around local analogues of a well-known result of

Brown, Schreiber, and Taylor [42] which is as follows: for any collection {Ti}i∈I
of radial distributions of compact support on R

n, the system of convolution equa-
tions in E (Rn)

f ∗ Ti = 0, i ∈ I, (19.1)

has only the trivial solution f = 0 if and only if the Fourier transforms ̂Ti have no
common zeroes. In [14], Berenstein and Gay proved a local version of the Brown–
Schreiber–Taylor theorem. More precisely, if there exists i0 ∈ I such that Ti0 is
invertible and

sup
λ∈Z (˜Ti0 )

| Im λ|
log(2 + |λ|) < +∞,

then
{

f ∈ D′(BR) : f ∗ Ti = 0 ∀i ∈ I
} = {0},

provided that R > r(Ti0) + supi∈I r(Ti) and
⋂

i∈I Z(˜Ti) = ∅. In this connection,
Berenstein and Gay posed the following problem: generalize their result to arbitrary
radial distributions Ti . In addition, it is naturally to present the complete picture of
the corresponding phenomenon when R � r(Ti0) + supi∈I r(Ti). These questions
are discussed in Sects. 19.1 and 19.3. In Sect. 19.2 we describe various spaces of
solutions of (19.1) on domains in R

n. Answers are provided in terms of expansions
associated with cylindrical functions. In Sect. 19.4 we consider applications to the
Pompeiu problem. One of our most intriguing results asserts that the global Pompeiu
property always implies the local Pompeiu property (Theorem 19.16).

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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19.1 Solution of the Berenstein–Gay Problem. Generalizations

Throughout in this chapter we assume that n � 2. In this section we generalize the
above mentioned Berenstein–Gay result to arbitrary families of radial distributions.

Let T = {Ti}i∈I be a given family of nonzero compactly supported distributions
on R

n. Suppose that O is an open subset of R
n such that the set

OTi
= {

x ∈ R
n : •

Br(Ti)(x) ⊂ O
}

is nonempty for all i ∈ I . Then for each f ∈ D′(O), the convolution f ∗ Ti is well
defined as distribution in D′(OTi

).
Let us regard the system of convolution equations

(f ∗ Ti)(x) = 0, x ∈ OTi
, i ∈ I, (19.2)

with unknown f ∈ D′(O). By analogy with Sect. 18.1 denote by D′
T (O) the set of

all distributions f ∈ D′(O) satisfying (19.2). For m ∈ Z+ or m = ∞, we set

Cm
T (O) = (

D′
T ∩ Cm

)

(O).

If the set O is O(n)-invariant, we put

Cm
T ,�(O) = (

D′
T ,� ∩ Cm

)

(O),

where
D′

T ,�(O) = (

D′
T ∩ D′

�

)

(O).

Let T�(R
n) be the set of all families T = {Ti}i∈I such that

Ti ∈ E ′
�

(

R
n
)

and Ti 
= 0 for each i ∈ I.

For T ∈ T�(R
n), define the family Λ(T ) = {Λ(Ti)}i∈I of distributions in the class

E ′
�(R

1) by

Λ̂(Ti) = ˜Ti, i ∈ I.

It follows by (9.50) that r(Ti) = r(Λ(Ti)) for all i ∈ I .
We now consider the problem of existence of a nonzero solution of system (19.2).
If O is a ball and T ∈ T�(R

n), then this problem reduces to the one-dimensional
case by means of the following result.

Theorem 19.1. Let T ∈ T�(R
n), and let

r(Ti) < R � +∞ for each i ∈ I. (19.3)

Assume that k ∈ Z+ and j ∈ {1, . . . , d(n, k)} are fixed. Then the following state-
ments are equivalent.

(i) D′
T (BR) = {0}.



19.1 Solution of the Berenstein–Gay Problem. Generalizations 599

(ii) (D′
T ∩ D′

k,j )(BR) = {0}.
(iii) D′

Λ(T ),�
(−R,R) = {0}.

The same remains valid, provided that D′
T (BR), (D′

T ∩ D′
k,j )(BR), and

D′
Λ(T ),�

(−R,R) are replaced by C∞
T (BR), (C∞

T ∩D′
k,j )(BR), and C∞

Λ(T ),�
(−R,R),

respectively.

Proof. The implication (i)→(ii) is obvious. Next, it follows by Theorem 9.3(ii)
and Proposition 14.7(ii) that (ii) implies (iii). Now let (iii) hold and suppose that
f ∈ D′

T (BR). By Propositions 14.5 and 14.7(ii) we deduce that

f k,j ∈ D′
T (BR) and Ak,j

(

f k,j
) ∈ D′

Λ(T ),�(−R,R)

for all k ∈ Z and j = {1, . . . , d(n, k)}. In combination with (iii) and Theo-
rem 9.3(ii), this gives f k,j = 0 for all k, j . Therefore, f = 0, and (i) is a conse-
quence of (iii). To prove the same result for the classes C∞

T (BR), (C∞
T ∩ D′

k,j )(BR),
and C∞

Λ(T ),�
(−R,R), it is sufficient to repeat the above arguments using Proposi-

tion 9.1(iii), (vi) and Theorem 9.3(iv). �

Remark 19.1. Using Theorem 9.3(i) and Corollary 9.2, we conclude that if Cm

T ,�
(BR)

= {0} for some m ∈ Z+, then Cm
Λ(T ),�

(−R,R) = {0}. However, the converse result

fails in general (see Theorems 18.8(iii) and 19.7).

For T ∈ T�(R
n), we set

Z T =
⋂

i∈I
ZTi

,

r∗(T ) = inf
i∈I

r(Ti), r∗(T ) = sup
i∈I

r(Ti), RT = r∗(T ) + r∗(T ).

Let T1(R
n) denote the set of all families T ∈ T�(R

n) such that

0 < r∗(T ) = r(Ti1) and r∗(T ) = r(Ti2)

for some i1, i2 ∈ I .
Notice that if T ∈ T�(R

n) and Z T 
= ∅, then

Φλ,0,0,1 ∗ Ti = 0

in R
n for all λ ∈ ZT , i ∈ I (see Proposition 14.2(ii)). In particular, C∞

T (Rn) 
= {0}.
So we shall regard system (19.2) for the case where Z T = ∅.

We now use Theorem 19.1 in order to establish the following basic result.

Theorem 19.2. Let T ∈ T�(R
n), Z T = ∅, and suppose that (19.3) is satisfied. Let

O ∈ S(R, r(Tν)) for some ν ∈ I , and let f ∈ D′
T (O) (see the definition of S(R, r)

in Sect. 1.2). Then the following statements are valid.
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(i) If
r∗(T ) + r(Ti) < R � +∞ for all i ∈ I, (19.4)

then f = 0.
(ii) If T ∈ T1(R

n), R = RT , BR ⊂ O, and f ∈ C∞(
•
BR), then f = 0.

Proof. We can assume, without loss of generality, that O = BR (see Theorem 14.2
and the definition of S(R, r)). Assertion (i) now follows from Theorems 18.1
and 19.1. To prove (ii) it is enough to repeat the arguments in the proof of The-
orem 19.1 using Theorem 18.1 and Remark 9.1. �


Some analogues of Theorem 19.2 can be obtained as a consequence of Theo-
rem 19.1 (see Remark 19.1). We now show that the value R in Theorem 19.2 cannot
be decreased in the general case (see also Theorems 19.12 and 19.14 below).

Theorem 19.3. For each η > 0, there exists Tη ∈ N(Rn) such that the following
assertions hold.

(i) r(Tη) = 1 and Z(˜Tη) ⊂ R
1 for all η.

(ii) Z(˜Tη1) ∩ Z(˜Tη2) = ∅ for η1 
= η2.
(iii) For each m ∈ Z+ there exists nonzero f ∈ Cm(B2) such that f ∗ Tη = 0 in B1

for all η.

We point out that this result is no longer valid with m = ∞ (see, for instance,
Theorem 19.13(i)) . However, by regularization we may conclude from (iii) that for
any ε ∈ (0, 1), there exists nonzero fε ∈ C∞(B2−ε) such that fε ∗ Tη = 0 in B1−ε

for all η > 0.

Proof of Theorem 19.3. By analogy with the proof of Theorem 18.2, we define
Tη ∈ N(Rn) and T ∈ N(Rn) by the formulae

˜Tη(z) = 1 − eη cos z, ˜T (z) = cos z, z ∈ C. (19.5)

Then (i) and (ii) are valid. For k ∈ Z+ and j ∈ {1, . . . , d(n, k)}, we set

f = ζT ,k,j .

Let m ∈ Z+ be fixed. If k is large enough, then by Theorem 14.7(v) we infer that
f ∈ Cm(Rn). In addition,

f ∗ Tη = ζT ,k,j

in R
n for all η (see (14.15), Proposition 14.2(ii) and (19.5)). In view of Theo-

rem 14.7(ii), f satisfies (iii), proving the theorem. �

Remark 19.2. The previous result shows that the assumption on R in Theorem 19.2(i)
cannot be weakened in general. However, for some families T ∈ T�(R

n), Theo-
rem 19.2 remains valid with R > r∗(T ) (see Corollary 19.1 below).

We shall now prove another uniqueness theorem for system (19.2).
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Theorem 19.4. Let T ∈ T�(R
n), Z T = ∅, and let K be a compact subset of R

n.
Assume that for some ν ∈ I , the set O = R

n\K is a ζ domain with ζ = r(Tν). Then
D′

T (O) = {0}.
Notice that for r∗(T ) < +∞, this result is obvious from Theorem 19.2(i).

Proof of Theorem 19.4. First, assume that O = Br,∞ for some r � 0. Let f ∈
D′

T (O) and T ∈ T . Using Proposition 14.13, we obtain

aλ,η,k,j (T , f ) = bλ,η,k,j (T , f ) = 0

for all λ ∈ ZT , η ∈ {0, . . . , n(λ, T )}, k ∈ Z+, and j ∈ {1, . . . , d(n, k)} (see
the proof of Theorem 18.1(i) for the case R = +∞). Now Proposition 14.11(ii)
yields f = 0. This proves the desired result for the case O = Br,∞. In view of
Theorem 14.2(i) and Definition 1.1, the general case reduces to this one. �


For the rest of the section, we assume that i0 ∈ I is fixed.

Theorem 19.5. Let T ∈ T�(R
n), Z T = ∅, T = Ti0 ∈ Inv+(Rn), and suppose

that (19.3) holds. Assume that for each ν ∈ I\{i0}, there exists ψν ∈ M(Rn) such
that r(ψν) > 0 and for each λ ∈ Zψν ,

n(λ,ψν)
∑

η=0

(∣

∣˜T (η)(λ)
∣

∣ + ∣

∣˜T (η)
ν (λ)

∣

∣

)

� Mq,ν(2 + |λ|)−q, q = 1, 2, . . . ,

where the constants Mq,ν > 0 are independent of λ and satisfy (18.14). Let
R > r(T ) + r(Tν) − r(ψν) for all ν ∈ I\{i0}, and let O ∈ S(R, r(Ti)) for some
i ∈ I . Then D′

T (O) = {0}. In particular, this is true if ψν = T ∈ M(Rn) for all
ν ∈ I\{i0}.
Proof. As before, without loss of generality we assume that O = BR (see The-
orem 14.2(i) and the definition of S(R, r) in Sect. 1.2). Now the desired result
follows at once from Theorems 19.1 and 18.14. �


Next, let T ∈ T�(R
n) and R ∈ (0,+∞]. Denote by W (T , R) the set of all

distributions w ∈ E ′
�(R

n) with the following properties:

(a) supp w ⊂ •
Br(T ), where T = Ti0 ;

(b) for each ν ∈ I\{i0}, there exist w1,ν , w2,ν ∈ E ′
�(R

n) such that

w1,ν = 0 in
{

x ∈ R
n : |x| > r(T ) + r(Tν) − R

}

and
T ∗ w2,ν + w1,ν = Tν ∗ w.

The set W (T , R) depends on i0. It is easy to see that

w ∈ W (T , R) if and only if Λ(w) ∈ WΛ(T ),R,�

(see the proof of Proposition 18.3).
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Theorem 19.6. Let T ∈ T�(R
n), T = Ti0 ∈ Inv+(Rn), and assume that (19.3) is

satisfied. Then the following assertions hold.

(i) If f ∈ D′(BR), then for f to belong to D′
T (BR), it is necessary and sufficient

that for all k ∈ Z+ and j ∈ {1, . . . , d(n, k)},
f k,j = ζT ,k,j ∗ w in BR

for some w ∈ W (T , R) depending on k, j .
(ii) D′

T (BR) = {0} if and only if for each w ∈ W (T , R), there exists ψ ∈ E ′
�(R

n)

such that w = T ∗ ψ .

Proof. First, assume that f ∈ D′(BR). In view of Propositions 14.7(ii) and 14.5,
Theorem 18.6, and Remark 13.1, for f to belong to D′

T (BR), it is necessary and
sufficient that for all k ∈ Z+ and j ∈ {1, . . . , d(n, k)},

Ak,j

(

f k,j
) = ζ ′

Λ(T ) ∗ v in (−R,R)

for some v ∈ WΛ(T ),R,�. Bearing (14.14) in mind and using Theorem 9.3(i), (ii),
we arrive at (i).

Part (ii) is obvious from (i) and Theorem 14.7(iii). �

Next, for the remainder of this section, we suppose that i1, i2 ∈ I are fixed and

i1 
= i2. For T ∈ T�(R
n) and R > 0, let V (T , R) denote the set of all distributions

v ∈ E ′
�(R

n) with the following properties:

(a) v = 0 in {x ∈ R
n : |x| > r(P ) + r(Q) − R}, where P = Ti1 and Q = Ti2 ;

(b) for each i ∈ I\{i1, i2}, there exist v1,i , v2,i ∈ E ′
�(R

n) such that

vμ,i = 0 in
{

x ∈ R
n : |x| > r(Tμ) + r(Ti) − R

}

, μ ∈ {i1, i2},
and

P ∗ v2,i + Q ∗ v1,i = Ti ∗ v.

Assume now that U1 ∈ N(Rn), U2 ∈ E ′
�(R

n), U2 
= 0, and Z(˜U1) 
≈ Z(˜U2).

Since Λ̂(Uν) = ˜Uν , ν = 1, 2, one sees, by the definition of �Λ(U1),Λ(U2), that
the distribution �′

Λ(U1),Λ(U2)
is even (see Sect. 18.1). For k ∈ Z+ and j ∈

{1, . . . , d(n, k)}, we define �U1,U2,k,j ∈ D′(Rn) by

�U1,U2,k,j = −A
−1
k,j

(

�′
Λ(U1),Λ(U2)

)

. (19.6)

Lemma 19.1.

(i) �U1,U2,k,j ∈ D′
U1

(Rn) and

�U1,U2,k,j ∗ U2 = ζU1,k,j .

(ii) If R > 0, then for each s ∈ N, there exists a constant c > 0 such that
�U1,U2,k,j ∈ Cs(BR) for all k > c and j ∈ {1, . . . , d(n, k)}.
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Proof. Part (i) is a consequence of (19.6), (18.27), (14.14), (9.80), and Theo-
rem 9.5(i). Next, for each R > 0, there exists u ∈ C2

� (−R,R) such that �′
Λ(U1),Λ(U2)

= p( d2

dt2 )u in (−R,R) for some polynomial p. Assertion (ii) now follows from
(19.6), (9.80), and Theorem 9.5(i), (iii). �


We conclude this section with the following result.

Theorem 19.7. Let T ∈ T�(R
n), P = Ti1 , Q = Ti2 , and assume that P ∈ N(Rn),

Z(˜P) 
≈ Z(˜Q), and

r(Ti) < R � r(P ) + r(Tμ) for all i, μ ∈ I, μ 
= i1.

Then the following assertions hold.

(i) If f ∈ D′(BR), then in order that f ∈ D′
T (BR), it is necessary and sufficient

that for all k ∈ Z+ and j ∈ {1, . . . , d(n, k)},
f k,j = �P,Q,k,j ∗ v in BR (19.7)

for some v ∈ V (T , R) depending on k, j .
(ii) D′

T (BR) = {0} if and only if V (T , R) = {0}.
(iii) If D′

T (BR) 
= {0}, then Cm
T (BR) 
= {0} for each m ∈ Z+.

We point out that assertion (iii) fails in general with m = ∞ (see Theo-
rem 19.13(i) below).

Proof of Theorem 19.7. Part (i) is proved in the same way as Theorem 19.6(i) by
using Corollary 18.2.

Turning to (ii), first suppose that D′
T (BR) = {0}. The definition of V (T , R)

shows that v ∈ V (T , R) if and only if Λ(v) ∈ VΛ(T ),R,�. Using this fact together
with Theorem 19.1 and Corollary 18.2, we obtain

V (T , R) = {0}.
The converse result follows from (i) and Proposition 9.1(vi).

Let us prove (iii). If D′
T (BR) 
= {0}, then there exist k ∈ Z+ j ∈ {1, . . . , d(n, k)},

and v ∈ V (T , R) such that the convolution �P,Q,k,j ∗v is nonzero in BR (see Propo-
sition 9.1(vi) and (19.7)). Thanks to Theorem 9.3(i), (ii) and (19.6), we infer that

�P,Q,k,j ∗ v 
= 0 in BR

for all k, j . Let m ∈ Z+. Since v ∈ E ′(Rn), one concludes that ord v < +∞. This,
together with Lemma 19.1, shows that �P,Q,k,j ∗ v ∈ Cm

T (BR) if the number k is
large enough. This concludes the proof. �
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19.2 Expansions Associated with Cylindrical Functions

In the present section we shall investigate various classes of solutions of sys-
tem (19.2) for some domains O with spherical symmetry.

For T ∈ T�(R
n) and λ ∈ Z T , we denote

n(λ, T ) = min
i∈I

n(λ, Ti).

In what follows we write T ∈ T2(R
n) if

T ∈ T1
(

R
n
)

and Ti ∈ D
(

R
n
)

(19.8)

for some i ∈ I such that r(Ti) = r∗(T ). Also, we write T ∈ T3(R
n) if (19.8) holds

for all i ∈ I such that r(Ti) = r∗(T ). As before, we assume that i0 ∈ I is fixed.
The following result characterizes some classes of solutions of (19.2) in a ball.

Theorem 19.8. Let T ∈ T�(R
n) and T = Ti0 . Then the following assertions are

true.

(i) Assume that (19.4) is satisfied, let T ∈ M(Rn), and let f ∈ D′(BR). For f

to belong to D′
T (BR), it is necessary and sufficient that for all k ∈ Z+ and

j ∈ {1, . . . , d(n, k)},

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

γλ,η,k,jΦλ,η,k,j , (19.9)

where γλ,η,k,j ∈ C, and the series in (19.9) converges in D′(BR). If T ∈ (T2 ∪
T3)(R

n), this statement remains valid with R ∈ [RT ,+∞].
(ii) Suppose that (19.4) is fulfilled, let T ∈ M(Rn), and let f ∈ C∞(BR). Then

f ∈ C∞
T (BR) if and only if for all k, j , relation (19.9) holds with the series

converging in E (BR). If T ∈ T1(R
n), the same is true for R ∈ [RT ,+∞].

(iii) Assume that (19.4) holds and let α > 0, T ∈ Gα(Rn), r(T ) > 0, and
f ∈ C∞(BR) ∩ Gα(

•
Br(T )). Then f ∈ C∞

T (BR) if and only if for all k, j ,
equality (19.9) holds with the series converging in E (BR). If T ∈ T1(R

n), this
assertion remains to be true with R ∈ [RT ,+∞].

(iv) Assume that (19.3) is satisfied, let T ∈ M(Rn), r(T ) > 0, and suppose that
f ∈ C∞(BR) ∩ QA(

•
Br(T )). Then f ∈ C∞

T (BR) if and only if for all k, j ,
decomposition (19.9) holds with the series converging in E (BR). Moreover, if
f ∈ C∞

T (BR), then f k,j ∈ QAT (BR) for all k, j .
(v) Let T ∈ E(Rn), f ∈ D′(Rn), and assume that f is of finite order in R

n. Then
f ∈ D′

T (Rn) if and only if for all k, j , equality (19.9) is satisfied with the series
converging in E (Rn). In particular, if f ∈ D′

T (Rn), then f k,j ∈ C∞
T (Rn) for

all k, j .
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Proof. First note that M(Rn) ∩ D(Rn) = ∅ (see Theorem 8.5). Using now The-
orem 14.19 and Remark 14.2, we see that the desired result is a consequence of
Theorems 14.11, 14.17, 14.18, and 14.15 and Proposition 14.13. �

Remark 19.3. In the case where Z T = ∅ assertions (ii)–(iv) of Theorem 19.8 give
refinements of Theorem 19.2 for the correspondent classes T and f . For instance,
if (19.3) is satisfied and T = Ti0 ∈ M(Rn), r(T ) > 0, Z T = ∅, and f ∈ C∞

T ∩
QA(

•
Br(T )), then f = 0 (see (19.9) and Proposition 9.1(vi)).

Let us now establish an analog of the previous result for a spherical annulus.

Theorem 19.9. Let T ∈ T�(R
n), T = Ti0 , and suppose that

0 � r < r ′ < R′ < R � +∞, R′ − r ′ = 2r(T ).

Then the following assertions hold.

(i) Let T ∈ I(Rn), assume that

r + 2
(

r∗(T ) + r(Ti)
)

< R for all i ∈ I, (19.10)

and let f ∈ D′(Br,R). Then f ∈ D′
T (Br,R) if and only if for all k, j ,

f k,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,k,jΦλ,η,k,j + βλ,η,k,jΨλ,η,k,j , (19.11)

where αλ,η,k,j , βλ,η,k,j ∈ C, and the series in (19.11) converges in D′(Br,R). If
T ∈ (T2 ∪ T3)(R

n), this statement remains valid with R ∈ [r + 2RT ,+∞].
(ii) Assume that (19.10) is satisfied, let T ∈ I(Rn), and let f ∈ C∞(Br,R). Then

f ∈ C∞
T (Br,R) if and only if for all k, j , relation (19.11) holds with the series

converging in E (Br,R). If T ∈ T1(R
n), the same is true for R ∈ [r+2RT ,+∞].

(iii) Suppose that (19.10) holds true, and let α > 0, T ∈ Iα(Rn), and f ∈
C∞(Br,R) ∩ Gα(

•
Br ′,R′). Then f ∈ C∞

T (Br,R) if and only if for all k, j , re-
lation (19.11) holds with the series converging in E (Br,R). If T ∈ T1(R

n), this
assertion remains to be true with R ∈ [r + 2RT ,+∞].

(iv) Let T ∈ I(Rn), let

r + 2r(Ti) < R � +∞ for all i ∈ I, (19.12)

and suppose that f ∈ C∞(Br,R) ∩ QA(
•
Br ′,R′). Then f ∈ C∞

T (Br,R) if and
only if for all k, j, decomposition (19.11) holds with the series converging in
E (Br,R). Moreover, if f ∈ C∞

T (Br,R), then f k,j ∈ QAT (Br,R) for all k, j .

Proof. Theorem 14.25 and Remark 14.3 show that the required result follows from
Theorems 14.11, 14.24, and 14.15 and Proposition 14.13. �
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We point out that the assumptions on R in Theorems 19.8(i)–(ii) and 19.9(i)–(ii)
cannot be relaxed either (see Theorem 19.14 and Remark 19.3). Let us regard the
case where these assumptions can be weakened.

Theorem 19.10. Let T ∈ T�(R
n), T = Ti0 , and assume that for all λ ∈ ZT and

ν ∈ I\{i0}, the following estimates hold:

n(λ,T )
∑

η=0

∣

∣˜T (η)
ν (λ)

∣

∣ � Mq,ν(1 + |λ|)−2q, q = 1, 2, . . . , (19.13)

where the constants Mq,ν > 0 do not depend on λ, and

∞
∑

p=1

1

infq�p M
1/2q
q,ν

= +∞. (19.14)

Then assertions (i) and (ii) of Theorem 19.8 remain valid provided that (19.4) is
replaced by (19.3). In addition, assertions (i) and (ii) of Theorem 19.9 are true
if (19.10) is replaced by (19.12).

A similar result for the one-dimensional case was obtained in Sect. 18.1 (see
Theorem 18.4). The proof of Theorem 19.10 can be carried out along the same lines
(see Proposition 14.2, Theorems 14.17, 14.24, and 14.15, and Propositions 9.18
and 9.21).

Corollary 19.1. Assume that T satisfies all the assumptions in Theorem 19.10 and
suppose that T ∈ M(Rn) and (19.3) is fulfilled. Then D′

T (BR) = {0} if Z T = ∅.

The proof follows from (19.9) and Proposition 9.1(vi).
Thanks to the following result, we see that assumption (19.14) in Theorem 19.10

cannot be relaxed in the general case.

Theorem 19.11. Let I\{i0} 
= ∅. Then for each sequence {Mq}∞q=1 of positive num-
bers satisfying

∞
∑

p=1

1

infq�p M
1/2q
q

< +∞, (19.15)

there exist Ti0 ∈ N(Rn) and Tν ∈ E ′
�(R

n), Tν 
= 0, ν ∈ I\{i0}, such that the family
T = {Ti}i∈I possesses the following properties:

(1) for each ν ∈ I\{i0}, estimate (19.13) is satisfied with Mq,ν = Mq ;
(2) r∗(T ) < +∞, and assertions (i) and (ii) of Theorem 19.8 fail for some R >

r∗(T ).

The proof of this theorem can be found in [225, Part III, Sect. 4.1].
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19.3 More on the Berenstein–Gay Problem: The Case R ��� r1 +r2

Throughout in this section we assume that T = {T1, T2} is a family of nonzero
distributions in E ′

�(R
n). As usual, we set

ZT = ZT1 ∩ ZT2

and
r∗(T ) = max{r1, r2} where rν = r(Tν), ν ∈ {1, 2}.

In this section we shall obtain some analogues of the Berenstein–Gay result for
the system

(f ∗ Tν)(x) = 0, |x| + rν < R, ν = 1, 2, (19.16)

where r∗(T ) < R � +∞. By analogy with the previous sections we write D′
T (BR)

for the set of all f ∈ D′(BR) satisfying (19.16). Similarly, we set

D′
T ,�(BR) = (

D′
T ∩ D′

�

)

(BR), Cm
T (BR) = (

D′
T ∩ Cm

)

(BR)

and
Cm

T ,�(BR) = (

D′
T ,� ∩ Cm

)

(BR)

for m ∈ Z+ or m = ∞.
As a consequence of Theorem 19.2(i), we obtain

D′
T (BR) = {0}, provided that R > r1 + r2 and ZT = ∅.

On the other hand, if ZT 
= ∅, then (D′
T ∩ RA)(Rn) 
= {0} (see Proposition 14.2).

Therefore, we shall consider system (19.16) for the case where

ZT = ∅ and r∗(T ) < R � r1 + r2.

Theorem 19.12. Let ZT = ∅. Then the following assertions hold.

(i) Let R = r1 + r2 > r∗(T ), T1 ∈ Inv+(Rn), and assume that there exists a
sequence ζ1, ζ2, . . . of complex numbers such that

(2 + |ζm|)α(∣

∣˜T1(ζm)
∣

∣ + ∣

∣˜T2(ζm)
∣

∣

) → 0 as m → ∞
for each α > 0 and

|Im ζm| � c log(2 + |ζm|),
where the constant c > 0 is independent of m. Then D′

T (BR) = {0}. In partic-
ular, this is true if T1 ∈ M(Rn) and Z(˜T1) ≈ Z(˜T2). This occurs, for example,
if T2 ∈ D(Rn).

(ii) Assume that T1 ∈ N(Rn), r∗(T ) < R � r1 + r2, Z(˜T1) 
≈ Z(˜T2), and let
f ∈ D′(BR). Then f ∈ D′

T (BR) if and only if that for all k ∈ Z+ and j ∈
{1, . . . , d(n, k)},

f k,j = �T1,T2,k,j ∗ v in BR
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for some v ∈ E ′
�(R

n) depending on k, j such that supp v ⊂ •
Br1+r2−R . In par-

ticular, C∞
T (BR) 
= {0} for R < r1 + r2.

(iii) If T1 ∈ N(Rn), Z(˜T1) 
≈ Z(˜T2), and r∗(T ) < R = r1+r2, then Cm
T (BR) 
= {0}

for each m ∈ Z+.

We note that assertion (iii) fails with m = ∞ (see Theorem 19.13(i) below).
Next, Theorem 19.13(ii) shows that for all s,m ∈ Z+ there exists T = {T1, T2}
such that

T1 ∈ (

N ∩ Cs
)(

R
n
)

, T2 ∈ (

E ′
� ∩ Cs

)(

R
n
)

, ZT = ∅,

and Cm
T (BR) 
= {0} for R = r(T1) + r(T2).

Proof of Theorem 19.12. Assertion (i) is a consequence of Theorems 19.1 and 18.7.
Assertions (ii) and (iii) follow from Theorem 19.7. �


Important information concerning the class C∞
T (BR) is contained in the follow-

ing theorem.

Theorem 19.13.

(i) Let ZT = ∅, T1 ∈ M(Rn), R = r1 + r2 > r∗(T ), and assume that f ∈
D′

T (BR) ∩ C∞(Br1+ε) for some ε ∈ (0, R − r1). Then f = 0 in BR .
(ii) Let T1 ∈ N(Rn) and r(T1) > 0. Then there exists T2 ∈ E ′

�(R
n) such that

r(T2) = r(T1) and the family T = {T1, T2} possesses the following properties:

(1) ZT = ∅;
(2) If R = r(T1) + r(T2), then for each m ∈ Z+, there exists a nontrivial

function f ∈ Cm
T (BR) such that f = 0 in Br(T1).

Proof. To prove (i) it is enough to show that

(

D′
T ∩ D′

�

)

(BR) ∩ C∞(Br1+ε) = {0}
(see the proof of Theorem 19.1). However,

(

D′
T ∩ D′

�

)

(BR) ∩ C∞(Br1+ε) = (

D′
T ∩ C∞

�

)

(BR)

in view of Theorem 14.19. Using now Theorems 19.1 and 18.8(i), (iii), we arrive
at (i).

Turning to (ii), let T1 ∈ N(Rn), r(T1) > 0, and T2 = T1 + δ0, where δ0 is the
Dirac measure supported at the origin in R

n. Then T2 ∈ E ′
�(R

n), r(T2) = r(T1),

and ˜T2(λ) = 1 for each λ ∈ ZT1 . Thus, ZT = ∅, where T = {T1, T2}. Suppose
that m ∈ Z+ and R = r(T1) + r(T2). By Theorem 14.7(ii) and Lemma 19.1(i)
we deduce that the distribution f = �T1,T2,k,j is in D′

T (BR) for all k ∈ Z+ and
j ∈ {1, . . . , d(n, k)}. In addition, by the definition of T2 one has

f = f + f ∗ T1 = �T1,T2,k,j ∗ T2 = ζT1,k,j .



19.3 More on the Berenstein–Gay Problem: The Case R � r1 + r2 609

If k is large enough, then f ∈ Cm
T (BR) for an arbitrary j ∈ {1, . . . , d(n, k)} (see

Lemma 19.1(ii)). Because of Theorem 14.7(ii), this proves (ii). �

Thus, by Theorem 19.13, C∞

T (BR) = {0}, provided that Z T = ∅, T1 ∈ M(Rn),
and R = r1 + r2 > r(T ). The following result ensures us that the value R in this
statement cannot be decreased in the general case.

Theorem 19.14. Assume that T1 ∈ N(Rn) and there exists l > 0 such that the set

El(T ) = {

λ ∈ ZT1 : ∣

∣˜T2(λ)
∣

∣ < (2 + |λ|)−l
}

is sparse (see Definition 18.1). Also let {Mq}∞q=1 be a sequence of positive numbers
satisfying estimate (19.15). Then the following statements are valid.

(i) If r∗(T ) < R < r1 + r2, then there exists a nontrivial function f ∈ C∞
T ,�

(BR)

such that
sup

x∈BR

∣

∣

(

�qf
)

(x)
∣

∣ � Mq for all q.

(ii) If R > r > 0 and 2r∗(T ) < R − r < 2(r1 + r2), then there is a nontrivial
function f ∈ C∞

� (Br,R) such that

(f ∗ Tν)(x) = 0, r + rν < |x| < R − rν, ν = 1, 2,

and
sup

x∈Br,R

∣

∣

(

�qf
)

(x)
∣

∣ � Mq for all q.

Notice that condition (19.15) in this theorem cannot be weakened in general (see
Remark 19.3). In addition, Theorem 19.14 fails without the assumption about the
sparseness of El(T ) for some l > 0 (see Theorem 19.15 below). This assumption
is satisfied for a broad class of families T (see Propositions 18.1 and 18.2).

The proof of Theorem 19.14 requires some preparation.

Lemma 19.2. Let ε > 0 and assume that {Mq}∞q=1 is a sequence of positive numbers
satisfying (19.15). Then there exist nonzero functions u1, u2 ∈ D�(−ε, ε) such that
Z (̂u1) ∩ Z (̂u2) = ∅ and

|̂u1(z)| + |̂u2(z)| � Mq(2 + |z|)−2qeε|Im z|

for all z ∈ C, q ∈ N.

Proof. Thanks to Theorem 8.1(ii), for each c > 0, there exists a nonzero function
u ∈ D�(−ε/4, ε/4) such that |u(q)(t)| � c−1−qM

1/q
q for all t ∈ R

1, q ∈ N. This,
together with (6.33), yields

|̂u(z)| � εc−1−qM
1/q
q |z|−qeε|Im z|/4, |z| � 1, q ∈ N.

Hence, for some ζ ∈ (1/2, 1), the functions u1 = u ∗ u and u2(t) = u1(ζ t) satisfy
the requirements of the lemma if c is large enough. �
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Corollary 19.2. If ε > 0 and {Mq}∞q=1 is a sequence of positive numbers satisfy-
ing (19.15), then there exist nonzero functions v1, v2 ∈ D�(Bε) such that Z (̃v1) ∩
Z (̃v2) = ∅ and

∣

∣

(

�qv1
)

(x)
∣

∣ + ∣

∣

(

�qv2
)

(x)
∣

∣ � Mq

for all x ∈ R
n and q ∈ N.

The proof follows from Lemmas 19.2 and 8.1, Theorem 6.3, and (6.38).

Proof of Theorem 19.14. To prove (i) first observe that for each ε ∈ (0, (r1 +
r2 − R)/3), there is a nontrivial function f1 ∈ C∞

T ,�
(BR+2ε) (see Theorems 19.1

and 18.9). By Corollary 19.2, Theorem 19.2(i), and Theorem 6.1 we can choose
u ∈ D�(Bε) so that the convolution f2 = f1 ∗ u is nontrivial in BR and

sup
x∈Bε

∣

∣

(

�qu
)

(x)
∣

∣ � Mq for all q.

Now define

f = cf2 with c =
(∫

BR+ε

|f2(x)|dx

)−1

.

Then the function f satisfies all the requirements of assertion (i).
The proof of (ii) is similar to that of (i), the only change being that, instead of

Theorems 18.9 and 19.1, we now use [225, Part III, Theorem 4.9]. �

To conclude we shall establish multidimensional analogues of Theorems 18.10

and 18.12.

Theorem 19.15.

(i) Let ZT = ∅, T1 ∈ Inv+(Rn), and assume that there exists ψ ∈ M(Rn) such
that r(ψ) > 0 and for each λ ∈ Zψ ,

n(λ,ψ)
∑

η=0

(∣

∣˜T
(η)
1 (λ)

∣

∣ + ∣

∣˜T
(η)
2 (λ)

∣

∣

)

� Mq(2 + |λ|)−q, q = 1, 2, . . .

where the constants Mq > 0 are independent of λ and satisfy (18.10). Then
D′

T (BR) = {0}, provided that R > max{r∗(T ), r1 +r2 −r(ψ)}. This statement
is no longer valid in general if

r∗(T ) < R = r1 + r2 − r(ψ).

(ii) Let Z T = ∅, T1 ∈ N(Rn), and assume that T1 = ψ1 ∗ψ2, where ψ1 ∈ N(Rn),
ψ2 ∈ E ′

�(R
n), and Z(˜ψ1) ∩ Z(˜ψ2) = ∅. Also suppose that for each λ ∈ Zψ2 ,

the estimates

n(λ,ψ2)
∑

η=0

∣

∣˜T
(η)
2 (λ)

∣

∣ � Mq(1 + |λ|)−q, q = 1, 2, . . . ,
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hold, where the constants Mq > 0 do not depend on λ and satisfy (18.10).
Then D′

T (BR) = {0}, provided that R > max{r1, r2 + r(ψ1)}. In addition,
C∞

T (BR) = {0} if R � r2 + r(ψ1) and R > r∗(T ).
(iii) There exists a family T = {T1, T2} satisfying all the assumptions of asser-

tion (ii) such that r(T2) + r(ψ1) > r∗(T ) and Cm
T (BR) 
= {0} for each m ∈ N,

provided that R = r(T2) + r(ψ1).
(iv) There exists a family T = {T1, T2} satisfying all the assumptions of (ii) such

that r(T2)+ r(ψ1) > r∗(T ) and C∞
T (BR) 
= {0} for each R ∈ (r∗(T ), r(T2)+

r(ψ1)).

Proof. Assertions (i), (ii), and (iv) are consequences of Theorems 18.12, 18.10,
and 19.1. The proof of (iii) can be found in [225, Part III, Theorem 4.10]. �


Using Theorems 19.1 and 18.11, one can also obtain the multidimensional analog
of Theorem 18.11. This shows that assumption (18.10) in Theorem 19.15 cannot be
relaxed either.

19.4 The Equivalence of the Local and the Global Pompeiu
Properties

Let M(n) be the group of Euclidean motions in R
n, and let ψ ∈ E ′(Rn). For fixed

g ∈ M(n), we define the action of the distribution gψ ∈ E ′(Rn) by

〈gψ, f (x)〉 = 〈

ψ, f
(

g−1x
)〉

, f ∈ E
(

R
n
)

.

For R ∈ (0,+∞], we set Mψ,R = {g ∈ M(n) : supp gψ ⊂ BR}.
Let Ψ = {ψi}i∈I be a family of distributions in the class E ′(Rn) such that

r(ψi) < R � +∞ for all i ∈ I . The family Ψ is said to have the Pompeiu property
in BR if there is no nontrivial function f ∈ C∞(BR) such that

〈gψi, f 〉 = 0 for all i ∈ I, g ∈ Mψi,R. (19.17)

The most interesting case is that of a single distribution ψ ∈ E ′(Rn) which is
the characteristic function of some compact set E in R

n. In this case, the set E is
said to have the Pompeiu property in BR if the same is true for Ψ = {ψ}. Denote
by Pomp(BR) the family of all compact subsets of R

n having the Pompeiu property
in BR .

We now present the central result of this section.

Theorem 19.16. Let Ψ = {ψi}i∈I be a family of nonzero distributions in the class
E ′(Rn), and let r(ψν) + infi∈I r(ψi) < R � +∞ for all ν ∈ I . Then the following
assertions are equivalent.

(i) The family Ψ has the Pompeiu property in R
n.

(ii) The family Ψ has the Pompeiu property in the ball BR .
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Proof. It is enough to prove the implication (i)→(ii). Without loss of generality,
we can assume that R < +∞ and supp ψi ⊂ •

Br(ψi) for all i ∈ I . Let (i) hold,
and let εν = R − r(ψν) − infi∈I r(ψi). For h ∈ Bεi/3, define Ti,h ∈ E ′

�(R
n) by

the relation Ti,h = (τhψi)
0,1, where τhψi = ψi(· − h) (see (9.8) and (9.9)). Then

supp Ti,h ⊂ Br(ψi)+εi/3. In addition, the set

Ai = {h ∈ Bεi/3 : Ti,h 
= 0}
is dense in Bεi/3. In fact, if ψi ∈ (E ′ ∩ L1)(Rn), this follows from Theorem 1.1
in [225, Part V]. The general case reduces to this one by means of the standard
smoothing trick (see Proposition 9.1(iv) and Theorem 6.1). Assume that there exists
λ ∈ C such that ˜Ti,h(λ) = 0 for each i and all h ∈ Ai . Then the function u =
Φλ,0,0,1 satisfies u ∗ Ti,h = 0 for all i and for all h ∈ Ai (see (14.4)). Since u is
real-analytic, the same is true for all i and all h ∈ R

n. Bearing in mind that u is
radial, we obtain

〈gψi, u〉 = 0 for all g ∈ M(n), i ∈ I.

This contradicts (i), and hence
⋂

i∈I
⋂

h∈Ai
Z(˜Ti,h) = ∅. Assume now that

f ∈ C∞(BR) and (19.17) holds. Then f ∗ Ti,h = 0 for each i and all h ∈ Ai .
Theorem 19.2 gives f = 0, and (ii) is proved. �


Theorem 19.16 solves Problem 8.1 in [225, Part IV]. As a consequence, one has
the following result.

Corollary 19.3. Let E be a compact subset of R
n, and let rE = r(χE), where

χE is the characteristic function of E. If E ∈ Pomp(Rn) and R > 2rE , then
E ∈ Pomp(BR).

We note that for each ε ∈ (0, 1), this corollary fails in general with R = (2−ε)rE
(see [225, Part IV, Theorem 1.6]).

Using the argument in the proof of Theorem 19.16, we now give a proof of the
Brown–Schreiber–Taylor theorem on the Pompeiu property [42].

Theorem 19.17. Suppose that a family Ψ = {ψi}i∈I of nonzero distributions in
E ′(Rn) does not have the Pompeiu property in R

n. Then there exists λ ∈ C such that
for each i, the function ̂ψi vanishes identically on the analytic variety

Sλ = {

(ζ1, . . . , ζn) ∈ C
n : ζ 2

1 + · · · + ζ 2
n = λ2}.

Proof. If Ψ does not have the Pompeiu property, the proof of Theorem 19.16 shows
that there exists λ ∈ C such that 〈gψi,Φλ,0,0,1〉 = 0 for each i and all g ∈ M(n).
This implies easily that 〈gψi, f 〉 = 0 for all f ∈ C∞(Rn) satisfying �f +λ2f = 0
(see the proof of Lemma 1.4 in [225, Part 4]). Setting f (x) = e−i(x1ζ1+···+xnζn),
where (ζ1, . . . , ζn) ∈ Sλ, we obtain ̂ψi = 0 on Sλ. �


For the rest of the section, we assume that Ω is a nonempty open bounded set
in R

n. Let ∂Ω be the boundary of Ω , E the closure of Ω , and rE as defined in
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Corollary 19.3. The Pompeiu problem asks under what conditions there exists a
nonzero function f ∈ C∞(Rn) satisfying

∫

gΩ

f (x) dx = 0 (19.18)

for all rigid motions g of R
n? A large amount of research has gone into this problem,

but it remains open. We answer this question in the case where f is not real-analytic,
the set R

n\E is connected, and ∂Ω is locally the graph of a Lipschitz function by
showing that these assumptions imply that Ω is a ball.

Theorem 19.18. Suppose that ∂Ω is locally the graph of a Lipschitz function and
that the set R

n\E is connected. Let R > 2rE and assume that f is locally integrable
in BR and that (19.18) is satisfied for each g ∈ M(n) such that gE ⊂ BR . Then
either Ω is a ball or there exists a nonzero polynomial p depending only on Ω such
that

p(�)f = 0 in BR. (19.19)

Proof. If the only function f satisfying the requirements of the theorem is f = 0,
then (19.19) holds for all polynomials p. Suppose that f 
= 0. Without loss of
generality, we assume that E ⊂ •

BrE . Let ε = R − 2rE and put

Aε = {

h ∈ M(n) : h
•
BrE ⊂ BrE+ε/3

}

.

For h ∈ Aε, define T h ∈ E ′
�(R

n) by T h = (hχE)0,1, where χE is the characteristic

function of E (see (9.9)). Let ZE = ⋂

h∈Aε
Z(˜T h). Since f 
= 0, the proof of

Theorem 19.16 gives ZE 
= ∅. First, consider the case in which the set ZE is finite:
ZE = {λ1, . . . , λN }. For each l ∈ {1, . . . , N}, set ml = 1 + minh∈Aε n(λl, T

h) and
define Uh,l ∈ E ′(Rn) by

˜Uh,l(z) = (

z2 − λ2
l

)−n(λl ,T
h)−1

˜T h(z), z ∈ C.

Then
⋂

h∈Aε
Z(˜Uh,l) = ∅ and p(�)f ∗ Uh,l = 0, where p(z) = ∏N

l=1(z
2 + λ2

l )
ml .

Thus, (19.19) holds by Theorem 19.2.
It remains to consider the case in which the set ZE is infinite. In this case, the

proof of Theorem 19.17 shows that χ̂E = 0 on Sλ for some infinite set of values λ.
In addition, ∂Ω is real-analytic, owing to Williams [262]. In view of Berenstein and
Yang [23], this implies that Ω is a ball. �


As a consequence, we obtain the following result.

Theorem 19.19. Let Ω be as in Theorem 19.18. Assume that R > 2rE and that
there exists f ∈ C(BR) which is not real-analytic such that (19.18) holds for all
g ∈ M(n) for which gE ⊂ BR . Then Ω is a ball. Conversely, if Ω is a ball, then
there exists f ∈ C∞(Rn) which is not real-analytic such that (19.18) holds for all
g ∈ M(n).
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Proof. In view of the ellipticity of the operator p(�), every solution of (19.19) is
real-analytic. Once Theorem 19.18 has been established, the set Ω is a ball. The
converse result follows from Theorem 14.8(ii). �


When n = 2, there is a close connection between the Pompeiu property and the
theory of analytic functions. In what follows, each point (x1, x2) ∈ R

2 is identified
with the complex number z = x1 + ix2. Let Ω ⊂ C be a Jordan region with piece-
wise smooth boundary Γ . We say that Γ has the Morera property if each function
f ∈ C(C) which satisfies

∫

gΓ

f (z) dz = 0 for every g ∈ M(2) (19.20)

is entire.
Suppose now that E = ClΩ ∈ Pomp(R2). If f ∈ C∞(C) satisfies (19.20), it

follows from the Green’s theorem that
∫

gE

∂f

∂z
dx1 dx2 = 1

2i

∫

gΓ

f (z) dz = 0.

Hence, ∂f
∂z

= 0, and f is entire. A standard smoothing shows that it is actually
sufficient to assume that f ∈ C(C). Thus, the Pompeiu property for E = ClΩ
implies the Morera property for Γ = ∂Ω . Actually, the two properties are equiv-
alent, since for each h ∈ C∞(C), there exists f ∈ C∞(C) such that ∂f

∂z
= h (see

Hörmander [126], Theorem 4.4.6).



Chapter 20
E ′

��(X) Spectral Analysis on Domains
of Noncompact Symmetric Spaces of Arbitrary
Rank

In Chap. 19 we developed a new approach to problems of spectral analysis on do-
mains in R

n. The main advantage of this approach is that it enables the results of
the previous chapter to be extended to the case of noncompact symmetric spaces
X = G/K . We do this in the present chapter (see Sects. 20.1–20.3). In particu-
lar, in Sects. 20.1 and 20.2 we give a symmetric space analog of the local version
of the Brown–Schreiber–Taylor theorem and investigate the problem of existence
of a nontrivial solution for systems of convolution equations in more detail. In the
study of similar questions on R

n (n > 1) the class E ′
�(R

n) has played an important
role. In the same way the class E ′

��(X) which we introduced in Part II is essential in
Sects. 20.1 and 20.2. As in Chap. 14, natural analogues of the main results fail to be
true for the class E ′

�(X) if rank X � 2. In Sect. 20.3 we restrict ourselves to the case
where rank X = 1 and prove some results concerning the exponential representation
problem.

The theory given here applies to the special problems arising from integral geom-
etry. Namely, in Sect. 20.4 we present a local version of Zalcman’s two-radii theo-
rem for weighted ball means on symmetric spaces X with complex group G.

20.1 Symmetric Space Analogues of the Local Version
of the Brown–Schreiber–Taylor Theorem

Throughout this chapter we assume that X = G/K is a symmetric space of noncom-
pact type. Let T = {Ti}i∈I be a given family of nonzero K-invariant distributions
on X with compact supports. Assume that O is an open subset of X such that for
each i ∈ I , the set

GO,Ti
= {

g ∈ G : g
•
Br(Ti) ⊂ O

}

is nonempty. Then for all f ∈ D′(O), the convolution f × Ti is well defined as
distribution in D′(OTi

), where

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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OTi
= {x = go ∈ O : g ∈ GO,Ti

}, i ∈ I.

Let us consider the system of convolution equations

(f × Ti)(x) = 0, x ∈ OTi
, i ∈ I, (20.1)

with unknown f ∈ D′(O). Denote by D′
T (O) the set of all distributions f ∈ D′(O)

satisfying (20.1). For m ∈ Z+ or m = ∞, we put

Cm
T (O) = (

D′
T ∩ Cm

)

(O).

Next, if O is K-invariant, we set

D′
T ,�(O) = (

D′
T ∩ D′

�

)

(O) and Cm
T ,�(O) = (

D′
T ,� ∩ Cm

)

(O).

Let Λ+(T ) = {Λ+(Ti)}i∈I be the family of distributions in the class E ′(a) such
that

Λ̂+(Ti) = ˜Ti

for each i ∈ I (see Sect. 10.6). By (10.104) we see that r(Ti) = r(Λ+(Ti)) for all i.
If

r(Ti) < R � +∞ for each i ∈ I, (20.2)

then we set
D′

Λ+(T ),W (BR) =
⋂

i∈I
D′

Λ+(Ti ),W
(BR),

where D′
Λ+(Ti ),W

(BR) is the set of all W -invariant distributions f ∈ D′(BR) satis-
fying the convolution equation

f ∗ Λ+(Ti) = 0.

As usual, for m ∈ Z+ or m = ∞, we set

Cm
Λ+(Ti ),W

(BR) = (

D′
Λ+(Ti ),W

∩ Cm
)

(BR),

Cm
Λ+(T ),W (BR) =

⋂

i∈I
Cm

Λ+(Ti ),W
(BR).

In this section we shall study the problem of existence of a nonzero solution of
system (20.1). The following result will be one of our most important tools.

Theorem 20.1. Assume that (20.2) is satisfied. Then following assertions are equiv-
alent.

(i) D′
T (BR) = {0}.

(ii) D′
T ,�

(BR) = {0}.
(iii) D′

Λ+(T ),W
(BR) = {0}.
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The same is true if D′
T (BR) is replaced by C∞

T (BR), D′
T ,�

(BR) by C∞
T ,�

(BR), and

D′
Λ+(T ),W

(BR) by C∞
Λ+(T ),W

(BR).

Proof. It is clear that (i) implies (ii). In addition, by Theorems 10.15 and 10.12(ii)
we conclude that (iii) is a consequence of (ii). Assume now that (iii) holds. To
prove (i), take f ∈ D′

T (BR) and suppose that δ ∈ ̂KM . It follows by Proposi-
tion 15.1(iii) that fδ ∈ D′

T (BR). In view of Proposition 15.1(iv), every matrix
entry of Aδ(fδ) is in the class D′

Λ+(T ),W
(BR). By our assumption, Aδ(fδ) = 0

in BR . Now Theorem 10.12(iii) implies that fδ = 0 in BR . This gives, by Proposi-
tion 10.2(iii), that f = 0 and D′

T (BR) = {0}.
To prove the theorem for the classes C∞

T (BR), C∞
T ,�

(BR), and C∞
Λ+(T ),W

(BR), it
is sufficient to repeat the above arguments. 	

Remark 20.1. Using Theorems 10.15 and 10.12(ii), we infer that if Cm

T ,�
(BR) = {0}

for some m ∈ Z+, then Cm
Λ+(T ),W

(BR) = {0}. However, it can be shown that in
general the condition Cm

Λ+(T ),W
(BR) = {0} does not imply that Cm

T (BR) = {0} (see
Theorem 18.8(iii) and Theorem 20.7 below).

Denote by T��(X) the set of all families T = {Ti}i∈I such that

Ti ∈ E ′
��(X) and Ti �= 0 for each i ∈ I.

Observe that if rank X = 1, then every family T = {Ti}i∈I of nonzero K-invariant
compactly supported distributions on X is in the class T��(X).

As a consequence of Theorem 20.1, we obtain the following statement.

Corollary 20.1. Let T ∈ T��(X), and let G = {gi}i∈I be the family of distributions

in the class E ′
�(R

1) such that ĝi = ◦
T i for all i. Assume that (20.2) is satisfied. Then

(i) D′
T (BR) = {0} if and only if D′

G,�
(−R,R) = {0}.

(ii) C∞
T (BR) = {0} if and only if C∞

G,�
(−R,R) = {0}.

The proof is clear from Theorems 20.1 and 19.1.
For T ∈ T��(X), we define

ZT =
⋂

i∈I
ZTi

,

r∗(T ) = inf
i∈I

r(Ti), r∗(T ) = sup
i∈I

r(Ti), RT = r∗(T ) + r∗(T ).

Let T1(X) be the set of families T ∈ T��(X) such that

0 < r∗(T ) = r(Ti1) and r∗(T ) = r(Ti2)

for some i1, i2 ∈ I .
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We write T ∈ T2(X) if

T ∈ T1(X) and Ti ∈ D(X) (20.3)

for some i ∈ I such that r(Ti) = r∗(T ).
Also we write T ∈ T3(X) if (20.3) is satisfied for all i ∈ I such that r(Ti) =

r∗(T ).
We point out that if T ∈ T��(X) and ZT �= ∅, then C∞

T (X) �= {0} (see Proposi-
tion 15.2(i)). For a broad class of domains O, the problem of existence of a nonzero
solution of system (20.1) with T ∈ T��(X), Z T = ∅, solves negatively by means
of the following result.

Theorem 20.2. Let T ∈ T��(X), ZT = ∅, and suppose that (20.2) is fulfilled. Let
O ∈ S(R, r(Tν)) for some ν ∈ I and assume that at least one of the following
assumptions holds:

(i) The estimates
r∗(T ) + r(Ti) < R � +∞, i ∈ I, (20.4)

are satisfied, and f ∈ D′
T (O);

(ii) T ∈ (T2 ∪ T3)(X), Tμ ∈ M(X) for some μ ∈ I , R ∈ [RT ,+∞], and
f ∈ D′

T (O);
(iii) T ∈ T1(X), Tμ ∈ M(X) for some μ ∈ I , R ∈ [RT ,+∞], and f ∈ C∞

T (O);
(iv) T ∈ T1(X), R = RT , O = BR , and f ∈ C∞

T (O) ∩ C∞(BR+ε) for some
ε > 0;

(v) rank X = 1, O = X\K for some compact set K ⊂ X, and f ∈ D′
T (O).

Then f = 0 in O.

Proof. First, suppose that at least one of assumptions (i)–(iii) is fulfilled. Owing to
Theorem 15.1(i), we can assume, without loss of generality, that O = BR . We set
G = {gi}i∈I , where gi ∈ E ′

�(R
1) is defined by

ĝi = ◦
T i, i ∈ I.

By Theorems 6.3 and 10.7, r(gi) = r(Ti) for all i. Using now Corollary 20.1 and
Theorems 18.1 and 18.3, we see that each of assumptions (i)–(iii) yields f = 0
in O. Assume now that (iv) is fulfilled. Repeating the arguments in the proof of
Theorem 20.1 and using Theorems 10.12 and 19.2(ii), we arrive at the desired result.
Finally, let assumption (v) hold. If O = Br,∞ for some r � 0, one obtains f = 0
in O because of Propositions 15.9(ii) and 15.11 (see the proof of Theorem 19.4).
This, together with Theorem 15.1(i), completes the proof. 	


Theorem 20.2 provides symmetric space analogue of the local version of the
Brown–Schreiber–Taylor theorem (see Theorem 19.2).

We now show that Theorem 20.2 fails in general without the assumption that
T ∈ T��(X).
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Theorem 20.3. Assume that rank X � 2. Then for each η > 0, there exists
Tη ∈ (E ′

� ∩ Inv)(X) such that the following statements are valid.

(i) r(Tη) = 1 for any η > 0.
(ii) If η1, η2 > 0 and η1 �= η2, then

{

λ ∈ a
∗
C

: ˜Tη1(λ) = ˜Tη2(λ) = 0
} = ∅. (20.5)

(iii) If R > 1 and ε ∈ (0, R), then there exists nontrivial f ∈ C∞
� (BR) such that

f = 0 in BR−ε and f × Tη = 0 in BR−1 for all η.

Proof. Let ε ∈ (0, 1). Examining the proof of Theorem 15.3, we see that there exists
T ∈ D�(X) such that r(T ) = 1, and for each R > 1, it follows that f × T = 0 for
some nonzero function f ∈ C∞

� (BR) vanishing in BR−ε. For η � 0, we set

Tη = T + (1 + η)δ0,

where, as usual, δ0 is the Dirac measure supported at origin. Then r(Tη) = 1, and
it follows by Proposition 10.9(ii) that Tη is invertible. By the definition of Tη it is
easy to verify that (20.5) holds with η1 �= η2. Finally, since ε ∈ (0, 1) and f = 0
in BR−ε, we conclude that f × Tη = 0 in BR−1 for all η � 0. 	


The following result shows that the value R in Theorem 20.2 cannot be decreased
in the general case (see also Theorems 20.8 and 20.10 below).

Theorem 20.4. For each η > 0, there exists Tη ∈ N(X) such that the following
assertions hold.

(i) r(Tη) = 1 and ZTη ⊂ (0,+∞) for all η.
(ii) If η1, η2 > 0 and η1 �= η2, then (20.5) is satisfied.

(iii) For each m ∈ Z+, there exists nontrivial f ∈ Cm(B2) such that f × Tη = 0
in B1 for all η.

We note that this theorem fails with m = ∞ (see, for instance, Theorem 20.9(i)).
However, by regularization we may deduce from (iii) that for any ε ∈ (0, 1), there
is nontrivial fε ∈ C∞(B2−ε) such that

fε × Tη = 0

in B1−ε for all η.

Proof of Theorem 20.4. If rank X � 2, then Theorem 20.4 is a consequence of
Theorems 18.2, 10.12(ii), and 10.14(iv). So we assume that rank X = 1. Let Tη, T ∈
N(X) be defined by

◦
T η(z) = 1 − eη cos z,

◦
T (z) = cos z, z ∈ C.

Then (i) and (ii) are true. Next, given m ∈ Z+, we choose δ ∈ ̂KM and j ∈
{1, . . . , d(δ)} so that ζT ,δ,j ∈ Cm(X) (see Theorem 15.6(v)). Setting
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f = ζT ,δ,j

and applying Proposition 15.2(ii), we see that f ∈ Cm(X) and f ×Tη = ζT ,δ,j in X

for all η. This, together with Theorem 15.6(ii), implies (iii). Hence the theorem. 	

Let us consider the case where the assumption on R in Theorem 20.2 can be

weakened.

Theorem 20.5. Let T ∈ T��(X) and Ti0 ∈ Inv+(X) for some i0 ∈ I . Let Z T = ∅

and suppose that (20.2) is satisfied. Assume that for each ν ∈ I\{i0}, there exists
ψν ∈ M(X) such that r(ψν) > 0 and for each λ ∈ Zψν ,

n(λ,ψν)
∑

η=0

(∣

∣

◦
T

(η)

i0
(λ)

∣

∣ + ∣

∣

◦
T

(η)

ν (λ)
∣

∣

)

� Mq,ν(2 + |λ|)−q, q = 1, 2, . . . , (20.6)

where the constants Mq,ν > 0 are independent of λ and satisfy (18.14). Let

R > r(Ti0) + r(Tν) − r(ψν)

for all ν ∈ I\{i0}, and let O ∈ S(R, r(Ti)) for some i ∈ I . Then D′
T (O) = {0}. In

particular, the same is valid if ψν = Ti0 ∈ M(X) for all ν ∈ I\{i0}.
Proof. The result follows from Theorem 15.1(i), Corollary 20.1(i), and Theo-
rem 18.14. 	


The following theorem shows that assumption (18.14) in Theorem 20.5 cannot
be relaxed in the general case.

Theorem 20.6. Let i0 ∈ I and I\{i0} �= ∅. Then for each sequence {Mq}∞q=1
of positive numbers satisfying (18.15), there exist Ti0 ∈ N(X) and Tν ∈ E ′

��(X),
Tν �= 0, ν ∈ I\{i0}, such that the family T = {Ti}i∈I has the following properties:

(1) ZT = ∅ and r∗(T ) < +∞;
(2) for each ν ∈ I\{i0}, estimate (20.6) is satisfied with ψν = Ti0 and Mq,ν = Mq ;
(3) C∞

T (BR) �= {0} for some R > r∗(T ).

Proof. Combine Corollary 20.1(ii) and [225, Part III, the proof of Theorem 1.10].
	


For the rest of the section, we assume that i1, i2 ∈ I are fixed and i1 �= i2. By
analogy with Sect. 19.1, for T = {Ti}i∈I ∈ T��(X) and R > 0, denote by U (T , R)

the set of all distributions u ∈ E ′
��(X) with the following properties:

(a) u = 0 in {x ∈ X : d(o, x) > r(P ) + r(Q) − R}, where P = Ti1 and Q = Ti2 ;
(b) for each ν ∈ I\{i1, i2}, there exist u1,ν , u2,ν ∈ E ′

��(X) such that

uμ,ν = 0 in
{

x ∈ X : d(o, x) > r(Tμ) + r(Tν) − R
}

, μ ∈ {i1, i2},
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and
P × u2,ν + Q × u1,ν = Tν × u.

Next, for the rank one case, we define ΩU1,U2,δ,j ∈ D′(X) by the formula

ΩU1,U2,δ,j = −A
−1
δ,j

(

Ω ′
Λ(U1),Λ(U2)

)

, (20.7)

where δ ∈ ̂KM , j ∈ {1, . . . , d(δ)}, U1 ∈ N(X), U2 ∈ E ′
�(X)\{0}, and Z(

◦
U1) �≈

Z(
◦
U2) (see Sect. 18.2). Therefore, ΩU1,U2,δ,j ∈ D′

U1
(X) and

ΩU1,U2,δ,j × U2 = ζU1,δ,j

(see (18.27) and (15.19)).
We now present analogues of Theorem 19.6 and Proposition 18.4 for spaces X

of arbitrary rank.

Theorem 20.7. Let T ∈ T��(X), P = Ti1 , Q = Ti2 , and suppose that P ∈ N(X),

Z(
◦
P) �≈ Z(

◦
Q), and

r(Ti) < R � r(P ) + r(Tμ) for all i, μ ∈ I, μ �= i1.

Then the following statements are valid.

(i) D′
T (BR) = {0} if and only if U (T , R) = {0}.

(ii) If D′
T (BR) �= {0}, then Cm

T (BR) �= {0} for each m ∈ Z+.
(iii) If rank X = 1 and f ∈ D′(BR), then for f to belong to D′

T (BR), it is necessary
and sufficient that for all δ ∈ ̂KM , j ∈ {1, . . . , d(δ)},

f δ,j = ΩP,Q,δ,j × u in BR

for some u ∈ U (T , R) depending on δ, j .

It can be shown that assertion (ii) of this theorem fails with m = ∞ (see Theo-
rem 20.9(i) below).

Proof of Theorem 20.7. Part (i) is obvious from Theorem 18.8, Remark 13.1, and
Corollary 20.1. Next, if rank X � 2, then (ii) follows from the proof of Theo-
rem 19.7 and Remark 20.1. The proof of (iii) and (ii) for the rank one case proceeds
as that of Theorem 19.6, except that we must replace Ak,j by Aδ,j (see Sect. 10.8).

	

Proposition 20.1. Let I = N, i1 = 1, i2 = 2. Then for each α ∈ [1, 2], there exists

T = {Ti}i∈I ∈ T��(X) with the following properties:

(1) T1 ∈ N(X), Z(
◦
T 1) �≈ Z(

◦
T 2), and r(Tν) = 1 for all ν ∈ N;

(2) D′
T (BR) �= {0} for 1 < R � α;

(3) D′
T (BR) = {0} for R > α.

The proof follows from Corollaries 18.3 and 20.1.
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20.2 E ′
��(X) Mean Periodic Functions with Respect to a Couple

of Distributions

In this section we deal with the family T = {T1, T2}, where T1, T2 ∈ E ′
��(X)\{0}.

For brevity, we set
rν = r(Tν), ν ∈ {1, 2},

and
r∗(T ) = max{r1, r2}.

Also let
Z T = ZT1 ∩ ZT2 .

We now consider the problem of existence of a nonzero solution of the system

(f × Tν)(x) = 0, x ∈ BR−rν , ν = 1, 2, (20.8)

where R > r(T ). As before, we set

D′
T (BR) = (

D′
T1

∩ D′
T2

)

(BR), D′
T ,�(BR) = (

D′
T ∩ D′

�

)

(BR),

and

Cm
T (BR) = (

D′
T ∩ Cm

)

(BR), Cm
T ,�(BR) = (

D′
T ,� ∩ Cm

)

(BR)

for m ∈ Z+ or m = ∞.
Applying Theorem 20.2, we deduce that D′

T (BR) = {0} if R > r2 + r2 and
Z T = ∅. Next, if Z T �= ∅, then system (20.8) has a nontrivial solution f ∈ RA(X)

(see Proposition 15.2). So we shall regard the case where

Z T = ∅ and r∗(T ) < R � r1 + r2.

Theorem 20.8. Let Z T = ∅. Then the following assertions hold.

(i) Let R = r1 + r2 > r∗(T ), T1 ∈ Inv+(X), and assume that there exists a
sequence ζ1, ζ2, . . . of complex numbers such that for each α > 0,

(2 + |ζm|)α(| ◦
T 1(ζm)| + | ◦

T 2(ζm)|) → 0 as m → ∞
and |Im ζm| � c log(2 + |ζm|), where the constant c > 0 is independent of m.

Then D′
T (BR) = {0}. In particular, this is true if T1 ∈ M(X) and Z(

◦
T 1) ≈

Z(
◦
T 2). This occurs, for example, when T2 ∈ D(X).

(ii) Let r∗(T ) < R � r1 + r2, T1 ∈ N(X), and Z(
◦
T 1) �≈ Z(

◦
T 2). Then Cm

T (BR) �=
{0} for each m ∈ Z+. In particular, C∞

T (BR) �= {0} for R < r1 + r2.

(iii) Assume that rank X = 1, r∗(T ) < R � r1 + r2, T1 ∈ N(X), Z(
◦
T 1) �≈ Z(

◦
T 2),

and f ∈ D′(BR). Then f ∈ D′
T (BR) if and only if for all δ ∈ ̂KM and
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j ∈ {1, . . . , d(δ)},
f δ,j = ΩT1,T2,δ,j × u in BR

for some u ∈ E ′
�(X) depending on δ, j such that supp u ⊂ •

Br1+r2−R .

We notice that assertion (ii) fails with m = ∞ and R = r1 + r2 (see The-
orem 20.9(i)). In addition, Theorem 20.9(ii) shows that for all k,m ∈ Z+, there
exists T such that

T1 ∈ (

N ∩ Ck
)

(X), T2 ∈ E ′
��(X)\{0}, ZT = ∅,

and Cm
T (BR) �= {0} for R = r(T1) + r(T2).

Proof of Theorem 20.8. Assertion (i) is a consequence of Corollary 20.1(i) and The-
orem 18.7. Next, applying Theorem 20.7, we arrive at (ii) and (iii). 	


Let us now consider an analog of Theorem 19.13.

Theorem 20.9.

(i) Let ZT = ∅, T1 ∈ M(X), R = r1 + r2 > r∗(T ), and assume that f ∈
D′

T (BR) ∩ C∞(Br1+ε) for some ε ∈ (0, R − r1). Then f = 0 in BR .
(ii) For every T1 ∈ N(X) with r(T1) > 0, there is T2 ∈ E ′

��(X) such that r(T2) =
r(T1) and the family T = {T1, T2} possesses the following properties:

(1) Z T = ∅;
(2) For R = r(T1) + r(T2) and for each m ∈ Z+, there exists a nontrivial

function f ∈ Cm
T (BR) such that f = 0 in Br(T1).

Proof. To prove (i) suppose that δ ∈ ̂KM . Because of Proposition 15.1(iii) and
(10.18),

fδ ∈ D′
T (BR) and fδ ∈ C∞(Br1+ε).

It follows by Proposition 15.1(iv) that each entry in the matrix Aδ(fδ) is in the class
(D′

Λ+(T1),W
∩ D′

Λ+(T2),W
)(BR), and its restriction to Br1+ε belongs to C∞(Br1+ε).

For the rank one case, this, together with Theorem 18.8(i), (iii), gives Aδ(fδ) = 0
in BR . In addition, using Theorems 19.13 and 20.1, we see that the same is true if
rank X � 2. Now Theorem 10.12(iii) ensures us that fδ = 0 in BR . In combination
with Proposition 10.2(iii), this yields f = 0 in BR , as contended.

Turning to (ii), assume that T1 ∈ N(X) and r(T1) > 0. Define T2 ∈ E ′
��(X) by

the formula
◦
T 2(z) = 1 + ◦

T 1(z), z ∈ C. Then r(T2) = r(T1) and Z T = ∅, where
T = {T1, T2}. Next, for the rank one case, we find

ΩT1,T2,δ,j = ζT1,δ,j for all δ ∈ ̂KM, j ∈ {1, . . . , d(δ)} (20.9)

(see (20.7) and (15.20)). Let m ∈ Z+ and R = r(T1)+r(T2). If s(δ) is large enough,
then the function

f = ΩT1,T2,δ,j
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is in the class Cm
T (BR) (see Theorem 15.6(v)). Because of (20.9) and Theorem

15.6(ii), this proves (ii) for the rank one case.
If rank X � 2, then (ii) follows from the proof of Theorem 19.13 and Re-

mark 20.1. This completes the proof. 	

For the rest of the section, we shall regard some analogues of Theorems 19.14

and 19.15.

Theorem 20.10. Let r∗(T ) < R < r1 + r2, T1 ∈ N(X), and assume that there
exists l > 0 such that the set

El(T ) = {

λ ∈ ZT1 : ∣

∣

◦
T 2(λ)

∣

∣ < (2 + |λ|)−l
}

is sparse (see Definition 18.1). Then for every sequence {Mq}∞q=1 of positive num-
bers satisfying (19.15), there exists a nontrivial function f ∈ C∞

� (X) ∩ C∞
T (BR)

such that
sup

x∈BR

∣

∣(Lqf )(x)
∣

∣ � Mq for all q ∈ N.

As in the Euclidean case, condition (19.15) in this theorem cannot be relaxed
in general (see Remark 20.2 in the following section). Next, Theorem 20.10 fails
without the assumption that El(T ) is sparse (see Theorem 20.11 below). This as-
sumption holds for a broad class of families T , in particular, if rank X = 1 and
T1, T2 are the characteristic functions of balls (see [227]).

To prove the theorem we need the following result.

Lemma 20.1. If ε > 0 and {Mq}∞q=1 is a sequence of positive numbers satisfy-
ing (19.15), then there exist nonzero functions v1, v2 ∈ (E ′

�� ∩ D)(X) such that

(supp v1) ∪ (supp v2) ⊂ Bε, Z(
◦
v1) ∩ Z(

◦
v2) = ∅ and

∣

∣

(

Lqv1
)

(x)
∣

∣ + ∣

∣

(

Lqv2
)

(x)
∣

∣ � Mq

for all x ∈ X, q ∈ N.

The proof follows from Lemmas 19.2, 8.1, Theorem 10.7, and Remark 10.2.

Proof of Theorem 20.10. Let ε = (r1 + r2 − R)/3. Using Theorems 18.9 and 19.14,
we see from Theorem 20.1 that there is a nontrivial function f1 ∈ C∞

T ,�
(BR+2ε).

The rest of the proof is similar to that of Theorem 19.14 with the references to
Corollary 19.2 and Theorem 19.2(i) replaced by the references to Lemma 20.1 and
Theorem 20.2. 	


We shall now consider the case where D′
T (BR) = {0} for r∗(T ) < R < r1 + r2.

Theorem 20.11.

(i) Let ZT = ∅, T1 ∈ Inv+(X), and assume that there exists ψ ∈ M(X) such that
r(ψ) > 0 and for each λ ∈ Zψ ,
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n(λ,ψ)
∑

η=0

(∣

∣

◦
T

(η)

1 (λ)
∣

∣ + ∣

∣

◦
T

(η)

2 (λ)
∣

∣

)

� Mq(2 + |λ|)−q, q = 1, 2, . . . ,

where the constants Mq > 0 do not depend on λ and satisfy (18.10). Then
D′

T (BR) = {0} for R > max{r∗(T ), r1 + r2 − r(ψ)}. This statement is no
longer valid in general if r∗(T ) < R = r1 + r2 − r(ψ).

(ii) Let Z T = ∅, T1 ∈ N(X), and assume that T1 = ψ1 × ψ2, where ψ1 ∈ N(X),

ψ2 ∈ E ′
��(X), and Z(

◦
ψ1) ∩ Z(

◦
ψ2) = ∅. Also suppose that for each λ ∈ Zψ2 ,

the estimates

n(λ,ψ2)
∑

η=0

∣

∣

◦
T

(η)

2 (λ)
∣

∣ � Mq(1 + |λ|)−q, q = 1, 2, . . . , (20.10)

hold, where the constants Mq > 0 do not depend on λ and satisfy (18.10). Then
D′

T (BR) = {0} for R > max{r1, r2 + r(ψ1)}. In addition, C∞
T (BR) = {0} if

R � r2 + r(ψ1) and R > r∗(T ).
(iii) There exists a family T = {T1, T2} satisfying all the assumptions of assertion

(ii) such that r(T2)+r(ψ1) > r∗(T ) and Cm
T (BR) �= {0} for R = r(T2)+r(ψ1)

and each m ∈ N.
(iv) There exists a family T = {T1, T2} satisfying all the assumptions of asser-

tion (ii) such that r(T2) + r(ψ1) > r∗(T ) and C∞
T (BR) �= {0} for each

R ∈ (r∗(T ), r(T2) + r(ψ1)).

Proof. Parts (i) and (ii) are consequences of Corollary 20.1 and Theorems 18.12
and 18.10. The proof of (iii) duplicates Theorem 4.10 in [225, Part III] with the
reference to Theorem 20.8(ii). Assertion (iv) can be obtained from (iii) by means of
the standard regularization. 	


To conclude we show that assumption (18.10) in Theorem 20.11 cannot be weak-
ened.

Theorem 20.12. For every sequence {Mq}∞q=1 of positive numbers satisfying (18.15),
there exist T1, ψ1, ψ2 ∈ N(X), and T2 ∈ (E ′

��∩D)(X) with the following properties:

(1) Estimates (20.10) hold for all λ ∈ Z(
◦
ψ2);

(2) Z(
◦
ψ1) ∩ Z(

◦
ψ2) = ∅;

(3) T1 = ψ1 × ψ2 and Z(
◦
T 1) ∩ Z(

◦
T 2) = ∅;

(4) C∞
T (BR) �= {0} for some R > max{r(T1), r(T2) + r(ψ1)}, where T = {T1, T2}.

The proof follows from Corollary 20.1(ii) and Theorem 18.11.
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20.3 Explicit Representation Theorems

Throughout the section we suppose that rank X = 1. Recall that in this case each
family T = {Ti}i∈I of nonzero K-invariant compactly supported distributions on
X belongs to T��(X).

For T ∈ T��(X) and λ ∈ ZT , we denote

n(λ, T ) = min
i∈I

n(λ, Ti).

In the present section we shall characterize various classes of solutions of sys-
tem (20.1) for some domains O with spherical symmetry. As before, we assume that
i0 ∈ I is fixed. The first our result is as follows.

Theorem 20.13. Let T ∈ T��(X) and T = Ti0 . Then the following statements hold.

(i) Assume that (20.4) is satisfied, let T ∈ M(X), and let f ∈ D′(BR). For f

to belong to D′
T (BR), it is necessary and sufficient that for all δ ∈ ̂KM and

j ∈ {1, . . . , d(δ)},

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

γλ,η,δ,jΦλ,η,δ,j , (20.11)

where γλ,η,δ,j ∈ C, and the series in (20.11) converges in D′(BR). If T ∈
(T2 ∪ T3)(X), this statement remains valid with R ∈ [RT ,+∞].

(ii) Suppose that (20.4) holds, let T ∈ M(X), and let f ∈ C∞(BR). Then f ∈
C∞

T (BR) if and only if for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, relation (20.11)
holds with the series converging in E (BR). If T ∈ T1(X), the same is true for
R ∈ [RT ,+∞].

(iii) Assume that (20.4) holds and let α > 0, T ∈ Gα(X), r(T ) > 0, and f ∈
C∞(BR) ∩ Gα(

•
Br(T )). Then f ∈ C∞

T (BR) if and only if for each δ ∈ ̂KM and
j ∈ {1, . . . , d(δ)}, relation (20.11) holds with the series converging in E (BR).
If T ∈ T1(X), this assertion remains true for R ∈ [RT ,+∞].

(iv) Suppose that (20.2) holds, let T ∈ M(X), r(T ) > 0, and let f ∈ C∞(BR) ∩
QA(

•
Br(T )). Then f ∈ C∞

T (BR) if and only if for all δ ∈ ̂KM and j ∈
{1, . . . , d(δ)}, relation (20.11) holds with the series converging in E (BR).
Moreover, if f ∈ C∞

T (BR), then f δ,j ∈ QAT (BR) for all (δ, j).
(v) Let T ∈ E(X), f ∈ D′(X), and assume that f is of finite order in X. Then f ∈

D′
T (X) if and only if for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, relation (20.11)

holds with the series converging in E (X). In particular, if f ∈ D′
T (X), then

f δ,j ∈ C∞
T (X) for all δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}.

Proof. A similar result for the Euclidean space was obtained in Sect. 19.2 (see The-
orem 19.8). The proof of Theorem 20.13 can be carried out along the same lines
(see Theorems 15.9, 15.15, 15.17, 15.18, and 15.13 and Proposition 15.11). 	
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Notice that the assumptions about R in Theorem 20.13 cannot be weakened in
the general case (see Theorem 20.10).

Remark 20.2. Using Theorem 20.13(iv), we see that if T ∈ T��(X), T = Ti0 ∈
M(X), r(T ) > 0, and (20.2) is satisfied, then C∞

T (BR)∩QA(
•
Br(T )) = {0} if Z T =

∅. This fact shows that condition (19.15) in Theorem 20.10 cannot be weakened.

We now turn to the case of a spherical annulus in X.

Theorem 20.14. Let T ∈ T��(X), T = Ti0 , and assume that 0 � r < r ′ < R′ <

R � +∞ and R′ − r ′ = 2r(T ). Then the following assertions are true.

(i) Let T ∈ N(X), assume that

r + 2
(

r∗(T ) + r(Ti)
)

< R for all i ∈ I, (20.12)

and let f ∈ D′(Br,R). Then f ∈ D′
T (Br,R) if and only if for all δ ∈ ̂KM and

j ∈ {1, . . . , d(δ)},

f δ,j =
∑

λ∈ZT

n(λ,T )
∑

η=0

αλ,η,δ,jΦλ,η,δ,j + βλ,η,δ,jΨλ,η,δ,j , (20.13)

where αλ,η,δ,j , βλ,η,δ,j ∈ C, and the series in (20.13) converges in D′(Br,R). If
T ∈ (T2 ∪ T3)(X), this statement remains valid with R ∈ [r + 2RT ,+∞].

(ii) Assume that (20.12) is satisfied, let T ∈ N(X), and let f ∈ C∞(Br,R). Then
f ∈ C∞

T (Br,R) if and only if for all (δ, j), relation (20.13) holds with the series
converging in E (Br,R). If T ∈ T1(X), the same is true for R ∈ [r +2RT ,+∞].

(iii) Assume that (20.12) holds, let α > 0, T ∈ Oα(X), and f ∈ C∞(Br,R) ∩
Gα(

•
Br ′,R′). Then f ∈ C∞

T (Br,R) if and only if for all (δ, j), relation (20.13)
holds with the series converging in E (Br,R). If T ∈ T1(X), this assertion re-
mains true for R ∈ [r + 2RT ,+∞]

(iv) Let T ∈ N(X), let

r + 2r(Ti) < R � +∞ for all i ∈ I, (20.14)

and suppose that f ∈ C∞(Br,R)∩QA(
•
Br ′,R′). Then f ∈ C∞

T (Br,R) if and only
if for all (δ, j), relation (20.13) holds with the series converging in E (Br,R).
Moreover, if f ∈ C∞

T (Br,R), then f δ,j ∈ QAT (Br,R) for all (δ, j).

The proof follows from Theorems 15.9, 15.23, 15.24, and 15.13 and Proposi-
tion 15.11.

We now establish analogues of Theorems 19.10 and 19.11.

Theorem 20.15. Let T ∈ T��(X), T = Ti0 ∈ N(X), and assume that for all λ ∈ ZT

and ν ∈ I\{i0}, the following estimates hold
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n(λ,T )
∑

η=0

∣

∣

◦
T

(η)

ν (λ)
∣

∣ � Mq,ν(1 + |λ|)−2q, q = 1, 2, . . . , (20.15)

where the constants Mq,ν > 0 do not depend on λ and satisfy (19.14). Then asser-
tions (i) and (ii) of Theorem 20.13 remain valid with (20.4) replaced by (20.2). In ad-
dition, parts (i) and (ii) of Theorem 20.14 are true if (20.12) is replaced by (20.14).

To prove this result it is enough to use the arguments from the proof of Theo-
rem 18.4 along with applying Theorems 15.15, 15.23, and 15.13.

The following theorem shows that assumption (19.14) in Theorem 20.15 cannot
be relaxed in the general case.

Theorem 20.16. Let I\{i0} �= ∅. Then for each sequence {Mq}∞q=1 of positive num-
bers satisfying (19.15), there exist Ti0 ∈ N(X) and Tν ∈ E ′

�(X), Tν �= 0, ν ∈ I\{i0},
such that the family T = {Ti}i∈I has the following properties:

(1) for each ν ∈ I\{i0}, estimate (20.15) is fulfilled with Mq,ν = Mq ;
(2) r∗(T ) < +∞ and parts (i) and (ii) of Theorem 20.13 fail for some R > r(T ).

Proof. Let ε ∈ (0, 1/2). It follows by Lemmas 20.1, 8.1, and (10.75) that there is
nonzero ϕ ∈ D�(X) such that supp ϕ ⊂ Bε/4 and

∣

∣

◦
ϕ(t)

∣

∣ � Mq(2 + |t |)−2q for all t ∈ R
1, q ∈ N.

Assume now that w ∈ D�(X), w �= 0, supp w ⊂ B1+ε/4,1+3ε/4, and | ◦
w(t)| � 1 for

each t ∈ R
1. Then the convolution u = ϕ × w satisfies the estimate

∣

∣

◦
u(t)

∣

∣ � Mq(2 + |t |)−2q for all t ∈ R
1, q ∈ N. (20.16)

In addition, u �= 0 and supp u ⊂ B1,1+ε . We set

Tν = u, ν ∈ I\{i0}.
Also let Ti0 be the characteristic function of the ball B1+α , where α ∈ (0, ε) is

chosen so that Z(
◦
T i0) ∩ Z(

◦
u) = ∅ (see (15.24)). Let us prove that the family

T = {Ti}i∈I possesses (1) and (2). Bearing (20.16) in mind, we see that (1) holds.
In addition, Z T = ∅, r(T ) < 1 + ε, and for each R ∈ (1 + ε, 2 − ε), we have
C∞

T ,�
(BR) �= {0}. In fact, it is enough to choose nonzero f ∈ C∞

� (BR) so that f = 0
in Bε,R and

∫

Bε

f (x) dx = 0.

This means that f ∈ C∞
T ,�

(BR) and for some δ ∈ ̂KM and j ∈ {1, . . . , d(δ)}, the

function f δ,j cannot be presented in BR as series (20.11). Hence the theorem. 	
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20.4 Zalcman-Type Two-Radii Problems on Domains of G/K
(G Complex)

One well-known result in integral geometry is Zalcman’s two-radii theorem: each
function with vanishing integrals over all balls in R

n with radii in a fixed set {r1, r2}
vanishes if r1/r2 is not a ratio of two zeros of the Bessel function Jn/2. Examples
show that this condition on r1/r2 is also necessary (see Zalcman [267–269, 271,
272]).

In this section, we consider the following related problem. Let r1, r2 > 0, R >

max{r1, r2}, and f ∈ L1,loc(BR). Assume that
∫

Bri

f (gx) dμ(x) = 0, g ∈ G, d(o, go) < R − ri , i = 1, 2, (20.17)

where
dμ(x) = (

J
(

Exp−1x
))−1/2 dx

(see (10.39) and (10.40)). Under what conditions does it follow that f = 0? We
answer this question for all symmetric spaces X = G/K of noncompact type with
a complex group G.

Let l = (dim X)/2. Denote by EX the set of all numbers of the form α/β, where
α, β > 0 and Jl(α) = Jl(β) = 0 (here, as before, Jl is the Bessel function of
order l). It is easy to see that EX is countable and everywhere dense in (0,+∞)

(see (7.9)).
We say that a number τ > 0 is well approximated by elements of EX if for

each m > 0, there exist positive numbers α, β such that Jl(α) = Jl(β) = 0 and
|τ − α/β| < (2 + β)−m. Let WAX be the set of all points well approximated
by elements of EX. We point out the following properties of the set WAX (see
V.V. Volchkov [225], Part II, Lemmas 1.13 and 1.16).

(a) τ ∈ WAX if and only if τ−1 ∈ WAX.
(b) WAX has zero Lebesgue measure in (0,+∞).
(c) The intersection of WAX with any interval (a, b) ⊂ (0,+∞) is uncountable.
(d) τ ∈ WAX if and only if for each m > 0, there exists γ > 0 such that Jl(γ ) = 0

and |Jl(τγ )| < (2 + γ )−m.

Let Vr1,r2(BR) denote the set of all functions f ∈ L1,loc(BR) satisfying (20.17).

Theorem 20.17. Let X = G/K be a symmetric space of noncompact type with a
complex group G and assume that r1, r2 > 0, R > max{r1, r2}.

(i) If f ∈ Vr1,r2(BR), r1 + r2 < R, and r1/r2 /∈ EX, then f = 0.
(ii) If f ∈ (Vr1,r2 ∩ C∞)(BR), r1 + r2 = R, and r1/r2 /∈ EX, then f = 0.

(iii) If f ∈ Vr1,r2(BR), r1 + r2 = R, and r1/r2 ∈ WAX\EX, then f = 0.
(iv) If r1 + r2 = R and r1/r2 /∈ WAX, then for each integer m � 0, there exists a

nontrivial function f ∈ (Vr1,r2 ∩ Cm)(BR).
(v) If r1 + r2 > R, then there exists a nontrivial function f ∈ (Vr1,r2 ∩ C∞)(BR).
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(vi) If r1/r2 ∈ EX, then there exists a nontrivial real analytic function f ∈
Vr1,r2(X).

We note that the situations described in assertions (i)–(vi) actually occur for suit-
able r1, r2 (see properties (a), (b), and (c) of the set WAX).

Proof of Theorem 20.17. Let g ∈ G, and let χi be the characteristic function of the
ball Bri , i = 1, 2. Then

χi

(

g−1o
) = χi(go). (20.18)

Using (10.33) and (10.38), one infers that

J−1/2(Exp−1(go)
)

ψλ

(

Exp−1(go)
) = J−1/2(Exp−1(g−1o

))

ψ−λ

(

Exp−1(g−1o
))

,

where

ψλ(P ) =
∫

K

ei〈Aλ,Ad(k)P 〉 dk, P ∈ p.

Hence,
J−1/2(Exp−1(go)

) = J−1/2(Exp−1(g−1o
))

. (20.19)

In view of (20.18), (20.19), and (10.10), relation (20.17) can be written as

f × Ti = 0 in BR−ri , i = 1, 2,

where Ti(x) = J−1/2(Exp−1x)χi(x), x ∈ X. The proof of Theorem 10.17 shows
that Ti ∈ E ′

��(X) and

˜Ti(λ) = ciIl/2
(

ri
√〈λ, λ〉 )

, λ ∈ a
∗
C
,

where Il/2(z) = Jl/2(z)z
−l/2, and the constant ci is independent of λ (see (14.18)).

Now assertions (i) and (ii) are consequences of Theorem 20.2. Next, recall that all
the zeros of Il/2 are real and simple. In addition, |I′

l/2(ζ )| > c|ζ |−(l+1)/2, where
ζ ∈ Z(Il/2), and c > 0 is independent of ζ (see (14.22)). Thus, T1, T2 ∈ N(X).
Using Theorem 20.8(i), (ii) and property (d) of WAX, we obtain assertions (iii)–(v).

Finally, assume that r1/r2 ∈ EX. Then there exists λ ∈ {μ ∈ a∗
C

: ˜T1(μ) =
˜T2(μ) = 0}, and the spherical function ϕλ is real-analytic in X and is in the class
Vr1,r2(X) (see the proof of Theorem 10.16). This implies assertion (vi) and com-
pletes the proof of Theorem 20.17. �

We now discuss the case r1/r2 ∈ EX in greater detail. In this case there is c > 0
such that c = λ1/r1 = λ2/r2 for some λ1, λ2 ∈ Z(Il/2). Examining the above
proof, we see that if f ∈ L1,loc(X) and

(

L + |ρ|2 + c2)f = 0, (20.20)

then f ∈ Vr1,r2(X). Is the converse true? This question remains open. However, we
are able to prove the following weaker result.
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Theorem 20.18. Let {λq}∞q=1 be the sequence of all positive zeros of Il/2, and let

c > 0. Assume that f ∈ L1,loc(X) and rq = λq/c, q = 1, 2, . . . . Then the following
items are equivalent.

(i) f satisfies (20.20).
(ii)

∫

Brq
f (gx) dμ(x) = 0 for all g ∈ G and q ∈ N.

Proof. We have already observed that (i)→(ii). Thus, we need to prove that (ii)→(i).
Define Tq ∈ E ′

��(X) by the relation

˜Tq(λ) = (〈λ, λ〉 − c2)−1Il/2
(

rq
√〈λ, λ〉 )

, λ ∈ a
∗
C
, q ∈ N.

One therefore has
⋂∞

q=1 Z(
◦
T q) = ∅ (see [225], Part II, Lemma 1.29). In addition,

equality (10.73) and the proof of Theorem 20.17 show that (ii) can be brought to the
form

((

L + |ρ|2 + c2)f
) × Tq = 0 for all q.

Appealing now to Theorem 20.2, we arrive at the desired statement. 	




Chapter 21
Spherical Spectral Analysis on Subsets
of Compact Symmetric Spaces

This chapter is devoted to so-called “freak theorems” for systems of convolution
equations on compact symmetric spaces and their local versions.

If X is a compact rank one symmetric space (see Chap. 11), f ∈ L1(X ), and
∫

B

f (x) dx = 0 (21.1)

for all geodesic balls B ⊂ X of (fixed) radii r1, . . . , rl ∈ (0, π/2), then f = 0
so long as the equations R

(αX +1,βX +1)
N (cos 2ri) = 0, i = 1, . . . , l, have no com-

mon solution for N = 1, 2, . . . . Unlike the noncompact case (see Theorems 15.15
and 20.2), here l is not necessarily � 2. Similar result is also valid for spherical
means. These “freak theorems” have been obtained for X = S

2 and ball means by
Ungar [219], for X = S

2 and spherical means, in principle already by Radon [180].
For X = S

n, they have been proved by Schneider [187], and in the general case they
follow from results of Berenstein and Zalcman [26]. In Sect. 21.1 we will extend
the results we have just described to convolution equations on an arbitrary compact
symmetric space.

The situation becomes much more complicated if we want to obtain local ana-
logues of “freak theorems.” Here f is defined on a domain O ⊂ X , and (21.1)
is required to hold only when Cl B ⊂ O. As before, the object is to determine
conditions under which (21.1) implies that f vanishes almost everywhere on O.
These questions and their generalizations to systems of convolution equations are
discussed in Sect. 21.2.

21.1 The Case of the Whole Space. The Contrast Between
the Noncompact Type and the Compact Type

Let Y be a Riemannian globally symmetric space of rank one. Take a distribution
T ∈ E ′

�(Y ) for which r(T ) > 0. Here, as usual, r(T ) is the radius of the smallest

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
c© Springer-Verlag London Limited 2009
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closed ball centered at 0 containing the support of T . Consider the set

D′
T (Y ) = {

f ∈ D′(Y ) : f × T = 0 on Y
}

.

If Y is noncompact, then the spherical transform ˜T has infinitely many zeroes.
Therefore, the spherical function ϕλ belongs to D′

T (Y ) for λ ∈ Z(˜T ) (see Proposi-
tion 15.2). In particular, D′

T (Y ) �= {0}.
Suppose Y is compact. Then the set of spherical functions on Y is countable, and

the spherical transform

˜T (j) = 〈T , ϕj 〉, j ∈ Z+,

does not necessarily has zeroes (see (11.4) and Badertscher [7]). In this case,
ϕj /∈ D′

T (Y ) for every j ∈ Z+. Moreover, we have the following general fact.

Theorem 21.1. Let U/K be a compact symmetric space of arbitrary rank, {Ti}i∈I
be a given family of K-invariant distributions on U/K . Then the system

(f × Ti)(p) = 0, p ∈ U/K, i ∈ I, (21.2)

has a nontrivial solution f ∈ D′(U/K) if and only if there exists a spherical func-
tion ϕ on U/K such that

〈Ti, ϕ̌〉 = 0 for all i ∈ I. (21.3)

Proof. If condition (21.3) holds, then, thanks to (1.60),

ϕ × Ti = 〈Ti, ϕ̌〉ϕ = 0, i ∈ I,

i.e., ϕ satisfies (21.2). Conversely, let f ∈ D′(U/K) be a nontrivial solution of the
system (21.2). By regularization, we can assume, without loss of generality, that
f ∈ E (U/K). Denote by Φ the set of all spherical functions on U/K . For ϕ ∈ Φ,
we put

Vϕ = {

g ∈ E (U/K) : Dg = λϕ(D)g ∀D ∈ D(U/K)
}

,

where λϕ is the homomorphism of the algebra D(U/K) into C defined by the rela-
tion

Dϕ = λϕ(D)ϕ, D ∈ D(U/K).

Since L2(U/K) is the countable orthogonal direct sum of the spaces {Vϕ}ϕ∈Φ (see
Helgason [122], Chap. 5, Theorem 4.3), we can write

f =
∑

ϕ∈Φ

fϕ, fϕ ∈ Vϕ. (21.4)

The series in (21.4) converges in E (U/K), because f ∈ E (U/K). Hence,
∑

ϕ∈Φ

〈Ti, ϕ̌〉fϕ = f × Ti = 0, i ∈ I.
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Bearing in mind that f �= 0, we obtain 〈Ti, ϕ̌〉 = 0 (i ∈ I) for some ϕ ∈ Φ, as
required. Thus, Theorem 21.1 is proved. 
�

So, Theorem 21.1 gives an answer in the problem of existence of a nonzero solu-
tion of the system of convolution equations on the whole space U/K . In particular,
we see that if Y is compact, then the space D′

T (Y ) can contain only the zero distri-
bution. In the next section we shall obtain local analogues of Theorem 21.1 for the
rank one case.

21.2 Freak-Like Theorems on Subsets of Compact Symmetric
Spaces of Rank One

Let X be a rank one symmetric space of the compact type (see Sect. 11.1),
T = {Ti}i∈I be a family of nonzero distributions in E ′

�(X), and let

Λ(T ) = {Λ(Ti)}i∈I ,

where Λ(Ti) is given by (11.92) with T = Ti . Put ri = r(Ti), i ∈ I . If R > ri for
all i ∈ I , we define

D′
T (BR) =

⋂

i∈I
D′

Ti
(BR),

Cs
T (BR) = (

D′
T ∩ Cs

)

(BR), s ∈ Z+ ∪ {∞}.
Theorem 21.2. Suppose that ri < R � π/2, i ∈ I . Then for fixed k ∈ Z+,
m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d

k,m
X }, the following assertions are equiv-

alent.

(i) D′
T (BR) = {0}.

(ii) (D′
T ∩ D′

k,m,j )(BR) = {0}.
(iii) D′

Λ(T ),�
(−R,R) = {0}.

The same holds true if we proceed from the classes D′
T (BR), (D′

T ∩ D′
k,m,j )(BR),

and D′
Λ(T ),�

(−R,R) to the classes C∞
T (BR), (C∞

T ∩ D′
k,m,j )(BR), and

C∞
Λ(T ),�

(−R,R), respectively.

Proof. This follows from Theorem 11.3 and Proposition 16.3. 
�
Using Theorem 21.2 and the results in Chap. 18, one can establish analogues of

the main statements of Chap. 20 for X . As before, we set

r∗(T ) = sup
i∈I

ri , r∗(T ) = inf
i∈I

ri , ZT =
⋂

i∈I
ZTi

.

Theorem 21.3. Let Z T = ∅ and assume that r∗(T ) + ri < R � π/2 for all i ∈ I .
Then D′

T (BR) = {0}.
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The assertion of Theorem 21.3 is an immediate consequence of Theorems 18.1(i)
and 21.2.

Next, in the same way as in the proof of Theorems 19.12(i), 19.13(i), and
19.15(i), (ii), we obtain the following:

Theorem 21.4. Let T = {T1, T2}, Z T = ∅, and R ∈ (r∗(T ), π/2]. Then the
following are true.

(i) If R = r1 + r2 and T1 ∈ M(X ), then D′
T (BR) ∩ C∞(Br1+ε) = {0} for each

ε ∈ (0, R − r1).
(ii) Let R = r1 + r2 and T1 ∈ Inv+(X ). Suppose that there is a sequence {λi}∞i=1

of complex numbers such that for any α > 0,

(2 + |λi |)α
(∣

∣˜T1(λi)
∣

∣ + ∣

∣˜T2(λi)
∣

∣

) → 0 as i → ∞
and

|Im λi | � c log(2 + |λi |),
where the constant c > 0 does not depend on i. Then D′

T (BR) = {0}. In
particular, if R = r1 + r2, T1 ∈ M(X ), and Z(˜T1) ≈ Z(˜T2), then D′

T (BR) =
{0}.

(iii) Let T1 ∈ Inv+(X ). Assume that there is ψ ∈ M(X ) such that r(ψ) > 0 and
for each λ ∈ Zψ ,

n(λ,ψ)
∑

η=0

(∣

∣˜T
(η)
1 (λ)

∣

∣ + ∣

∣˜T
(η)
2 (λ)

∣

∣

)

� Mq(2 + |λ|)−q, q = 1, 2, . . . ,

where the constants Mq > 0 do not depend on λ and satisfy (18.10). Then
D′

T (BR) = {0} if R > r1 + r2 − r(ψ).
(iv) Let T1 = ψ1 × ψ2 ∈ N(X ), where ψ1 ∈ N(X ), ψ2 ∈ E ′

�(X). Assume that

Z(˜ψ1) ∩ Z(˜ψ2) = ∅ and

n(λ,ψ2)
∑

η=0

∣

∣˜T
(η)
2 (λ)

∣

∣ � Mq(1 + |λ|)−q, q = 1, 2, . . . , (21.5)

for all λ ∈ Zψ2 , where the constants Mq > 0 do not depend on λ and satisfy
(18.10). Then D′

T (BR) = {0} if R > r2 + r(ψ1). Furthermore, C∞
T (BR) = {0}

when R � r2 + r(ψ1).

The following result shows that the assumptions in Theorems 21.3 and 21.4 are
precise.

Theorem 21.5.

(i) If ZT �= ∅, then (D′
T ∩ RA�)(X) �= {0}.

(ii) If T1 ∈ N(X ) and
0 < r1 � π/4, (21.6)
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then there is T2 ∈ E ′
�(X) with the following properties:

(1) r1 = r2;
(2) ZT = ∅ with T = {T1, T2};
(3) for R = r1 + r2 and for each l ∈ Z+, the class Cl

T (BR) contains a
nontrivial function vanishing in Br1 .

(iii) Let T = {T1, T2}, where T1 ∈ N(X ) and Z(˜T1) �≈ Z(˜T2). Suppose that
r∗(T ) < R � π/2 and R � r1 + r2. Then Cs

T (BR) �= {0} for each s ∈ Z+. In
addition, a distribution f ∈ D′(BR) belongs to D′

T (BR) if and only if for all

k ∈ Z+, m ∈ {0, . . . ,MX (k)}, and j ∈ {1, . . . , d
k,m

X },

f k,m,j = A
−1
k,m,j

((



′
Λ(T1),Λ(T2)

∗ u
)∣

∣

(−R,R)

)

,

where u is a distribution in E ′
�(R

1) depending on k,m, j such that supp u ⊂
[R − r1 − r2, r1 + r2 − R]. In particular, C∞

T (BR) �= {0} when R < r1 + r2.
(iv) Let T = {T1, T2}, T1 ∈ N(X ), R ∈ (r∗(T ), π/2], and R < r1 + r2. Assume

that for some l > 0, the set

{

λ ∈ ZT1 : ∣

∣˜T2(λ)
∣

∣ < (2 + |λ|)−l
}

is sparse. Then for an arbitrary sequence {Mq}∞q=1 of positive numbers satisfy-
ing (19.14), there is a nontrivial function f ∈ C∞

T (BR) such that

sup
p∈BR

∣

∣

(

Lqf
)

(p)
∣

∣ � Mq for all q ∈ N.

(v) There exists a family T = {T1, T2} satisfying all the assumptions of Theo-
rem 21.4(iv) such that r∗(T ) < r2 + r(ψ1) � π/2 and Cs

T (BR) �= {0} for all
s ∈ Z+ and R = r2 + r(ψ1).

(vi) There exists a family T = {T1, T2} satisfying all the assumptions of Theo-
rem 21.4(iv) such that r∗(T ) < r2 + r(ψ1) � π/2 and C∞

T (BR) �= {0} for
every R ∈ (r∗(T ), r2 + r(ψ1)).

(vii) For an arbitrary sequence {Mq}∞q=1 of positive numbers such that the series in
(18.10) is convergent, there exist T1, ψ1, ψ2 ∈ N(X ), and T2 ∈ D�(X) with the
following properties:

(1) for each λ ∈ Z(˜ψ2), estimates (21.5) are true;
(2) Z(˜ψ1) ∩ Z(˜ψ2) = ∅;
(3) T1 = ψ1 × ψ2 and Z(˜T1) ∩ Z(˜T2) = ∅;
(4) r2 + r(ψ1) ∈ (r∗(T ), π/2) and C∞

T (BR) �= {0} for some R ∈ (r2 +
r(ψ1), π/2), where T = {T1, T2}.

Proof. Part (i) is clear from Proposition 11.10. Parts (ii)–(vi) are proved similarly
to Theorems 19.12(ii), 19.13(ii), 19.14(i), and 19.15(iii), (iv). Finally, using Theo-
rems 18.11 and 21.2, we arrive at (vii). 
�
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It is relevant to remark that the value π/4 in estimate (21.6) cannot be increased.
Otherwise, for r1 > π/4, we have r2 < π/4. Then by Theorem 16.2(i),

{

f ∈ D′
T2

(Br1+r2) : f = 0 in Br1

} = {0},
contrary to the property (3) in the statement (ii).

To end we note that Theorems 20.7, 20.13, and 20.14 also have natural analogues
for X . We leave them for the reader to state and prove.
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84. Gindikin, S.G., Karpelevič, F.I.: Plancherel measure of Riemannian symmet-
ric spaces of non-positive curvature. Dokl. Akad. Nauk SSSR 145, 252–255
(1962)

85. Globevnik, J.: Analyticity on rotation invariant families of curves. Trans. Am.
Math. Soc. 280, 247–254 (1983)

86. Globevnik, J.: Integrals over circles passing through the origin and a charac-
terizations of analytic functions. J. Anal. Math. 52, 199–209 (1989)

87. Globevnik, J.: Zero integrals on circles and characterizations of harmonic and
analytic functions. Trans. Am. Math. Soc. 317, 313–330 (1990)

88. Globevnik, J.: Local support theorems for the k-plane transform on R
n.

J. Math. Anal. Appl. 181, 455–461 (1994)
89. Globevnik, J.: Holomorphic extensions from open families of circles. Trans.

Am. Math. Soc. 355, 1921–1931 (2003)
90. Globevnik, J.: Analyticity on families of circles. Isr. J. Math. 142, 29–45

(2004)
91. Globevnik, J.: A decomposition of functions with zero means on circles. Ark.

Mat. 43, 383–393 (2005)
92. Globevnik, J.: Analyticity on translates of a Jordan curve. Trans. Am. Math.

Soc. 359, 5555–5565 (2007)
93. Globevnik, J., Quinto, E.T.: Morera theorems via microlocal analysis.

J. Geom. Anal. 6, 20–30 (1996)
94. Globevnik, J., Rudin, W.: A characterization of harmonic functions. Indag.

Math. 50, 419–426 (1988)
95. Globevnik, J., Stout, E.L.: Boundary Morera theorems for holomorphic func-

tions of several complex variables. Duke Math. J. 64, 571–615 (1991)
96. Godement, R.: A theory of spherical functions I. Trans. Am. Math. Soc. 73,

496–556 (1952)
97. Golovin, V.D.: On a generalization of the notion of periodic continuation.

Dokl. Akad. Nauk SSSR 149(3), 502–504 (1963)
98. Gonzalez, F., Quinto, E.T.: Support theorems for Radon transforms on higher

rank symmetric spaces. Proc. Am. Math. Soc. 122, 1045–1052 (1994)



652 Bibliography
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Gorbacevič V.V., 154, 652
Graves, 153
Grinberg E., 643, 652
Grishin A.F., vi
Gromoll D., 153, 652
Gurevich D.I., 403, 573, 639, 652

H
Hörmander L., 17, 215, 353, 384, 395, 397,

481, 573, 614, 653
Hansen M.L., 58, 652
Hansen S., 562, 652
Harish-Chandra, 153, 280, 396, 397, 652
Harris L.A., 154, 652
Hashizume M., 397, 650
Hayden T.L., 154, 652
Heal K.M., 58, 652
Helgason S., 16, 26, 27, 29, 31, 41, 46, 60, 61,

135, 153, 156, 234, 269, 278, 279, 290,
317, 397, 491, 522, 562, 563, 634, 642,
652, 653

Hopf E., 403
Hurwitz A., 7

J
Jacobson N., 153, 653
John F., v, 441, 560, 566, 653
Johnson K.D., 8, 153, 154, 653

K
Köthe G., 30, 654
Kahane J.P., 565, 639, 653
Kaneko A., 562, 653
Kargaev P.P., 396, 560, 653
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