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Preface

The theory of mean periodic functions is a subject which goes back to works of
Littlewood, Delsarte, John and that has undergone a vigorous development in recent
years. There has been much progress in a number of problems concerning local as-
pects of spectral analysis and spectral synthesis on homogeneous spaces. The study
of these problems turns out to be closely related to a variety of questions in harmonic
analysis, complex analysis, partial differential equations, integral geometry, approx-
imation theory, and other branches of contemporary mathematics. The present book
describes recent advances in this direction of research.

Symmetric spaces and the Heisenberg group are an active field of investigation at
the moment. The simplest examples of symmetric spaces, the classical 2-sphere S?
and the hyperbolic plane H?, play familiar roles in many areas in mathematics. The
Heisenberg group H" is a principal model for nilpotent groups, and results obtained
for H" may suggest results that hold more generally for this important class of Lie
groups. The purpose of this book is to develop harmonic analysis of mean periodic
functions on the above spaces.

The book consists of four parts. Part I is devoted to symmetric spaces and related
questions. After some general considerations in Chap. 1, rank one symmetric spaces
play here a privileged role. There is a number of books that are characteristic of
this subject from the abstract point of view. Our text differs at this point and is
based on realizations of rank one spaces as domains in Euclidean space. The aim
of such an approach is twofold: on the one hand, in this way we hope to contribute
towards a better visualization and a better handling of these spaces; on the other
hand, in addition to their intrinsic interest, these realizations will play an important
role in our study of transmutation operators on rank one compact symmetric spaces
in Part II. The exposition in Chaps. 2-5 of Part I has on occasion been used as a
textbook for first-year graduate students without background in Lie group theory.

Part II develops the transmutation operator theory. We define appropriate ana-
logues of the Abel-Radon transform and give a treatment of their basic properties.
The generalized homomorphism property is the crucial one; it relates the mean pe-
riodicity on the spaces in question to that on R! and allows many proofs in Parts III
and IV to be carried out by reduction to the one-dimensional case.
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Parts III and IV deal with the theory of mean periodic functions on domains of
Euclidean spaces, Riemannian symmetric spaces, and the Heisenberg group. At-
tention was focused on Fourier-type decompositions and on the “hard analysis"
problems that could be attacked with them: structure of zero sets of mean peri-
odic functions and modern versions of John’s support theorem, local analogues of
the Schwartz fundamental principle, the problem of mean-periodic continuation,
Hormander-type approximation theorems on domains without the convexity as-
sumption, explicit reconstruction formulae in the deconvolution problem, Zalcman-
type two-radii problems on domains of symmetric spaces of arbitrary rank, local
versions of the Brown—Schreiber—Taylor theorem on spectral analysis and their sym-
metric space analogues, and so on. The difficulty in studying the above varies with
spaces. Nevertheless, in all cases almost all results are the best possible, i.e., give
answers to all questions which naturally arise in the topic and present a complete
picture of the corresponding phenomenon. The proofs given are "minimal" in the
sense that they involve only such concepts and facts which are indispensable for
the essence of the subject. We shall have nothing to say in this book on the mean-
periodicity on domains of compact symmetric spaces of higher ranks (except the
case of the whole space) but hope that the methods that we develop will prove use-
ful in this connection.

Each part begins with a summary and ends with comments. The reader will find
here not only historical notes and further results but also many challenging conjec-
tures and open problems and the invitation to work in this exiting field. The authors
hope that the exposition in the book will be comprehensible to anyone who knows
the elements of functional analysis and possesses sufficient perseverance in over-
coming purely logical difficulties. All the necessary information is given in the text
with references to the sources.

Some of the material in this book has been the subject of lectures delivered by the
authors over a number of years. We have received helpful comments and suggestions
from many colleagues; of these we mention R. Trigub, V. Zastavnyi, D. Zaraisky,
A. Grishin, V. Ryazanov, V. Belyi, L. Ronkin, and B. Kotlyar. We thank them all.

The first author owes very much to L. Zalcman who invited him to come and
work at his Seminar in 1993, 1996, 2001, 2004, and the department of Mathematics
and Computer Science of Bar-Ilan University (Israel) for its hospitality and library
facilities during the stay. Thanks are also due to participants of Zalcman’s Seminar
for useful discussions related to the topics of the book.

We are very indebted to the National Fund for Scientific Research for supporting
our work. It is a pleasure to thank P. Masharov and O. Riznychenko for their expert
and conscientious TEX setting of the manuscript. We are very grateful to our home
institution, the Donetsk National University, for working conditions we enjoy.

Finally, our thanks go to Springer for the realization of this monograph.

Donetsk, Valery Volchkov
January 2009 Vitaly Volchkov
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Part I

Symmetric Spaces.
Harmonic Analysis on Spheres



The notion of symmetric space is among the most important notions in differential
geometry. They are defined as Riemannian manifolds M with the following prop-
erty: each p € M is an isolated fixed point of an involutive isometry s, of M. There
is only one such s,. It is called the symmetry at the point p.

The theory of symmetric spaces was initiated by E. Cartan in 1926 and was
vigorously developed by him in the late 1920s. Symmetric spaces have a transi-
tive group of isometries and can be represented as coset spaces G/K, where G is
a connected Lie group with an involutive automorphism o whose fixed-point set is
(essentially) K. This property was used by E. Cartan to classify them.

In Chap. 1 we review general notions and facts related to the theory of symmetric
spaces which will be used throughout the book. We restrict ourselves to only a min-
imum of auxiliary information. Standard definitions in Riemannian geometry and
Lie group theory are assumed; references for them are given, when necessary.

In Chaps. 2 and 3 symmetric spaces of rank one play a privileged role. Their
geometrical structure is so rich that one can characterize them in several other ways.
In particular, they, together with the Euclidean spaces R” (n = 1,2, ...), comprise
the two-point homogeneous spaces. These are the Riemannian manifolds M with the
property that for any two pairs points (p1, p2) and (g1, g2) satisfying d(p1, p2) =
d(q1, q2), where d is the distance on M, there exists an isometry mapping pp to g
and p» to g3.

The rank one symmetric spaces of noncompact type are the real, complex, and
quaternionic hyperbolic spaces SOq(n, 1)/SO(n), SU(n, 1)/S(U(n) x U(1)), and
Sp(n, 1)/Sp(n) x Sp(1) and the Cayley hyperbolic plane F;/Spin(9). In a dual
manner, the compact symmetric spaces of rank one are the various projective spaces
corresponding to R, C, @, Ca and the Euclidean spheres. Hyperbolic spaces can
be identified with the unit ball in Euclidean space. We give this identification in
Chap. 2. Euclidean spaces can be regarded as parts of projective spaces. Chapter 3
contains a detailed discussion of this imbedding. We have attempted to render cal-
culations in the text as explicit as possible. This circumstance is the source of very
extensive information about symmetric spaces of rank one.

Roughly speaking, the group K acts transitively on the unit sphere S in the tan-
gent space p to a symmetric space G/K of rank one. The purpose of Chap. 4 is
an explicit description of the decomposition of L2(S) into irreducible components
under the action of K. Since K in its action on S is contained in the orthogonal
group, we see that ¥, the space of homogeneous kth-degree harmonic polynomi-
als on p, is invariant under the action of K. Identifying elements of #* with their
restrictions to S, we have L2(S) = Yo H*. In this way the question reduces to
the problem of decomposing each ¥ according to the action of K. To solve it we
use the realizations of G/K obtained in Chaps. 2 and 3.

In Chap. 5 we consider K -finite eigenfunctions of the Laplace—Beltrami operator
on rank one symmetric spaces G/K of noncompact type. Integral representations
for these functions give us non-Euclidean analogues of the plane waves ek
x € R". They play an important role in harmonic analysis on G/K.

The results of Part I are used in the sequel to study mean periodic functions.



Chapter 1
General Considerations

We have put in Chap. 1 a good deal of generalities which is needed for the rest of
the work. The five sections (see Contents) are rather disconnected.

Section 1.1 contains preliminaries to alternative algebras and exceptional Lie
groups. Special attention is paid to the Cayley algebra Ca, the Albert algebra Al,
the exceptional compact Lie groups G; and Fy4, and the group Og,(2) acting tran-
sitively on the sphere S!3. In particular, we mention the very important algebraic
characterization of F,4 due to Chevalley and Schafer.

In Sect. 1.2 we put together some background material from elementary differ-
ential geometry. Besides several standard notions such as the curvature tensor, the
Riemannian connection, the Beltrami parameters, Hermitian and Kaehlerian struc-
tures, etc., the definition of { domain is introduced which will play an important
role in Part III later.

Section 1.3 provides a brief introduction to the theory of symmetric spaces. We
begin with the definition of homogeneous spaces and end with the complete classi-
fication of two-point homogeneous spaces.

In Sect. 1.4 the reader is acquainted with some basic tools of analysis on sym-
metric spaces G/K. The unifying object here is the convolution structure on G/K.
In particular, we discuss the commutativity of convolution for K -invariant distribu-
tions on G/ K, the action of invariant differential operators on convolution, and the
mean value property for joint eigenfunctions on G/K.

Section 1.5 deals with harmonic analysis on compact homogeneous spaces
K /M. Results coming into the picture are: the orthogonality relations of Schur,
the Peter—Weyl theorem, and the Weyl decomposition of L2(K /M).

1.1 Numbers, Algebras and Groups. Some Illustrative Examples
The numbers dealt with in this book are representatives of one of the following four

structures:

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
© Springer-Verlag London Limited 2009



6 1 General Considerations

R—the field of real numbers;
C—the field of complex numbers;
Q—the body of quaternions;
Ca—the algebra of octaves (or the Cayley algebra).

Also, we shall use the set of natural numbers N, the ring of integers Z, the set of
nonnegative integers Z., and the set of rational numbers Q.

The construction of C, Q, and Ca is a special case of the so-called doubling
procedure. We recall its definition (see, for instance, Postnikov [167], Lecture 14).

Let A be an arbitrary finite-dimensional algebra over R in which a conjugation,
i.e., some involutory antiautomorphism ¢ — @ is given. Consider a vector space .A>
which is a direct sum of two copies of a vector space A, i.e., which consists of pairs
of the form (, B), where «, B € A. We introduce into .A? multiplication as follows:

(o, B) (v, 8) = (ay — 8B, BY + 8at).

A simple check shows that relative to that multiplication the vector space .A? is an
algebra. The algebra A2 is called a doubling of A. We shall identify elements o
and (a, 0) and thus assume that the algebra A is a subalgebra of A%, If A is a unit
algebra, then the element 1 = (1, 0) will obviously be an identity element in .42
too. In addition, every element (c, 8) € A? is uniquely written as o + fe, where
e=1(0,1).

For the procedure of a doubling to be iterated, it is necessary to define a conju-
gation in A2, We shall do this by the formula

Then
C=R?, Q=C? Ca=0Q>%

The basis of C consists of iy = 1 and the imaginary unit i; = (0, 1). In the
sequel, i; will be also denoted by i. The basis of Q consists of ip = 1 and three
elements

ir=(»,0, k=01, iz=ij.

Analogously, the basis of Ca consists of ip = 1 and seven elements
ip=(@1,0), i2=(>2,0), i3=0(=,0, L=(@O1),
is =iy, dg =1i2iy, Iy =1i3is.

As the construction of a doubling is iterated, the algebraic properties of the mul-
tiplication gradually deteriorate. In particular, the octave algebra Ca is noncommu-
tative and nonassociative. Nevertheless, in Ca there are the relations

luv| = fvu| = |ullv], (1.1)
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UV =7vu, (1.2)

(uv)v = u(vv), u(uv) = (uu)v, (1.3)
(uv)T = v(vu) = ulv|?, (1.4)

@)v ' = v vu) = u, (1.5)

(uv)u = u(vu), (1.6)

t(uv)t = (tu)(vt), (1.7)

Re (uv) = Re (vu), Re ((tu)v) = Re (t(uv)), (1.8)

where

lu| = Vuw = vViu, u”! ! Reu:u;u.

Cqul?

Equality (1.1) means that the algebra Ca is normed. Relations (1.3) and (1.6)
are called the identities of alternativity and elasticity, respectively. Identity (1.7)
is known as the central Moufang identity. We pay attention to the following well-
known results (see Cantor and Solodovnikov [45], for example).

Theorem 1.1 (Hurwitz). Every normed unit finite-dimensional algebra over the
field R is isomorphic to one of the algebras R, C, Q, or Ca.

Theorem 1.2 (Frobenius). Every alternative division finite-dimensional algebra
over R is isomorphic to one of the algebras R, C, Q, or Ca.

Let Aut A be the group of automorphisms of an algebra A. Clearly, Aut R =
{Id}, where Id is the identity mapping. In addition, it is easy to make sure that Aut C
consists of Id and the automorphism of complex conjugation z — Z. Next, any
automorphism Q@ — @ is an internal automorphism of the form ¢ — pgp~—',
where p is a quaternion of norm 1 (see Postnikov [167], Lecture 14). In this case,
the mapping
(q1.92) = (parr™". p2p™"), q1.q2€Q, (1.9)
is an automorphism of the Cayley algebra. The group Aut Ca of all automorphisms
of the algebra Ca is an exceptional compact Lie group of dimension 14 and is de-
noted by G, (see Postnikov [167], Lecture 14).

Besides the octaves themselves, one can consider matrices whose entries are oc-
taves. Since there is a conjugation in the algebra Ca, for any octave matrix A, the
Hermitian conjugate matrix A* is defined as that which results from the transposed
matrix AT by replacing all its entries by conjugate octaves. By analogy with the
complex case, the octave matrix A for which A* = A is called Hermitian.

On defining the product A B of octave matrices A and B by the usual formula, we
see that the collection A(n, Ca) of all Hermitian octave matrices of a given order n
is an algebra under the Jordan multiplication

AB + BA
> .

AoB =
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Moreover, one can prove that (A(n, Ca), o) is a Jordan algebra for n < 3, i.e.,
AoB=BoA and (A’0B)oA=A%0(BoA),
where A> = A o A = AA. The Jordan algebra
Al = (AG, Ca), o)

is called Albert’s algebra (see Postnikov [167], Lecture 15).
For A € A1, we denote by /4 the linear map on A1 acting according to the rule

Il4AB=AoB, BeAl.

Put

If Ky, is the kernel of [, and
Km={A={aij}} j; € Km:ajj =0, 1<j <3}, m=12.3,

we have
Al=RE|®RE,SRE; K1 & K2 D K3

(see Johnson [130]).
Let © be the set of derivations of A1. We set

Do =1{De®D: DEy=0,m=1,2,3),
D1 = {llg,—E;. al: A € K1},
D5 = {llg—k5. 1a]: A € Ko},
D3 = {llg,~£,. 1a]: A € K3},

where [-, -] stands for the bracket operation. Then
D=0+ +9D+ D3, (1.10)
and ® is the Lie algebra of the compact group
F4s = Aut Al. (1.11)

In addition, ®o9 + ©1 + i(i)z + ’Dg) is the Lie algebra of the noncompact con-
nected group Fj (see Jonson [130]). The maximal compact subgroup of F; with
Lie algebra ®¢ + ©; is isomorphic to the spinor group Spin(9).

Let K = R, C or Q. Define

K”:{a:(al,...,an):akeK, 1<k<n}, neN.
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We shall regard K” as a left K-module. This refers to the fact that the algebra of
quaternions is noncommutative. The product space K" is endowed with its Her-
mitian product

n

(@, by =Y abe, b= (bi,....by) €K',
k=1

and its Euclidean norm
n

lal = | > lax|?.

k=1

For the Cayley algebra, we consider the vector space
Ca? = {a = (a1, ay): ar € Ca, k=1, 2}.
If b = (b1, by) € Ca?, put
Dca(a, b) = laiP[bi|* + laz*|ba]® + 2Re ((a1a2) (b1D2 ) ).
Using (1.2)—(1.8), it is easy to verify that

Beqla, b) = |@ih2) (by'b1) + asbs |’ (1.12)

for by # 0. The form @c,(a, b) is an analogue of the form |(a, b)K|2.
Identify C" with R?" according to the rule

a=(ap,...,an) = x=(x1,...,%Xm), (1.13)

where ay = xp + ix,4k. Putting by = yx + iVuak> ¥y = (V1,..., yon), Where
Yk, Yn+k € R, we obtain

<a7b>(c = (x, y)C = (.X, y>R —i[X, y]R
with

n
(¥, VIR = D (Xk Ytk — Xnk Vb)-
k=1

By analogy with (1.13) we may interpret elements of Q" as points in C>" using
the correspondence

a=1(ay1,...,ay) > z2=(21,...,221), (1.14)

where ay = zx + Zp+ikl2. Set by = wg + wpiiy, w = (wy, ..., wy,), Where
Wk, Wp+k € C. Then

<Cl, b)Q = (Z’ w)@ = <Z’ w>@ - [Za w](ciz
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with
n

[z, wlc =) (2K Wntk — ZnskWk)-
k=1

Finally, we identify Ca® with R'® by the map
a=(aj,a) = x =(x1,...,X16), (1.15)
where

ay = x1 + xoly + xsiy + x13i3 + x3l4 + x11i5 + X7l + x15i7,
ay = xa + x10i1 + xelp + x14i3 + x4i4 + x1215 + xgig + x16l7.

Setting y = (y1, ..., ¥16)> Yk € R,

by = y1 + yoiy + ysip + y13i3 + y3is + y11is + y7ie + yi5i7,
by = y2 + y1oi1 + yei2 + y14i3 + yais + y12is + ygic + yi6i7,

we find that
8
Beala, b) = Pea(x, y) =2 ) pr(¥)pr(3)+po(¥) po(»)+ pro(x) pro(y) (1.16)
k=1
with

Pp1(X) = X1X2 — X3X4 — X5X6 — X7X8 — X9X]0 — X11X12 — X13X14 — X[5X]6>
P2(X) = X1X4 — X9X12 — X5X§ — X13X16 + X3X2 + X11X10 + X7X6 + X15X14,
p3(X) = X1X6 — X9X14 + X5X2 + X13X10 + X3X8 + X11X16 — X7X4 — X]5X]2,
p4(x) = x1x8 + X9x16 + X5X4 — X13X12 — X3X6 + X11X14 + X7X2 — X|5X]0,
p5(x) = x1x10 + X9x2 + X5X14 — X13X6 + X3X12 — X11X4 — X7X16 + X15X8,
P6(x) = X1X12 + X9X4 — X5X16 + X13X8 — X3X10 + X11X2 — X7X14 + X15X6,
p1(X) = X1X14 + X9X6 — X5X10 + X13X2 + X3X16 — X11X8 + X7X12 — X15X4,
p8(x) = x1x16 — X9x8 + X5X12 + X13X4 — X3X14 — X11X6 + X7X10 + X15X2,

8 8
po(x) = x5 1. pro@) =Y x3.
P k=1

The polynomials py, ..., pig satisfy the equalities
8 8
D xwpr(x) =xipo@), Y xao1pr(x) = xapo(x). (1.17)
k=1 k=1

In the future, unless otherwise stated, we shall use identifications (1.13)—(1.15).
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In the constructions below, an important role is played by the following groups:

GL(n; K)—the group of nondegenerate n x n matrices with entries
in K;
SL(n; (C)( SL(n; ]R))—the group of complex (real) n X n matrices
of determinant 1;
U(n, 1; K)—the group of matrices in GL(n + 1; K) which leave
invariant the Hermitian form

arby + -+ + anby — any1bnyi, ak, bi € K;

O, 1) =Um, L R), U, 1)=Um,1;C), Spnr,1)="Un,1; Q)
SO(n,1) =0, 1)NSL(rn + 1I;R), SU®m,1)=Um,1)NSL(x+ 1;C);
SOg(n, 1)—the identity component of SO(n, 1);

U(n; K)—the group of matrices in GL(n; K) which stabilize the form

(a,b)k;
O(n) = U(n; R)—the orthogonal group;
U(n) = U(n; C)—the unitary group;
Sp(n) = U(n; Q)—the symplectic group;
SO(n) = O(n) N SL(n; R)—the rotation group;
SU() = U(n) NSL(#n; C);
U(n) x U(l) = {(g e(i)9> :AeUn),0 e R};
S(U(n) X U(l)) = (U®m) x U))NSL(n + 1; C);
A 0
Sp(n) x Sp(l) = {(O q> :AeSpn),qeqQ,lql= 1} ;
Ok (n)(Oca(2))—the group of R-linear transformations of K"
(R16, respectively) which preserve the form |(a, b)]K|2
(@cy(x, y), respectively).

. A -—-B
A+1B—<B A)’

where A + iB € GL(n; C), A and B real, is the imbedding of GL(n; C) into
GL(2n; R). Likewise, the imbedding of GL(n; Q) into GL(2r; C) is given by

The mapping

A+ Bip — (_AE g) for A + Bir € GL(n; Q), (1.18)

where both A and B are complex n x n matrices.
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Next, obviously,
Or(n) =0O(n), U(n) C Oc(n), Sp(n) C Ogn). (1.19)
To illustrate the definition of O¢,(2), we consider some examples.
Example 1.1. Fora = (a1, a2) € (Caz, we set
T(a) = (a2, ay),
s(a) = (a1, a2ly), 1<s < 7.
By means of (1.2), (1.3), (1.7), and (1.8) it is not difficult to see that 7, 7y € Oc,(2).
Example 1.2. Let ¢ € G;. Put
Ap@) = (pla), ¢(@)), a=(a1.a) € Ca’.
Then A, € Ocq(2).
Proof. For o € Ca, we have
lp(@)] = o, Reg(a) = Rea, p(@) = p@) (1.20)
(see Postnikov [167], Lecture 14). By use of (1.20) one obtains
Pca(Ag(@). Ap(B)) = lp(@) Pl @ + lga)Plpb2)
+2Re ((p(ang(@))(eBe®2)))
= la1?1b11* + lazl*1b2]* + 2 Re (p(a1a2)¢ (5102 )
= la1*1b1]* + laz*|b2]* + 2 Re p((a1a2) (b1£2))
= Pcqla, b),

whence Ay, € Ocy(2). m]
Example 1.3. Letu = (t, «), where t € R, o € Ca, and 12 + |«|?> = 1. Define the
mapping

Ru(a) = (—ta) + @ a», tay + a1@), a = (a1, a») € Ca® (1.21)
(see Postnikov [167], Lecture 15). Then R, € Oc,(2) and Ru_1 = R,.
Proof. Let b = (b1, by) € Ca®. In view of (1.2), (1.6), and (1.8),

Re ((a1a2) (@(b162))) + |a|*Re (b2 (@a1)b1 )
= Re ((@a2) (a(bib)a + |al* (b2b1)))

= Re (((a1a2)a)((b1b2)a + & (b2b1)))
= 2Re (apaa;) Re (byaby). (1.22)

Taking (1.22) into account and using (1.2)—(1.8), we obtain that R, € Oc,(2) by a
direct calculation. Relation R, = R,; !'is an easy consequence of (1.21). O
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The group Ok (n) acts on the unit sphere
S {a eK": |a| = 1},

where d = dimg K. The action is transitive, i.e., for any a, b € S9=1_ there exists
T € Ok(n) such that t(a) = b (see (1.19)). The following is the analogue of this
result for the group Oc, (2).

Proposition 1.1. The group Oc,(2) acts transitively on the sphere S'.

Proof. Lete; = (1,0,...,0) € R0, Take x € S1° arbitrarily. We write x in the
form x = («, B), where «, 8 € Ca. Put

7. =Ry, oR,,. (1.23)

where
uy = (0, —1B187Y),  wve = (1B, —IBIB" @) if B #0,

and
uy =0,), v,=(0,1) ifg=0.

It is easy to see that 7ye; = x. Since t, € O¢y(2) (see Example 1.3), we obtain the
desired assertion. O

Corollary 1.1. For all x,y € R'®, one has
Dea(x, y) < Iyl (1.24)
Proof. Pick t € Oc,(2) such that t(|x]|e;) = x. Then
Pea(x, y) = Pea(lxler, 1Y)
Using the definition of @¢,, we get
Dea(x, y) < Pl y PP = x Pyl

as required. O

LetC[x],x = (x1, ..., xp) € R™, be the polynomial ring in variables xi, . .., X,
over the field C. Our further purpose is to describe elements P € C[x] satisfying
the invariance condition

Por=P, t1€K, (1.25)

for some groups K C O(m), m > 2.

Proposition 1.2. Assume that for a polynomial P € C|x], condition (1.25) is ful-
filled, where K is a subgroup of O(m) acting transitively on the sphere S"~'. Then
P has the form

N
P(x) = ZCkIXIZk, N eZy, ¢, €C.
k=0
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Proof. We can always write

J
P(x) =) Pi(x), Pi€Pilxl,
k=0

where Py[x] is the set of all homogeneous polynomials of degree k in C[x]. In this
case,
Prot=PFP, t€K, k=0,...,].

Then |x|_k Pi(x) is a homogeneous function of degree 0 that is invariant under the
group K. In view of the transitivity of K on S, this gives Pi(x) = di|x|*,
dy € C,x € R™. Since Py is a polynomial, k must be even when dy # 0. Thus, the
statement is proved. O

We now consider the case m = 2n, n > 2. A variable point in R2" will be
denoted by (x, y), where x = (x1,...,x,) € R", y = (y1,..., yn) € R".

Theorem 1.3. Let IKC be a subgroup of O(n), n > 2. Suppose that K is pairwise
transitive on S" 1, i.e., forany x, y,x’, y' € S""Vwith (x, y)r = (x’, y)Rr, there
exists T € K such that T(x) = x', ©(y) = y'. Then every polynomial P € Pi[x, y]
satisfying the relation

P(tx,ty) = P(x,y), t€Kk, x,y€eR", (1.26)
has the form
k/2 k=2 k2 s
P(x.y) = 2 ii=0 oo Cun XSV (x, y)g  ifk is even, (127)
ifk is odd,

where ¢, are complex constants.
To prove Theorem 1.3 we need the following result.
Lemma 1.1. Let P € C[x, y] and P = 0 on the set
E={(x,y) e R*": (x, y)r = 0}. (1.28)

Then
P(x,y) = {(x,y)rOx, )

for some Q € Clx, y].

Proof. Fix y € R"\{0}. Put Ry (x) = P(t~'x, y), where 7 is a rotation of R” for
which 7y = (|y[, 0, ...,0). Because P = 0 on E, we have R, (0, x2, ..., x,) =0,
(x2,...,x,) € R""1. Hence, Ry (x) = x17y(x) with ry, € C[x]. Consequently,

P(x,y) = {x, y)r py(x), (1.29)
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where p, € Cl[x] for each y € R". We rewrite (1.29) as

P(x,
(x( )y O (130)
’ y R |0[‘<N
where « denotes an n-tuple («q, ..., ®,) of nonnegative integers, |c| = a1 +--- +

oy, and x¢ = x‘lx1 ... xy". Applying to (1.30) the operator

5 9 B 9 Bi P Bn
) =<5> =(a_m) ...(axn> CB= (B P,

with |8 = N, N —1,...,0, we obtain

N+1
() =y do(y),

where d, € C[y]. Therefore, |y|2N+1 P(x, y) belongs to the ideal (x, y)rC[x, y]. By
virtue of the irreducibility of (x, y)r, the ideal (x, y)rC[x, y] is prime (see Zariski
and Samuel [277], Chap. 3, Sect. 8). Since

oN+1

IyI© ¢ (x, y)rCIx, yl,
this gives P(x, y) € (x, y)rC[x, y]. Thereby the lemma is established. O

Proof of Theorem 1.3. The polynomial P can be represented in the form

k
P(x,y) =) Pu(x,)
m=0

with
Pn(x,y) = Z Cot(x)yas ¢y € Promlx].

lo|=m

Then, for each t > 0 and each T € I,
k k
Z t"P,(x,y) = P(x,ty) = P(tx,tty) = Z t" P, (tx, TY).
m=0 m=0
Consequently, we must have
Pn(tx,ty) = Py(x,y), T€K, x,yeR". (1.31)

Let (x,y) € E, x,y € R"\{0} (see (1.28)). Since K is pairwise transitive
on "1, (1.31) implies that

- e n(2)-
|x|k—m|y|m ZC‘J‘ x| Iyl m |x|’|y| m(e1, e2),

la|=m
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where e; = (1,0,...,0) € S"1 e, =(0,1,0,...,0) € S"1. Hence,

k
P(x.y) =Y Puler.e)|x[*™|y|" onE. (1.32)

m=0

Assume that k is even. Using (1.32), we obtain P, (ej,e2) = 0 for odd m €
{0, ..., k}. Analogously, Py (e1,e2) = 0 for all m € {0,...,k} when k is odd.
Now, by Lemma 1.1,

k
P(x,y) = Y Puler, e)lx " IyI" = (x, »)RQ(x, y),  (x,y) € R¥, (1.33)

m=0

where Q = 0ifk < 1 and Q € Pr_2[x, y] if & > 2. Moreover, owing to (1.26)

and (1.33),
O(tx,ty) = 0(x,y), T€ekK, x,yeR".

Invoking induction on k, we arrive at the desired assertion. O

To close this section we present a consequence of Theorem 1.3.

In view of (1.20), we may assume that Go C O(7). In this case, G» is pair-
wise transitive on the sphere S® (see Busemann [44], Chap. 6, Sect. 55). Applying
Theorem 1.3 with n = 7 and K = G5, we obtain

Corollary 1.2. Let P be a homogeneous polynomial of degree k in variables x1, . . .,
X7, Y1, - - ., 7. Suppose that

P(tx,ty) = P(x,y) forallt € Gy,x,y € R’.

Then P has the form (1.27).

1.2 Elements of Differential Geometry

We collect here some notation and facts from the theory of manifolds we need in
the sequel. For proofs, we refer to Helgason [115, 122] and also Kobayashi and
Nomizu [137].
Let M be a manifold. In the future, M will always be assumed to be real analytic.
We shall use the following spaces on M:
Ck(M ) (k € Z+ or k = co)—the space of all complex-valued C*-functions on M ;
C(M) =C'(M),  EM) = C>(M);
RA(M)—the space of real analytic functions;
C i‘ (M)—the subspace of C k(M) consisting of compactly supported functions;
D(M) = C°(M);
D' (M)—the space of distributions;
&' (M)—the space of compactly supported distributions.
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Let supp T be the support of a distribution T € D’(M). A linear mapping D of
the space D(M) into itself is said to be a differential operator on M if

supp (Df) C supp f, f € D(M). (1.34)

For the definition of the order of a differential operator, see Hormander [124],
Sect. 1.8. The set of all differential operators on M is denoted by E(M).

Relation (1.34) implies that D can be extended to a linear operator (also de-
noted D) from £(M) to £(M) by means of the formula

(Dg)(x) = (Df)(x).

Here x € M, g € £(M) are arbitrary, and f is any function in D(M) which coin-
cides with g in a neighborhood of x. The choice of f is clearly immaterial.
Suppose that v is a diffeomorphism of M onto itself. For g € £(M), we put

DVg=(D(goy)) oy

In view of (1.34), DY € E(M). We shall say that D is invariant under  (or D com-
mutes with ) if DY = D, that is, if

D(govy)=(Dg)oy forall g e E(M).

Let 1« be a measure on M which on each coordinate neighborhood is the multiple
of the Lebesgue measure by a nowhere vanishing C*°-function. Denote by L? (M)
and L”*IOC(M ), 1 < p < oo, the classes of complex-valued functions on M that
are p-integrable and p-locally integrable with respect to u, respectively. The space
L1°¢(M) is embedded in D’(M) by means of u if to g € LV1°(M) we associate
the distribution

f— /M fgdu, feDM),

on M.
For every D € E(M), there exists a unique differential operator D* € E(M)
satisfying the relation

/M(D*f)(x)g(x)du(x) = fM J @) (Dg)(x)du(x), f, g € DIM).

The operator D* is called the adjoint of D with respect to u. The action of an
operator D € E(M) on distributions is given by

(DT, fy =(T,D*f), feDWM),T D M).

The inequality ord(DT) < ordT + n holds, where n is the order of D, and the
symbol ord is used for the order of distributions.

For m € Z,, we denote by L% (M) the set of all f € LP(M) such that Df €
LP (M) for every D € E(M) of order at most m. The class L,I:,’IOC(M) is defined
analogously.
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A connected manifold M becomes a Riemannian space (or a Riemannian man-
ifold) when provided with a metric tensor {g;;}. Let g be the determinant of the
matrix {g;;} and {g"/} the inverse matrix of {g;;}. We need the following objects on
M concerning {g;;}:

172
ds = <Z gij dx; dxj) —the length element; (1.35)
i,J
dp = /g dxj ...dx,—the Riemannian measure; (1.36)
1 0gi g 0gij
1“1’]‘ =3 Z P ( %!]l 4 %’ll — aix’l’)—the Riemannian connection; (1.37)

arl. art
;. A L Z (ry rt. — rj Flk)—the curvature tensor

ijk ; mj
0x; oxy —~
of the Riemannian connection; (1.38)
Riju = Z 8im R;”kl—the Riemannian curvature tensor; (1.39)
m

d(., -)—the inner metriC' I (M )—the isometry group;

Z g” — ——the first Beltrami parameter;
0x; 0

1 a a
Ay = — Z ox, (\/_ g' Ej)—the second Beltrami parameter. (1.40)

The analog of straight lines on M are geodesics. Equations of geodesics have the

form
; dx; dxk
=0. 1.41
Z ikdr dr (1.41)

dt2

A geodesic arc is, at least locally, the shortest arc between its end points. This is
proved in calculus of variations.
A Riemannian manifold M is a space of constant sectional curvature c if and
only if
Rijk = c(8ik&ji — 8jk8&li) (1.42)

(see [137], Vol. 1, Chap. 5, Sect. 2).
The distance d(p, g) between two points p, g € M is given by

d(p,q) :inf/ ds,
vJy

where y runs over all curve segments joining p and ¢. The pair (M, d) is a metric
space. A mapping f of M onto itself is in / (M) if and only if f preserves distances,
ie.,

d(f(p), f(@)) =d(p.q) forp,qe M.
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We shall always consider /(M) with the compact open topology. This is defined
as the smallest topology on I (M) for which all the sets {y € I(M): vC C U}
are open. Here C and U, respectively, are a compact and an open subset of M. The
identity component of /(M) will be denoted Io(M).

Leta e R, R, b € [0, +00]. We shall often use the following sets in M:

Sk(p) = {q € M: d(p,q) = R}—the sphere;
Br(p) ={q € M: d(p,q) < R}—the open ball;

Br(p) = Br(p) U Sg(p)—the closed ball;
B,p(p) ={qg € M: a <d(p,q) < b}—the open spherical annulus;

f}a,b(p) ={q € M:a <d(p,q) < b}—the closed spherical annulus.

Definition 1.1. A nonempty open set O C M is said to be a ¢ domain (¢ > 0) if
the following conditions are satisfied:

(a) each point in O can be covered by a closed ball of radius ¢ contained in O;

(b) centers of two arbitrary closed balls with radius ¢ contained in O can be joined
by a curve such that any closed ball with the radius ¢ and the center on this curve
is contained in O.

Let ¢ > 0 and assume that / is a subset of M. Denote by &(U, ¢) the collection
of all open subsets O of M with the property that O € G, ¢) if and only if O is a
¢ domain and &/ C O. The motivation for the definition of the class &(U, ¢) is the
theory of convolution equations developed in Volchkov [225], Part III.

A Riemannian manifold is said to be complete if each closed ball in M is com-
pact.

We shall need the following results.

Theorem 1.4 ([137], Chap. 4.4). Suppose that I (M) acts transitively on M. Then
M is a complete Riemannian manifold.

Theorem 1.5 ([137], Chap. 4.4). In a complete Riemannian manifold M with met-
ric d, each pair p,q € M can be joined by a geodesic of length d(p, q).

Theorem 1.6 ([137], Chap. 6.7). Let M and N be two simply connected complete
Riemannian manifolds of constant sectional curvature c. Then M is isometric to the
space N.

The operator
L=A, (1.43)

is a direct generalization of the Laplacian A on R" and is frequently referred to as
the Laplace—Beltrami operator. For u € D(M) and v € £(M), one has

/;MM(X)(LU)(X)dM(X)=/M(LM)(X)U(X)dM(X), (1.44)
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i.e., L is symmetric. A diffeomorphism f of a Riemannian manifold M is an isom-
etry if and only if L commutes with f (see [122], Chap. 2, Sect. 2.4).

Let MY(M) be the set of all complex-valued compactly supported measures
on M, and let M'(M) be the set of all distributions f € &'(M) such that
Df € M°M) for each differential operator D on M of order at most one. We
define the class MY (M) for each v € Z as follows.

If v € N and v is even (respectively v is odd), we denote by MV (M) the set of
all distributions f € &£'(M) such that L"/21 f ¢ MO(M) (respectively LI"/?1 f
MU (M)), where [v/2] is the integer part of v/2.

If v eZ,v < 0and v is even (respectively v is odd) we write M" (M) for the
set of all distributions f € &'(M) such that f = p(L)u for some u € M(M)
(respectively u € M'(M)) and some polynomial p of degree at most [(1 — v)/2].

The class MY (M) plays an important role in Part III below.

Assume now that M is a Riemannian manifold of dimension > 2. Let O be a
nonempty subset of M, and let « > 0. Denote by QA(QO) (respectively G*(0)) the
set of all functions f € C*(O) such that for each compact set L C O,

00 1724\ ~!
Z(inf(/ |qu(x)|du(x)> ) = 400 (1.45)
1 az2v\JK
(respectively
/|qu(x)|du(x)<cq(1+q)2°‘q, g=1,2,..., (1.46)
K

where the constant ¢ > 0 is independent of g). Next, suppose that O is bounded
and let C1O be the closure of O. We shall write f € QA(Cl1O) (respectively
f € GYCl0))if f € C®°(C10O) and property (1.45) (respectively (1.46)) is satis-
fied for £ = Cl10O.

Let M be a connected complex manifold with a Hermitian metric H = {h;; }l’{ =1
and let {zy, ..., z,} be local coordinates on M. We write

H=A+iB, z;=ux;+ix,4,,

where A =Re H, B=ImH, xj, x,4; € R. The matrix

o= (% %)

gives rise to a Riemannian structure on M. The Riemannian measure on M has the

form
du = hdxy...dx,, (1.47)

where / is the determinant of H. The Laplace—Beltrami operator L on M is calcu-
lated by

L—ZXn: i Xn:h"fha 30 anﬁha (1.48)
s\ \g T ) o dazi ) ) '

i=1
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where {h'/} is the inverse matrix of {h;;},

o _1(a . 0 o _ (98 . 9
dz; 2\ dx;  dxuy; /)’ 3z, 2\dx;  xuy; )

Let F be a real-valued function in a coordinate neighborhood of a connected
complex manifold M. We set

°F (1.49)
g.*. = —_—. .
Yo 07,075
Since F is real, { gl.7} is always Hermitian. If it is positive definite, then
ds® =2 " g7dzi dz; (1.50)

iJj

is a Kaehler metric on M. Every Kaehler metric can be locally written in form (1.50)
with {gﬁ} given by (1.49) (see [137], Vol. 2, Chap. 9, Sect. 5).
For a Kaehler metric { gﬁ}, we put

24— _ —
_ 08 - ap 08iF 084 (1.51)

R~ ,
k™ 52,07 dzk 97y

where {gﬁ} is defined by the relation
Z 8" 85 = dik
J

with

s |1 ifi=k
=00 ifi £k

The metric {gﬁ} has constant holomorphic sectional curvature c if and only if

C
R = _E(gifgkf + 8i78k7)- (1.52)

The proof of this statement can be found in [137], Vol. 2, Chap. 9, Sect. 7.
The following is a Kaehlerian analogue of Theorem 1.6.

Theorem 1.7 ([137], Chap. 9.7). Let M and N be two simply connected complete
Kaehlerian manifolds of constant holomorphic sectional curvature c. Then M is
holomorphically isometric to N.
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1.3 Homogeneous and Symmetric Spaces

Let M be a Hausdorff space and G a topological group such that to each g € G
there is associated a homeomorphism p — gp of M onto itself with the following
properties:

(@) (g182)p = g1(g2p) for p € M, g1, g2 € G;
(b) the mapping (g, p) — gp is a continuous mapping of the product space G x M
onto M.

The group G is then called a topological transformation group of M. The
space M is said to be homogeneous with respect to G if the group G acts tran-
sitively on M.

To illustrate the definition we consider an example.

Suppose that G is a topological group and H a closed subgroup of G. Denote by
G/ H the system of left cosets gH, g € G. Let & be the natural mapping of G onto
G/H,ie.,

ng=gH, gegG.

The set G/H can be given a topology, the natural topology, which is uniquely
determined by the condition that 7 is a continuous and open mapping. This makes
G/H a Hausdorff space, and it is not difficult to see that if to each g € G we assign
the mapping gH — ggH, g € G, then G is a topological transformation group of
G/H. The coset space G/H is a homogeneous space with respect to G.

The example is universal as the following result shows.

Theorem 1.8 ([115], Chap. 2.3). Let G be a locally compact group with a count-
able base. Suppose that G is a transitive topological transformation group of a
locally compact Hausdorff space M. Let p be any point in M and H the subgroup
of G which leaves p fixed. Then H is closed, and the mapping gH — gp is a
homeomorphism of G/H onto M.

The group H is called the isotropy group at p (or the isotropy subgroup of G
at p).

Let G be a Lie group and M a manifold. Suppose that G is a topological trans-
formation group of M. The group G is said to be a Lie transformation group of M
if the mapping (g, p) — gp is an infinitely differentiable mapping of G x M onto
M. Tt follows that for each g € G, the mapping p — gp is a diffeomorphism of M
onto itself.

Theorem 1.9 ([115], Chap. 2.4). Let G be a Lie group, H a closed subgroup of
G, and G/ H the space of left cosets g H with the natural topology. Then G/H has
a unique analytic structure with the property that G is a Lie transformation group
of G/H.

In the sequel the coset space G/H (G a Lie group, H a closed subgroup) will
always be taken with the analytic structure described in Theorem 1.9.
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Among homogeneous manifolds of particular interest, there are the so-called
symmetric spaces.

Recall that a mapping is called involutive if its square, but not the mapping it-
self, is the identity. A Riemannian manifold M is said to be Riemannian globally
symmetric if each p € M is an isolated fixed point of an involutive isometry s,
of M.

It can be proved that there is only one such s, (see [115], Chap. 4, Sect. 3). It is
called the symmetry at the point p.

Theorem 1.10 ([115], Chap. 4.3). Let M be a Riemannian globally symmetric
space. Then I (M) has an analytic structure compatible with the compact open
topology in which it is a transitive Lie transformation group of M.

We can look at the definition of symmetric spaces from a different angle.

Let G be a connected Lie group and H a closed subgroup. The pair (G, H) is
called a symmetric pair if there exists an involutive analytic automorphism o of G
such that (Hy)o C H C H,, where H, is the set of fixed points of o, and (Hy)o
is the identity component of H, . If, in addition, the image of H under the adjoint
representation Adg of the group G is compact, (G, H) is said to be a Riemannian
symmetric pair (see [115], Chap. 2, Sect. 5, and Chap. 4, Sect. 3).

Theorem 1.11 ([115], Chap. 4.3). Let (G, K) be a Riemannian symmetric pair.
Then in each G-invariant Riemannian structure Q on G/K (such Q exist), the man-
ifold G/K is a Riemannian globally symmetric space.

Theorem 1.12 ([115], Chap. 4.3). Let M be a Riemannian globally symmetric
space, po any point in M, and Ty, M the tangent space to M at py. Then the follow-
ing are true.

W) If G = Ip(M) and if K is the subgroup of G which leaves py fixed, then
K is a compact subgroup of the connected group G, and G /K is analytically
diffeomorphic to M under the mapping

gK — gpo, g€G.

(i) The mapping
08— Sp8Sp
is an involutive automorphism of G such that K lies between the closed group
K of all fixed points of o and the identity component of K,. The group K
contains no normal subgroup of G other than the identity {e}.
(iii) Let g and ¢t be the Lie algebras of G and K, respectively, and let (do), be the
differential of o at e. Then

t={Aeg: (do).A=A},
andif p ={A € g: (do), A = —A}, we have

g=t+p (direct sum).
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The differential (dr)., where mg = gpo, & € G, maps ¥ into {0} and p isomor-
phically onto Tp, M.

If g is compact and semisimple (see [115], Chap. 2, Sects. 5, 6), M is said to
be of compact type. If g is noncompact and semisimple, then M is said to be of
noncompact type. If p is an abelian ideal in g, then M is said to be of Euclidean
type.

The symmetric spaces corresponding to these have positive, negative, and zero
sectional curvature, respectively (see [115], Chap. 5, Sect. 3).

The rank of the symmetric space M is an important invariant; it is defined as the
dimension of any maximal abelian subalgebra of p. For any two points in M, one
can speak of their complex distance; this is an [-tuple (rq, ..., r;) of real numbers
(I = rank of M) and has the property that two point-pairs in M are congruent un-
der an isometry of M if and only if their complex distance is the same (see [115],
Chap. 5, Sect. 6).

In Theorem 1.12 we have seen that a Riemannian globally symmetric space gives
rise to a pair (I, s) where

(a) lis aLie algebra over R,

(b) s is an involutive automorphism of [,

(c) u, the set of fixed points of s, is a compactly embedded subalgebra of [ (see [115],
Chap. 2, Sect. 5),

(d) uny = {0} if 3 denotes the center of g.

A pair ([, s) with the properties (a), (b), (c) is called an orthogonal symmetric Lie
algebra. 1t is said to be effective if, in addition, (d) holds. A pair (£, U), where L is
a connected Lie group with Lie algebra [, and U is a Lie subgroup of £ with Lie
algebra u, is said to be associated with the orthogonal symmetric Lie algebra ([, s).

The orthogonal symmetric Lie algebra ([, s) is called irreducible if the two fol-
lowing conditions are satisfied:

(a) lis semisimple, and u contains no ideal # {0} of [;

(b) uis a maximal proper subalgebra of [.
Let (£, U) be a pair associated with ([, s). Then (£, U) is said to be irreducible
if (I, ) is irreducible.

Theorem 1.13. Let (L, U) be an irreducible Riemannian symmetric pair. Then all
L-invariant Riemannian structures on L/ U coincide except for a constant factor.

For the proof, we refer the reader to [115], Chap. 8, Sect. 5.

A Riemannian globally symmetric space M is called irreducible if the pair
(Io(M), K) is irreducible, K being the isotropy subgroup of Ip(M) at some point
inM.

In [47], E. Cartan accomplished a complete classification of irreducible Rie-
mannian globally symmetric spaces in terms of the classical and exceptional simple
Lie groups. The list of Cartan shows, in particular, that Riemannian globally sym-
metric spaces of rank one consist of
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(1) the real hyperbolic spaces, SOg(n, 1)/ SO(n);

(2) the complex hyperbolic spaces, SU(n, 1)/ S(U(n) x U(1));
(3) the quaternionic hyperbolic spaces, Sp(n, 1)/ Sp(n) x Sp(1);
(4) the Cayley hyperbolic plane, F; / Spin(9);

(5) the spheres, SO(n + 1)/ SO(n);

(6) the real projective spaces, SO(n + 1)/ O(n);

(7) the complex projective spaces, SU(n + 1)/ S(Un) x U(1));
(8) the quaternionic projective spaces, Sp(n + 1)/ Sp(n) x Sp(1);
(9) the Cayley projective plane, F4/ Spin(9).

The spaces SOgp(n, 1)/ SO(n), SO(n + 1)/ SO(n), and SO(n + 1)/ O(n) have
constant sectional curvature (see, for example, Wolf [263], Chap. 2, Sect. 2.4). In
addition, SU(n, 1)/ S(U(n) x U(1)) and SU(n + 1)/ S(U(n) x U(1)) are Hermitian
symmetric spaces of constant holomorphic sectional curvature (see [137], Vol. 2,
Chap. 11, Sects. 9, 10). Realizations of all Riemannian globally symmetric spaces
of rank one as domains of Euclidean spaces are given in Chaps. 2 and 3 below.

We close this section by considering the two-point homogeneous spaces. These
are defined as Riemannian manifolds with pairwise transitive groups of isometries.
This means that for any two pairs points (x1, x2) and (y1, y2) satisfying

d(x1,x2) =d, y2),

there exists an isometry mapping x; to y; and x to y;. The two-point homogeneous
spaces have all been determined. A Riemannian manifold is two-point homogeneous
if and only if it is either a Euclidean space or a Riemannian globally symmetric space
of rank one. The proof of this result can be found in Wolf [263], Chap. 8, Sect. 8.12.

1.4 Convolution, Invariant Differential Operators and Spherical
Functions

Let G be a separable unimodular Lie group with Haar measure dg. The convolution

(f1 % f) (@) = /G filgg™") fr(g)dg = /G i@ fr(g7"'g) dg

is well defined for f1, f> € C(G) if at least one of them has compact support. More
generally, we define the convolution #; * 7, of two distributions on G, at least one of
compact support, as the distribution

(nx0,9) =(n@), (1@, ¥v@E)), ¥ eDG). (1.53)

Then we have the associativity

(1 %) xt3 =1 x(tp x 13)
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if at least two of the #; have compact support (see Helgason [122], Chap. 2,
Sect. 5.1).
A locally integrable function f on G can be viewed as the distribution

v /Gw<g>f<g)dg, ¥ € DG,

on G. With this identification we have for f € £(G), t € D'(G), at least one of
compact support,

(fx0@ =), flgg™")), «x =, f(g'g))

Let K C G be a compact subgroup with Haar measure dk normalized by

/ dk =1. (1.54)
K

Denote by dx the measure on G/K defined by the relation

f(X)dx=/G(f0ﬂ)(g)dg, J € Cc(G/K), (1.55)

G/K

where 7: G — G/K is the natural projection. Let L11°°(G/K) be the class of
complex-valued functions on G/K that are locally integrable with respect to dx. If
f € L11°°(G/K) is regarded as a distribution, then

o= [ wefedn v eDG/K).
G/K
Each T € D'(G/K) lifts to the distribution 77 on G given by

<rr,w>=<T<gK>,wa<gk>dk>, ¥ € D©G).

The lifting induces the notion of convolution in D'(G/K) by
(T x T, ) = (tr, xtr,, Yy o), ¥ € D(G/K). (1.56)

In this case,
(f x T)(gK) = (tr(g). f(g¢'K)).
(T x f)(gK) = (r(2), f(g~'gK)),
for f € £(G/K), T € £'(G/K). Furthermore,

(1.57)

(fi % f)(@K) = /G FigK) fa(s ™' gK) dg

for fi € L°°(G/K) and f» € (L}1°° N EY(G/K).



1.4 Convolution, Invariant Differential Operators and Spherical Functions 27

The convolution on G/K is associative and satisfies T x 6, = T, where §, is the
delta distribution v — 1/ (0) at the origin 0 = {K} in G/K. Also,

(80 x T, ) = f (T.y ot dk, ¥ € D(G/K),
K

where 7 (k) is the translation gK — kgK, g € G.

In addition to our assumption that G is a separable unimodular Lie group and
K compact, we assume now that (G, K) is a symmetric pair. Let 20(G) be a given
class of distributions on G. Denote by 2, (G) the set of K -bi-invariant distributions
in 20(G), i.e.,

Wy (G) = {1 € WG): (1(g), Y (kigka)) = (1, ¥) Vki, k2 € K, ¥ € D(G)}.
(1.58)

Theorem 1.14. 5:’ (G) and (C;)y(G) are commutative algebras under convolution.

For the proof, we refer to Helgason [122], Chap. 2, Sect. 5.1.
A distribution T € D'(G/K) is said to be K -invariant if

(T, ¥ ot(k)) = (T,y) forallk € K,y € D(G/K).

By analogy with (1.58), given a class 20(G/K) C D'(G/K), we define 20,(G/K)
as the set of all K-invariant distributions in 20(G/K). Then, in view of (1.56) and
Theorem 1.14,
T'hxTh =T xT;

if Ty € EH’(G/K), T, € DE(G/K).

Let D(G/K) be the algebra of differential operators on G/K invariant under all
translations

T(g): gK — ggK, g.g8€G.

The algebra D(G/K) is commutative. If D € D(G/K), we have
D(Th xT)=DTy xT, =T, x DT,

for all 71, T, € D'(G/K), at least one of compact support (see [122], Chap. 2,
Sect. 5.1).

A function ¢ € £(G/K) is called a spherical function if the following conditions
are satisfied:

(@) ¢(0) =1,
() pot(k) =¢ forall k € K;
(c) forevery D € D(G/K), there exists Ap € C such that Dp = Ape.

A joint eigenfunction on G/K is an eigenfunction of each of the operators
D € D(G/K). Let u: D(G/K) — C be a homomorphism, and let E, denote
the corresponding joint eigenspace; i.e.,

E,={f €&G/K): Df = u(D)f forall D € D(G/K)}.

Every spherical function belongs to a unique E,,.
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Proposition 1.3. Each joint eigenspace E, # 0 contains exactly one spherical
Sunction ¢. The members f of E, are characterized by the mean value property

/Kf(gkgK)dk = f(gK)p(@gK), g.g€G. (1.59)

The proof of Proposition 1.3 can be found in [122], Chap. 4, Sect. 2.2.
Let @ be the set of spherical functions on G/K. The spherical transform of a
distribution T € SH’(G/K) is defined by

T@) =(T,¢), ¢pe®,

where
$(gK)=¢(s7'K), geG.

With our notation in Proposition 1.3, we have

FxT=T)fF (1.60)

The proof of (1.60) follows from (1.57) and (1.59).

Let G/K be a two-point homogeneous space. Then D(G/K) is generated by the
Laplace—Beltrami operator L (see [122], Chap. 2, Sect. 4.3). The radial part of L
has the form

9> Ao
S A(r) ar’
where A(r) is the area of the sphere S,(0) C G/K. (If dimG/K = 1, A(r) is
understood to be the number of points in S, (0).)

In the case of the real n-dimensional Euclidean space,

Ly (1.61)

27"/?

T (1.62)

A(r) = wp_1r"',  where wp,_ =

and I' denotes the gamma function. The spherical functions on R” are of the form

/21 n Jnjp—1(A|x]) reC
2) (Mxpr2-t ’
where J,, is the Bessel function of the first kind of order v.

For rank one symmetric spaces of noncompact type,

sinh kr
k

2a+1
A(r) = a)N_1< ) (cosh kr)?P+1, (1.63)
Here, N is the real dimension of G/K; @« = N/2—-1; 8 = N/2—-1,0,1,0r 3
as G/K = SOy (n, 1)/ SO(n), SU(n, 1)/ S(U(n) x U(1)), Sp(n, 1)/ Sp(n) x Sp(1),
or F;/Spin(9), respectively; and k is a real parameter whose dependence on the
metric of G/K is given by m = —k?, where m is the maximum sectional curvature
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of G/K. Ordinarily, we may take k = 1. The spherical functions on G/K are given
by

a+B+1—ir a+p+1+ir
2 ’ 2 ’

@A(X)=F< oc—i—l;—sinhzkt), reC,
where ¢ is the distance between x and 0 € G/K, and F(a, b; c; z) denotes the usual
hypergeometric function.

For rank one symmetric spaces of compact type,

AGr) = a)N_l(S“;c r) (cos kr)2B+1, (1.64)

Here, as before, N is the real dimensionof G/K;¢ = N/2—1; 8 = N/2—1,—1/2,
0,1,or3as G/K = SO(n + 1)/SO(n), SO(n + 1)/ O(n), SUMn + 1)/ S(U(n) x
U(1)), Sp(n+ 1)/ Sp(n) x Sp(1), or F4/ Spin(9), respectively; k is a real parameter
which may now be interpreted as (2 diam (G/K N~ 17, where diam (G /K) is the di-

ameter (maximum distance between two points) of G/K . Finally, the corresponding
spherical functions are given by

9j(x)=F(—j.j+a+B+lia+lisinkt), jeZi.

Concerning the spherical functions on symmetric spaces of arbitrary rank, see
[122], Chap. 4, Sects. 2—-4.

1.5 Structure of Quasi-Regular Representations of Compact
Groups

Let G be a locally compact group and V a locally convex topological vector space
over C. Denote by Aut (V) the group of all linear homeomorphisms of V onto
itself. A representation w of the group G on the space V' is a homomorphism from
G into Aut (V) such that the mapping

(g,v) — m(Qv

from G x V into V is continuous. We shall call dim V the dimension of w. We
note that if V is a barreled topological vector space and 7: G — Aut(V) is a
homomorphism such that for each v € V, the mapping g — m(g)v is continuous
from G to V, then = is a representation of G on V (see Helgason [122], Chap. 4,
Sect. 1).

Let V' denote the dual space of V. If v € V and A € V’, the function

g — A(n(g)v)
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is called a representation coefficient. In harmonic analysis on G one investigates
these functions as well as how they can serve as building blocks for “arbitrary”
function spaces on G.

Let V' be given the strong topology (that is, the topology of uniform convergence
on bounded subsets of V). The mapping which sends a vector v € V into the con-
tinuous linear form v: A — A(v) on V' is an injective map of V into the second
dual space (V')'. If this map is surjective, then V is called semireflexive. It is known
that any closed subspace W of a semireflexive space V is again semireflexive (see
Kothe [142]).

If A is a continuous linear transformation of V, its transpose 'A: V' — V' is
defined by (fA(1))(v) = A(Av); it is again continuous. If A is a linear homeomor-
phism of V onto itself, then (A)~! = f(A™1).

Let 7 be a representation of G on V. The mapping

tig— '(n(s7"))

is a homomorphism of G into Aut (V'). If V is semireflexive, it is known that the
mapping (g, 1) — 7 (g)A of G x V' into V' is continuous (see Bruhat [43], Sect. 2)
so 77 is a representation; it is called the representation contragredient to 7.

A representation 7 is said to be irreducible if for each closed subspace W C V
that is invariant under 7 (G), we have W = {O}or W = V.

Two representations (71, V1) and (72, V) of G are said to be equivalent if there
exists a linear homeomorphism A of V; onto V3 satisfying

Ami(g) = ma(g)A forallg € G. (1.65)

A continuous linear mapping A of Vj into V; satisfying (1.65) is called an inter-
twining operator.

If V is a Hilbert space and 7 is a representation of G on V with each m(g)
unitary, then 7 is called a unitary representation.

We will now give some more details about a compact group and its finite-
dimensional representations.

Let K be a compact group and dk the Haar measure on K, normalized by (1.54).
Denote by K the set of equivalence classes of finite-dimensional unitary irreducible
representations of K. For each § € K, let Vs be a vector space with inner product
(, ) on which a representation of class § is realized, and let this representation
also be denoted by §. Let d(8) denote the dimension of §. If §1, 62 € K , then for
&1, m € Vs,, 82, n2 € Vs,, we have the orthogonality relations of Schur

/;{(al(k)flv n1)(82(k)é2, n2) dk

_ | (&)1, &) (01, m2) if 8 = &, (1.66)
0 if §1 # &;.
If v, ..., v4(s) is an orthonormal basis of Vs, then (1.66) means that the functions

d@®' sk, vy, i, jell,...,d@d))
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are orthonormal in L*(K). According to the Peter—Weyl theorem, they form a com-
plete orthonormal basis of L*(K).

For each § € K, the contragredient § operates on the dual space Vi = Vs.
The mapping which assigns to each v € Vj the linear form v’: w — (w, v) is a
conjugate linear bijection of Vj onto V. We define the inner product ( , ) on Vj by

W, w') = (w, v).

For a linear transform L on Vj, let L’ denote the linear transformation v/ — (Lv)’
of Vi. If L has a matrix expression ||/;; ”;1,5'(21 in the basis vy, ..., v4(), then L has

. . 7—1d(8)
a matrix expression ||/;;|l; i
find

| in the basis v}, ..., ”21(5)- Since §(k) = 's(k~1), we

(S(k)v})(w) = v}(S(k_l)w) = {(w, s(k)v;) = (S(k)vj)/(w)
d(5)

= > (BEv;, viv]) (w).
i=1

This means that & (k) = 8(k), S is unitary, and
(S(k)v},vlf)z (8(k)vj, v;). (1.67)
Let M be a closed subgroup of K. We put

VM ={v e Vs: s(mpv =vforallm e M},

Ku={seK: Vv #0}, (1.68)

and assume that VSM is one-dimensional for each § € K. M - We shall write the orthog-
onal Hilbert space decomposition for L2(K /M) viewed as the subspace of L>(K)
consisting of functions right invariant under M. For § € K M, letvy, ..., v4) bea
basis of Vj such that v; spans VSM . Denote by Hj the subspace of L?(K) spanned
by the functions

k— (8(ku,v), u,veVs.

Also let H, (SM be the subspace of functions in Hs which are right invariant under M.
Then the functions

k— (8(k)vi,vj), 1<j<d@),

form a basis of H 5M , and we have the orthogonal Hilbert space decomposition

L*(K/M) = P Hy' (1.69)
56]?1\4

due to Weyl (see Helgason [122], Chap. 4, Sect. 1.2). Setting

Y (kM) = (8(k)vi,vj), 1< j<d©), (1.70)
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by (1.70) and (1.68) we have
YP (k™' M) = YP kM),  Y)(eM) =36, ;.

where e is the unity in K, and §;, ; is the Kronecker delta.
Let F be any function space on K /M such that the mapping (k, f) — f o k™!
is continuous from K x F into F. The representation 7" of K on F defined by

Th)f=fok!

is called the quasi-regular representation of K on F. For § € K M, denote by Ty

90 pea representation

the quasi-regular representation of K on HSM . Let ||tlfsj 1 =1

matrix of Ty, that is,

d(s)
Y (k~'eM) = thj(k)yf(rM), k.7 e K. (1.71)

i=1
Comparing (1.71) with (1.70), we see that

12.(k) = Ky, v). i je{l,....d@E)). (1.72)

Thus, Ts and & are equivalent (see (1.67)).

Proposition 1.4.

(i) For each § € K M, the representation Ty is irreducible.
(ii) If 81, 62 € Ky, 81 # 82, then Ty, and Ty, are not equivalent.

Proof. Let W be a closed subspace of HSM that is invariant under T5(K). Each
f € W has the form f (kM) = (§(k)vy, u) for some u € Vs. We set

U={ueVs: f(kM) = (8()vi,u) € W}. (1.73)
For any T € K, we find
fe kM) = (8(x7"k)vr, u) = ((k)vi, 8(T)u).

Thus §(t)u € U forall T € K, u € U. Since § is irreducible, we obtain U = {0} or
U = Vs. By (1.73) we have W = {0} or W = HM 50 (i) follows.

For (ii), it suffices to prove that 81 and &, are not equivalent. Otherwise there
exists a linear homeomorphism A : Vs, = Vs, satisfying

A8 (k) = 8,(k)A forallk € K. (1.74)

We shall use the notation (-, -)1, (-, -)2 for the inner products of Vs, and Vs, , respec-
tively. Consider the linear operator A: Vs, — Vs, defined by

(AV)(u) = (u, Av)y, u € Vs, v € Vs, (1.75)
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where v’ € Vg = Va/ Since the map Alis surjective, we conclude that A is a linear
bijection. Let 1 < d(8). For each u € Vs,, by (1.75) we obtain

de)
(u, A81(k)vj)2 Z Brk)vy. vi), (. Avi)a = A(81(k)v)) (u).

This together with (1.74) implies (u, Ad1(k)vj)2 = (u, 62(k)Avj)2. So Adi(k) =
82(k)A for all k € K, which is in contradiction with the relation §; # ;. The
required result now follows. O

The decomposition (1.69), together with Proposition 1.4, means that the quasi-
regular representation of K on L2(K /M) is a direct sum of pairwise nonequivalent
irreducible unitary representations T, § € K.

From (1.66) and (1.72) it now follows that

/K ih. ;l(k)tf;n(k) dk =0 if (81,11, j1) # (82,02, Jo) (1.76)
and |
7. (k)" dk = 1.77
/ i) i (1.77)
We associate with each function f € L!(K /M) its Fourier series
d(s)
f kM) ~ Z Zfa,Y kM), k€K, (1.78)
SGKM] 1
where
fs.j =d(8)f FUM)Y? (kM) dk. (1.79)
K

Let f € L>(K/M), t € K. It follows from the continuity of the representation
operator and (1.71), (1.78) that

d(s) d(3)
(kM) = 30 D T@Yj b = 37 3 fo07 kM)ify(0).
seky j=1 seky i-j=1

Using (1.76), (1.77), from this we obtain
f(;,jYi‘s(kM) =d(5)/ _lkM) (r)dr (1.80)
K

foralls € Ky, i, je {1,...,d(8)}. Since the space L2(K/M) is dense in L' (K /M),
by (1.79) we conclude that equality (1.80) holds for each f € L'(K/M).



Chapter 2

Analogues of the Beltrami—Klein Model
for Rank One Symmetric Spaces

of Noncompact Type

It is well known that the hyperbolic plane H? of constant sectional curvature —1 can
be realized as the open disk x> 4+ y? < 1 with the Riemannian metric

ds? (1 — y») dx? 4+ 2xydxdy + (1 — x?) dy?

P (1 —x2—y2)? '

The realization is said to be the Beltrami—Klein model of H?. The purpose of Chap. 2
is to obtain similar models for all Riemannian symmetric spaces of rank one and
negative curvature.

All this program is not too hard to carry out for real, complex, or quaternionic hy-
perbolic spaces. In these cases, the analog of the Beltrami—Klein model is the open
ball By = {u € K" : |u|] < 1} (K = R, C, Q respectively) with the Riemannian
structure

ds? = (1= [ul?) "' (1dul® + (1 = [w?) ™" 1du, w?)

(see Sects. 2.1-2.3). However we encounter a prime difficulty when realizing
F;/Spin(9). The basic reason for this is the fact that the system of Cayley numbers
Ca is not associative. Nevertheless, in Sect. 2.4 we show that the Cayley hyperbolic
plane F;/Spin(9) of maximal sectional curvature —1 is isometric to the ball BI&G
with the metric tensor

%ij o ! o2 (Pca(x, y))
X,
=P 20— kP2 ayiay, o e

gij(x) =

(for the definition of @¢, (x, y), see Sect. 1.1). In the course of our analysis, we also
give explicit formulas for the Riemannian measure, the Laplace—Beltrami operator,
the symmetries, and the distance. These results will be needed later.

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
© Springer-Verlag London Limited 2009
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2.1 The Real Hyperbolic Space SO (n, 1)/ SO(n)

In this section we construct the usual Beltrami—Klein model for the real hyperbolic
space. For the rest of Chap. 2, we assume that n € N\{1}.

Let By = {x € R": |x| < 1} be the open unit ball in R” with the Riemannian
structure

dx|? x, dx)2
ds? = ¥ br.dvig 2.1)
e e e
The metric (2.1) corresponds to the metric tensor
g = — Ny ey, 2.2)
I—Ix|= (I —1x]%)
and it is easy to see that
gl )= (1—x?) G —xixj), i, je(l,....n} 2.3)

We wish to compute the curvature tensor of metric (2.1). One obtains (see (1.37),
(1.38))

0gij _ 2x18i,j + xi6jk + X8k 4xixjxp

Ixp (1 —|x]?)? (1—|x»3
K Xi8k,j + xjbik
Vo= x2
(2.4)
ork S: 181 8180 206 X180 5
ij _ 9il0k,j + J, 1Ok, i (xixy k,j +)C[)C] l,k)
dx 1 — |x|? (1—1x[>)?2 ’
! 8i jOk — 0ikbj1  XiXjk1 — Xixkdj
Rije = 12 122
1 — |x] (1 —1x[9)
Hence, by (1.39)
8ii8jk — 8ikbj1  XixXi8jk — XiXp8j 1 + XjXk8i 1 — Xjx18i k
Riju = 212 23
(T —1x]%) (T —1x]%)
= —(8ik&ji — &jk&il)- (2.5

The formula for R;jx; shows that the ball Bﬂ'{{ with the metric (2.1) is a space of
constant sectional curvature —1 (see Sect. 1.2). We denote this space by Hi.
Let us establish some properties of H.

Proposition 2.1. The Riemannian measure on Hy, has the form

d
du(x) = ———. (2.6)
(1—[x2)™F
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Proof. Let g(x) be the determinant of the matrix (2.2). Using the formula

- (log g(x)) = ngk(x) (x)

Jj.k=1

oxi

(see Ahlfors [5], Chap. 4, Sect. 4.12), we find

Gl ntl
8—Xi<log(w/g(x)(1 —xP)" )) —0 2.7)

fori € {1, ..., n}. Bearing in mind that g(0) = 1, from (2.7) we obtain
Vex) = 7”1 , X € Bg. (2.8)
(I—|x»)7
Together, (2.8) and (1.36) give (2.6). O

Proposition 2.2. The Laplace-Beltrami operator L on Hy acts on a function
f € C*(BY) as follows:

(Lf)(x) = (l—|x|2)((Af)(x) Z Xikj 5= af (x )—ZZx,—f(x)) (2.9)
i,j=1
In particular, if f has the form f(x) = fo(|x|), then
1— 2
(L) = (1= 1) 5 0D+~ (0= 1= 2458) .
Proof. The assertions follow from (1.43), (1.40), (2.3), and (2.8). O

As usual, we denote by 7 (Hp) the isometry group of Hi.
Proposition 2.3. The group O(n) is a subgroup of I (Hg)

Proof. Let y(t) = (x1(¢), ..., x,(t)), 0 <t < 1, be an arbitrary piecewise smooth
curve in By, and let y'(t) = (x{(?), ..., x,(t)). It follows from (2.1) and (1.35) that
the length /() of the curve y can be calculated by the formula

(Y Y oP @,y )%
l(y)_/o (1—|y(r>|2+(1—|y(r>|2)2) & 210

We set ¥ (t) = t(y (), 0 <t < 1, for any T € O(n). Since (y;)'(t) = 1(y' (1)),
formula (2.10) implies that I[(y;) = I(y). Therefore, d(tx, ty) = d(x, y) for all
X,y € By, where d is the distance on the space Hi,. This concludes the proof. O
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Now we construct an element ¢ € I (H) such that ¢(0) # 0. Leta € By. Put

a— Py(x) — g Qa(x)
1—(x,a)r ’

o4(x) = X € Cl(Bﬁ{),

where u, = /1 — |al?,

() = {(x,a)R|a| a ifa#0,

ifa=0,
Qa(x) =x — Py(x).

Notice that
TO0O0, =07q0T

for t € O(n).
Proposition 2.4. Let a € By, be fixed. Then

(i) 0,(0) = a and o,(a) = 0.
(i) The identity

(I —=la»H = (x, y)R)
1= (0a(x), 0a M) = (1 — (x,a)r)(1 — (y, a)r)

holds for all x, y € CI(By). In particular,

(I —la»(A —|x|?)

— 2—
1 =lJoa(x)|” = 0= (x.a)n)?

, XE CI(BH%).

(iii) For any b € By,
(W), ¥ M) = (. Wr, ¥,y € CI(BR),

where Y = 04, () © 04 © Op.
(iv) For each f € C2(Bﬂ’é),

(Lf)(a) = A(f 004)(0).

(v) o4 is an involution: 6,(0,(x)) = x.
(vi) 04 is a homeomorphism of C1(By) onto CI(By), and o, € I (Hp).

(vii) The relation
(=)
oy =
1+ wa 1+ pq

holds. Moreover, o, fixes exactly one point of By and no point of S

@2.11)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Proof. Assertion (i) follows immediately from (2.11). Let us prove (ii). We have
(a—Pu(x), QaM)g =0,  (Qa(x),a— Pa(y))y =

Consequently,

(@ — Py(x),a — Pa())R + 112({Qa(x), Qu(3))R

1 —({04(x), 04 =1-
(oa(x), 0, (y)>]R (I —{x,a)r)(1 = (y,a)r)

(2.17)
It is straightforward to verify that

(@ — Pa(x),a — Pa0))g, = lal* — (v, a)r — (x.a)r + w
& arly, alr
jaP?

(Qa(®), QM) = (x, V)& —

Combining these relations with (2.17), we deduce (2.13). Taking x = y in (2.13)
gives (2.14). As an obvious consequence of (2.14), note that |0, (x)| < 1 if and only
if |x|] < 1 and that o, (x)| = 1 if and only if |x| = 1. Thus, o, maps By into By
and S"~ ! into S"~1.

Next, relations (2.13) and (2.14) yield

(1 = o2 D)*) (1 = (04(0p(x)), 0 (06(N)))R)
(1 = (04(0p(x)), 54 B)R) (1 — (04(0(1)), 04 (D))R)

_ (1 =161 = (ap(x), 3p(M)IR)
(I = {op(x), op(M)rR) (1 = (05 (¥), 05(0))r)

=1-(x,y)r,

L= (Y (), ¥ )y =

whence assertion (iii) follows.
Lete; = (1,0,...,0) € R". Denote by f1, ..., fu the coordinates of the map-
ping ogje, . Then

292 3
A(foma|el)(0)=z f )Z ff(O)ﬂ(O)

+Z—(| leﬂZ (0).

Because

la] — x1

filkx) =

1 —lalx;’

X
i) = —pug————, kef2,...,n},
L —alx
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we have
8f1 2 8fk
L) = —u?8 5, TEO0) = —abi i,
3)6,'( ) Mq01,i 8xi( ) MaOk,i
9% f 9?2 fi
Eh )= —2lalu2sr, 2T40) = —2aliadr o
0X: 0X:

1 1

fori e {l,...,n},k e{2,...,n}. By that

92 B)
A(f 0 0le)(0) = N«ﬁ <(Af)(la|el) - Ialz—J;(Ialel) — 2|a|—f (Ialel)>.
0x 0x1

1

Using (2.9), we get
(Lf)(laler) = A(f © 0laje,)(0)

for any f € C2(BI’§). This, together with (2.12), implies assertion (iv), since the
operators A and L are invariant under the group O(n).
We now proceed to the proof of assertion (v). By the definition of o,

0a(0a(x)) = (1 = (o4 (x), a)p) ™" ((1 = M)a - uaoam),
y
(2.18)

la|? — (x,a)r
(0a(x), a)R = ————.
1- (.X, a)R
Inserting (2.18) into the expression for o, (o, (x)), after some computation, we ob-
tain assertion (v).

Assertion (v) shows that o, is a one-to-one map of Cl(By) onto CI(Bp) and that
1

0, = o,. We claim that o, € I (Hp). It suffices to prove that L commutes with

the mapping o, (see Sect. 1.2). Let f € Cz(Bfé). In view of (2.16), we have
L(f o0a)(b) = A(foo,a00p)(0), be Byg.

It follows from (2.15) that the mapping ¥ is the restriction of some element of the
orthogonal group O(n) to ClI(Bg). Therefore,

L(f 004)(D) =A(f 0 05,1) 0 ¥)(0) = A(f 0 06,1))(0) = (Lf)(0ab),

i.e., L commutes with o,,. Thus, o, € I (Hp).

It remains to prove assertion (vii). We may assume that a # 0. Let x € CI(Bg)
and o,(x) = x. Then x = Aa for some A € R. The equation o,(la) = la has
» = (1+pu,)" " asroots. Since (1 — j14) " 'a is not in CI(Bp), the point (1 +1a) la
is the only fixed point of o, in CI(Bp). This concludes the proof of Proposition 2.4.

O

Corollary 2.1. The group I () acts transitively on Hi,.

Proof. Leta, b € H. Then o) o 0, is an isometry of Hi, that takes a to b. O
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Corollary 2.2. The mapping 05, /(1 4ap2) is the symmetry of M at the point a.
Proof. This follows from Proposition 2.4 (v)—(vii). |

Remark 2.1. From Corollary 2.1 and Theorem 1.4 we see that Hp, is a complete
Riemannian manifold. Moreover, Corollary 2.2 shows that the space Hp, is a Rie-
mannian symmetric space.

Now we are ready to calculate the distance between two points x, y € Hi.

Proposition 2.5. The following equality is valid:

L= (r 30z /b= Y12+ e )% — Pl l?

L= (v =/l = Y2 + e, 903 — Py

1
dx,y) = 3 log (2.19)

Proof. Suppose first that y = 0. Since O(n) C I (Hy), the distance d(0, x) is
a radial function on the ball By. Hence, d(0, x) = d(0, |x|e;). Put

y (1) = tanh(s tanh ™" |x|)e; for0 <z < 1.

Then y(¢) is a geodesic joining 0 and |x|e; (see (1.41) and (2.4)). In addition,
by virtue of (2.10), the length of y is equal to tanh~! |x|. Using Helgason [115],
Chap. 1, Theorem 13.3 and Lemma 9.3, we obtain

1+ |x|
1 — x|’

|
d,x) = > log

It now follows from assertions (i) and (vi) of Proposition 2.4 that

1 1+ |oy
d(xa )’) = d(O, Gx(y)) = Elog %

Together, (2.20) and (2.14) give (2.19). |

(2.20)

Theorem 2.1. The real hyperbolic space SOy (n, 1)/ SO(n) of constant sectional
curvature —1 is isometric to the space Hi,.

Proof. The space Hl, is a simply connected complete Riemannian manifold of con-
stant curvature —1 (see (2.5) and Remark 2.1). Applying Theorem 1.6, we arrive at
the desired assertion. O

We close this section by considering the Poincaré metric on B. We now set

o Aldx]?
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Proposition 2.6. The mapping

2x

n
m, XEBR,

@ x —

is an isometry of By with the metric (2.21) onto the space Hl,.

Proof. We write

N € B! (2.22)
TSI TR ‘
Relation (2.22) gives
y
X = ————.
141 —|y?
In addition,
dy P 4|dx|? 16 (. dv)2
= — x,dx)n,
RO RO T
5. dy) 4(1—|x|2>< dx)
s = —(x, .
Hence,
|dy/? (y.dy)} _ 4dx|?
L—y?  A—=yP?  d-xP?
This proves Proposition 2.6. O

Corollary 2.3. For the Poincaré metric, we have the following results.
(i) The Riemannian measure has the form
2" dx
(1= |x|Hm

du(x) =

(ii) The Laplace—Beltrami operator L acts on a function f € C 2(B ) as follows:

1122
(L)(x) = W((Af)( )+ Z —( ))

(iii) The symmetry s, at the point a € By, is defined by

2((1+ [x1H (1 + |al?) — 4(x, a)r)a — (1 — |al*)?x

Sa(x) = (1 + [al®)? — 4(1 + |al?)(x, a)r + 4|x|?|a|?

(iv) The distance between two points x, y € Bl is given by the formula
R

V1T=20x, )& + X2y + |x —y|>'

d(x,y) = log
VT =20, y)r + [x2y12 = |x — y|
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Proof. This is a standard change of variables argument, and we shall not stop to
reproduce the details here. O

2.2 The Complex Hyperbolic Space SU(n, 1)/ S(U(n) x U(1))

In this section we consider an analogue of the Beltrami—Klein model for the space
SU(n, 1)/ S(U(n) x U)).
Let B = {z € C": |z| < 1} be the open unit ball in C" with the standard

structure of a complex manifold. For z = (z1,...,2,) € B(’é, we put
(=128, +7iz; .
hii(z) = : , i,jell,...,n} 2.23
12} (Z) (1 _ |Z|2)2 i .] { n} ( )
The matrix (2.23) is Hermitian symmetric, and
n 2 2
_ w Z,w
> hij@wiw; = l” _, Jiz, wic] (2.24)

“ I—1[z7 A=z
i,j=1

where w = (w1, ..., w,) € C". Hence, ||h;; ||;’j=1 defines a Hermitian metric ds?
on B(?:. In particular, [|h;; ||;’ =1 induces the structure of a Riemannian manifold on
n
B¢
With respect to the coordinate system z1, ..., 2, the metric ds? may be written
as follows:

n
ds? =2 Z 8;7(2) dz; dz;,
ij=1

where
(2) ”_(! 1 ! (2.25)
(1) = ——| =log—— ). .
87 = 707, \2 21— 212
Therefore, ds? is a Kaehler metric (see Sect. 1.2). Bearing in mind that
() — 2\(S: + — 77
g @) =2(1 - z17)8ij — ziZ)) (2.26)
and using (1.51), we find
Rijir = 2858 + 8i187)- (2.27)

By (2.27) and (1.52), the ball B, with the metric (2.23) is a space of constant holo-
morphic sectional curvature —4. We denote this space by H..

Maximal sectional curvature of H% is equal to —1 (see Yano and Bochner [264],
Chap. 8, Theorem 8.3). Now we study other properties of the space Hf..
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Proposition 2.7. The Riemannian measure on Hg. has the form

dm,, (z)

du(z) = et

where dmy, (7) is the Lebesgue measure on C".
Proof. We know that du(z) = h(z) dm,(z), where h(z) is the determinant of the
matrix (2.23) (see (1.47)). To calculate /(z), we use the formula

n

9 08t
—(logh) = Jk 2
2 logh) jélg 0

(see Kobayashi and Nomizu [137], Vol. 2, Chap. 9, Sect. 5). Taking (2.25) and (2.26)
into account, we find

0
— (log(h(z)(1 — Izlz)n+])) =0
0z;
fori =1, ..., n. It follows that
h(0) n
Since h(0) = 1, we arrive at the desired assertion. O

Let L be the Laplace-Beltrami operator on H..

Proposition 2.8. The relation

n _ 82f
(LH@) =4(1 - [z1%) ‘Z Gij =225 5@

i,j=1

holds for an arbitrary function [ € CZ(B(?:). In particular, if f has the form f(z) =
Jo(lz]), then

2 1—z]?
(LH@) = (1=1zP)" fydzh + o 1= 12%) fo Iz
Proof. As usual, we denote by ||h/ ||l'."j=1 the inverse matrix of ||A;; ||lf"j=1. Then
iy ij
Wi (o) = 8282 (2.29)

2

Representing L in the form (1.48), we deduce the required statement from (2.28)
and (2.29). m|
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Proposition 2.9. The group Oc(n) is a subgroup of I (Hg.). In particular, U(n) C
1 (HZ).

Proof. Tt is enough to use the arguments in the proof of Proposition 2.3 with substi-
tuting (-, -)c for (-, -)wr. |

Next leta € Bg:. By analogy with (2.11) we set

0a(z) = 4= Fa@ ~1aQa@) oy pmy. (2.30)

1 —{z,a)c
where (g, = /1 — |al?,

(z,a)cla|™%a ifa #0,
0 ifa=0,

04(2) =7 — Py(2).

P,(2) =

It is obvious that the mapping o, : B — C" is holomorphic.

Proposition 2.10. For a € B, the following are true.
(1) 0,(0) = a and o,(a) = 0.
(i) The identity

(I =1aH{U = (z, w)e)
=@ e = TS d—@wme @Y

holds for all z, w € CI(Bg). In particular,

(1 —lal®)(1 - |z]*)
11— (z,a)c|?

1= loa(2)” = , zeCI(Bp). (2.32)

(iii) For any b € Bg, we have (Y (2), ¥ (w))c = (z, w)c, where W = 04, () 00,400,
z,w € CI(BE).
(iv) For f € C2(B(’é), we have

(Lf)(@) = A(f 0 04)(0). (2.33)

(v) o4 is an involutory isometry of H%

(vi) The relation
()=
o4 =
I+ pg I+ pg

holds. Moreover, o, fixes exactly one point of B¢ and no point of

SZn—l

Proof. The argument is similar to that of Proposition 2.4. As an example, let us
prove formula (2.33). Denote by fi, ..., f, the coordinates of the mapping o,. Us-
ing the chain rule and bearing in mind that the functions fi, ..., f, are holomorphic,
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we obtain

3fz e

A(fo0a)(0) =4 (0)—(0) (2.34)

88_

It follows from (2.30) that

0a(2) = (Z<z, a)ﬁe) (@ = Pa(2) = 114 Qa(2))

k=0

— MaZ + (z ajca + -

1+

where the missing terms have z-degree 2 or more. Therefore,

afi Ha
0 +
3Zm() ,U«azm 1+ g

aiay,. (2.35)

Relations (2.34) and (2.35) and Proposition 2.8 imply (2.33). O

Remark 2.2. From assertions (i) and (v) it follows that we now have enough isome-
tries to map any point of the space Hf. to any other (see the proof of Corollary 2.1).
In particular, H% is a complete space (see Theorem 1.4). Moreover, part (vi) shows
that the space H, is a Hermitian symmetric space (see Helgason [115], Chap. 8,
Sect. 4), since 03, /(1 1|2 18 the holomorphic symmetry of H. at the point a.

Next, we wish to compute the distance between two points z, w € H..

Proposition 2.11. The relation

(Il — (2 wicl + Viz —wP + |z w)cl? — 2P w]? )

11— (z, wcl — Iz — w2 + [z, w)cl? = z]2w|?
holds for all z, w € HE.

Proof. Letz = (r,0,...,0), where 0 < r < l,and let y(¢), 0 < ¢ < 1, be an
arbitrary piecewise smooth curve joining the points 0 and z in Bg. Relation (2.24)
implies that

(Y O @,y o)\
l(y)_/o (1—|y<t)|2+ A1y OP)? ) &

1 1 2 / 2\ 1/2
YOR @y (r>>R>
= + d
/0 (1 “yor Ta—pop?) ¢

= di(0, 2),
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where d1 (0, z) is the distance between 0 and z on the space Hﬁ" (see Sect. 2.1). We

deduce the inequality
1+ |z]

1—lz|”

which becomes an equality for the line segment joining 0 and z. Hence,

1
I(y) > =1
) 5 log

1+ |z|
11—z

1
d,z) = 3 log (2.36)
In addition, Proposition 2.9 implies that (2.36) holds for any z € B(f‘:. The rest
follows from (2.32), since o, € I (H,) fora € Bg. O

Theorem 2.2. The complex hyperbolic space SU(n, 1)/ S(U(n) x U(1)) of maximal
sectional curvature —1 is holomorphically isometric to the space H..

Proof. The complex hyperbolic space SU(n, 1)/ S(U(n) x U(1)) of maximal sec-
tional curvature —1 is a simply connected complete Kaehler manifold of constant
holomorphic sectional curvature —4 (see Sect. 1.3 and Yano and Bochner [264],
Chap. 8, Theorem 8.3). This, together with Theorem 1.7, implies the required asser-
tion. O

2.3 The Quaternionic Hyperbolic Space Sp(n, 1)/ Sp(n) x Sp(1)

The construction in Sect. 2.2 generalizes to the case of the space Sp(n, 1)/ Sp(n) x
Sp(1) straightforwardly.
LetB(’é ={qe€Q": |q| < 1}.Forq = (q1,---.,q,) € B}, we put

(1 —1q1®8; +qiq;
(1 —lgq»?

0ii(q) = . i jel{l,....n}.

As usual, we identify Q" with C>* via the correspondence

q:(CII»---sC]n)<_>Z:(Zlm--712n)9 (237)

where g; = z; + z,+ii> for 1 <i < n (see (1.14)). Then B{é ={zeC?: |z] <1},
and the matrix || Q;;(¢)|I} ;_; passes into the matrix || (Z)||;%f’1:1, where

(A =128 +Zizj + ZntiZnt)

hij(z) =

(1 —z»)? ’
ZiZn+j - Zn+iZj
hi,n+j(Z) = W,
(2.38)
i j (@) = LS

(I—1z»H? 7
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(1 —121%)8i,j + 2iZj + Zntiznet)

Hovs 4 —
fori, j € {1,...,n} (see (1.18)).
For any w = (w1, ..., wa,) € C**, we have the relation
2
. lwl? l(z, w)gl?

Z hi (Dwrw; =

k,l=1

I—1z2 A =[z)% 239

that is, the matrix ||z (z) III%"IZ1 induces the structure of a Riemannian manifold on
B&. Denote this manifold by H?Q.

‘We shall now obtain analogues of the results from Sects. 2.1 and 2.2 for the space
Hl’l

o
Proposition 2.12. The group Og(n) is a subgroup of I (H@). In particular, Sp(n) C
I (HY).
Q

We omit the proof of Proposition 2.12, because it is entirely analogous to that of
Proposition 2.3.

Proposition 2.13. The Riemannian measure on Hf(’g has the form

dmap ()

d = .
M= T

Proof. Let h(z) be the determinant of the matrix (2.38). The invariance of u with

respect to 1 (H?’Q) and Proposition 2.12 imply that £ is a radial function on the ball

B{é. It follows that

1

h(z) = h(|z|,0,...,0) = (= P22’

(2.40)

which brings us to the required assertion. O

Proposition 2.14. The Laplace—Beltrami operator L on Hf’Q acts on a function f €
C 2(B('é) as follows:

n 2
- a° f
(LA =41 - 1) Y ((ai, j = GE) = Tnkitnt) 55 =—()
el z;0Z;
_ __Of _ _ 0% f
+ @izn+j — Zn+iZj)m(Z) + (Zntizj — ZiZn+j)m(Z)

+( Z Zn+j) i (2)
B T HL) T Inkilnt 0Zn+i0Zn+j :

2n
af _ af
+ Z(z;ca(z) + Zka_zk(Z)))~ (2.41)

k=1
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In particular, if f has the form f(z) = fo(|z|), then

1 —|z|?

|z]

(L) = (1= [21%)* £z + (4n — 1+ 1z%) fo(l2D). (2.42)

Proof. As above, let ||h¥! ”1%{11:1 be the inverse matrix of ||/ ”1371:1- Then
(@) = (i = Zizj — nriZar ) (1= [2),
W (@) = @naiZj = Zizne) (1= 12P),
W (@) = @iZngj = iz (1= 12P),
W (2) = (8 ) — 22 — Znvizne (1= 1212)
fori, j € {l,...,n}. Hence, we deduce (2.41) from (1.48) and (2.40). m|

Our further purpose is to find an analog of the mapping (2.30) for the space H@.
Take A € Q" such that [A| < 1. Let

oalq) = (1= (g, A)@) "' (A — Pa(9) — 14 Qa(@)), q € CI(Bp),
where g = /1 — |A|2,

(g, A)glA|™2A if A #0,
ifA=0,

Pa(q) =

0a(q) = q — Pa(q).

Suppose that A < a, g <> z, and 04(g) < w under identification (2.37). Then we
put

04(2) = w. (2.43)

n
o Then

(1) 04,(0) = a and o,(a) = 0.
(ii) The identity

Proposition 2.15. Leta € B

1= {0a(2). 0a(w)),
=(1—(z,a)0) (1= (z,wg)(1 — (@, whg) (1 —1lal?)  (2.44)

holds forall z, w € CI(B(’@). In particular,

(1 —la»A —|z]*)
11— (z,a)gl?

1 —loa(2)* = . zeCI(BY). (2.45)
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(iii) For any b € B},

(v (), I/I(w))Q = (1 — (b, a>Q)‘1<z, w)g(l = (b,a)g), z,w € CI(By),

where ¥y = 04, () © 04 © Op.
(iv) For each f € C*(By),

(Lf)(a) = A(f 004)(0). (2.46)

(V) o, is an involutory isometry of ]H[ﬁlQ.

(vi) The relation
(=) at
Oq =
14++/1—]al? 14++/1—1al?

holds. Moreover, o, fixes exactly one point of B& and no point of

S4n—1

Proof. The argument is similar to that of Proposition 2.4. We restrict ourselves here
only to verification of formula (2.46).
Denote by f1, ..., fa, the coordinates of the mapping o,. The chain rule gives

2n

1 3 Pf  3f Ff 8f1 0\
1A 000 _kz;:](awz @57 O+ 5= )@(m)—w)

2n

32 f d 32 3 d
+ Z ( @ 0) + _f_<>f1(0)> T o

BZkazz 0Zm 0Zm

2n

d 3 f
+Z(—(> L0+ @tk <0>). (2.47)

P 077071 07,071

The definition of o, shows that
11— (z,a)gl* fi(2) = la, Zlc(aZnti + (10 = Dani) + (@, 2)c(azi — ai)
— (2, a)cnati + (2, a)ol nati + ai — pazi,
11— (z, a)gl? furi (2) = [a, zlc(—maZi + (1 = 02)a@;) + (@, 2)c(RaZnti — Anti)

—{z, a)cNaan+i + 14z, a)@|277aan+i + an+i — WaZn+i

for 1 <i < n, where g = /1 —lal?, na = (1 + o)), and ay, ..., a, are the
coordmates of a. Hence, for k,l € {1,...,2n}and i, j € {1, ..., n}, we have

fk f _

9 0= ’ (0> = (1 = 0a) (@@ + @nyitnsj) — Ladi )
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af; _ _
—(0) = (1 = 1a)(@iln4j — QjaAnti),
aZn+j
afy
il —0) =1~ na)(an—Ha] —a; an—}—])v
0z
af)
L 0) = (1 = ) @1 + dnsi@ns ) — Kadi,j»
0Zn+j
02 f; _
= (0) = (na — D(ailan+* — ajans j@n+i).
0z;07;
02 f; _
——L(0) = (s — D(ailaj* + ajans j@n+i) + 11adi ja;.
025407
2f”+’ 0 1 . 2 L F . ) Si .
92,07, ——0) =4 — )(an+z|an+]| +azajan+])+ﬂa i,jln+j>
82fn-‘ri 2
— " 0)=(n, — 1 lail” —aiaiany ;).
8zn+j82n+j( ) = (na — D(an+ilaj|* — @iajany ;)

Combining this with (2.47) and using (2.41), we complete the proof of (2.46). O

Proposition 2.16. The distance between two points z, w € Hf’Q is given by the for-
mula

1 1— ) 2 _ 202
dGeow) = Log[ 1L wlal + Iz — wl + e wigl? — zPlwP ) - ) o
2 T\ = (zowlel = Viz — wl + [(z w)gl? — [z Plw]?

Proof. Using (2.39) and repeating the arguments in the proof of Proposition 2.11,
we derive (2.48). |

Theorem 2.3. The quaternionic hyperbolic space Sp(n, 1)/ Sp(n) x Sp(1) of max-
imal sectional curvature —1 is isometric to the space Hﬁé

Proof. We first prove that the space HY, is a noncompact two-point homogeneous
space. Letx, y,z,w € H@ and assume that d(x, y) = d(z, w). Then

d(O, ox(y)) = d(O, Uz(w)), (2.49)

since oy, 0; € I(Hf’Q). Relations (2.49) and (2.48) yield |0, (y)| = |o;(w)|. There-
fore, o, (y) = to,(w) for some t € Sp(n). We set

¢ =0y 0ToO0,.

In view of Propositions 2.12 and 2.15, we have ¢ € I(HfQ), ¢(z) = x, and
¢(w) = y. This together with (2.48) implies that Hfé is a noncompact two-point ho-

mogeneous space. Hence, Hﬁé is isometric to one of the spaces R/, SOy, 1)/ SO(),
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SU(, 1)/ S(U) x U(1)), Sp(, 1)/ Sp(l) x Sp(1), or F;/Spin(9) (see Sect. 1.3).
We conclude from (2.42) and (2.48) that the radial part L of the Laplace—Beltrami
operator L has the form

2

Lo=—
0= 52

d
+ ((4n — 1) coth + 3tanht)§.
From this result and from (1.61)—(1.63) it follows that the space Hﬁé is a quaternionic
hyperbolic space of real dimension 4n and maximal sectional curvature —1. O

2.4 The Cayley Hyperbolic Plane F; / Spin(9)

The foregoing constructions break down for the case F;/Spin(9) because the al-
gebra Ca is nonassociative. Nevertheless, it turns out that there is an analogue of
Theorems 2.1-2.3 for the space F;/ Spin(9).

Let x = (x1,...,x16) € RIO, y = O1,...,V16) € R0, Consider the form
@c,(x, y) given by (1.16). For i, j € {1, ..., 16}, we set

1 2 a'-(x)
) =8 i (1=1x12) = ® ), () = —L . (2,50
az](x) 1,]( |x] )+2 dyidy; ( Ca(x Y)) glj(x) 1— |x|2)2 ( )
We note that
a6 _||G1 G2
”azl”,‘,]‘:] - H G3 G4 )
where G, G, G3, G4 are defined in Table 2.1 below. Since
16 )
Iyl Dealx, y)
8ij(xX)yiyj = + , (2.51)
,-jz_l R RE T — kP)?

it follows from (1.12) that the matrix ||g;;l 1'16j=1 induces the structure of a Rie-
mannian manifold on Bﬂlké. Denote this manifold by Hé .- In this section we want
to show that the space Hé . 18 isometri.c' to the Cayley hyperbolic plane. Our first
purpose is to find the inverse matrix || g*/ ||l!6j: 1

We introduce the matrix

bij(x)=8i,j(2—|x|2)—aij(x), i,j 6{1,...,16}.

Then

b, = G5 G
i j=1 G7 GS

’
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l—=pwo pm 0 P2
pi 1—poy P2 0
0 p2 l—pwo -p
G, = P2 0 -p1 1—po
0 p3 0 2
P3 0 —pa 0
0 P4 0 —p3
P4 0 p3 0
0 ps 0 ps O p7
Ds 0 ps 0 p7 0
0 -ps 0 ps O —pg
G, = | P6 0 —-ps 0 pg 0
) =
0 —-p7 0 pg O ps
D1 0 —-ps 0 —ps O
0  ps 0 pr 0 —pe
-ps 0  —p7 0 ps 0
0 ps 0 ps O p;
ps 0 —-ps O —p7 O
0 ps 0 —ps 0O —pg

Gy= || 76 0 ps 0 pg O
0 p7 0 D8 0 —Ds5

pr 0 —pg O Ds 0
0 pg 0 —p7 O P6
ps 0  p7 0 —-ps O
l—po —p1 0 -p2
—p1 1 —py 123 0
0 P2 l—pio —pi
Gy=| P 0 -p1 1=po
0 D3 0 —P4
—Dp3 0 P4 0
0 —D4 0 —p3
D4 0 P3 0

Table 2.1 The matrices G|, G2, G3, G4

0 P3 0 P4
p3 0 P4 0
0 —Dp4 0 P3
P4 0 —P3 0
Il—pwo -—p1 0 -2
-p1 1—po P2 0
0 23 I—pio —pi
-2 0 -p1 1—po
0 ps
Ps 0
0 p7
-p7 0
0 —pe
D6 0
0  —ps
ps 0
0  —ps
D8 0
0 —p7
D7 0
0 P6
-ps 0
0 ps
-ps 0
0 —D3 0 P4
P3 0 —Dp4 0
0 pa 0 P3
—D4 0 —P3 0
l—pwo —pi 0 -2
—P1 1 —py 123 0
0 P2 l=pwo —pi
—-p2 0 -p1 1—po

where Gs, Gg, G7, Gg are defined in Table 2.2. A direct check shows that

16

D xbij ) = xi (1= |xP),

Jj=1
16

0x
j=1

90ij S ox
Z L(x) = —10x;

53

(2.52)

(2.53)
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Ge =

Gy =

1—po
—D1

—D2
0

—p3
0

—DP4

0
—Ds
—DP6
—D7

14

—Ds5
—D6
—D7

—D8

1—poy
P1
0

P2
0

p3
0

—Pp4

—p1 0
l—pio -p2
-p2 1—=po
0 P1
—P3 0
0 D4
—P4 0
0 -
-ps 0 —ps
0 —ps 0
Ps 0  —ps
0 s 0
P17 0  —ps
0 s 0
-ps 0  —p7
0 p7 0
-ps 0 —ps
0 D6 0
-ps 0  ps
0 —ps 0
-p7 0 —psg
0 P8 0
-ps 0 7
0 —-p7 0
P1 0
l—pwo -p2
—p2 1= po
0 p1
-p3 0
0 —Dp4
D4 0
0 —D3

Table 2.2 The matrices Gs, Gg, G7, Gg

fori € {1,..., 16}. In addition,

16
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—p2 0
0 -
p1 0
l—pio  —pa
—ps  1—po
0 P
D3 0
0 )23
0 —p7 0
-p1 0 —ps
0 s 0
-ps 0 p1
0 —ps 0
Ds 0 —ps
0 D6 0
-ps 0  —ps
0 —-p7 0
P1 0 —ps
0 s 0
-ps 0 —p7
0 s 0
-ps 0 Do
0 —ps 0
Do 0 Ds
)22) 0
0 —D3
p1 0
l—pio  ps
D4 1 — po
0 P1
D3 0
0 P2

—p3 0
0 —D4
D4 0
0 P3
1 0

l—pio -p2

—p2 1= pg
0 P

—p8

0

—p7

0

pPe
0

ps
0

14
0

p7
0

—Pe6

0

—Ps5

0
D3 0
0 P4

—P4 0
0 P3
p1 0

l—pwo -p2

—p2 1—pg
0 P1

> bij@)yiy; = Iy = Pea(x. y).

i,j=1

Proposition 2.17. The following equality is valid:

g7 () = (1= [x[})bij (x),

i,je(l,... 16}

—D4
—D3
P2

pP1
1—pio

—P4
—P3
P2

pP1
1 —pio

(2.54)

(2.55)
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Proof. Leti, j € {1,..., 16} and assume thati % j. Then using Tables 2.1 and 2.2,
we find
16
> aibi; =0. (2.56)
k=1

Next, under the identification of R!® with Ca? via the correspondence (1.15), we
have

2122 = p1(x) + ps(0)i| + p3(x)iz + p7(x)iz + p2(x)ig + pe(x)is

+ pa(x)ig + pg(x)i7. 2.57)
It follows from (2.57) that
8
> pi = popio. (2.58)
k=1

Therefore,

16
D ain@)bi (x) = (1 = pox)) (1 = prox)) = Y pp(x) =1 —[x[>.  (2.59)

k=1 k=1
Combining (2.56) with (2.59), we obtain (2.55). m|
Corollary 2.4. The relation

s G 8= 1yP)
Y gijgl () = a—rpp (- ) (1= Y1) + 1 = @ca(x, ) (2.60)
i,j=1
holds.

Proof. Leti € {1,3,...,15}. Then

16

8
> aij0)bij(y) = (1= pro@®)(1 = pa(») = > prlx) pi(y)

j=1 k=1
= (1= p1o@)(1 = po(»))

1
+ §(p9(x)p9(y) + p1o(@)p1o(y) — Palx, y)).  (2.61)

Analogously, fori € {2, 4, ..., 16}, we have

16
> aij(0)bij(y) = (1= po(0))(1 = p1o(»))

j=1

1
+ 5(p9<x)p9(y> + p1o@)p10(y) — Pealx, y)).

This together with (2.61) implies (2.60). O
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: 2
We now proceed to the study of the isometry group 7 (Hg,).
Proposition 2.18. The group Oc,(2) is a subgroup of 1 (H%C 2

The proof of this statement is the same as that of Proposition 2.3.
Next, leta € (Caz, la] < 1. Define

—1 .
6 = {fa/a| 0 %a 0 Tyylg a0, (2.62)

Xq ifa =0,
where 1,,/|4) is given by (1.23), and x, is the mapping acting by the formula
%a(z1,22) = (@1 = lab(alzs = D71 = laP(alz = D7'z2), 263)
(z1,22) € Ca®> N CI(BHIS). We also put

Wea(z, w) = Pea(z, w) —2(z, w)r + 1, z, w € Ca?,

where, as usual, (z, w)g is the Euclidean inner product of the vectors z, w € R!®
(see (1.15)). For z = (z1, z2) and w = (w1, w»), we have

|1 — (lez)(wz_lwl) - Z2W2|2 if wy #0,

Yca(z, w) = 2.64
Ca@ ) =P ifwy = 0. (264

It follows from (2.64), (1.12), and (1.24) that
Yeal(z, w) >0 (2.65)

forz € Cl(BHI{‘) and w € Blg‘.

Proposition 2.19. For every a € B0, the mapping o, possesses the following prop-
erties.

(1) 04,(0) = a and o,(a) = 0.
(i1) The identity

(1= lal?)*Wea(z, w) = Wea 2, @) Wea(w, a)¥eq(04(2), 0a () (2.66)
holds for all z, w € Cl(BHIQ6). In particular,

(1 —la»A —1z?)
Yca(z, a)

1= loa(2)* = ., zeCl(BY). (2.67)

(>iii) o, is an involution.
(iv) o, is an isometry of the space H,.
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(=) =15
g, =
N+ V1—1a2) 1+/1—a)?

holds. Moreover, o, fixes exactly one point of B]II{Q6 and no point of SV.

(v) The relation

Proof. Assertions (i), (iii), and (v) follow from (2.62) and (2.63) with the help of
simple transformations.
We turn to the proof of (ii). Put

pla, z, w) = (2, lale)Wea(w, lalen) ((1 — Ialz)Z‘I’Ca(Z» w)
+ 2(ha(2), ha(w))p — Wea (2, laler)Wea(w, aler))

— Pcq (ha (2), ha (w)),

where e; = (1,0) € Ca?, and the mapping &, : Ca®> — Ca? is defined as follows:

hat6. m) = (€ = lal)(lalE = 1), /1 = lal’(lal¢ = Dn), &1 € Ca.

We write p(a, z, w) in the form

8
pla,z,w) =) alz, wlal,
k=0

where ¢k (z, w) do not depend on a. By a direct calculation using (1.2)—(1.8) we find
that ¢ (z, w) =0fork =0, 1, ..., 8. Therefore,

(1 = 1al?)*Wea(z, w) = Wea (2, lalen) oo (w, lalen)Wea (%4 (2), %0 (w)).  (2.68)

Now we deduce (2.66) from (2.68) and (2.62), since 74/j4 € Ocq(2) (see (1.23) and
Example 1.3).
Let us prove assertion (iv). Under the identification (1.15), we have

Pa(X)2%a(x) = (0a,1(x), ..., 0416(x)),
where
0a,1(x) = lal(1+ po(») — (1 + lal*)x1,
Oa2k—1(x) = —(1 — lal*)xak—1, ke{2,3,...,8},

Oak(¥) = /1 — la2(lalpe() — x2t), k€ (1,2,...,8),

Pa(x) = 1 —2lalx; + |al*po(x).
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Fori,j e {l,...,16} suchthati # jand k € {1, ..., 8}, we put

Aij(x) = ajj (pa (x)%a(x))»

8
Agk—12k-1(x) = pg(x) = Y _ 6025, (),
m=1

8
Ak 2k (x) = pp(x) = Y 025, 1 (x).
m=1

Using Maple (see Heal, Hansen, and Rickard [114]), we obtain

16
00, i 0pq
(1 —1al?)pt ()ag (x) = l-,Z:] Ajj (x)(a—)q;<x>pa (x) — B4, (x) ai - (x))
a‘911, j 3,0a
x ( 8”] (X)pa(x) — 64, j(x>8—m(x>)

fork,l € {1, ..., 16}. Therefore,

16
ax, | 3)(a,j 16
gr(x) = ijz_l gij (%a(x)) 8;}; (X)a—xl(x), X € B]R s

where x, ; are the coordinates of the mapping »x,. This together with assertion (iii)
implies that », € I (H%Ca) (see Mis¢enko and Fomenko [154], Chap. 4, Sect. 3.1).
Hence, we derive our result, because 7,4 € 1 (H%C a). |

Remark 2.3. Another proof of the fourth assertion of Proposition 2.19 will be ob-
tained in Sect. 5.4.

Remark 2.4. Assertions (iii)—(v) show that the mapping o, (14 |q2) i8 the symmetry
of H% , at the point a. Thus, H% ., is a Riemannian symmetric space.

Proposition 2.20. The Riemannian measure on H%a has the form

dx

Proof. Bearing in mind that Oc,(2) acts transitively on S5 (see Proposition 1.1)
and repeating the arguments used in the proof of Proposition 2.13, we obtain

1

det [l gij ()[/5—, =

This proves (2.69). O

Now we establish some expressions for the Laplace—Beltrami operator L on Hé =
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Proposition 2.21. Let f € C 2(Bﬂls). Then

0% f

Bx,-axj

16
LHE) =Y ¢

ij=1

16 3f
() + 12(1 — |x]?) ing(x). 2.71)
i=1 !

In particular, if f has the form f(x) = fo(|x|), then

|x|?

(LH@) = (1 xP) f e + o (15 + 51x1%) f (x]). (2.72)
Proof. The statements follow from (1.43), (2.52), (2.53), and (2.70). O
Corollary 2.5. The relation
(Lf)(@) = A(f 004)(0) (2.73)
holds for every a € BjY.
Proof. Using (2.71) and (2.63), we find
(Lo)(laler) = A 0 %4)(0) (2.74)

for any ¢ € C2(BH1Q6). In particular, we have (2.73) for a = 0. Let a # 0. Because
Tajla) € 1(HZ,), from (2.74) we obtain
(L) (@) = (Lf)(asial(laler))
= (L(f o tajja)))(laler)
=A(fo Ta/la| © %#4)(0)
= A(f 004)(0),

which completes the proof. O

Proposition 2.22. The distance between two points x,y € H% . 18 given by the for-

mula
_ _ 2 _ 2
d(x,y)z110g<\/7w@a<x,y‘>+cha<x,y) (1 —[x2) |y|>)' 275
2 T\ Ve, ) — VWea(x, y) — (1= [xP)(1 — [y[?)

Proof. Let0 <r < 1.Put
y(t) = tanh(ttanh ™" r)e; for0 <t < 1.

Using (1.41) and (2.50), it is easy to verify that y (¢) is a geodesic. In addition, in
view of (2.51),
14+r

1—r’

1
I(y) = 5 log (2.76)
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where [(y) is the length of the curve y. We claim that
d0,rer) =1(y). 2.77)

Consider the function ¢(r) = d(0, rey). Since Ocy(2) C [ (Hé ) and the group
Oc,4(2) acts transitively on S!5, we have

d(0, x) = ¢(Jx]), x € BY. (2.78)

Next, for arbitrary points x, y € H?2 ,.» there exists a geodesic yyx, y joining x and y
such that d(x, y) = I(yx,y) (see Remark 2.4 and Theorem 1.5). Hence, it follows
from (2.78) that ¢ is an increasing function on [0, 1). Repeating the arguments in the
proof of Theorem 2.3, we infer that Hé , 18 @ noncompact two-point homogeneous
space (see (2.76) and Helgason [115], Chap. 9, Proposition 5.3). This implies (2.77)
(see Helgason [115], Chap. 6, Theorem 1.1 and Chap. 1, Lemma 9.3). Taking into
account thato, € 1 (H%C ) foralla € BHI{’ and using (2.67), we obtain our result. O

Theorem 2.4. The Cayley hyperbolic plane F; / Spin(9) of maximal sectional cur-
vature —1 is isometric to the space Héu.

Proof. As we already know, Hé , 1s @ noncompact two-point homogeneous space.
Furthermore, by (2.72) and (2.75), the radial part Lq of the Laplace-Beltrami oper-
ator L on H(ZC , has the form

2

Lo=—
0= 52

0
+ (15cotht + 7 tanh Z)E. (2.79)

Using (2.79) and (1.61)—(1.63), we arrive at the desired assertion. O



Chapter 3
Realizations of Rank One Symmetric Spaces
of Compact Type

This chapter aims to be the analogue for the compact case of Chap. 2. Section 3.1
treats the case of the sphere S”. Sections 3.2-3.5 are devoted to projective spaces.
In Sects. 3.2-3.5 we start with the very definition of the corresponding projective
space. If K = R, C, or Q, then the projective space P(K"*!) is the orbit space for
the left action of the group K* = K\{0} on K"*1\{0}. Since Cayley numbers do
not satisfy the associative law, this definition cannot be applied to them, and there
are various other reasons which preclude direct extension. Concerning the Cayley
plane, we use the algebraic approach of Freudenthal. Freudenthal takes particular
idempotent matrices in A1 as points and lines to define the Cayley plane P?(Ca).
After these definitions we shall describe the Riemannian structure of P(K"*1)
and of P?(Ca). Then we characterize them as symmetric spaces. The metric tensors
for the projective spaces and the hyperbolic spaces correspond under the substitution
x — ix (see, for example, (2.2) and (3.8)). The duality for symmetric spaces gives
a general explanation of this formal analogy (see Helgason [121], Chap. 5, Sect. 2).

3.1 The Space SO(r + 1)/ SO(n)

Throughout Chap. 3 we assume that n € N\{1}. Let ds? be the standard Riemannian

metric on ", i.e.,
2

ds? = dxf + - 4+ dxZy | (3.1)
where, as usual, xq, ..., x,41 are the Cartesian coordinates on R"*!, Denote by
r, 01, ..., 0, the system of spherical coordinates on R”*! in which

X1 =rsinf,sinf,,_; - --sin6; siny,
Xo = rsinb, sinf,_1 ---sinb cosy,

x3 =rsinb, sinf,_ ---sinf3 cos by,

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
© Springer-Verlag London Limited 2009



62 3 Realizations of Rank One Symmetric Spaces of Compact Type

Xp_1 = rsind, sinf,_1 cos,_»,
X, = rsin6, cosb,_1,

Xp41 = ¥ €OS 6y,

wherer > 0,0 < 61 < 2m, and 0 < 6 < 7 for k # 1. Then
ds? = d0? 4 sin 6, d6? | + --- + sin® 6, - - - sin® 6, d67. (3.2)

It follows from (3.2) and (1.36) that the Riemannian measure di on S” is defined
by the equality

dp = sin 1 6, sin" 2 6,_; - - -sin6, do - - - db,.

Furthermore, relations (3.2), (1.40), and (1.43) show that the Laplace—Beltrami op-
erator L on S” has the expression

L= 9 sin" "' g 2
sin" 16, 06, " 96,
1 N ad
sin2 6, sin" "2 ,_; 86—1 S Ot 06,1
1 a .
+ sinZ 6, sin? Op_1--- sin2 63 sin 6 3_92 - 023—92
1 32

sin? 6, sin? Op_1--- sin? 03 sin? 6> 8912 '

+

+

The operator L is the spherical part of the Euclidean Laplacian A in R"*!, restricted
to S".

The isometry group I (S") coincides with the orthogonal group O(n + 1). The
distance between two points &, n € S” in the metric (3.1) is given by the formula

d(&, n) = arccos (£, )R-
Ifa=(ai,...,a,4+1) €S", then the mapping
Sa:§ —> 2(a,§)ra —§, £eS,
is the symmetry of S” at the point a. In addition, for
b= (20 —an)) Par . anans = 1), a1 # 1,

we obtain sp(a) = —eu1, Sp(—en+1) = a, where e, 41 = (0,...,0, —1).

We can look at the preceding construction from a different angle.

Consider R* = R"U{oo} and put U; = R”, U, = R"\{0}. Obviously, U NU, =
R"\{0}. Introduce the bijective mappings ¢y : Uy — R", k = 1, 2, as follows:

p/Ip)®, p e R"\{0},

é1(p) = p, d2(p) = {
0, p = Q.
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It is clear that ¢1 (U1 N Up) = ¢ (U N U,2) = R*\{0} and

$rod (x) =d1o¢; () = ﬁ x € R"\{0). (3.3)

Thus, the atlas {(Uk, qbk)},%:l induces a real-analytic structure on R” (see Post-
nikov [168], Lecture 6).
Next, let

44;,j no
—> . xeR" i je{l,....n},
1+ |x]2) (3.4)

Gi(p)=gij($(p)), peUr k=12

gij(x)=

A simple calculation shows that

Glo(p) = Z G? (p) ¢1(p>) (¢1<p>) peUinUy,

i,j=1

where vy, ..., v, are the coordinates of the mapping (3.3). Therefore, matrices (3.4)
define a Riemannian metric on R”. o
It is easily verified that the stereographic projection 7 : R* — S”, where

1 N 2p . 2pm 112 = 1), R",
n(p):{( +1p*) (2P pn.lpl*—1), pe
0,...,0,1), p =00

is an isometry of R” with the metric (3.4) onto S” with the metric (3.1) (see the
proof of Proposition 2.6). For the metric (3.4), we have

2" dx

dM(X):m, XGR",
14 [x[»)? of
(Lf)(x)z%@f)(x) - T, Z —<X>> fec®,
2arctan(jx — yllx|/|x + x[?y]), x,y € R", x + |x|>y #0,
dx,y)=1m, x € R"\{0}, x + |x|2y =0,
m — 2arctan |x]|, xeR", y=o00
2((1 — |xH)(1 = |al?) 4+ 4(x, a)r)a — (1 + |al*)?x 0
sq(x) = , aeR".
(1 —lal®)?+ 41 — |a>)(x, a)r + 4|x|*|al? 35)

Note also that

(1 +2(x, a)g — x1)a — (1 + |a})x
(x) = ; —
+ x2lal? + 2(x, a)r

Sa/(144/TH1aP)
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and in particular

Sapaeyimam @ =0 S04 imap O =@

Theorem 3.1. The symmetric space SO(n + 1)/ SO(n) of constant sectional curva-
ture 1 is isometric to the sphere S" with the metric (3.1). Equivalently, this space is
isometric to R" with the metric (3.4).

Proof. Let us compute the curvature tensor of metric (3.4). Putting

a(x) =

B(x) =loga(x), Bi=

9B 928
T — Bij= )
14 |x| 0Xx; 0Xx; 8x‘,~

we find (see (1.37), (1.38))

agii
—L =208 jBr. Il = 8ixBj +8xBi — 8ijBrs
0X
k
Bﬂj
=8 kBji1 + 8 kBit — i, Bk
dax;

Rll‘jk = 81.k(Bij — BiBj) — ik (Bij — BiB;) + 8i,j(Bix — BiBr) — 1,5 (Bix — BiBr)
+ (8,816 — 8i k81 DIVBIZ,

where VB = (B, ..., Bn). Since

Bi = 2x; Bii = 26;, 4xix;
4 YU xP T 4 k)
28i,j 2 4lx|?
P < Y > , \v4 — ,
Bij — BiBj 1+ |22 VB 7(1_{_')6'2)2
we obtain 4
[ ) L .
Rijp = m(&,k&,, 81.k8i,7)-
Hence,
Riju = 10 (Bik8j1—8jxdi1) = (3.6)
ijkl = a1+ |x|2)4 i,kOj,1 j.k0i,l) = 8ik8jl — 8jk&il- .

Relations (3.6) and (1.42) show that the sectional curvature is constantly equal to 1.
The desired conclusion now follows by Theorem 1.6, since the sphere S" (n > 2) is
a simply connected complete Riemannian manifold. O
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3.2 The Real Projective Space SO(n + 1)/ O(n)

Let R*! = R"+1\{0}. We consider in the domain R"*! the following equivalence
relation:
w~x fw=>Ax

for some A € R, = R\{0}. The equivalence class [w] of every point w € RI*! is
the punctured line {Aw: A € R,}. The set of all these classes is denoted by P(R"*1).

We give some interpretations of the set P(R"*1).

Assigning to each class [w] the line R - w, we see that P(R"+1) is the set of all
one-dimensional subspaces of R"*!. Furthermore, each class [w] uniquely deter-
mines a set {=w/|w|} on the unit sphere S”. Therefore, P(R"*!) can be regarded as
S" /{&1d}. It follows in particular that P(R"*!) is the hemisphere

Sﬁ:{xZ(XI,...,anr])ES":an go}

for which diametrically opposite points of the edge {x € S" : x,,+; = 0} are iden-
tified. Equivalently, P(R"*!) may be realized (via the stereographic projection) as
the closed unit ball Cl (Bg) for which antipodal points of the boundary S"1 are
identified.

Next, let [w] € P(R"*1). The homogeneous coordinates of [w] are the coordi-
nates of an arbitrary point x € R"*! belonging to the class [w]. They are defined up
to a common factor A € R,. Using homogeneous coordinates, we shall show how
P(R"*!) can be made into a real-analytic manifold.

Denote by wy, ..., w, the coordinates of w € RZ‘H (this enumeration is most
convenient). Consider the sets

U = {lw] e P(R"™™): ax #£0}, k=0,...,n.

Evidently, P(R"*!) = Ui—o Ux. Introduce the bijective mappings ¢ : Uy — R”
by putting
bi(lw]) = (x1, ..., xn),

where
Wm—1/or fm <k,
Xm = . m=1,...,n.
W [ Wk ifm >k,

Note that both Uy and ¢ are well defined by the relation between different choices
of homogeneous coordinates. Moreover, it is easy to see that

o (xs e x) = [0,

where
X141 ifl <k,

w; =11 ifl=%k [1=0,...,n.
X] ifl >k,
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To continue, let us assume that k,/ € {0, ...,n} and k < [. We have

o Uk NU) = {(x1,....x0) € R": x; # 0},
o1 (U NUp) = {(xl, conXp) ER" Xy # 0}.

In addition,
Grod (xry.n X)) = (U1, v0), X #0,
where
Xm /X1 ifm<korm>I,
v =3 1/x ifm=k+1, m=1,...,n.
Xm—1/x1 ifk+1<m<l,

It follows that the map ¢ o ¢ ' : ¢ (Ux N Uy) — ¢y (Uy N Uy) is a diffeomorphism.
Thus, the charts (Uy, ¢¢) form an atlas and define on P(R"*!) a real-analytic struc-
ture.

Every coordinate neighborhood Uy is diffeomorphic to R”. We identify Uy with
R" and call the mapping

qbo_l: X1, oo xn) = [, x, o, x0)]

the transition from affine coordinates (in R") to homogeneous coordinates. The
complement of R” in ]P’(IR”H) consists of the points [(0, wy, ..., ®,)], where
(w1, ..., w,) € RY; hence, is identified with P(R"). By that

P(R"™!) = R" UP(R"). (3.7)

Now we endow P(R"*!) with a Riemannian structure. Put

i, XiXj no.
gij(x) = T hE (1P xeR" i, jefl, ..., n} (3.8)
Gl (p) = 8ij($(p), P €Uk ke(0,....n). 3.9)
It is clear that ||g,-j||;"/.:1 is a symmetric matrix. For y = (y1,...,y,) € R", we
have '
n
> gi)yiyj = P2+ Iy PP = 05
R (1+ |x[?)?

ij=1

Applying the Schwarz inequality, we obtain

n 2
[yl
E:..x,.g—. 3.10
Z glj( )yzy/ a1+ |x|2)2 ( )
i,j=1
Hence, ||g;; ||;.”j:1 is positive definite. Next, as above, assume that k, [ € {0, ..., n}

and k < [. We write
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V@) = (U100, -, va(0) = Pro gy (), x € (U NTY.

A direct check shows that

n

gms(X) = > gij (v(x))

i,j=1

’u» x € ¢p(Ux NUY)

form,s € {1, ..., n}. This implies

Gl (p) =

)a—](fbk(p)), peUNU.
i,j=1

So matrices (3.9) define a Riemannian metric on P(R"+1).
Let us compute the curvature tensor of metric (3.9). One finds

g7 ()= (14 1x1%) @i + xix)),

ag,-j __me(s,',j —i—x,'(Sj,m —i—xj'(si,m 4x,-x]-xm

Oxm (1+ |x[)? (1+ [x[»)3
o _ XiBm,j 4 Xj8im
ij 1+ x)2 (3.11)

81—;7 __(Si,sam,j + Bj,ssm,i 2(xiXSSm,j +xsxj8i,m)
0xs 1+ x| (14 [x]?)? ’
RS — 5i,m6j,s - (Si,jfsm,s xixj‘sm,s - xixm(sj,s

m L+ |x]? (1 + |x[)?

Hence,
8i,m8j,x - ‘Si,ssj,m xixs(sj,m - xixm(sj,s + xjxm(si,s - xjxxfsi,m
Rijms =

(1+]x]?)? (1+1x]%)?
= 8im&js — &jm&is-

This means (see (1.42)) that P(R"*!) with the metric (3.9) is a space of constant
sectional curvature 1. We denote this space by Pr,.

We shall now determine a form of the Riemannian measure dit and the Laplace—
Beltrami operator L on Pp.

Ifx = (x1,...,x,) € R, putix = (ixy, ..., ix,), where i denotes the imaginary
unit. By (3.8) we have

gij(x) =gij(ix), xeR" i, jefl,....n}, (3.12)
where

3i.j ZiZj
2 2
—2 =2 (=222

gij(zls ""ZH) =
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for (z1,...,2x) € C": 2} +--- 422 # 1. This together with (2.2) and (2.8) implies

1
det .. n. = e R". 3.13
et Nl (I = Tyt X G
Hence,
d
du(x) = —XH x R ©-19)
(I+1x19)2

Furthermore, using (1.43), (3.11), and (3.13), we find

(Lf)(x):(1+|x|2)((Af)(x)+Zx,x,a 8f (x)—i-Zle—f(x))

i,j=1

for an arbitrary function f € C 2(R"). In particular, if f has the form f(x) =
Jo(lx|), then

1+ |x]?
x|

We turn to the isometry group of the space P. Introduce an analog of involu-

(LA = (1+ x> £ (x]) + (n — 14 21x?) f(1xD.

tion (2.11). Leta = (a1, ..., ay) € R", [w] = [(wo, ..., wy)] € Pg. Consider the
vector x = (xg, . .., x,) € R* with
o, ifl =0,
= |0+ @ ar ! (3.15)

(a)o + (1 +v) Ho, a)R)al —yew; if1 <1 <n,

where ‘0 = (w1, ...,w,) and v, = /1 + |a|®. We claim that x € R"*!. For
otherwise suppose that x = 0. Then

wo+ (w,a)r =0, wolal® — (w, a)g = 0.

Therefore, wy = 0 and (‘w, a)g = 0. Hence, it follows from (3.15) that v = 0. But
this is impossible since [@w] € P. Now we define the mapping o,: P — Py by
setting

oa([w]) = [x]. (3.16)

The transformation oy, is clearly well defined. In affine coordinates in R"” = Uy, this
transformation can be viewed as

x = [(1, x1,...,x)]

(x,a)r (x,a)r
— |:(1+(x,a)R, (1+ v >a1 — VaX1yenns (1—|— T, )an —vax,,)i|

— (1 + (X,a)]R)_1 ((1 + M)al —VgX],y e, (1 + M)an — vuxn>

14+ v, 14+ v,
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(the first arrow denotes transition to homogeneous coordinates, the second denotes
transition to a map in homogeneous coordinates, and the third denotes return to
affine coordinates). In other words,

P 004 0¢, (x) =al(x),

ad(x) = (1 + (x, am)’l <<1 + M)a — vax>.

Analogously, putting

where

UOO([Q)]) = [(a)ls wQ, W2, ..., wn)]» [Cl)] € Pl’l ’ (317)

we see that
-1
P00 000 0 By (X) = 09, (x),

1 xo X
Ugo(x)z —,—,...,—n .
X1 X1 X1

Proposition 3.1. The mappings o, and oo are involutory isometries of Pr.

where

Proof. The relations

0g004([w]) = [0] and o0x 0ox([@]) = [0], [w] € P,
follow directly from (3.16) and (3.17). We shall prove that o, 050 € (]P’ ). Let
(z,w) =ziwi+---+zpw, forz=(,...,z,) €C",w=(wy,...,w,) € C".

If (z, w) # 1, lw| < 1, define v, (z) by

Z? w

(l—(Z,U)))lﬂw(z):<1_ ( ) )w—\/l—W%_"'_w%Z,
1+\/1—w%—-~-—w%

where we consider the branch of /- that takes positive values on (0, +00). Observe

that

(1= (x, b)R)¥p(x)
B {b (x, b)RIbI2b — /T = [b2(x — {x, b)rlb|2b), b #0,

3.18
—X, b=0 ( )

forb, x € Bﬂ’é. Denote the components of ¥, (z) by ¥4y 1(2), ..., Yuw.n(z). Then

I/”” Woi ), b,x € B, (3.19)
s

s (¥) = Z 8 V(1) 5 == (0

i,j=1
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form,s € {1,...,n}, since 1//b|3n € I(Hg) (see (3.18) and Proposition 2.4(vi)).
Next,

Vi (ix) = iop (x), (3.20)
Vi doy)
Vibi ey = 2204 (), (3.21)
aZm 8xm
where crb Lrvees 019 are the coordinates of the mapping ob By analytic continua-

tion, using (3.12) and (3.19)—(3.21), we obtain

n 0 0
gms(¥) = Y gij(o] (x>) “’<x> “’(x) aeR", (322)
ij=1

for x € R": (x,a) # —1. In particular, equality (3.22) is valid for x € U where
U = {x € R": |x|]la] < 1}. It follows that o, is an isometry of ¢, 'U onto

0a(¢g 'U). Therefore,

L(f o oa)([@]) = (Lf)(0a([@]), [w] € ;'U, (3.23)

for an arbitrary real-analytic function f on PR (see Sect. 1.2). Because o, is an
analytic diffeomorphism of Pp, relation (3.23) holds for every [w] € Pg. Hence,
oq € 1(Pp).

It remains to prove that o0 € I (Pg). Setting a = (o, 0, ..., 0) in (3.22) and
letting « — —o0, we find

u IR LA LA
xX) = o (x))——(x = (x), x 0, 3.24
&ms (X) ijz_lg”( () FEE O ), A (3.24)
where oc?o [oeee 0 ,, are the coordinates of the mapping o . Now repeating the
above argument W1th aoo instead of o,, we arrive at the de51red assertion. |

Corollary 3.1. The group I (IPy) acts transitively on Pr,.

Proof. Every orthogonal transformation T € O(n) induce an isometry of Py, by the
correspondence

[0] = [(w0, 1i(@), ..., ()],

where 11, ..., T, are the components of 7. It follows in particular that the group
I (Pg) acts transmvely on P(R™) (see (3.7)). Since

0a([(1,0,...,00]) = [(1,a1,...,a,)]

and o, ([(1,0,...,0)]) € P(R"), this together with Proposition 3.1 concludes the
proof. O
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We now prove the following:

Proposition 3.2. The distance d on Py, is defined by

(0. x) = arctan |x|, x € R", (3.25)
T ) w2, x € P(RY), '

and the condition of invariance under the group 1 (Pg).

Proof. Let
K ={r € I(P}): 70 =0}.

Since K acts transitively on S"=1 the distance d(0, -) is a radial function on R”.
Now using (3.10) and (3.5), we obtain the required result (see the proof of Proposi-
tion 2.11). O

We close this section with the following:

Theorem 3.2. The real projective space SO(n + 1)/ O(n) of constant sectional cur-
vature 1 is isometric to the space Pp,.

Proof. Using (3.25) and repeating the arguments in the proof of Theorem 2.3, we
see that P, is a compact two-point homogeneous space. In addition we know that
the sectional curvature of Py, is constantly equal to 1. Therefore, P is isometric to
one of the spaces SO(n + 1)/ SO(n), SO(n + 1)/ O(n) (see Sect. 1.3). Unlike the
space ., however, the sphere SO(n + 1)/ SO(n) is simply connected for n > 2.
Thus, the theorem is proved. O

3.3 The Complex Projective Space SU(n + 1)/ S(U(n) x U(1))

By analogy with Sect. 3.2, consider in the domain C*! = C"*1\{0} the following
equivalence relation:
w~x ifw=2ix

for some A € C, = C\{0}. The equivalence class [w] of any point @ € C!*! is
the punctured complex line {Aw: A € C,}. The set of these classes is denoted by
IP((C"'H).

It is clear that P(C"*!) can be regarded as the set of all complex lines in C**!
passing through the coordinate origin. Next, each class [w] uniquely determines a

set
g @
Yo = {619_
|l

on the unit sphere S**! in C"*!; hence, P(C"*) is the set of all circles y,, on
S2n+l.

:0<9<2n}

We can make P(C"*!) into a complex-analytic manifold as follows.
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Let wo, . . . , w, be coordinates in C"t1. We define
U = {[(a)o,...,wn)]: Wy 750}, k=0,...,n.
Introduce the bijective mappings ¢y : Uy — C" by putting
or([(@o, ..., @)]) = @1, ..., 2n),

where )
wm—1/wr ifm <k,
im = m=1,...,n.

W [k ifm >k,
Fork,l € {0, ..., n} such that k < [, one has

o (U NUD) = {(z1,...,20) € C": 7y # 0},
G UNUY ={(z1,....20) € C": zgq1 # 0.

In addition, 4
¢lo¢k @1, z) =i, ..., 00, 1 #0,

where )
Zm /21 ifm<korm>I,
vm =11/z ifm=k+1, m=1,...,n. (3.26)
Zm—1/z1 fk+1<m<,

It follows that the neighboring relations are holomorphic. Thus, the charts (Uy, ¢x)
form a complex atlas and define on P(C**!) a complex-analytic structure (see Post-
nikov [168], Lecture 11).

Every coordinate neighborhood Uy, is biholomorphic to C*. We identify Uy with
C" and call the map

oot @ty z) = [z, 20)]

the canonical imbedding of C" in P(C"*!). The complement of C" in P(C"*!)
is a complex submanifold in P(C"*!) of codimension 1. It consists of the points
[0, w1, ..., wy)], where (w1, ..., w,) € C}, and hence is biholomorphic to P(C").
As a result, one gets

£ P(C"*) = C" UP(C?). (3.27)

Let us come to the Hermitian structure of P(C*t1). Put

i, ZiZj ..
hij(z) = . — , z=(z1,...,zn) €C", i,je{l,...,n},
lj( ) 1+ |Z|2 (l + |Z|2)2 ( 1 n) J { }
(3.28)
HE(p) = hij(¢x(p)). p € Ur. k€{0,....n}. (3.29)
Itis obvious that ||4;; ||;"j=1 is a Hermitian symmetric matrix. For w = (w1, ..., wy)
e C", we have
n 2 20,12 2 2
_ w|® + |w|*|z]” — [{z, w w
™ hyj(wrm; < PR G wiel i (330,

ij=! (1 +1z%? T A+ 1P
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and hence ||h;; ||ﬁ =1 is positive definite. Furthermore, from (3.28) and (3.26) we
find

. dm vy
hy@ =Y hms(vl(z),...,vn@))a%(z 5@ e aUNUD.

m,s=1

This yields

Hp=Y H (p) ¢k<p>) (¢k<p>) peUinUL.

m,s=1

So matrices (3.29) define a Hermitian metric ds® on P(C"*+!) (which is classically
called the Fubini—Study metric).

Since
*(fiod D

k _
M) =—4 52,

(¢k(p))v pEUk,

where
fi(p) =log (1 + |dx(p)1?), p € Uy,

we see that ds? is, in fact, a Kaehler metric. As usual, we write
8;7(2) = hij(2)/2.

Taking into account that g'/(z) = 2(1 + [z/)(8;,; + zZ;) and using (1.51), we
derive
Rijs = —2(8i78ms + 8i58,7)- (3.31)

By (3.31) and (1.52), P(C"*1) with the metric (3.29) is a space of constant holomor-
phic sectional curvature 4. Denote this space by IP¢.. Minimal sectional curvature of
]P’% is equal to 1 (see Yano and Bochner [264], Chap. 8, Theorem 8.3).

We present explicit expressions for the Riemannian measure and the Laplace—
Beltrami operator on P{. that will be used later.

By analytic continuation using (2.23), (2.28), and (3.28), we find

1

det || ()|} =1~ W,

zeC. (3.32)

Consequently, the Riemannian measure on Uy has the form

dm, (z)

WD = Ty

(3.33)

Next, let ||h/ I} =, be the inverse matrix of [|A;; ] Then

i,j=1*

Wi (z) = (1+120%) @i +Zizj)s  irj €(1,...,n) (3.34)
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From (1.48), (3.32), and (3.34) it follows that the Laplace-Beltrami operator on P,
acts on a function f € C%(C") as follows:

2
(L)@ = 4(1 + [z ”2:1(5114—&11) af_ @.
Hence,
1 2
(LA = (1+ 1PV F =D + +'Z' (20 — 1+ 217) £z

if f has the form f(z) = fo(|z]).
We discuss briefly some properties of the isometry group of the space Pf..
Observe first that unitary transformations of C” induce isometric mappings of
IP% onto itself (see (3.30)). In particular, the isometry group I (P{.) acts transitively
on the unit sphere S2=1 and P(C") (see (3.27)).

Next, leta = (ay, ..., a,) € C". For [w] = [(wo, ..., w,)] € P{, we set
oa([w]) = [(x0, ..., 2a)], (3.35)
where
wo +wiaj + -+ + way ifl =0,

] = a a,
(w0+ wiaj + +Cl)nan>al . /1 + |Cl|261)1 if1 < i <n.
1+/1+lal?

Also define
oo ([w]) = [(w1, wo, w2, ..., wy)]. (3.36)

It follows from (3.35) and (3.36) that
oa([(l, o,..., 0)]) =[(1,ay,...,ay)], (roo([(l, o,..., 0)]) e P(Ch).

In addition,

- (z,a) /
(1+(Z,a)c)¢ooaa O¢01(Z) = (1 + ﬁ)a— 1+|a|21

and

1 n
¢OOGOOO¢()_1(Z): <_7Z_27"'1 Z_>

21 21 21

Repeating the arguments used in the proof of Proposition 3.1, we see that o, and
0o are involutory isometries of the space IP{..

We now have enough isometries to map any point of P, to any other. This means
that P{, is a homogeneous space. The distance d on ¢, is defined by

arctan |z|, z e C",

d(0,2) = {n/z, 2 € P(CY),
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and the condition of invariance under the group I (IP%.) (see (3.30) and the proof of
Proposition 3.2). By according to the foregoing, given two pairs of points [w], [7]
and [£], [¢] in P?: such that d([w], [n]) = d([£€], [¢]), there exists an isometry of
P{é that takes [w] into [£] and [#n] into [¢]. Thus, P{é possesses pairwise transitive
group of isometries.

As a final result, we establish the following analogue to Theorem 3.2.

Theorem 3.3. The complex projective space SU(n+1)/ S(U(n) x U(1)) of minimal
sectional curvature 1 is holomorphically isometric to the space Pf..

Proof. Both of these spaces are simply connected complete Kaehler manifolds of
constant holomorphic sectional curvature 4. This, together with Theorem 1.7, brings
us to the desired assertion. O

3.4 The Quaternionic Projective Space Sp(n + 1)/ Sp(n) x Sp(1)

As usual, let Q" be the n-dimensional left quaternionic Euclidean space. In the
same way as in Sects. 3.2 and 3.3 we see that the action of Q\{0} on Q"*\{0}
on the left gives rise to a set P(Q"t!) which can be regarded as the set of all left
quaternionic lines in Q"*! passing through the coordinate origin. Because of iden-
tification (2.37), the points of P(Q"*!) are the classes [w] = [(wo, ..., @umt1)],
other than [(0, ..., 0)], of 2n + 2)-tuples w = (wy, ..., w2,+1) in C where two
(2n + 2)-tuples w and x = (x, ..., x2,+1) belong to the same class if and only if
there exists (A, u) € (C,zﬁ such that

A — Wy l+k = Wks  Adppltk + WXk = Opr14k, k=0,...,n.

We can also make P(Q" 1) into a differentiable manifold in a way similar to that
used for P(R"*1) and P(C"*1).
Let

Ue = {[(@o, ..., 0201:D1: o * + loni14* # 0}, k=0,...,n.
Introduce the bijective mappings ¢ : Uy — C" by setting

o ([(@o. - .., @204D]) = (21, ... 220),

where

lok)? + lop14x1%)  if m <k,

Om + Oni1-4k@nt14m) [ (|0 + |onr144?)  ifm > k,

gl

o= {(wkwm—l + Ons k@) / )
(@ /( )
Zngm = {( /(1o + lop144?)  ifm <k,
n—+m ( /( )

)
)
k@n+m — a)n+1+k6m—1)
) 2

k) + lwnt144] ifm >k,

g

kOn+1+m — On+1+kOm
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for m = 1, ..., n. Using quaternionic coordinates it is easy to make sure that both
Uk and ¢y are well defined. For k, [ € {0, ..., n} such that k < I, we get

oUk N UD = {(z1, ..., 220) € C¥": |z + |zupa* # 0},
G U NUD = {1, ... 220) € C": zaq1 I + |zng14x]* # 0.

In addition,

$rode @z = Wi vm),  lul® F lzeul® #0,

where
(Zizm + zntiZngm) [ (1211 + 120 1?) ifm <korm>I,

vm = 121/ (lz)* + |zns11?) ifm=k+1, (3.37)

(Zizm—1 + zntiZasm—1) /(12 + lzn)?) ifk+1<m <1,
Ziznsm — znvizm) [ (1211 + 120 1) ifm<korm>1l,

Unm = Y =znt1/ (1211 + |2nt1]?) ifm=k+1, (3.38)
(ZlZn«kmfl - Zn+12m71)/(|21|2 + |Zn+1|2) ifk+1<m<lI,

form =1, ..., n. Hence, the map

drog ' dr(UeNUY — ¢y(Ux N UY)

is a diffeomorphism. Thus, the charts (U, ¢y ) form an atlas and define on IP’(Q"‘H)
a real-analytic structure.

Every coordinate neighborhood Uy is diffeomorphic to C?". Identifying Uy with
C?" one has

P(Q"t!) = C* UP(Q"). (3.39)
The Riemannian metric on P(Q" 1) is obtained as follows. For z = (z1, .. ., z2,)
e C andi, j € {l,...,n}, weput
(L+121%8i,j — Zizj — Zn+iZn+)
hii(z) = L : L, 3.40
4@ (14 [z[%)? (40
Tn+ilj = ZiZn+tj
hint @) = ————5—, 3.41
l,n-’r]( ) (1 I |Z|2)2 ( )
ZiZn+j _Zn—i-iZj
hyti j(z) = ——L 2222 3.42
n+l,]( ) (1 + |Z|2)2 ( )
(L4128, — 2iZj — ZntiZnt)
hooioi(z) = ’ : 3.43
n+l,n+](Z) 1+ |Z|2)2 ( )

Now define

HE(p) = hys(dk(p)), peUr, rsefl,... 2nh (3.44)
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Forw = (wy, ..., wy,) € C*, we have
2n 2 20,12 2 2
—|wlt 4 [wlflzl” = Kz, w)gl [w]
hys(Qw,wg = > , 3.45
Z rs() r N (1+|Z|2)2 (1+|Z|2)2 ( )

r,s=1

whence ||Ay||*" =1 is positive definite. Next,

2n
IV o
hrs(z) = Z (holﬁ(vl(Z)» U2n(Z)) ( - IZ} )

=)

for z € ¢ (Ux N Up) (see (3.37), (3.38), (3.40)—(3.43), and the proof of rela-
tion (3.24)). This gives

_ 97,
+haﬂ(vl(2)’--~»v2n(z)) ﬁ( )( -

2n

HE (p) = 2( ﬂ<p>—(¢k<p>)( (e (p)) + ;a(m(p)))
a,B=1 r
vy
+HL, (¢k(p))( “ (pe(p)) + 82 (¢k(p>)))

with p € Ui N U;. It follows that matrices (3.44) induce the structure of a Rie-
mannian manifold on P(Q"*!). Denote this manifold by ]P’:@.
By analogy with (3.14) and (3.33) the Riemannian measure on }P’@ has the form

dm2, (2)

2n
(1 + |Z|2)2n+2’ zeC™

du(z) =
Since

h(2) = (8 +Zizj + zntiZasr) (1 + 1217,
R (2) = Giznsj — 2z (1 + 1217,
W' (2) = Gngizj — ziZn) (14 1217).

W' (2) = B+ 2z + Znvizae ) (1 12P),
the Laplace—Beltrami operator L on ]P’fQ acts on a function f € C%(C?") as follows:

E 8i.j +2iZj + ntitnt ) —=— (&
i/:1<( i,] (29 n—+i "+])3zi8z,~()

<uw@=4u+uﬂ(
3 f o a3 f

—0— @) + (Zn+iZj — 22 —
8ZiaZn+j() (Zn+iZj — Zizn+j) 7= (@)

+ (ZiZn+j — Zn+iZj) PV
n+i0<j
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+ (Bi,j +Zizj + Zn+iZn+j) it ()
i,j T ZiZj T Zn+iZn+j 02nt 1070t <

_ Z(Zq (z) +74 af (Z)))

Hence,

1+ |z
|z]

(LH@) = (1+ 122 £ 2D + (4n = 1= 121%) fo(lzD) (3.46)

if f has the form f(z) = fo(|z]).
Let us say a few words about the isometry group of the space }P’f’Q.

In view of (3.45), symplectic unitary transformations of C?" induce isometric
mappings of IP’Q onto itself. In particular, the isometry group / (]ID ) acts transitively

on S*~! and P(Q") (see (3.39)).
Next, take A = (Ay,...,A,) € Q"and g = (q0,...,qn) € Q’H_l\{()}. Let
0 =(Qo,..., 0, where

qo+ q1A1+ -+ gn Ay ifl =0,

0= Al +--- A /
<q0+q1 1+ + gn n)Al_ 1+|A|2q1 if1<I<n
141+ A2

If A< a,q < w,and Q < x under identification (2.37), put

oa([@]) = [x].

It is not hard to prove that o, is well defined. Denote by ay, . . ., az, the coordinates
of a € C*. Then

$000a0¢; (@) = (f1@), ..., u(D)
with
11+ (z.a)ol* fi(2) = —la, zlc(vaZnti + (Va — Danti) + (@, 2)c(—vazi + a;)
+(z, a)cvaai + 1z, a)ol*Vaai + ai — vazi,

11+ (2, a)ol* furi () = [a, 2e(vaZi — (I = ¥a)@i) + (@, D) (—VaZnti + @nti)

+ (2, a)CVabnti + 142, @)@ Van+i + dnti — VaZni-
Herei e {l,...,n},v, =+/1+|al?,and y, = (1 + va) "L Similarly, setting
(6% ([(CL)(), ceey w2n+1)]) = [(wls WO, W2,y .oy Wy Wp42, Wp41, Wp43, .0y w2n+l)],

we find

$00 000y () = (81(2), ..., 824(2)),
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where
(o) {zl/(lml2 +lznt1 ) ifi =1,
l (Z12i + zar1Zsi) /(121 + lzasi ) ifi € {2,...,n},
—Zn+1/(|11 1 + |Zn+l|2) ifi =1,
gn+i(2) =1 _ _ 5 N e
(Z1Zn+i - ZnHZi)/(IZlI + znt1l ) ifi e{2,...,n}.

The mappings o, and o, are involutory isometries of the space Pfé (see the proof
of Proposition 3.1). In addition,

aa([(l,O,...,O)]) =[,a1,...,a,,0,an+1,...,a2,)],
050([(1,0,...,0)]) € P@Q").

In the same manner as in Sect. 3.2, we see that the distance on IP’Z('2 from the origin is

t 2n
400, 2) = arctan |z|, z e C™, (3.47)
/2, z € P(Q").

It again follows that 1 (IF’{@) is pairwise transitive on IP’Z@.

Theorem 3.4. The quaternionic projective space Sp(n + 1)/ Sp(n) x Sp(1) of min-
imal sectional curvature 1 is isometric to the space ]P’fé.

Proof. We already know that P}, is a compact two-point homogeneous space. Fur-
thermore, by (3.46) and (3.47) one has

2

Lo=—
0 ar?

a
+ ((4n — 1) cotr — 3tanr)8—, (3.48)
r
where L is the radial part of the Laplace—Beltrami operator on P@. Using (3.48),
(1.61), and (1.64), we obtain the required result. O

3.5 The Cayley Projective Plane F4/ Spin(9)

In this section we wish to construct a suitable model for F4/ Spin(9). In this way we
hope to contribute towards a better visualization and a better handling of this space.
Note that there is no direct analogue to the realizations in real, complex, or quater-
nionic projective spaces, because the Cayley numbers do not obey the associative
law.

Let P2 (Ca) be the set of all primitive idempotents of the algebra A1, i.e.,

P?(Ca) = {X € Al: X* = X, Trace X = 1}.
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We write X € Al in the form

a & &
X=|& a &|. (3.49)
£ & @

where ay, az, a3 € R and &1, &, &3 € Ca. It is not hard to prove that X € P%(Ca) if
andonly ifa; + a2 +a3 =1 and

aEp = Ep1bksr, &P = apiat2, k=1,2,3 mod 3.

We endow P2(Ca) with a real-analytic structure. Identifying matrix (3.49) with
the vector (§, a) = (&1, &, &3, a1, az, a3), put

Uy ={(€,a) e P*(Ca): ax #0}, k=1,2,3.

Introduce the bijective mappings ¢y : Uy — Ca? as follows:

¢k(5,a)=<$k—+l,ék—+2), k=1,2.3 mod 3.

ak Ak

It is clear that ¢ (Ux N Ugs1) = {(z1, 22) € Ca®: 2o # 0} and g1 (Ug N Ugs1) =
{(z1,22) € Ca®: z1 # 0}, k = 1,2,3 mod 3. For (z1, z2) € Ca?, we have

o7 (21, 22) = (1,62, E3, a1, a2, a3),

6y (21, 22) = (63,61, £2. a3, a1, @),

¢§](Z1, 22) = (62,83, 61, a2, a3, a1),

where
2271 21 22
él = —7 52 = —7 53 = —7
1+ |z1? + |22/ 14121 % + |z2/? 1+ |z1? + |22/
1 |22]? 1211
ai asz =

= g =— = .
14 |z11? + |22 1+ |z11? + |22/ 1+ |z11? + |22

In addition,
Pt od (21,220 = (@) L 2;'71), k=1,2,3 mod 3

for zo # 0. Hence, the map ¢p41 0 ¢ lisa diffeomorphism between open sets in
Ca? (here and in the sequel, we identify Ca® with R'° via (1.15)). Thus, P%(Ca) is
a real-analytic manifold of dimension 16.

Every coordinate neighborhood Uy, is diffeomorphic to R'®. Considering Us as
R0, we see that

P?(Ca) = R U S8, (3.50)
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where

1\ 1
:{(0,0,53,611,1—al,O)EIP’2(Ca):|é;‘3|2—|—(a1—§> ZZ}'

Let @c,(x, y) be the function defined in Sect. 1.1. Set
8i.j 1 32
L+ [x[? 201+ [x[?)? 9y;dy,
G (P =gij(c(p)), pe€Uk=123

gij(x)= (¢(Ca(x’ )’)), l’.] € {17 e 16}7

(3.51)
Applying (1.24), we obtain
Y gy, = PP Pcax,y) o |y[?
o ST R T A e T U ey

Consequently, || g;;|l }’61.:1 is positive definite. Next, for x% + x‘% 4+ x126 # 0, we
have

16

gms () = D gij(vi(x). ... mm)

ij=1

f(x) m,s €{l,...,16},

where vy (x), ..., vig(x) are the components of ¢y od),:l (see the proof of (3.24)).
This relation implies

16

%Mm=§:d“@> wmm (m@» p € Uk N Vg,

i,j=1

with k£ = 1, 2, 3 mod 3. By that matrices (3.51) define the structure of a Riemannian
manifold on P?(Ca). We denote this manifold by IP’Ca

Basic properties of IE”(Ca are obtained by the method we already know (see
Sect. 2.4 and the proof of Proposition 3.1). Accordingly, we shall content ourselves
with a brief sketch and statement of the results.

The Riemannian measure on ]P’%C ., has the form

dx

16

du(x) =

The Laplace—Beltrami operator L on IE”%CQ acts on a function f € C2(R!6) as
follows:

m—uHM|Zm%m

(Lf)x) = }:g”@>

l]—



82 3 Realizations of Rank One Symmetric Spaces of Compact Type

where N 3
g7 () = (14 IxPP) 2+ 1x17)8;,; — (1 + |x17) g1 (%)
In particular, if f has the form f(x) = fo(]x]), then

1+ |x]?
x|

(L) = (1+ 1217 £ =) + (15 = 51x1%) f5(Ix ).

Take r € R and ¢ € Ca such that 12 + |¢|*> = 1. Let u = (¢, ¢). Introduce the
mapping R, : P%, — PZ_ by putting

Ru(€1, 82,83, a1, a2,a3) = (1, N2, 3, b1, ba, b3),
where

m=—t61+0&, m=th+EC, n=—126+tarl —taxl + &L,
by = t2a; + |¢*az + 2t Re (37), by = t2ap + |¢ a1 — 2t Re (§32), b3 = as.

Using (1.2)—(1.8), one finds
Ruluy = ¢3' 0 Ru o ¢3,

where R, is the involution defined in Example 1.3. Hence, R, € 1 (]P% )+ Further-
more, taking the relation

R.4(0,0,0,0,1,0) = (0,0, —¢, [¢*, 1 —[¢],0)

into account, we obtain that the group generated by all R, acts transitively on S'
and S® (see the proof of Proposition 1.1).
Leta € R! and vy, = /1 + 2. Set

O—O[(Ev a) = (917 929 931 Clv C21 C3)9

where
aas + o€ — & — aan & + &y —ak) + &
91 = 2 b 62 = _77 03 = 7?
vz Vo Vo
ar + a?a3 —2aReé a3+a2a2+2aRe§1
cr=ai, c= 5 , 3= 5 .
vO( I)Ol
We also define B 3 3
00o(&,a) = (&1, —&3, —&5, a1, a3, a2).
Note that

$3000 045 (21.22) = (@ — z))(@z1 + D7 —va 0z + )7 '22),

$30000 093 ' (21,22) = (27", —@D) '22).
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The mappings o, and o are involutory isometries of the space Péa. In addition,
$3005 003 (0,00 = (@ 0),  0x(0,0,0,0,0,1) € 5°.

In view of what has been said above, the group (Péu) acts transitively on IP’(Z:“.
The distance d on IP% ,, is defined by

arctan |x|, x € R0,
d0,x) = ] g
/2, x e S°,
and the condition of invariance under the group / (]P’é a). As before, we see that the
manifold IP% ., 18 a compact two-point homogeneous space. Moreover, the following
result is valid.

Theorem 3.5. The Cayley projective plane F4/ Spin(9) of minimal sectional curva-
ture 1 is isometric to the space IP% .

The proof of Theorem 3.5 is analogous to that of a similar result about the space
P{’Q (see Sect. 3.4).



Chapter 4

Realizations of the Irreducible Components
of the Quasi-Regular Representation of Groups
Transitive on Spheres. Invariant Subspaces

In this chapter we show how the techniques of Chaps. 2 and 3 can be applied to
harmonic analysis on spheres. Thus, in contrast to harmonic analysis on general
compact homogeneous spaces (see Sect. 1.5), our point of view here is to place the
models of two-point homogeneous spaces in the foreground. The significance of
such an approach for us is as follows: firstly, the obtained results play an important
role in the theory of transmutation operators on rank one compact symmetric spaces
(see Part II later); secondly, the treatment is accessible to a wider audience as its use
of Lie theory is minimal.

From the Fourier analysis on S' we know that every f € L?(S!) has an expan-

sion of the form ' '
f(ell) — Z Ckelkt,
keZ

where the sum converges in L2(S'). In Sect. 4.1 we will see that an analogous ex-
pansion is valid for functions f € LZ(S"_I) when n > 3, with objects known
as spherical harmonics playing the roles of the exponentials e*’. We prove that
SO(n) acts irreducibly on each space H?’k of spherical harmonics of degree k.
Our purpose then is to give an explicit description of the decomposition of the
spherical harmonics into irreducible submodules under the action of the follow-
ing groups: U(n), Oc(n), Sp(n), Og(n), and Oc,(2). The corresponding results
are presented in Sects. 4.2-4.6. We characterize the components of the decompo-
sition as eigenspaces of some differential operators and determine explicitly the
zonal harmonics in these spaces. In all cases except Sp(n), n > 2, the zonal is
unique (see the proofs of Theorems 4.1, 4.3, 4.5, 4.8, and 4.9). The case of Sp(n)
is rather different. It is taken up in Theorem 4.6. Finally, as a consequence of these
results, we give explicit representations for the spaces on spheres which are invari-
ant under the above mentioned groups (see Theorems 4.2, 4.4, 4.7, and 4.10 and
Remark 4.3).

V.V. Volchkov, V.V. Volchkov, Harmonic Analysis of Mean Periodic Functions on Symmetric
Spaces and the Heisenberg Group, Springer Monographs in Mathematics,
© Springer-Verlag London Limited 2009
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4.1 The Groups SO(n) and O(n)

Let K = SO(n) or K = O(n), n > 2, and let T{'(t), T € K, be the quasi-regular
representation of the group K on L?(S"!). Fork € Z,, P} denotes the space of
all homogeneous complex-valued polynomials on R” of degree k, and HT’k is the
space of all f € P} that satisfy Af = 0. Each f € H'l"k is uniquely determined by
its restriction to S~ !. These restrictions are called spherical harmonics of degree k.
Identifying H'f’k with H'f’klgn_l, we obtain that H'f’k is an invariant subspace of
T{'(r), T € K; hence, it defines the representation

I @) = 17 @]ype. T K.

It is easy to see that H%’k is the complex linear span of {(x + ixz)k, (x1— ixz)k}.
Therefore, H%’k|S1, as a space of functions of the variable eiw, - < ¢ L m,is
the complex linear span of {¢'¥¢, e ~*¢}. It follows from the theory of Fourier series
on the unit circle that L(S!) is the orthogonal direct sum of the spaces H%’k. The
representations le’k(l'), T € K, are pairwise nonequivalent. In addition, le’k(r),

t € O(2), are irreducible, whereas le’k(r), t € SO(2), is the direct sum of two
one-dimensional representations.
In the next statements of this section we shall assume that n > 3.

Theorem 4.1. The quasi-regular representation T|'(t), T € K, is the orthogonal
direct sum of the pairwise nonequivalent irreducible unitary representations

" (1), teK kel

To prove Theorem 4.1 we require several auxiliary results.
Lemma 4.1.
(i) Let f € P}/_,,,, wherem € {0, ..., [k/2]}. Then
A(IxP" f @) = 2m(n + 2k = 2m = D" f () + A ). @41
(i) If f € P}, k > 2, then the polynomial
[k/2]

(=D)™|x|?"A™ £ (x)

n,k
belongs to the space H|™".

Proof. Equality (4.1) can be obtained by induction on m using Euler’s formula for
homogeneous functions. Part (ii) follows from (4.1) by a direct calculation. O
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Corollary 4.1. For f € P}, we have

[k/2]
FO) =Y %" ficam (), (4.2)

m=0
where fi_om € H’f’kizm.

Proof. Any polynomial of degree less than 2 is harmonic. Hence we may assume
that £ > 2. From Lemma 4.1(ii) we see that

FO) = fi®) + IxPgra(x),
where fi € H'f’k, 8k—2 € 77,2’_2. Now the assertion follows by induction. O
Corollary 4.2. The linear span of{H’f’k, k € 7.} is dense in C(S™ .

Proof. The restriction to $"~! of any polynomial of n variables is a sum of re-
strictions to S"~! of harmonic polynomials (see (4.2)). Applying the Weierstrass
approximation theorem, we arrive at the desired assertion. O

Lemma 4.2. The space L*>(S"™") is the orthogonal direct sum of the spaces H'll’k,
k e Z+.

Proof. Let f € Hq”k, g€ H?’l, where k # [. Denote by L the Laplace—Beltrami
operator on "~ ! (see Sect. 3.1). Then

Lf =—k(k+n—2)f and Lg=—I(+n—2)g.

Since —k(k +n — 2) # —I(l + n — 2), relation (1.44) gives
/S  T©:E) do@) =0,

where dw is a surface element of S"~!. Hence, the spaces H'{’k and H']l’l are orthog-
onal. In view of Corollary 4.2, this concludes the proof. O

Let us fix a point x € $"~! and consider the linear functional on Hrll’k that assigns
toeach f in H’l”k the value f(x). By the self-duality of the finite-dimensional inner
product space H| * there exists a unique function P, € Hq”k such that

rw= [ fOR@Ewe. fent 43)

This function P, is called the zonal harmonic of degree k with pole x. To simplify
notation, we shall sometimes use (f, Py) to denote the integral on the right-hand
side of (4.3).
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Lemma 4.3.
(i) For any function f € L*(S"™), we have
(e )(x) = (f, Px),
where Ty is the orthogonal projection of L>(S"~") onto H'f’k.
(ii)
Pe(y) = Py(x), x,yeS" L (4.4)
(iii)
Poe=P.ot ', 1e0®m). (4.5)

(iv) Py = Py o T for any t € O(n) such that tx = x.
(v)
Pi(x) = Py(y) >0, x,yeS"L (4.6)

Proof. P